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                     Summary 

   Let {Yn} be a sequence of dependent random variables and 

{On ( , • ) } be a sequence of Borel functions. Let On be a solution of 
the equation Mn (x) = 0 for each n 1, where Mn (x) DOT/ (x, Y.). 
A Robbins-Monro type stochastic approximation procedure Xn+1 
= X,, — anOn (Xn, Yn) is considered for estimating On for n sufficiently 
large. Under some assumptions about {an} {On}, {Y.} and {On (• , • )} 
which may not include the fundamental condition ELOn (Xn, Y.) I Xi,   

, Xn,]=-Mn(Xn) a.s., the a.s. convergence and in mean-square con
vergence of Xn—BnI to zero are studied.

   1. Introduction. 

   This paper is a continuation of our previous paper [7] and is concerened with the 

following Robbins-Monro type stochastic approximation method with a sequence of 

dependent random variables. 

   Let {Y7,} be a sequence of Rm-valued random vectors and {On(•, •)} be a sequence 

of RN-valued Borel functions defined on RN x Rm. Assume that E0n(x, Yn) exists for 

all xERN and n�_1, and it is unknown to us. Assuming that the equation 

(1.1)E07,(x, Yn)=0 (0 denotes the zero vector of RN) 

has a solution x=0„ for each n�1, it is desired to estimate On for n sufficiently large 

on the basis observed values 01(X1, Y1), 2(X2, 372), • • • at the points (X1, Y1), (X2, Y2), • 

where Xi, X2, are produced by the following recurrence relation ; 

                    Xi=an arbitrary constant vector of RN 
(1.2) 
                         An+1=-Xn—anC(Xn, Yn) 

where {an} is a decreasing sequence of positive numbers which converges to zero. 
The above situation will be concerned throughout this paper. 

   In the above problem, if the condition
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(1.3) E[07,(X., Y.) I X1, X2, ••• X,i]=M,,(X,,) a. s. 

where Mn(x)-= EC(x, Yn), is satisfied then this is considered as the usual Robbins

Monro stochastic approximation method. For example, if {177,} is a sequence of inde

pendent random vectors then (1.3) is automatically satisfied under the procedure (1.2). 
Hence this is the case of the usual Robbins-Monro stochastic approximation. If {Y7,} 

is a sequence of dependent random vectors then (1.3) may not be satisfied. 

   Thus, in this paper we shall study the above stochastic approximation under the 
situation that (1.3) does not hold. In [7], we considered the above problem under the 

assumption that 0.(x, y) can be expressed in the form of (x--0)An(Y)+IVY). And 

the a. s. convergence of the process (1.2) was investigated. In this paper we consider 

the same problem under some assumptions which are more general than ours in [7]. 
   This paper consists of five sections. In Section 2 we give notation and four 

lemmas to be used throughout the paper. In Section 3 the conditions that have to 

impose on the procedure (1.2) are described. In Section 4 we shall give results about 

the a. s. convergence and in mean-square convergence of (1.2). In Section 5 we shall 
treat two examples of results. One of them was discussed in our previous paper [7].

   2. Notations and lemmas. 

   The conventions introduced here hold throughout. Let Rk be k -dimensional. 
Euclidian space. If a, bERN and c, dElro, <a, b> and <c, d>0 denote their inner 

products, respectively. The Euclidian norms of a E RN and c E RNO are denoted by 
                              Il la I and clo, respectively, of course, I a I=<a,a>" andco=<c, Or. 

   Let (Q, LA, P) be a probability space. Define the dependent coefficient of a-fields 

cA' and —4" which are sub-a-fields of LA by the relation ; 

(2.1)c5(cir, c_/")= sup (ess sup I P(A I LA')(w)— P(A) I)•                                  AE,A' wag 

For the above definition of the dependent coefficient we refer to Iosifescu and Theo

dorescu [1]. Let LAi, iET be sub-a-fields of LA. Then iETVLidenotes the a-fields 
generated by the join of the a-fields Li, iET. 

   Next we shall give four lemmas to be used throughout the paper. The following 

Lemma 1 is given in [4]. 

   LEMMA 1. Let {a„} and {vn,} be sequences of non-negative numbers such that 

   (i) Evr.<09, Ea.<00. 

If lx,il is a sequence of non-negative numbers such that, for some intege no and .for 

all n� no, 

   (ii) _max {h, (1±a7,)x,2-1-v,il 

where h>0, then lx,j is bounded. 
   Using Lemma 2.3 of [6], we obatin the following lemma. 

   LEMMA 2. Let {h.}, {a.}, {b.}, {c1.}, {un}, {v.} and {w7,} be sequences 

numbers such that
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     (i)  h7,�0  , lim hn,---0 
                                          TZ —.co 

     (ii) a ,,,� a n+,�0 , lim an=0 , Ean=c0 
                              n—. 

    (iii) 76n>0, sup un,<co , sup lun I a7,1—aV+111‹ °° 
    nn 

    (iv) limbn=0, E I v,i1<c>0 

    (v) Inn anuTili wk=0 
            IL -,.i 2=1 

    (vi) c/7,�0, Edn<00. 

