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Abstract

Rank statistics to test the null hypothesis that X and Y are
conditionally, given Z, independent are given and their asymptotic
properties are investigated under the model (X,Y,Z)={U+a,W,
V4+b,W,W) where (U, V) and W are independent. It is shown that
linear rank tests given by (X,Y) based on the random sample of
size n are asymptotically distribution-free when (a,,b,)=n"1%(q,b).
It is also shown that Spearman’s coefficient of rank correlation and

Kendall’s coefficient of rank correlation given by (X—QZ, Y—EZ)
are asymptotically distribution-free when (a,,b,)=(a,b) where

(5, 5) is some consistent estimator of (a,b).

1. Introduction

Let (X, Y, Z), i=1, 2, ---, n be a random sample of size n. Suppose we want
to investigate the association between X and Y. When the hypothesis that X and Y
are independent is rejected, can we say that X and Y are really correlated ? This is
not necessarily true since X and Y may be correlated only through the third variable
Z. For example, the number of vocabulary of a child and his height are heavily
correlated, but they clearly depend on his age. Thus, we need to consider the problem
of testing the null hypothesis “H; X and Y are conditionally, given Z, independent of
each other”. When H is rejected, it can be said that X and Y are associated truely.

If (X, Y, Z) is normally distributed, it is enough to consider the partial correlation
coefficient.

(11) rzy-z:(rzy"r.tzryz)/ {(1—7’%2)(1—‘7’12,2)} 1/ ’
see Anderson [1], where r,, is the sample correlation coefficient of X and Y and 7.,

and r,, are defined similarly. However, if the distribution is unknown, we need dis-
tribution-free or at least asymptotically distribution-free procedures to test H.
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Kendall [8] proposed a rank analogue 7.,,.. of (1.1) with using Kendall’s rank
correlation coefficient. Moran [10], Hoflund [6] and Maghsoodloo [9] investigated its
null properties in the case that all possible sets of rankings are equally probable and
Johnson [7] considered non-null properties. However, many of the works are concerned
only the case that X, Y and Z are independent and is a proper subhypothesis of H.
From Hoeffding [5], the asymptotic null variance of 7.,., depends on the distribution
even under H and hence 7.,., is not asymptotically distribution-free. It is very difficult
to standardize r,,., with an estimator of the variance.

Exactly or asymptotically distribution-free procedures will not be constructed with-
out assumptions on the model of (X, Y, Z).

Let us consider the model that (X;, Y, Z;)’s satisfy

(1.2) (X, Yo, Z)=(Ui+a, Wy, Vi+b Wy, W, 1=1,2, -, n

where (U, V) and W are independent. The model (1.2) is a slight generalization of
Shirahata [14] in which it is assumed that

(1.3) U, V)=U*, V*¥*+cU%*)

where U* and V* are indpendent. In the model (1.2) the influences of Z to X and ¥
are supposed to be linear and we may consider the null hypothesis “H’; U and V are
independent of each other”. In this paper, asymptotically distribution-free tests of H’
based on ranks are considered when the nuisance parameters satisfy (a,, b.)=n""*a, b)
or {an, b,)=(a, b) for arbitrary but fixed constants a and b.

Let R;y, Qir, Ry and Q,y be the ranks of X, Y;, U; and V; among X’s, Y’s, U’s
and V’s, respectively. Let a,(i) and b,(1) for i=1, 2, ---, n be given constants and
consider the linear rank statistics

(14) Snar= 2 au(Rix)bn(Qir)

and the random variable
(1.5) Snov= El an(Ri)bn(Quv) .

In Section 2 the asymptotic equivalence of S,xy and S,yy is proved when (a,, b,)
=n"Y%g, b). The random variable S,y» can not be observed but its asymptotic dis-
tributions are known and normal under some regularity conditions and yet it is exactly
distribution-free under H’. Hence S,yy which is usually adopted to test the independ-
ence of X and Y can be used as an asymptotically distribution-free test of H under
(1.2) with (a,, by)=n""*a, b).

In Section 3 the case (a,, bn)=(a, b) is considered. In this case S,xy and Siyr
are not equivalent even in the asymptotic sense. Let (4, D) be a consistent estimator
of (a, b) with order n~"% and consider (X¥, YH=(X;,—dZ, Y;—bZ). Denote by R¥y
and Q% the rank of X¥ and Y¥ among X*s and Y*’s, respectively. Put

(1) Strr= 3 an(REb:(Q%).
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From the result in Section 2, it can be conjectured that S¥yy and S,y, are asymptoti-
cally equivalent. Unfortunately we can not prove this for general a,(i) and b,() but
the conjecture is found to be true in the Spearman’s rank correlation case a,(1)=0b,(7)
=i. The equivalence also holds in the Kendall’s rank correlation case although it is
not a linear rank statistic.

