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I. Introduction.

In the previous paper ([5]), we studied the ordinary multiobjective convex program
on a locally convex linear topological space in the case that the objective functions and
the constraint functions were continuous and convex, but not always Giteaux differ-
entiable. In the case, we showed that the generalized Kuhn-Tucker conditions given
by a subdifferential formula were necessary and sufficient for weak Pareto optimum.

In this paper, we consider the ordinary multiobjective program on a Banach space
in the case that objective functions and constraint functions are locally Lipschitzian but
not always convex, and derive Kuhn-Tucker forms given by Clarke’s generalized
gradients ([17]) as necessary conditions for weak Pareto optimum. Theorem 2.1 is a
generalization of Theorem 1.1 of Schechter ([6]) which is concerned to ordinary pro-
gram with a scalar-valued objective function.

In this paper, X and X* are a real Banach space and its continuous dual, whose
origins are denoted by # and 6% respectively. By & we denote the empty set.

2. Necessary condition for weak Pareto optimality.

Let 71, fo =+, fmy &1, 2y *++, &n be real-valued functions on a real Banach space X
and 4 be a subset of X. We denote 2,={x=X:g;(x)=0}, j=1,2, -, n and

0= f] QN A.

A vector x,=42 is called to be weak Pareto optimal if there is no x< 2 such that
Fi(x)<fixo) for every i=1, 2, -, m.

The ordinary multiobjective program is the problem to find vectors x,€ 2 of weak
Pareto optimum and written by (£, ), where f=(f,, f», =, Fm).

A real-valued function f on X is said to be locally Lipschitzian if any point in X
admits a neighborhood U such that, for some constant K, for all ¥ and z in U, we
have
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L f(N—fD|=Klly—=zl,

where ||x|| denotes the norm of x.
For a locally Lipschitz function / and for x,, x in X, f°(x,; x) defined as follows
is said to be the generalized directional derivative in the direction x at x,;
I
f°(x,; x)=lim sup St hrtxn) =/t h)
h-f t
tio
We denote by 0*f(x,) the subdifferential of the convex continuous function f°(x,; +)
at 6, that is,
*f(x)={pEX*: [ (xo; x)=¢(x) for every x X} .

We call it Clarke gradient of f at x, ([1]).
By the normal cone of convex set A at the point x, in 4 we mean the set

{pe X*: ¢(z—x,)=0 for every ze A}

and denote it by N(x,, 4) ([4]).

The main theorem is the following:

THEOREM 2.1. Assume that all objective functions f;, i=1, 2, ---, m and all con-
straint functions gj, j=1, 2, ---, n, are locally Lipschitzian and that the constraint set
A is a convex subset of X. Then, if x, is weak Pareto optimal for the ordinary multi-
objective program (£, f), there exist some real numbers ;=0 (i=1, 2, -+, m), p;=0
(=1, 2, -, n) with (A&, -, Am, 1, =, ta)#0, -+, 0) and some vectors y;€8*f(x,)
(i=1, 2, -+, m), z;€0*g{xy) (=L, 2, -+, n), weN(x,, A) such that

m n
,21 Ayt El izt w=_06%*
i= =

and ﬂng'(JCu):O (]:1) 21 Ty 71)

3. Proof of Theorem 2.1.

In this section, we recall a few definitions and state lemmas which we use to
prove Theorem 2.1.

DEFINITION 3.1. Let f: X—R' and x,€X. A vector x€ X is called a direction of
decrease of f at x, if there exist a neighborhood V of the vector ¥ and a real ¢>0
such that x&V and 0<t<e imply f(xo+¢x)<f(x,). The set of all such vectors % is
denoted by DC(x,, f).

REMARK 3.1. The set DC(x,, f) is an open cone with vertex at the origin 8 in
X, or else it is void.

DEFINITION 3.2. Let £ be a subset of X and let x,=X. A vector x X is called
an admissible dirvection with respect to £ at x, if there exist a neighborhood V of
the vector ¥ and a real ¢>0 such that x€V and 0<i<e imply x,+tx=2. The set
of all such vectors % is denoted by AC(x,, Q).

REMARK 3.2. The set AC(x,, £) is an open cone with vertex at the origin 8 in X.

DEFINITION 3.3. Let A be a subset of X and let x,c X. A vector z= X is called
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a tangent direction to A at x, if there exist a real ¢é>0 and a mapping r:[0, e]-X
such that x,+tx+r(t)sA for all ¢t in [0, ¢Jand r(t)/t—6 as t | 0 where [0, ¢] denotes
the closed interval 0=¢=<e. The set of all such vectors % is denoted by TC(x,, A).
REMARK 3.3. The set TC(x,, A) is a cone with vertex at the origin € in X.
DEFINITION 3.4. The negative polar cone of a cone K with vertex at the origin
6 in X is the set
K ={pc X*: ¢(x)=0, x€ K} .