If {x7,} is a sequence of non-negative numbers such that, for some positive integer no 

and for all 7/ � no, 

    (vii) Xn-i-i_<_max Ihn, (1—ani-dn)xn-i-anbn-l-anwn-l-vnl , 

then it holds that lim xn=0. 
                                         n-.09 

   PROOF. It involves no loss of generality to assume 

(2.2)1—an�—21for all n � no . 

                              Let N and n be arbitrary positive integers such that no<N< 71. Set 

                                   Yn=anbn+anwn+vn. 

The iterate (vii) back to N. This yields 

          xn+i-max-{max{TiVihk+irin+)iyil ,TrxN±in-)iyil 
            31-1,5_.ni=k+1i=N 

where 

               {fl(1—ai+di) if 1�k�n                        rkn)=j=k 

             1if k=n+1. 

Hence we obtain 

(2.3)xn+15_max {717Vihk} ±TV) x N+2 maxi TiVi.Yi • 
              1^171I^rien i=k 

Now from (i) and (v), for any s >0 we can chose N so that 

(2.5)Nsup hn<6 , 
                                              sn 

(2.5)sup anTG,'iwk <6 . 
                        N-Ign.k=1
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Since 1 —am+d.=(1 —an)(1—(1 — an)-1d.), (2.2) implies 

                    1— a n+ d n —(1—an)(1+2d.)�1+2dn. 

Hence, (vi) and (2.4) imply that there exists a positive constant K1= II (1+2dn) such 
                                                                                                                  n=i 

that 

(2.6)max PkTihk<KiE 

And it is easily seen from (ii) and (vi) that 

(2.7)lim TV).xN� limKlxN II (1 —ak)=0 .                                                         k=N 

Note that 

(2.8)TiVi(aibivi)+a •w.Pin)                             t•      ki=no k 

First, we shall prove that 

(2.9)lim +1 vil)--=0. 
                                                  n-osi=no 

This is obtained with the aid of Lemma 2.3 of [6], which states that if {An} is a 

sequence of non-negative numbers satisfying 

                           An+1�(1—an+i)An±an+ibn+1±vn+1 

where an,�0, lim an=0, Ean=00, b7,�0, lim bn=0, v,,�0 and Evn< 00 then lim An=0. 
                                                                                              n- 

Since (1— an+ dri)�(1 —a,i)(1+2d,i) and E d„<co, it follows that 

                 n+)i(ailbil +I vil)-5,Ki(ailbil +I vil)     Pi(1— a k) 
     i=noi=n0k=i+1 

where K1= fl (1+2d7i)<CX). Define An= (ailbi±vifl (1— k). Then Lemma 
   n=1i=n0k=id-1 

2.3 of [6] gives (2.9). 
    Next, let us define uo= ai=1, so=0 and for n�k�1, 

                                     wk , sin)= aiwirin+)i • 
               k=1i= k 

Since wi=a,Tluisi—a„Tliui_isi_i, we obtain 

                                                                               n-1 

           sIn)-=unsn—akaWliuEaili(airj7Vi— aj+iTIV2) 
                                                          j= k 

                                                                               n-1 

               =uris7,— a k a1711u k _is k-in121+Ep_is ju irjr,92(a,11— 
                                                             j=k 

Therefore it follows from (ii), (iii) and (vi) that there exist positive constants K, and 

K3 such that
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(2.10) I  471)1  K2 sup I sn I +K3 E a,' s)-11 
                                                                      J—no 

Applying Lemma 2.3 of [6] to the second term in the righthand side of (2.10) we 
obtain 

(2.11)lim a; T;+'1=0 . 
                                                   n—coi=n0 

Therefore (2.3) and (2.5) to (2.11) imply 

                          lim sup xn-5(Ki+2K2)s 
                                                        n—co 

Because s is arbitrary, this concludes the proof of Lemma 2. 

   REMARK. Examples of two sequences WO and {u n}satisfying (ii) and (iii) are 
easy to obtain. For example, an=n' (0<a�1) and un=n (0_-i3) satisfy (ii) and 

(iii). And an=(n log n)-1 and un=(log n)-1 satisfy (ii) and (iii) also. 
   Finally we state without proof two lemmas which are proved in [1]. 

