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Summary

Let {Y,} be a sequence of dependent random variables and
{@,(-,+)} be a sequence of Borel functions. Let 6, be a solution of
the equation M,(x)=0 for each n=1, where M,(x)=E®,(x,Y,).
A Robbins-Monro type stochastic approximation procedure Xp.1
=X, —a,P,(X,,Y,) is considered for estimating 6, for = sufficiently
large. Under some assumptions about {a,}, {¢»}, {¥r} and {P,(-, )}
which may not include the fundamental condition E[@,(X,, Y,) | X,,
-, Xp1=M,(X;) a.s., the a.s. convergence and in mean-square con-
vergence of | X,—0,| to zero are studied.

1. Introduction.

This paper is a continuation of our previous paper [7] and is concerened with the
following Robbins-Monro type stochastic approximation method with a sequence of

dependent random variables.

Let {Y,} be a sequence of R*-valued random vectors and {@,(-, -)} be a sequence
of R¥-valued Borel functions defined on RV X R¥. Assume that E®,(x, Y,) exists for
all xeR"Y and n=1, and it is unknown to us. Assuming that the equation

(1.1) EQ.(x, Y,)=0 (0 denotes the zero vector of RY)

has a solution x=48, for each n=1, it is desired to estimate &, for n sufficiently large
on the basis observed values @,(X,, Y,), @(X,, Y,), -+~ at the points (X, Y), (X, Ys), -
where X,, X,, --- are produced by the following recurrence relation;
X,=an arbitrary constant vector of RY
(1.2)
Xn+1:Xn_an@n(Xm Yn);

where {a,} is a decreasing sequence of positive numbers which converges to zero.
The above situation will be concerned throughout this paper.
In the above problem, if the condition
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(13> E[Qn(Xm Yn)Ile Xz, H) Xn]:AIn(Xn) a.s.

where M,(x)=E®@.,(x, Y,), is satisfied then this is considered as the usual Robbins-
Monro stochastic approximation method. For example, if {Y,} is a sequence of inde-
pendent random vectors then (1.3) is automatically satisfied under the procedure (1.2).
Hence this is the case of the usual Robbins-Monro stochastic approximation. If {Y,}
is a sequence of dependent random vectors then (1.3) may not be satisfied.

Thus, in this paper we shall study the above stochastic approximation under the
situation that (1.3) does not hold. In [7], we considered the above problem under the
assumption that @,(x, ¥) can be expressed in the form of (x—08,)A.(3)+I(y). And
the a.s. corivergence of the process (1.2) was investigated. In this paper we consider
the same problem under some assumptions which are more general than ours in [7].

This paper consists of five sections. In Section 2 we give notation and four
lemmas to be used throughout the paper. In Section 3 the conditions that have to
impose on the procedure (1.2) are described. In Section 4 we shall give results about
the a.s. convergence and in mean-square convergence of (1.2). In Section 5 we shall
treat two examples of results. One of them was discussed in our previous paper [7].

2. Notations and lemmas.

The conventions introduced here hold throughout. Let R* be k-dimensional
Euclidian space. If a, b€ R¥ and ¢, deR"o, <a, b) and {c, d), denote their inner
products, respectively. The Euclidian norms of a=R¥ and c=RY° are denoted by
la| and |cl,, respectively, of course, {a|=<a, a>** and |c|,=<c, c>}'%

Let (2, A, P) be a probability space. Define the dependent coefficient of s-fields
A’ and 4” which are sub-¢-fields of A4 by the relation;

(2.1) (A, J”)Zfélg_(essesgup l P(Alu’l’)(w)—P(A)l) .

For the above definition of the dependent coefficient we refer to losifescu and Theo-
dorescu [1]. Let A4;, it=T be sub-o-fields of 4. Then £¥T A; denotes the o-fields
generated by the join of the o-fields A;, i€ T.

Next we shall give four lemmas to be used throughout the paper. The following
Lemma 1 is given in [4].

LEMMA 1. Let {an} and {v,} be sequences of non-negative numbers such that

(1) Zra<oo, Zap<co.

If {x.} is a sequence of non-negative numbers such that, for some intege- n, and for
all n=n,,

(i) xpei=max {h, U+an)x,+v,}

where h>0, then {x,} is bounded.
Using Lemma 2.3 of [6], we obatin the following lemma.