In Section 4, the asymptotic relative efficiency of the Spearman’s rank correlation
case in (1.6) with respect to the usual partial correlation coefficient given by (1.1) is
calculated under (1.3). It is found that the efficiency is the same with that of Spear-
man’s rank correlation with the usual correlation coefficient in the test of independence
in the bivariate model (1.3).

2. Asymptotic equivalence of S,y and S,y when (a,, b,)=n""%a, b)

Let us denote the model (1.2) by My,(a, b) when (a,, b,)=n""%a, b). Denote,
furthermore, by H(u, v), F(u) and G(v) the distribution functions of (U, V), U and V,
respectively. Put J,(s)=a,(i) and K,(s)=0b,(1) for ({—1)/n<s=<i/n. The step functions
Jn» and K, are assumed to satisfy

ASSUMPTION 2.1. There exist functions J(s) and K(s) such that

li_glo]n(s)ZJ(s) and 1i£11 K.(s)=K(s)

for almost everywhere s in the unit interval (0, 1).

Bhuchongkul [2] and Ruymgaart, Shorack and van Zwet [12] showed the asympto-
tic normality

2.1 n ¥ Spgy—np) —> (N, 7%
under suitable conditions where
p=\{rPrGran

and
7*=Var {JFUNKGV)+||(go— I OEG (6~ 00 )P K (G)a )

for ¢x(3)=u(y—x)=1 or 0 according as y—x=0or y—x<0. Therefore, the asympto-
tic distribution of S,yr is independent of (a, b) and hence the test of H’ based on
Snxy is asymptotically distribution-free provided S,yy and S,y are asymptotically
equivalent. To show the equivalence, we need the following assumptions.
ASSUMPTION 2.2. H(u, v) has a density function h(u, v) such that there exist

hiyu, v)=00/ou)h(u, v) and h.(u, v)=(@/0v)h(u, v)
and furthermore h, and h, satisfy
SShE(u, )/ h(u, v)dudv<oco  and Sgh%(u, v/ h(u, v)dudy<oo.

AssuMPTION 2.3. The variance of W is finite.
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The result of this section is the following

THEOREM 2.1. If Assumptions 2.1—2.3 hold and (F, G, H, J., K., ], K) satisfies the
assumptions of Theorem 2.1 of Ruymgaart, Shovack and van Zwet [12], then S,yy and
Sauy are asymptotically equivalent in probability and the convergence

(2.2) n V¥ (Spxy—np) —> 4N, 5

holds under M,(a, b) for arbitrary bul fixed (a, b).
ProOOF. It sufficies to show that n "% (S, yy—Snyv) converges to zero in probability
since S,yy enjoys the convergence (2.1). Clearly

P(|Snxy—Sayv| #0)=0

under M,(0, 0) and hence it sufficies to show that M,(a, b) is contiguous to M,(0, 0)
for any (a, b). The proof of the contiguity follows the usual method of Hajek and
Sidak [4].
Define
log L,=log likelihood ratio of M,(a, 6) to M,(0, 0)

= 3 log {(h(Xi—anZs, YimbaZd/h(X,, Y},

Wa=2 3 {(h(Xi=anZs YimbaZ0/h(Xs, Y)*—1)
and
To=— 3 (@uZihi(Xs, Y)+baZihil Xey YD)/ A(X,, V).

Put
a*=E(W?3»E[{(ah,(U, V)+bh (U, V))/R(U, V)}?].

Using Le Cam’s second lemma in [4] and the asymptotic normality of T,, the result
will follow from the following two lemmas.
LEMMA 2.1. If Assumptions 2.2 and 2.3 hold, then

2.3) %liIgEo(Wn):az/ﬁl.

Here the sign E, denote the expectation under M,(0,0).
ProOOF. Denote by M(z) the distribution function of Z=W. Then

@2.4) EWa=—n{{[(h72(x, 5)=h*(x—anz, y—bu2)idxdydME).
Put s(x, y)=hV¥x, v). Then (24) is

@25) _EES[ s(x, y)—S(z;:inz, Y—ba2) dedydM(z).