   LEMMA 3. (The strong law of large numbers). Let {Xn} be a sequence of random 

variables. Suppose that there exist a positive integer no and a decreasing sequence of 

positive numbers {an} such that 

   (i) lirn sup cb( V ciqi, V ,J)<1 
                                      n+7105i 

   (ii) E {sup OM., c_Am+n)} 1" < , 
               n=1 771, 

   (iii) lim an=0 , 

   (iv) E a;',E(Xn—EX.)2<co 
              n=1               1 

where (Ji is the a-field generated by Xi and b(., -) is defined by (2.1). Then it holds 

that 

                      lim± (Xi — E Xi)= 0 a. s. . 
                                n-00 i=-1 

   REMARK. Let {Xn} be a sequence of RN-valued random vectors satisfying (i) and 

(ii). And (iii) and 

   (iv)' a;',E I Xn—EX.12<oo (" I • I " denotes the Euclidian norm) are satisfied. Then 
it also holds that 

                        lim an (Xi —EXi) =0 a. s. . 
                          n—os i=1 

   LEMMA 4. Let the random variable Xi be LAi-measurable for i=1, 2. Suppose 

that EX7,<00, i=1, 2. Then                

I E X1X2—E X7 E X2I-5-2951/2Mi, LA2)(EXI)1/2(EX2)1/2.
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   REMARK. Let Xi, i=1, 2 be RN-valued random vectors satisfying E Xi I 2< co, 

1=-1, 2. And Xi is <A-measurable for i-=1, 2. Then it is easily seen that 

          E<XI, X2> — <E E X2> I -201/2(,-,qi, (-)72)(E I X1 I 2)112(E I X212)1/2

   3. Assumptions. 

   Assume that, for each n�1, the equation (1.1) has a solution O. Let ,}7, be the 

a-field generated by the Rm-valued random vector 377, for each n�1. Let {an} be the 

decreasing sequence of positive numbers which is used in the procedure (1.2). And 

{an} satisfies the following conditions Al and A2. 

  Al: lim an=co • 

   A2: There exists a non-increasing sequence of positive numbers On} such that 

                          lim 5„=0 , E a 7,5, < 00 . 
                                                  TL 

Moreover we shall make the following assumptions about -WO and 15„1 . 

   A3 : a nOT,3> a , lim a 7,5V -=0 
                                                             n•00 

   A4 : sup I aTil—I <c° • 

 A5: E . 

   Next we shall make the following assumptions B1 to B7 which are used in the 

proof of Theorem 1. 
   B1 : For each n�1, let f7,(•, •) be a real valued Borel function defined on RN X Rm 

and Fn(.) and Gn(•) be RNo-valued Borel functions on RN and R '1, respectively. 

Suppose that there exist a sequence of non-negative numbers {s7,1 which converges to 

zero and a positive constant ao such that, for all y Tr and for all n�1, 

          <x—O„, On(x, Y)>�—max ff.(x, .Y), a0I x — 0 7,12-1-<F„(x), Gn(Y)>01 

if lx-0„12>en. 

   B2 : There exist sequences of non-negative Borel functions {g-7,(•)} and {h,(.)} 

defined on Rm such that 

   (i) I hi(x, y)l<g-n(y)1 x-61„ I 24-h.(Y) 

for all xER=v, yERm and n�1, where fr,(•, •) is to be given in Bl, 

   (ii) E anEgn(Y.)<0° 

   (iii) E a TA E h n(17.)< 00 • 

   B3 : Let IFii(• )1 be as given in Bl. There exist non-negative constants Ki, 

1�i�4 and three sequences of non-negative numbers {b.}, :cm} and WO such that
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    (i)  I  F7i(x)10--Ki  I  X—  en  12+K21  X—  en  I  +K3 for all xERN and 11>1, 

    (ii) I F,„(x)—Fii(x1)10-K,(1 x-07,1 1 xi—C97,1 +1)1 X —X' I 

for all x, x'ER-v and n�1_, 

   (iii) I F7(x)—Fn+i(x)lobni x 7,12-Hc7,1 x—O H-dn for all xERN and n�1, 

   (iv) E bnön<co , 

    (v) sup cni37,<Do, E 020, 

   (vi) Edr,63,<0. 

   B4 : Let {G„(•)} be as given in Bl. 

   (i) lim I EG7,(17n) 1 0 = 0 , 

   ( i i ) fda;15,7,GEIG,„(17„)—EGJY,„);<00. 

   B5 : There exist sequences of non-negative Borel functions {aj.)} and {,3,2(.)} 
defined on Rm such that 

    (i) 0„(x, 2.)12___a„(y)1x-0„12+,37„(y) for all xERN, yERm and n -�1 , 

   (ii) E anOnEan(Y7)<°0 , 

   (iii) E anO3, Et3n( Yn)< 0'0 . 

   B6: Let n0 be a positive integer. 

   (i) lim sup c3( V -41)<1 , 
                      7/-.0 

   (ii)Esup d1/2(,-7,,, c_4,+„)< CO 
               = 1 777 

   B7: lim 

   Finally we shall make the following assumptions Cl to C3 which are used in the 

proof of Theorem 2. 
   Cl : There exist a positive constant ao and a sequence of RN-valued Borel functions 

42-7,(-)1 defined on Rm such that 

    (i) <X-64n, 072,(X, Y)>-?—aol X— On 12+<X On, rn(Y)> 

for all xERN, yERN and n�.1 , 

   (ii) lirn 

        sup Elr,,(177)—Er.(177,)12<0.• 

   C2: There exist a positive constant a1 and a sequence of non-negative Borel 
functions {X(. )} defined on Rm such that
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    (i)  107,(x, Y)12--ail x--0.12+,8.(.1) for all xERN, yERm and n>=1, 

   (ii) sup E,37,(377,)< co . 