LEMMA 2. Let {h,}, {an}, {ba}, {dn}, {ua), {va} and {w,} be sequences .ji »z2a:
numbers such that
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(1) h,z=0, limh,=0

(i) a,=Za,+,20, lima,=0, Xa,=o

n—x

(iii) #,>0, supu,<oo, sup{u|laz'—azii} <o
n n

(iv) limb,=0, X |v,[<c

(v) lim anu;lé} we=0

n—x

(Vi) d,z0, 2d.<oco.

If {x.} is a sequence of non-negative numbers such that, for some positive integer n,
and for all n=mn,,

<V11> xn+1§max {hn: (l_an+dn>xn+anbn+anwn+Un} )
then it holds that lim x,=0.
o
PROOF. It involves no loss of generality to assume

1

(2.2) l—an§E for all n=n,.

Let N and n be arbitrary positive integers such that n,<N<n. Set

Va=apbata,wpt+v,.
The iterate (vii) back to N. This yields

3 n
xnﬂgmax{ max {T}a’i’lhk-i— > Ty, TE\;”XN"*"I_;N T%’i’lyz}‘

N<ksn i=k+1

where

[(1—a+d) if 1=k=n

(n)
k
1 if k=n-+1.
Hence we obtain
n
(2.3) Xne1= max {Th,} +TP xy+2 max T® 4| .
N<sksn Nsksnli=k

Now from (i) and (v), for any ¢>0 we can chose N so that

(2.5) 31.;13 h.<e,

2.5) sup anuzl}ﬁllzuk <e.

N-1sn
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Since 1—a,+d,=1—a,)1—1—a,)'d,), (2.2) implies
l—a,+d,=(1—a,)X14+2d)=1+2d, .

Hence, (vi) and (2.4) imply that there exists a positive constant K,— ﬁ(H—Zdn) such
n=1
that

(2.6) max T h,<Ke.

Nzksn

And it is easily seen from (ii) and (vi) that

@.7) lim 79 v < lim K T1 (1-a,)=0.

Note that
n | n n

28) 3 T®yi| = 3 Twadbil +viD)+ | B aawTm| .
i= i=ng i=

First, we shall prove that

n—->®01i=n

(2.9) lim 3% T$(aq]bil+| ve])=0.
0

This is obtained with the aid of Lemma 2.3 of [6], which states that if {A,} is a
sequence of non-negative numbers satisfying

Apii 2 —aneD)AntAneibnsrit Vo

where a,=0, lima,=0, S a,=o0, b,=0, limb,=0, v,=0 and X v,<oo, then lim A,=0.
n—oo n—oo

Since (1—a,+d,)=(1—a,)(14+2d,) and X d,<oco, it follows that

i:Z:OTi‘ﬂ(ai]bi[ +]Uz‘!)§K1i§a((li]bi| +]Ui|)k:11:I+1(l_ak)

where K,= I (14+2d,)<co. Define Ay= 3 (a;|bs|+|v:))x II (1—a,). Then Lemma
n=1 i=ng =1+

2.3 of [6] gives (2.9).
Next, let us define u,=a,;=1, s,=0 and for n=k=1,

3 7
Sp=anuz’ > Wy ’ sPP= E aiwiTﬁ’l .
k=1 i=k
Since w;=aj'u;s;—ai iu;-1S;-1, we obtain
¢ T ) (n)
SE = U Sp— A r At U 1Se 1 TP+ ‘Zk ajtujsi{a; T —a; TS
i=
1 my 1S (n) 1 1
= UnSn—QrQtUp1Sp TE+ ZkajﬂsjujTﬂg(ajﬂ—aj —D.
=

Therefore it follows from (ii), (iii) and (vi) that there exist positive constants K, and
K; such that
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(2.10) SIS Kz sup [sal+ K 3 asls;al T
-1sn =ng

Applying Lemma 2.3 of [6] to the second term in the righthand side of (2.10) we
obtain

2.11) lim 3 a;] s, T, =0.

n-oo j=ng

Therefore (2.3) and (2.5) to (2.11) imply

limsup x,=(K,+2K,)e .

Because ¢ is arbitrary, this concludes the proof of Lemma 2.

REMARK. Examples of two sequences {a,} and {u,} satisfying (ii) and (iii) are
easy to obtain. For example, a,=n"* (0<a=1) and u,=n"? (0=8) satisfy (ii) and
(iii). And e¢,=(nlogn)™* and u,=(og n)™! satisfy (ii) and (iii) also.

Finally we state without proof two lemmas which are proved in [1].