LemMMA 3.1. ([4]). Let g: X—R* be any function and Q= {x=X: g(x)=<0}. Then,
if g(x0)=0, DC(xo, 8T AC(xo, 2).

LEMMA 3.2. ([6]). Let f: X—R' be a locally Lipschitz function and x.X. If
f(xq; £)<0, then 1< DC(x,, f).

LEMMA 3.3. ([6]). Let f: X—R*be a locally Lipschitz function and x,€X. Define
C={xeX:f(xo; x)<0} and assume 6% 0*f(x,), then C°={1y:2=0, ySo*f(x,)}.

LEMMA 3.4. (Dubovitskii-Milyutin, [27-[4]). Let K, be a convex cone with vertex
at the origin 6 of X and K, ---, K, open convex cones with vertex at the origin 6 of

X. Then 60 K= if and only if there exist some y¥<K; i=0,1, ---, n, not all iden-

tically 0%, such that
Vi Y e FyE=0*.

LEMMA 35. ([4]). For a subset A of X and x,€X, define K,=TC(x,, A). Then,
if A is a convex subset of X, K{=N(x,, A).
LEMMA 3.6. Uuder the assumption on Theorvem 2.1, define K.=TC(x,, A),

Kj:{xEX:g}(xo;x)<0}, ]:l.v 2’ r, N
and
Kn-HZ: {_XEX:_][;(JCO; x)<0} > 121) 2) t, M,

then K, is a convex cone at 8 and K; are open convex cones at 0 for i=1, 2, ---, n+m.
If x,1is weak Pareto optimal for the ordinary multiobjective program (£, f), then there
exist some yF€K; for i in {0, n+1, -, n+m}\JJ, not all identically 6%, such that

m
yE+ g yi+ p) VEe=0%*

where J={jeN: g{x,)=0} and N={1, 2, ---, n}.
PrOOF of LEMMA 3.6. By Lemma 3.4, it is sufficient to prove that

Ko 0 Ki)A( ) Kavi)=2
holds. Suppose the contrary that there exists some
geKor( 0 K)( [ Knsd) -

By Lemma 3.1 and Lemma 3.2,
$€DC(xy, 11) for each i1=1,2, .-, m,
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and
x=DC(x,, g)C AC(x,, £2) for each jej.

Then there exist a sufficiently small #,>0 and some vector x, in a neighborhood of %
such that
fi<x0+tlx1)<fi(x0) for every izl, 2, .-, m,

Xottix €8, for every j<=],
xa—}—l‘lxle/l

and
X+t €8 for every jeEN—].

The last follows from N—/={j€N: g;(x,)<0} and from that x, is an interior point
of a subset £2; in X for each je N—J. This contradicts the weak Pareto optimality
of x,. Hence we have the conclusion of Lemma 3.6.

ProoF of THEOREM 2.1. Let x, be weak Pareto optimal. In the case that
0* & 0%f (x,) for every i=1, 2, ---, m and that 0*«0*g(x,) for every jin J, by Lemma
3.6 there exist some y¥*eK; for i in {0, n+1, -, n+m}JJ, not all identically 6%,
such that

yi+ ];f V¥ X yEa—=0%.

Furthermore, by Lemma 3.3 and Lemma 3.5 we have
nei= {4y 1 420, yE0*/i(xo)} for i=1,2, -, m,
K; ={pz: p=0, z€0*g,(x0)} for jinJ

and K{=N(x,, A). For jin N—J, put p;=0, then we have the conclusion of Theorem
2.1 except the condition (4,, -+, Am, ft1, -, #ta)#(0, ==+, 0). Supposed the contrary that
Qu, =+ 5 Amy 1, oo p)=(0, ---, 0), then y¥=0* for i={0, n+1, -, n-+m}JJ which is
the contradiction.

In the case that §*<d*f;(x,) for some i, sufficiently let 4;, be any positive number,
2;=0 except for i=i, p;=0 for j=1,2, -+, n, y;,,=6% y; be any vector in */(x,)
except for i=i,, z; be any vector in 9*g,(x,) for j=1, 2, ---, n and w=0%*.

In the other case that §*<0d*g; (x,) for some j, in J, sufficiently let 4,=0 for

i=1, 2, -+, m, pj, be any positive number, ;=0 except for j=j, y; be any vector in
0%f((x,) for i=1, 2, -+, m, z;,=0%, z; be any vector in 0*g,(x,) except for j=j, and
w=40%.
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