   C3 : supc51"( V V (Ai.)<°° • 
             n=1 ra 

   REMARKS. (1) Since {60 is non-increasing and bounded, A3 implies 

   A3' : a „5,-,1> a n+15,V+1 , lim anOT,'=0 
                                                  n-00 

Because a7i=a7,57,a7,577,1, A3' and B5(ii) imply 

(3.1)Ea;tan(Y7,)<00 a. s.. 

And because a,`-',=a,Aar,5,3, A3 and B5(iii) imply 

(3.2)Ealii37,(Y.)<00 a. s.. 

   (2) Using the inequality 2abka2--Fk1b2 which holds for and k>0, it follows 
from B3(i) that 

          ao x—en12+-<F.(x), Gn(Y)>0 

         2             On                        2±KIIGn(Y)101x-07,12 

                   V
2IQ            2         + Ix 07,12+1 Gn(Y)16+K31 Gn(Y)I o 

                            lVIq 
       =on ,+KiiGn(y)10)1x—enrOTi2agO                          + +IGn(y)Ig+K3IGn(y)i..                                2 

If A2, 

(3.3) anEl G.(37.)10<00 

and 

(3.4) a7,57,EIG.(7.)1,1‹. 

are satisfied then we can chose f.(•, •) so that 

                   f.(x, 31)=aol x—eni2+<F,i(x), Gn(Y)>0. 

Putting gn(Y)=5.+K11G7(3)10 and hn(Y)=av2agan2Gn(Y)IN-K31G.(3))10, A2, 
(3.3) and (3.4) imply B2. If anon a;i3T,6 follows then B4(ii) implies (3.4), implying 
B2(iii). But B4 does not yield (3.3). Hence B2(ii) may not be satisfied. Thus it is 

needed to introduce the function f.(•, •) when K1>0. If we can assume that K1=0 

then f7,(•, •) is not needed. 

   (3) Since cb(LA., LAin+.)-95( V (Ai, V LA), the mixing condition C3 implies B6. 
                                       1iSm 

   (4) Examples of two sequences {an} and {on} satisfying Al to A4 are easy to
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obtain. For example,  an=  71-a (-8-<cr_.1) and On=n-is(1—a< p�l) satisfy Al to A4. 
                                           7 And A5 is also satisfied. an=n-a' (3<a'�1) and 57,=-n-,s' (1—a' <43'� a3) satisfy 

  4 Al, A2, A3', A4 and A5, where A3' is to be given in (1).

   4. Results. 

   Using Lemma 1 we obtain the following lemma. 
   LEMMA 5. Let X1, X2, - be the Robbins-Monro type process defines by (1.2). Suppose 

that Al to A3, Bl, B2, B5 and B7 are satisfied. Then it holds that there exists a non
negative random variable Z such that, for all n�1, 

(4.1)I X.-0 I �OVZ a. s. . 

   PROOF. We reduce the lemma to an a. s. pointwise application of Lemma 1. By 

virture of (1.2) we obtain directly 

(4.2)Y.)12+1                                                              0.-0.+1i2 

                                     en—en+1>-2a.<0.(X., Y.), On—On+i> 

                          —2an<X7,-- n, On(Xn, YO> • 

Using the inequality 2ab�ka2+1z-lb2 (k >0) we obtain 

(4.3)21 <Xn—On, On—On+i> 1�an5.1 X.—en I 2+ a nOT2lAn 

where 

(4. 4)An=(aV10.-0.+11)2 • 

From B5(i) we botain 

(4.5)2a n I <0.(Xn, YO, On---en+1>15_0,an(Y„)1Xn—O.I2 

                                          aMn(Yn)-I OA. 

where An is defined by (4.4). And from B1 and B2(i), if I Xn—eniz>en, then it follows 
that 

(4.6)—2an<Xn On(Xn, 370>--.2an I fn(Xn, 3701 

                                �2a ngn(Yn)1 Xn—On 12+2a nhn(Y02 • 

Substituting (4.3), (4.5), (4.6) and B5(i) into (4.2), if I Xn—enr>en then it follows that 

(4.7) I Xn-Fi en+112�-0-+ anön+20An(170+2angn(Y0) I Xn—en 12 

                           --1--2aMn( Yn)±2a nhn(Yn)+(20,-1 a nanl)An • 

Next we suppose that I Xn—On 12�En. Substituting B5(i) into (4.2) we obtain 

(4.8)I Xn+i+On+112�31Xn--07,12+3alOn(xn, Y.)12+310.--en±il 2 

                    �3(1+0,am(Yn))sn+30zAn(Yn)-1-3agAn 

                                             if I Xn—enr �sn.
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Since  {dn} is non-increasing, (4.7) and (4.8) imply 

            6',I+11Xn+1—On+1I2�-max {5;ihr„ (14-4)O7i1X.--07,12+5;ivin} 

where 

(4.9)117,=-3(1H-a;ian(1'.))En+3a;it3n(Y0+3a;i(a77,11072-6C+11)2, 

           d'n=anOn+2a;ian(170+2a (I 

            v'n=2a;i13n(Y.)+2anhn(170+(2ai-FanOTil)(aVIOn—en+11)2. 