LEMMA 3. (The strong law of large numbers). Let {X,} be a sequence of random
variables. Suppose that there exist a positive integer n, and a decreasing sequence of
positive numbers {a,} such that

() timsupg( VA, V)<,

n+ngst

(i) 3 {sup @A, Ansa)} 2<o0,

(iii) lima,=0,

—00

(iv) 3 alE(X,—EX,)?<co,
n=1

where A; is the o-field generated by X; and ¢(-, -) is defined by (2.1). Then it holds
that

lim a,, é(Xi—EXi)=o a.s..

n-—00

REMARK. Let {X,} be a sequence of R"-valued random vectors satisfying (i) and
(ii). And (iii) and

(iv)Y ZaiE|X,—EX,|*<o (¥|-|” denotes the Euclidian norm) are satisfied. Then
it also holds that

lim a, é(Xi—EXi) =0 a.s..

n-oo

LEMMA 4. Let the random wvariable X; be A;-measurable for i=1, 2. Suppose
that EX%< oo, 1=1, 2. Then

|EX, X, —EX,EX,| £2¢"% Ay, A)EXDVHEX3)'2.
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REMARK. Let X; i=1, 2 be R¥-valued random vectors satisfying E|X;|?*<oo,
i=1, 2. And X, is Ji;-measurable for =1, 2. Then it is easily seen that

|E<X,, Xp—<EX,, EX| =20, AXEIX|DHVHE

7 12\1/¢2
Xe| 9V,

3. Assumptions.

Assume that, for each n=1, the equation (1.1) has a solution #,. Let <4, be the
o-field generated by the R¥-valued random vector Y, for each n=1. Let {a,} be the
decreasing sequence of positive numbers which is used in the procedure (1.2). And
{a,} satisfies the following conditions Al and A2.

Al: lima,=0, >Sa,=o0.

n—oo

A2: There exists a non-increasing sequence of positive numbers {d,} such that

lim6,=0, > a0,<00.

n-ooo

Moreover we shall make the following assumptions about {a,} and {d,}.

A3: 07> dna10731, lim a,07°=0.
-

Ad: sup |azxt—axl,| <co.
n

A5: S aiini<co.

Next we shall make the following assumptions Bl to B7 which are used in the
proof of Theorem 1.

Bl: For each n=1, let f.(-, -) be a real valued Borel function defined on RY X R¥
and F,(-) and G.(-) be RYo-valued Borel functions on RY and R, respectively.
Suppose that there exist a sequence of non-negative numbers {e¢,} which converges to
zero and a positive constant «, such that, for all ye R¥ and for all n=1,

<x70n) @n(\xy y)>2max {fn(x, _y); a0|x_0n‘2+<Fn(x>v Gn(y)>0}
if |x—0,*>e,

B2: There exist sequences.of non-negative Borel functions {g,(:)} and {h.(-)}
defined on R¥ such that

@ 1 Falx, MI=gax—=021+haly)

for all xeRY, yeRY and n=1, where f,(+, +) is to be given in Bl,
(i) Za.Egu(Yy)<oo,
(i) X a0:Eh(Y,)<co.

B3: Let {F.(-)} be as given in Bl. There exist non-negative constants K,
1<i<4 and three sequences of non-negative numbers {b,}, {¢.} and {d.} such that
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1) |Fa0) =Ky |x—0, "+ K| x—0,|+K; for all x€RY and nzxl,
(i) |[Falo)=FalxD o =K(lx—0,]+x" =0+ x—x']
for all x, x’RY and an=1,
(i) |[Fa(x)—Fol )| oZbplx—8, 2 Fcalx—0,+d, for all xeRY and n=1,
(iv) 2Zbadn<o0,

(v) sup Cp0,< 0, S ca07 <0,

(Vi) dn8%<oo.
B4: Let {G.(-)} be as given in Bl.

(i) lim |EG.(Y.)].=0,

(i) X aid."EiGu(Y)—EG.(Y,)i§<o.
B5: There exist sequences of non-negative Borel functions {a,(-)} and {3.()}
defined on RY¥ such that
1) 1Du(x, WIPSan(0)x—0,%5,(y) for all x=RY, yeR¥ and n=1,
(i) D a0.Ea(Y,)<oo,
(ifl) Zan03E 3.(Y,)<oo.

B6: Let n, be a positive integer.

M timsupg( V1, Vo A)<T,

n-—co lsisn n+npst

(11) Sllp ¢1/2<U‘€m; <J‘7m+n><co .
n=1 m

B7Z llm a;l[@n*ﬁnq]:O-

Finally we shall make the following assumptions C1 to C3 which are used in the

proof of Theorem 2.
Cl: There exist a positive constant a, and a sequence of RY-valued Borel functions

{7.(*)} defined on R such that

(1> <x_0n; @n(xy y)>:2_ao|x_6n|2+<x—0m Tn()’)>
for all x=RY, yeRY and n=1,

(i) lim [E7.(Y,)|=0,

(iii) supEly(Yo)—Er.(Y,)|*<co.