The function in the integrand (2.5) converges to

(azh(x, y)+bzhx, ) /4h(x, v).
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Furthermore, (2.5) is, after changing the sign,

gggn”g{gz—m(a/az‘)s(x——azz‘, y—bzt)dt}zdxd;-dM(z)

(2.6) gnmmj"_1'/2((a/at>s<x‘azf, y—bzt)rdtdxd yd M(z).

Noting that
(6/08)s(x—azt, y—bzt)=—{azh(x—azt, y—bzt)+bzh{x—azt. y—bzi)}

J2hY¥ x—azt, y—bzt),
(2.6) is

B9\ {(ahix. 9)+bhite, 9)%/4k(x, Ddxdy=0t/t.
Hence from the convergence theorem II 4.2 of [4], (2.3) follows.
LeMMA 2.2. Under the same assumptions in Lemma 2.1, it holds that
2.7 }11210 Var(T,—W,)=0.
Proor. We have
VardTo—W)SnEAQs(X—anZ, Y—0.2)/s(X, Y)—2+(a,Zh.(X, Y)
+0.Zh(X, Y)/h(X, Y))}}

:4”5[ s(x—anz, y—baz)—s(x, ¥)

n—1/2

| azhy(x, ¥)+bzhyx. ¥)
2s(x, ¥)

FdxdydM(z) .

From the process of the proof of Lemma 2.1 and the convergence theorem VI3 of [4],
2.7) follows.

The theorem is also true for discontinuous J and K with modifying the variance
when the conditions of [127 are replaced with that of Ruymgaart [117 or Shirahata
[13]. This is because they are used to ensure only the asymptotic normality of Sauyy
and the contiguity is guaranteed by Assumptions 2.2 and 2.3.

3. Asymptotic properties of Spearman rank correlation and Kendall rank cor-
relation given by (X*, Y*) when (a,, b,)=(a, b)

From the result of the previous section we can use S,yr as an asymptotically
distribution-free test of H’ in the model (1.2) if (an, ba)=n"**(a, b). However, when a,
and b, are fixed, the asymptotic distribution of S,xy depends on (a,, b.)=(a, b) even
under H’ and the test is not asymptotically distribution-free. To correct this defect,
let us consider S¥yy given by (1.6). Many estimators used to estimate (a, b) are con-
sistent with order n~Y2. Therefore it can be conjectured from theorem 2.1 that S¥xy
is asymptotically equivalent to S,y under some regularity conditions. The test based
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on S¥yy in the Spearman’s rank correlation case
@D Sts= 3 REQ%
&=

together with the test based on Kendall’s rank correlation

G2 Stx= D3 sgn(Riv—Risgn(Qh— Q)

1#J

was proposed in Shirahata [14]. The estimator

n

33) @, 0= Xz-2) 2 Z~2r, B Y22 E 2~ 1F)

was adopted and some simulation results were given in [14]. The simulation results
were fairly satisfactory but the proofs were not given. Here, let us show that Sks
and S¥; are asymptotically equivalent to

(3.4) Sps= 1_;1 RipQuv

and

(3.5 SnK:EmZ sgn(Ryy— Ru)sgn(Quw—Q ),
respectively.

We need the following assumptions.

ASSUMPTION 3.1. There exists a consistent estimator (4, 5) of (a, b) with order
n-1% such that (d, b) is symmetric with respect to (X;, Yy, Z)'s.

ASSUMPTION 3.2, The estimator (4, d) satisfies that E{(n'%(d—a))’} and
E{(n*%b—b))%} are bounded.

ASSUMPTION 3.3. The estimator (4, ) satisfies that E{(n'*(d—a)*} and
E{(n'*b—b))*} are bounded.

ASSUMPTION 3.4. U and V have respective density functions f(u) and g(v) such
that they are boundedly first differentiable.

ASSUMPTION 3.5. The distribution function of (U, V) is boundedly twice partially
differentiable.

ASSUMPTION 3.6. E(W*)<co.

ASSUMPTION 3.7. E(W?) < oo,

ASSUMPTION 3.8. Let (d,, b,) be the estimator given by (X,, Y;, Z)), i=k—+1, -+, n.
Then for any fixed &

(i) @x—a=0,(n"" and b,—b=0,(n"Y),

(ii) For any event N which is concerning to 4, d, and (U;, V;, Wy), i=1, ---, k—1
and random variable / symmetric around the origin given by (U;, V;, W)), i=1, ---, k—1,
it holds that
(3.6) P(N, b,—b<I<b—b)— P(N, b—b<I<b,—b)=o0(n™").