From (3.1), (3.2) and B7, if follows that 

(4.10)lim h n=---0 a. s.. 

From A2, (3.1) and B2(ii), it follows that 

                                Ed;,<00 a. s.. 

And from (3.2), B2(iii), A2 and B7, it follows that 

                                     Ea'n'v'n< a. s.. 

Therefore, using Lemma 1, (4.1) follows. 

   Using Lemma 3 and Lemma 5 we obtain the following lemma. 

   LEMMA 6. Suppose that the hypotheses of Lemma 5 are satisfied. Moreover, suppose 

that B3, B4(ii) and B6 are satisfied. Then it holds that 

(4.11)lim an <Fk(Xk), Gk(Yk) EGk(Yk)>o=0 a. s.. 
                         n-•.0 k=1 

   PROOF. Define Oo=--ao=1, So=0 (the zero vector of RN°) and 

                             (Gk(Yk)—EGk(Yk)) • 
                                                         k=1 

Using Lemma 3 (The strong law of large numbers), it follows from A3 and B4(ii) that 

(4.12)lim I Sn I o=0 a. s.. 
                                                         n-00 

Let us put 

                   an ± <Fk(Xk), Gk(Yk)—EGk(YO>0=TV. • 
                                            k=i 

Since G k(Y k)—E G k(Y k)= (11;1.f”,S k— ai71153k-iS k -1, Wn is rewritten 

                                                                       n-1 

            Wn=-OVFn(Xn), Sn>0+an E ailOyFf(Xj)—Fi+,(Xj+i), SJ>0 
                                                          j=i 

Then we obtain 

          W.1OUFn(X07,                      101S10+anj±iail6 
          -j1F;(X;)—GX;+1)101•5;10 

                +an± a-i1551F;(Xj+1)—Fi+1(Xj+0101S;10. 
                                   j=i



A stochastic approximation with a sequence35

Hence, in order to show (4.11) we have to prove the following (a) to (c) . 

 (a)  : lim 53,1F7,(X0101S7,10=0 a. s.. 

   (b) : lim an En a.715,1 Fi(XJ)—F,(Xj+i) I 0 1 0=0 a. s. . 
                        j=i 

    (C) : lim an arTiO31F;(i1( ;,)— Fi+,(X j+i) 01 S ;I 0=0 a. s.. 
                        ;=1 

   PROOF OF (a). It is easily seen from B3(i), Lemma 5 and (4.12) that (a) holds. 
   PROOF OF (b). By virture of (1.2) and B5(i), we obtain 

(4.13)1 X j— X j+, a3a j(Y;) I Xi 0 ;12+ aj 13;(ri) • 

From B3(ii), (4.13) and Lemma 5 we obtain             

1 Fi(X J)— F f(X j+i) 1 0---K4(21 Xi— +1 X;— Xj+11+1)1Xj— X j+,1 

                           <21 -(4(a JOI2ay 2( y j)Z2+ a jaili317./ 2( yi)Z) 

                             K4(a3572a;(37 j)Z2-H a3Pi(Y.i)) 

                             +K4(a j(3-: laY2( Yi)Z-1 a jp.;"( KO) a. s.. 

Define Zo=max {Z2, Z, 11. Noting lim a n=0 and from A2 and A3, there exists a 
                                                                n—co 

positive constant K5 such that                

IFJ(XJ)—F,(Xj+1)10�-K5Z0 {a jasi 2(aji 2( KO-Hai( KO) 

                              a;571(i3j"( ± KO)} a. s.. 

Using Schwarz inequality, it follows from A2 and B5(ii) that 

(4.14)E ariOnaV(Yn)---(E a.5.)1/ 2(E a nanan(Y.))1/2‹ 00 a. S. . 

And it also follows from B5(iii) that 

(4.15)E anOVV(Y.)-(E a.5 )"2(E ciA/3.(Y.))1/2‹ co a. s.. 

Hence it follows from (4.12), (4.14), (4.15), B5(ii) and B5(iii) that 

                         F.(Xn)— Fn(Xn+i) 10 I S. 0< CO a. s.. 

Therefore, from Kronecker lemma (see, e. g., [2], page 238), (b) follows. 

   PROOF OF (c). From B3(iii), (4.13) and Lemma 5 it follows that 

             FJ(XJ+1)—F;+1(Xj+1)10 2b.; Xj+i—X; 12+2b; I X;—B; 12 

                               ±CjiXj—Xj+11±6j1Xj-0j1 +dj 

                                 j( +1)Z2 +26 jasli3 j( KJ) 

                            -EciOV(a jay2(Y1)+1)Z 

                               d-cia;13Y2( KO+ di a. s..
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Since  bnam=bnOrianOV, it follows from B3(iv) that sup bnan<co. 