C2: There exist a positive constant «; and a sequence of non-negative Borel
functions {8,(-)} defined on R¥ such that
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D 1Du(x, Yi=ay| x—0,2+B(y) for all xeRY, yeRY and n=1,
(ii) supE 3.(Y,)<eo.

C3: nzls%pgplm( 5\4 o m+\4§iji><m ’

REMARKS. (1) Since {6,} is non-increasing and bounded, A3 implies

A3 @,07'> anei07hy, Lim a,07'=0.

Because a2=a,0,a,65%, A3 and B5(ii) imply

3.1 lata(Y)<o a.s..
And because a:=a,0%a,05°, A3 and B5(iii) imply

3.2) Yaifu(Y)<ecc a.s..

(2) Using the inequality 2ab=<ka®*+k~*b* which holds for and k>0, it follows
from B3(i) that

a0| x—'ﬁn]2+<F7L(x)y Gn(y)>0

50(0

é——lx 0.1+ FEUGa(D]ol x—0]*

On 07 K}

T |x—651* +—*" G a1+ K| Ga(3)]o

dz'al | 05 ‘K2

=@+ EKil GaD ) x =02 1"+ =5+ =5 [GalN[EH K| GalD)]o-
If A2,
33 2 arE|Ga(Yr)]e<0o0
and
(34) 2 a0, E|Ga(YR)[§< 0

are satisfied then we can chose f,(-, -) so that
Falx, M= x— 00|24+ <Fa(x), Ga(3o.

0n! 07 K2
Putting gn(»)=0,+K,|Ga(3)|s and h.(3)= “° + |Ga(3H+Ks | Gal)le A2,

(3.3) and (3.4) imply B2. If @,0,.=<a%0,° follows then B4(ii) implies (3.4), implying
B2(iii). But B4 does not yield (3.3). Hence B2(ii) may not be satisfied. Thus it is
needed to introduce the function f,.(-, -) when K,>0. If we can assume that K,=0
then f,(-, -) is not needed.

(3) Since ¢(An, Jm+n)§¢(l§y§mu4i, m+\£§idi , the mixing condition C3 implies B6.

(4) Examples of two sequences {a,} and {d,} satisfying Al to A4 are easy to
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obtain. For example, a,=n"¢ (%<a§l) and d,=n"# (1—a< ,8§%> satisfy Al to A4.

o’
3

And A5 is also satisfied. a,=n"* <%<a’§1> and §,=n"% (1—a’<ﬁ’§
Al, A2, A3/, A4 and A5, where A3’ is to be given in (1).

> satisfy

4. Results.

Using Lemma 1 we obtain the following lemma.

LEMMA 5. Let X, X,, -+ be the Robbins-Monro type process defines by (1.2). Suppose
that Al to A3, Bl, B2, B5 and B7 are satisfied. Then it holds that there exists a non-
negative random variable Z such that, for all n=1,

(4.1) | Xo—0,150"Z a.s..

PrOOF. We reduce the lemma to an a.s. pointwise application of Lemma 1. By
virture of (1.2) we obtain directly

(4.2) | Xni1— i =1 X, — 0,12+ a2 | On( Xy, Y2 +10,— 05"
F2 Xy =04, 07— 00400 —202{Pn(Xn, Y), On—04s>
=202 Xn—00, Pu(Xs, Yol .

Using the inequality 2ab=<ka®+ kb (k>0) we obtain

(4.3) 21{Xn—0n, 00— 03401 £ 0005 | Xn—0,]"+a,07" A,

where

4.4 An=(a7"0n—004:1)".

From B5(i) we botain

(4.5) 204D p(Xn, Yo), Or—Ons | Saian(Yo)| Xn—0,]"
+arBuYa)taiAa,

where A, is defined by (4.4). And from Bl and B2(i), if | X,—8,|*>¢,, then it follows
that

(4.6) =203 Xn—05, Ou(Xn, Yad>=2an| fu(Xa, Ya)l

=2a,8n(Y)| Xu— 041" +2ah,(Y ).
Substituting (4.3), (4.5), (4.6) and B5(i) into (4.2), if | X,—8,|*>¢, then it follows that
4.7) | Xn+1—0ns1|*S(1+a0,+2070(Y2)+20280(Y )| Xn—0n]*

+2aiBu(Ya)+2a,hn(Ya)+(2ai+andz)An .
Next we suppose that | X,—8@,|*<e,. Substituting B5(i) into (4.2) we obtain
(4.8 [ Xns1t05411*S3] X — 0,12 +3a3 | Ou( Xy, Yi)|*+3[600— 001 l?
S3(1+aran(Ya)ea+3aifa(Y)+3a3 A,
if | X,—0,]"<e¢,.
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Since {0,} is non-increasing, (4.7) and (4.8) imply

5%+1an+1—(9n+1|2§maX {5;:/1”, (1+d’n>5%IXni0n12+5}zlv;1
where

(4.9) ha=3(1+aia(Y)en+3a;B2(Yn)+3ai(ar! |0 —0r41])?,
di=a,0n+2a50,(Y2)+2a,8:(Y0),
=203 BV ) +2a,h (Vo) +(2a7+a,07" X an | 07— 00l ).
From (3.1), (3.2) and B7, if follows that
(4.10) limh,=0 a.s..

n-oo

From A2, (3.1) and B2(ii), it follows that
>dy<oco a.s..

And from (3.2), B2(iii), A2 and BY7, it follows that
30i0n< a.s..

Therefore, using Lemma 1, (4.1) follows.

Using Lemma 3 and Lemma 5 we obtain the following lemma.

LEMMA 6. Suppose that the hypotheses of Lemma 5 are satisfied. Moreover, suppose
that B3, B4(ii) and B6 are satisfied. Then it holds that

(4.11) lim 0, 3 Fu(X), Gu(V—EGMY =0 a.s..
PROOF. Define d,=a,=1, S,=0 (the zero vector of R"V°?) and
Snzan&’,ﬁél(Gk(Yk)~EGk(Yk)).

Using Lemma 3 (The strong law of large numbers), it follows from A3 and B4(ii) that
(4.12) }LiENSHIO:O a.s..
Let us put

a0 B FXD), GolY )=EGuY =W, .
Since Go(Y)—EG (Y )=a3'0iS,—azt0}-1S,-1, W, is rewritten

Wo=3CFu(X0), Sadotan 3 a5 0K FAX)=FyonXpen), Sido.

Then we obtain

[ Wal 0% Fu(Xa)lol Snlot-an é a; 03| Fx(Xp)—Fi( X500l S5l

tan 2 a7 Fy(X 50— Fyar( X510l S5l -
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Hence, in order to show (4.11) we have to prove the following (a) to (c¢).
(a): lnigﬁan(Xn)lolSnIo:O a.s..

(b): lima, 3 0733 FX)—F{X,)lolS;1i=0 a.s..

n—oo

(©: limay 3 a7%3)| FAX;e)=Fyus(Xpa) o] $;10=0 a.s..

n—0

PROOF OF (a). It is easily seen from B3(i), Lemma 5 and (4.12) that (a) holds.
PROOF OF (b). By virture of (1.2) and B5(i), we obtain

(4.13) | X=X P2 aa (Y )| X;— 0,12 +a2B,Y ;).
From B3(ii), (4.13) and Lemma 5 we obtain
VFAX )= FAX;) o= K21 X5= 0] + 1 X— Xy | + D] X=X, |
S2K(a,;67%ay (Y )2+ a ;67 YN Y )Z)
+K(a3072a,(Y )22+ a38Y ;)
+K(a;07' 05" (Y )Z+a,;854Y)) a.s..

Define Z,=max {Z?%, Z, 1}. Noting lima,=0 and from A2 and A3, there exists a
positive constant K such that

FAX )= Fi( X)) 0= K Zo {005 () (Y )+ a (Y ;)
+a;07° (B XY )+ BAY ) as..
Using Schwarz inequality., it follows from A2 and B5(ii) that
(4.19) 200,03 (V)= (X 0000) " A(E andpan(Ya))* <o a.s..
And it also follows from B5(iii) that
(4.15) 2405 B (Y ) =(X andn)V (X an038a(Yy))2 <00 a.s..
Hence it follows from (4.12), (4.14), (4.15), B5(ii) and B5(iii) that
200 Fa(Xo)—Fu(Xai) o] Sale<oo a.s..
Therefore, from Kronecker lemma (see, e. g., [2], page 238), (b) follows.
PROOF OF (¢). From B3(iii), (4.13) and Lemma 5 it follows that
[ Fi( X)) = FiXju) [0 =26;] Xy — X2 +20; X;— 6,51
+ei | Xy= Xjal 51 X;— 0,51+ d;
=2b;05*(aja(Y )+1)Z+2b;a38,Y ;)
+c¢;07(a;ay (Y )+1Z
+c;a;8¥ (Y )4-d; a.s..
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Since bna,=b.0,a,07", it follows from B3(iv) that sup bp@n< oo,
Hence it follows from B5(ii), (iii) and B3(iv) that
(4.16) 2 {20,205 (akan(Y )+ 1) Z24-2b,a%0%8.(Y )} <o a.s..
And it also follows from B3(v), (4.14) and (4.15) that
(4.17) 2 {endi(anai (Vo) + D) Z+cnandn % (Ya)} <o a.s..
Hence it follows from (4.12), (4.16), (4.17) and B3(vi) that