Hence it follows from B5(ii), (iii) and B3(iv) that 

(4.16)E {2b„On(4an(Y0+1)Z2+2bna;i5;ii3.(Yn)} <cc a. s. . 

And it also follows from B3(v), (4.14) and (4.15) that 

(4.17)E Icn52.(anaV(Yn)+1)Z-FcrianO3nA/20701 <cc a. s.. 

Hence it follows from (4.12), (4.16), (4.17) and B3(vi) that 

                  Ebn l Fn(Xn+i)— Fn+i(Xn+1)1 o I Sn I o< co a. s. . 

Then, using Kronecker lemma we obtain (c). Thus proof of lemma is complete. 
   Using Lemmas 2, 5 and 6 we obtain the following theorem which is the main result 

of this paper. 
   THEOREM 1. Let X1, X2, ••• be the Robbins-Monro type process defined by (1.2). 

   Suppose that Al to A4 and B1 to B7 are satisfied. Then it holds that 

(4.18)lim 1 Xn—On 1 = 0 a. s.. 

   PROOF. We reduce the theorem to an a. s. pointwise application of Lemma 2 (with 
un-=1). Using the inequality 2ab�_ka2+k-lb2 which holds for any k >0, we obtain 

                      Xn—en,9A (4.19) 21 <Xn —0 n, 0n+i,a°                                                      an! 0-1-4ao,anfin                            2 

where An is defined by (4.4). Let us write                             

IEGn(Y.)10=Bn. 

Then it follows from B3(i) that 

      21 <Fn(Xn), E Gn(Yn)>o I _2K1Bn, I Xn— ni2+2K2Bni X.— nI +2K3Bn 

                       �-(2K1Bn+ 2 )1Xn—en1F-1--(2aVKBn-1-2K3)Bn 

Hence, if 1 Xn — On I 2> En then it follows from B1 that 

(4.20) —2a n<Xn n, n(Xn, Yn)> —2croan I X.— 0 nI2 —2a n<Fn(Xn), Gn(Yn) 

                              —E Gn(Yn)>o+2an 1 <Fn(Xn,), EGn(Y.)>o 

                              �(—3-yaoan-1-2KiBnan) I Xn—On I2 

                                 +2(aVK2Bn+K3)Bnan-Fwnan , 

where 
                  w n= —2<Fn(Xn) G n(17 n)—E G n(Y n)> o 

Substituting B5(i), (4.5), (4.19) and (4.20) into (4.2), we obtain 

(4.21) I Xn+i— 0.+12�(1—aoan+2KiBnan2()I                                                      +_a,.ansY)n„Xn—On 12
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 --F20 ,i51.(Y.)-Fan7.Un-F2a„(aVKB„-FK3)B. 

                           -F2a 7,(a.-FaOl)A,, if I X.— 0.12> . 

Hence (4.21) together with (4.8) we obtain 

            Xn+i— n+, �max Ihn,                                 (1—a0an-F2K1Bnan+2ata.(Y.))I Xre— 0 ni2 

                      +20,137,(Y.)-F anw.+2a.(a,T1K1B.-FK3)B. 

                       +2an(an-Fa01)A.1 

where 117, is to be defined by (4.9). Since lim Bn=lim I E G.(3/010=0 , there exists a 
                                                                                        77  

positive integer n1 such that, for all n�ni, 

                            1—croaTh+2K,Bnan�1-12aoan . 

                                           Therefore it follows that, for all n�ni, 

                         1 (4.22) I Xn+1-0.+112-max{hn, (1-2a0an-Hdi7;)IX.-0.12+anb;H-anwn+vili 
where 

                       d'=-24a.(Y.), /4=2a2.)3.(Y.) 

and 

                        bi,=2(a,T1KB7,-FK3)B.-F-2(aV-i-a.)An. 

Hence applying Lemma 2 (with un=1), it follows from (4.10), (3.1), (3.2), B7 and Lemma 
6 that (4.18) holds. Thus the proof of the theorem is complete. 

   THEOREM 2. Let X1, X2, • • • be the Robbins-Monro type process defined by (1.2). 
Suppose that Al, A2, A3', B7 and Cl to C3 are satisfied. Then it holds that 

(4.23)limEIXn—On12=0. 

Moreover, suppose that A4 and A5 are satisfied. Then it also hold that 

(4.24)limIXn-0,1=0 a. s.. 

   PROOF. Using Lemma 2 (with hn=0 and un=1) and Lemma 3, we can prove (4.24) 
by the similar arguments of the proof of Theorem 1. Hence the proof of (4.24) is 

omitted. We shall prove (4.23). Using the inequality 2ab_ka2+1?-1b2 (k>0), we obtain 

(4.25) 2I<Xn-19., 0.-0.+1>2                                   —1a0an I X7Z—0.12±2(a0an)-llen-0.+112, 

(4.26) 21 <0.(X., Y.), 71+1> an10.(X., Y.)12+aV I Bn—en+112 

and 

(4.27)21 <X.-0., Ein(Y.)>I 2 1 Xn—en12+2(WIET.(Y.)12• 

Substituting (4.25) to (4.27), Cl(i) and C2(i) into (4.2) we obtain
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(4.28) I  Xn+l—On+112�_(1—ao,i+2aia;,)1X7,-07,12 

                         +211+(a.an)-'l I 0.- On+, 12+2ar37,(177,) 

                          ±2aVanlErn(Y.)12-2an<Xn—On, in(Yn) 

                        —E r n(Y.)> . 

It is easily seen from Al that there exists a positive integer no such that, for all 

n�no, 

(4.29)1—aoan+2aial-21aoan. 

Taking the expectation on the both side of (4.28) and from (4.29) we obtain 

                    1 (4
.30) E-            Xn+1— n+112(1 — —2 aoan)E I Xn—O 7112±anbn+ a nU'n n2 no 

where 
            b7,--=2(and-ac71)(aTillen—On+11)2+2aVIErn(Y.)I2+2anErin(Yn) 

and 
                    w n=2 I E<Xn— in(Yn)—Ern(Y.)>1 . 

It is easily seen from Al, B7, Cl(ii) and C2(ii) that 

(4.31)lim bn=0 . 
                                                                           n•os 

Hence, from (4.31) and according to Lemma 2.3 of [6], in order to show (4.23), we 

have only to prove that 

(4.32)lim wn=0 . 
                                                        n-.co 

First we shall prove that there exists a positive constant K such that, for all n�1, 

(4.33)El Xi, —On 

Substituting 

                1                   —
4 aoE I Xn —On 12+4aVE I in(Y73—Ern(Y012 

into (4.30), it follows that, for all n> no, 

                             1                   Onl-iE I X71-1-1On+1125_G— 4aoa.)5„E Xn—On 2+Onanbn 

                                 +Liao lanOnEirn(Yn)—Ern(Y 012. 

Hence, using Lemma 2.3 of [6], it follows from (4.31), A2 and Cl(iii) that 

                         lim OnE I — On 12=0. 
                                                     n-os 

Thus (4.33) follows. Next we shall prove (4.32). Let us write 

                         r'n(Y.)=r.(170—Ern(Y.).
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Then it follows from (1.2) that 

                                                    71 

 <Xn  —0  n, rn(Y.)>=<X,-1, i'n(Y.)>+ j— 0 j+i, rn(Y.)> 
                                                                          j=1 

                                                             n-1 
                       — E a j<0;(XJ , KJ), T;(17;)> 

Since X1 and On's are constant and I Er'7,(77,) I =o, it follows that 

                                                                     n-1 

(4.34)1E<Xn— On, Y7,070> I E aJ i E<C(XJ, KO, T;i(7.)> 
                                                                          ;=-1 

Since .1);(Xi, KO and r;,(177,) are measurable with respect to V (Ai and V c>qi, respec                                                                                                1,--i5j 

tively, it follows from Lemma 4 and its remark that, for 

(4.35) I E<C(XJ, KO, rii(Y.)› 

                                        KO I 2)1/ 2 x (E           <2951'2(V(Ai, V(Ai)(E 1C(XJ,I Y.07.0 12)1'2 

                   Ki)12-FE I Y.( Y.) 12)2._; 
where 

                2n=suP 01/2( V V ,_,L) , n�1 . 
                    m 1 ism n+ni, 

Substitutieg (4.35), (4.33) and C2(i) into (4.34) we obtain 

                                                               n-1 

             

I E<Xn —0 n, T'n(YnDI ai a failAn_1+ ay/n_iE1(3;(7;) 
                                                                               J=1 

                                  711 
apin_JEI rn(Yn) 12 . 

                                                         j=i 

The mixing condition C3 yields 

(4.36) An_i< An< co                                         and lim An_j=0                 j =1 n=1 

for any fixed j. 

Hence, using Toeplitz lemma (see, e. g., Loeve [2], page 238), it follows from A3' and 

(4.36) that 

                                 Urn cr1ai5.712,_;=0.                                                   n-00 5-1 

And Al, C2(ii) and (4.36) imply 

                                                              n-1 

                           lim E ajAn_JES;(Y;)=-0. 
                                     n j=1 

Moreover, Al, C1(iii) and (4.36) imply 

                          limn--1a yln,_ JE I yn(,,,) 1 2=0 . 
                                                    n-^co j=1
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Thus (4.32) is proved and the proof of the theorem is complete. 

   REMARK. C3 is only used to prove (4.32). In the proof of (4.24), C3 can be 

replaced by B6.

   5. Examples. 

   In this section we shall give two examples of our results. The following Example 

1 is the direct application of Theorem 2. 

   EXAMPLE 1. Let us chose  WO so that a7,--=n-'. Let us assume that On(x, y) 
can be expressed in the form of 

                         0,i(x, y)=Mn(x)-Frn(Y) 

where M,,(•) and rn,(•) are RN-balued Borel functions defined on RN and R", respec
tively. Suppose that there exist positive constants Ao, Al and A2 such that 

                           <x—t9,,, Mn(x)>_Aol x-0,12, 

                       Mm(x)I All x 7,12+ A, . 