200 Fa(Xpa) = Fra(Xns) o] Salo<co a.s..

Then, using Kronecker lemma we obtain (c). Thus proof of lemma is complete.
Using Lemmas 2, 5 and 6 we obtain the following theorem which is the main result
of this paper.
THEOREM 1. Let X,, X,, --- be the Robbins-Monro type process defined by (1.2).
Suppose that Al to A4 and Bl to B7 are satisfied. Then it holds that

(4.18) lim | X,—60,1=0 a.s..

PrRoOF. We reduce the theorem to an a.s. pointwise application of Lemma 2 (with
u,=1). Using the inequality 2ab=<ka®+k~'b* which holds for any %>0, we obtain

(419) 2‘ <Xn—0n; 0n_8n+1> l §7a’20'an!Xn—‘0n|2+2a(TlanAn ’

where A, is defined by (4.4). Let us write

]EGn(Yn)Ioan .
Then it follows from B3(i) that

21<FuXa), EGo(Y ol S2KiBa| Xo—0n | +2K,By| Xo— 0| +2K, B,
21}
<(2K:Bo+—5-)| Xo— 00|+ (205 K3 B, +2K) B,

Hence, if | X,—60,]2>¢, then it follows from Bl that
(420) —20n<Xn_0m ¢n(Xm Yn)>§_2aoan’Xn‘ﬁn’2_20n<Fn(Xn); Gn(Yn)
—EGn(Yn)>o+zan|<Fn(Xn); EGn(Yn)>ol

g(—%aoan—l—ZKxBnan)lXn—5n12

+2(a0_1K§Bn+K3)Bnan+wnan )
where

Wa=—2F3(X2), Go(Y)—EG.(Y ).
Substituting B5(i), (4.5), (4.19) and (4.20) into (4.2), we obtain
(4.21) 1 Xpi1—0ns112=(Q—apa 12K Bra,+2a%a, (V)| Xn—0,|2



A stochastic approximation with a sequence 37

+2a58:.(Yn)+anwat2a,(a;' K3B,+K,)B,
+2an(antasAn  if [ Xp—0,]*>e,.
Hence (4.21) together with (4.8) we obtain
| Xns1—O0nes] S=max {hy, (I—apan+2K,Bra,+2a%a,(Y )| X, — 0,2
+2a7 (Vo) +arwat2a.(a' K3By +K;)B,
+2an(antas?) Az}

where A, is to be defined by (4.9). Since lim B,=1im |[EG,(Y,)|,=0, there exists a

positive integer n; such that, for all n=>n,,

1—apa,+2K,B,a,<1— %aoa" .

Therefore it follows that, for all n=n,,

(4.22) | Xnti—0ns1|*<max R, l_'l—aoan“i‘d/n, [Xn—aniz_"anbx_'_anwn"i'vx
2

where

dn=2a%a,(Yy), vi=2a%B.(Y5)
and

br=2(as' KiB,+Ky) By +2(as +a,)A, .

Hence applying Lemma 2 (with u,=1), it follows from (4.10), (3.1), (3.2), B7 and Lemma
6 that (4.18) holds. Thus the proof of the theorem is complete.

THEOREM 2. Let X,, X,, -+ be the Robbins-Monro type process defined by (1.2).
Suppose that Al, A2, A3’, B7 and Cl to C3 are satisfied. Then it holds that

(4.23) ImE|X,—6,]*=0.

n—00

Moreover, suppose that A4 and A5 are satisfied. Then it also hold that
(4.24) lim | X,—8,]=0 a.s..

n—oo

PROOF. Using Lemma 2 (with 4,=0 and u,=1) and Lemma 3, we can prove (4.24)
by the similar arguments of the proof of Theorem 1. Hence the proof of (4.24) is
omitted. We shall prove (4.23). Using the inequality 2ab=<rka®+k 15> (£>0), we obtain

(425) 2[<X1L467L; 0n_0n+1> | é_;'aoan|Xn_0n[2+2<a0an)vll67L_0n+112 )

(4-26) 2t<@n(Xn’ Yn)y 0n70n+1>‘§an]¢n(Xm Yn)[2+a;1]0n7(9n+112
and
4.27) 21Xu= 0, BTV | 25 1 Xo—0a 4205 [E74(Y,)°.