Moreover, suppose that 

(5.1)!Ern( 17,)1=- 0 , 

(5.2)supEIT7,(Y,i)12<00, 

(5.3)lim nlOri—On+11=0. 
                                                      n-

Let 5 be a positive number satisfying 0<5_-1-. Define 57,=-71'. Then Al, A2, A3',                                          — 3 

A4 and A5 are satisfied. Define in(•)=TC,(•), 13.(•)=2A2+21r,i(•)12, a0=A0 and cr1=2A1. 

Then it is easily seen that Cl and C2 are satisfied. Moreover, it C3 is satisfied then 

it follows from Theooem 2 that (4.23) and (4.24) hold. 

   REMARK. If we can assume that, for all n�2, 

(5.4)I EU-Y.( Y.) I Y1, • • • , Y7,-111=0 a. s. , 

so that frn( Y017,2 is a sequence of martingale differences, then the condition (1.3) is 

automatically satisfied. Hence this case is the usual Robbins-Monro stochastic ap

proximation. But it has not been assumed in Example 1 that (5.4) holds. 
   Finally we shall give the following example which is an application of Theorem 1. 

    EXAMPLE 2. Let {an} be chosen so that an=n-1. Let 5 be a positive number 

satisfying (34<5.-1. Define 5,,=n-3. Then Al to A4 are satisfied. And suppose that               — 7 

all vectors considered here are to be row vectors. And let us assume that 07,(x, y) 

can be expressed in the form of 

                        On(x, y)=--(x—en)An(Y)±rn(Y), 

where An(y) is an Nx N-matrix whose (i, j)-th element is aV)(y) which is a real 
valued Borel function defined on RM and in(y)=--(1-1(y), ••• , I-7(y)) is a RN-valued
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 Borel function defined on Rm. Suppose that the following conditions are satisfied. 

(5.5)<x--19,„ (x-6n)An(y)>�0 

(5.6)<x—On, (x—On)EAn(17.)>?=aolx—On12 

where ao is some positive constant. And 

(5.7)supEllAn(Y.)1I2<c° 

where II All denotes the operator norm of an Nx IVmatrix A, i. e., A = sup I xAI. 

Moreover, suppose that (5.1) to (5.3) are satisfied. Let us denote x=(xl, ••• , xN) and 

0„-=(0;„ ••• , Ox). And let us write (x1-00(x2-0.70=xn,i,i and cl(-')(Y)—EaV)(Y.) 
=A(n")(31). Define Nc=N+A", En=-0, fn(x, y)=<x—On, rn(Y)>, 

               Fn(x)=(xn,I,1, Xn,l, 2, ••• X72, 2, 1, ••• , X72, N, '•• XN 

and 

      Gn(Y)=(A('1)(31), ,4(7'2)(Y), A(n!'1)(Y), 11(Tiv'N)(Y), 1-1(y), ••• , riT(Y)). 

Since <x--0„, (Pn,(x, Y)>=<x—B,,, (x—On)An(Y)>+<x—On, rn(Y)> and 

           <x—On, On(x, Y)>=<x—en,(x—en)EAn(YO>+<x—On, (x-0.) 

                        X(.11.(Y)—EA,i(Y.))+F.(3))> 

(5.5) and (5.6) imply B1. And the fact ElIAn(Y.)—EAn(Y.)112�4EllAn(Yn)I,2 and (5.1), 

(5.2), (5.3) imply B4. Note that 

                            ' 

                        n  

                1<x-0,2, rTh(Y)>H2x 07,2                                 12+ ITVY)12 

   — 

                                        lx—Onl1 

                 xn,)=(xi— xli)(xj-0.),,)+(x.1—.0(4-001 

                           5(1x—Onl+lx0-0.1)1x—xol 
and 

                 xn,i,,—xn+1,,,, .71 = 00(6171+1— Oin)+(X) —8;,)(tn+1-6,i) 

                             +(C-i-6i+1)(0in—Oin+01 

                             _2164n—en+11lx-6ni+107,-6n+112. 

And define gn(Y)= 2a, hn(Y)= 2 , bn=0, cn=219n-6n+il and dn-=10 n-0 n+1l2 
+ On-077+d. Then it is easily seen that B2 and B3 are satisfied. Futhermore, define 
an(y)=211An(Y)II2 and 13.(31)=2Irn(Y)12. Then (5.2) and (5.7) imply B5. Hence, if B6 is 

satisfied then (4.18) holds. And (5.1) and (5.6) imply that the equation (1.1) has the 

unique solution x=On. Futhermore, (5.7) implies 

                                  M„(Xn)I -=0 a. s. , 

where M„,(x)=EC(x, Yn)=(x-0.)EAn(Yn). Thus our analysis is general enough to
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include our previous result which was discussed in [7] as special case.
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