Substituting (4.25) to (4.27), C1(i) and C2(i) into (4.2) we obtain
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(4.28) | Xns1—Onii|*=(1—avan+20,a5) | Xn— 0,1
F2{1+(aoan) ™} 10— 0ns1|*+2a3 Bu(Y0)
207t an | Ern(Y )| *—2a7{X0— 04, 72(Y2)
—E7.(Ya) .

It is easily seen from Al that there exists a positive integer n, such that, for all
n;no,

(4.29) l—aoan+2ala%§1———é—aoan.

Taking the expectation on the both side of (4.28) and from (4.29) we obtain

1
(430 ElXni=Oun*S(1= F@0n )E| Xu=0uF aubutaaun,  nZm,

where
br=2(ar+as'Naz"{0n—00:11 ) +2a5* |[ET (Y ) |2 +2a,E 8,(Y5)
and
Wa=2|E<X,— 0, 72(Y)—E7 (Yo )| .

It is easily seen from Al, B7, C1(ii) and C2(ii) that
(4.31) lim b,=0.

n-oo

Hence, from (4.31) and according to Lemma 2.3 of [6], in order to show (4.23), we
have only to prove that

(4.32) lim w,=0.

n->00

First we shall prove that there exists a positive constant K such that, for all n=1,
(4.33) E| X,—0,2<6,'K.
Substituting

wa S Q| Xa— O, | -4 E 7Y —E (V)|

into (4.30), it follows that, for all n=n,,

e Bl Xoes— Os = (1 00, )3uE | Ko 0, dnabs

Fai' a0, E17(Y ) —Er.(Ya)|2.
Hence, using Lemma 2.3 of [6], it follows from (4.31), A2 and Cl(iii) that
lim§,E|X,—8,|*=0.

Thus (4.33) follows. Next we shall prove (4.32). Let us write
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Then it follows from (1.2) that

n-1
(Xo=0z, 12V ={Xi— 0, 72(Ya)) + P2 0= 0551, Tn(Ya)

n-1
- jgl ai <D{X;, Yy, 1Y,
Since X, and 6,’s are constant and |Ey;,(Y,)|=0, it follows that
n-1
(4.34) [EXXn—0r, 72(Y ) | = ; a;}ECD(X;, V), 7Y

Since @,;(X;, ;) and r2(Y,) are measurable with respect to - A; and '\ A; respec-
nst

1215)
tively, it follows from Lemma 4 and its remark that, for 1<j<n—1

(4.35) |E<OLX;, Y, ra(Ya)l

=26\ Ain V ANE[OLX,, V)9V AX(EITH(Y )|

1sis

SEIQAX;, YHIRHE (Y ) An-;
where

Substitutieg (4.35), (4.33) and C2(i) into (4.34) we obtain

n-1 n—1
|ECXp— 0, 72(YaD | = ng 0,07 A -5+ ,gl a2 EBAY )

+ 2 a2 BTV )2

The mixing condition C3 yields

8

(4.36) S hs= Baa<oo and lim 2,,=0
p3

n=1 n—oo

fl

for any fixed j.
Hence, using Toeplitz lemma (see, e. g., Loéve [2], page 238), it follows from A3’ and
(4.36) that

lim 'S 0,07 2,-,=0.

nooo j=1

And Al, C2(ii) and (4.36) imply
fim “211 20 E BLY )=0.

nooo j=

Moreover, Al, CI(iii) and (4.36) imply

n-1
lim 3} a2, El7a(Ya)[*=0.

nooo j=
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Thus (4.32) is proved and the proof of the theorem is complete.
REMARK. C3 is only used to prove (4.32). In the proof of (4.24), C3 can be
replaced by B6.

5. Examples.

In this section we shall give two examples of our results. The following Example
1 is the direct application of Theorem 2.

EXAMPLE 1. Let us chose {a,} so that a,=n"'. Let us assume that D.(x, y)
can be expressed in the form of

D.(x, »)=Mu(x)+(y)

where M,(-) and I,(+) are R"-balued Borel functions defined on RY and RY, respec-
tively. Suppose that there exist positive constants A, A; and A, such that

<X_6ny 1Mn(x)>§140|x—0n}2y

M ()| S A x—0,1°+ A,
Moreover, suppose that

6.1 |[ELW(YR) =0,
(6.2) sup E[/%(Y5)|*<oo,
(5.3) limn|@,—8,+1=0.

7 —00

Let d be a positive number satisfying O<5__<_%. Define §,=n"%. Then Al, A2, A3,

A4 and A5 are satisfied. Define 7,(-)=1,(*), Ba(-)=2A,+2{1,(-)|% a;=A, and a;=2A4,.
Then it is easily seen that Cl and C2 are satisfied. Moreover, it C3 is satisfled then
it follows from Theooem 2 that (4.23) and (4.24) hold.

REMARK. If we can assume that, for all n=2,

(5.4) |ELL(Y )Yy, o, YaoidI=0 aus.,

so that {{(Y.)}5-. is a sequence of martingale differences, then the condition (1.3) is
automatically satisfied. Hence this case is the usual Robbins-Monro stochastic ap-
proximation. But it has not been assumed in Example 1 that (5.4) holds.
Finally we shall give the following example which is an application of Theorem L.
ExAMPLE 2. Let {a,} be chosen so that a,=n"%. Let & be a positive number

satisfying 0<5§%. Define 8,=n"% Then Al to A4 are satisfled. And suppose that

all vectors considered here are to be row vectors. And let us assume that @.(x, y)
can be expressed in the form of

D, (x, y)=(x—0)A.(N+T(y).

where A,(y) is an NXN-matrix whose (i, j)-th element is a$?(y) which is a real
valued Borel function defined on R¥ and [.(y)=T%(®), -, ['¥(y)) is a R¥-valued
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Borel function defined on R*. Suppose that the following conditions are satisfied.
(3.5) x—=04, (x—0,)Ax(y)>20.

(5.6) (x—=0n, (x—0)EA(Y )= o[ x—0,]*

where «, is some positive constant. And

5.7) sup E[| An(Y)[*< o0

where ||A|| denotes the operator norm of an NXN-matrix A, i.e, |Al=sup|xA]|.
rlsl

Moreover, suppose that (5.1) to (5.3) are satisfied. Let us denote x=(x!, ---, x¥) and
0,=00%, -, 0¥). And let us write (x’—0i)x'—0%)=x,,:; and a¥?(y)—Ea$?(Y,)
=A%P(y). Define Ny=N+N? ¢,=0, fo(x, y)=<x—04,, [(y),

Fn(x):(xn,l,ly Xn,1,20 s Xno2,1 ", Xn, N, N» xl—ﬁhy Ty xN_ﬁA;\l‘)
and
Gr(=(ALP(y), AL (), =, ARV, -, AV (), Ty, -+, T ().

Since <x—8n, Pu(x, YW=Cx—04,, (x—0,)A(y)>+<{x—0,, [',(y)> and
{x—=04, Pulx, yND=Ax—04, (x—O0)EA(Y))+{x—0n, (x—0,)

(5.5) and (5.6) imply Bl. And the fact E|A,(Y,)—EA.(Y,)|*<4E|A,(Y,);* and (5.1),
(56.2), (5.3) imply B4. Note that

-3 )
<=0, T3P | = T | 2= 00+ o= | Tu()1®

[ Xn 0l S1x—0,1"
Xno = X0 5| = (=227 = 07)+ (27— x)(x§—03) |
S(lx—0n+1x0—021)] x— o]
and
Xn, i, i Xn+1, i,j1 - |(xl_0%)(6'771“#0;;)4‘(’5]—‘0%)(‘9]7”1_0%)
2|00~ 0ril |X~0n|+I0n—0n+1|2 .

) s
And define gu(0)="5-, huN)="g b:=0, cx=210,—0nasl and dv=[0n—0rn.|"
4+10,—8,+:]. Then it is easily seen that B2 and B3 are satisfied. Futhermore, define
(=2l A,(M]? and B.(y)=2|,(»)|%. Then (5.2) and (5.7) imply B5. Hence, if B6 is
satisfied then (4.18) holds. And (5.1) and (5.6) imply that the equation (1.1) has the

unique solution x=#,. Futhermore, (5.7) implies

lim | M, (X,)|=0 a.s.,

where M, (x)=E®@,(x, Y,)=(x—0,)EA,(Y,). Thus our analysis is general enough to
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include our previous result which was discussed in [7] as special case.
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