(iii) The same fact as in (i) holds with replacing (d, @) and (b, b;) with (b, bs)
and (4, d.), respectively.
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Assumption 3.8(i) is a natural one for an estimator. The estimator (3.3) satisfies
it if E(U®), E(V?) and E(W?) are finite. Assumption 3.8 (ii) and (iii) are rather techni-
cal and are very hard to check. However, considering the fact that each term in
(3.6) is O(n™1), it is not so curious.

The results in this section are the following theorems.

THEOREM 3.1. When the model (1.2) is satisfied with (a,, b,)=(a, b) and Assump-
tions 3.1, 3.2, 3.4, 3.6 and 3.8 hold, then Sts and S.s given by (3.1) and (3.4), respectively
are asymptotically equivalent in probability. More precisely, it holds that

3.7 mn?E{(S¥s—S,s)?=0.
THEOREM 3.2. When the model (1.2) is satisfied with (a¢,, bn)=(a, b) and Assump-

tions 3.1, 3.3, 3.5, 3.7 and 3.8 hold, then Sty and S,x given by (3.2) and (3.5), respec-
tively are asymplotically equivalent in probability. More precisely, it holds that

(3.8) limn = E{(S¥x—Snx)} =0.

PRrROOF of the theorems. The proof of (3.8) is very similar to that of (3.7) and
hence we shall prove only (3.7). It is easy to show that
3.9 nPE{(Sws—Shs)t 22n P E{(Ryy— R ) H(Q1— Q%))

T (n—DE{(RwyQiwv— R¥x Q%) (R Qoy— R x Q%)) .
Now

el

Ry—R¥y= > {wU,—Up)—uw(U,—U;4-(a— @YW, — W)

it

Nl
o8

.
Il
—

As, say,

where u(x)=1 or 0 according as x=0 or x<0. Thus,
E{(Ry—RYx)} =n*E(A)
(3.10) =n*{P(a—a)W,—Wy)>U,—U,>0)
+Pla—a)W,—W)<U,—U,<0)} .

From Assumption 3.1, a—d=0,(n""'*) and hence (3.10) is O(n*/*). Similarly we have
E{Q.w— Q%) =0(n??. Therefore the first term of (3.9) is O(n=Y2).
On the other hand, the second term of (3.9) except the multiplicative constant is

232'222 EC{u(U—Upu(V,— Vy)—u(XT— XHu(YT—-Y 1)}
AuwUy=Upu(Vy— V) —u(X5— XHu(YE-Y )} ]
(3.11) EZZ.?kZmZ Aijem say .

It can be shown that (3.11) is
(n—2)(n—3)n—4)n—>5)Asss+0(n*?).



16 S. SHIRAHATA

Therefore, we may show that A,,s=o0(n"*). Now
(3.12) Asse=E{u(U,— Uu(V,— VOu(U,— Uu(V,— Vo))
—2E {u(U,— U)u(V,— V)u(U,— U;+(a— a)(W,—Wy))
X u(Vy—Ve+(b—b)W,— W)}
+ E{u(Uy— Us+(a— &YW, — W) u(V,— Vi +(b—b)W,— W,)
X u(Uy—Ug)+(a— &Y Wo—WNu(V,— V(b= W,— W)} .
The first term of (3.12) is

(3.13) <SSF(u)G(v)dH(u, )

Consider (4, b,) defined in Assumption 3.8 and denote the distribution function of
n*(a—da., b—bs) by Q,. Then
(3.14) E{uU,—U)u(V,—VY)u(U,—Us+(a—a)(Wo— W N u(V,— Vs‘}‘(b’Bs)(IVz_‘VVe))}

=§SFGdHS§SSSSF<u+n-l/thl)Gw+n-1/2swz>dH(u, V) My, w)dQu(t, $)

where M(w,, w,) is the distribution function of (W,—W,, W,—W,).

Denote the events {U,—U;>0, V,\—V, >0}, {U,—U,+(a— &Y W,—W)>0}, {V,—V,
+ (=) W,—W)>0}, {Uy—U,+(a—a)YW,—W)>0} and {V,— V+(b—b)(W,— W) >0}
by B, C, D, C; and D, respectively. Then the second term of (3.12) except the con-
stant —2 minus (3.14) is

(3.15) {P(B, C, D, C§, D)—P(B, C*, D*, Cs, D)} +{P(B, C, D, Cy, D§)
—P(B, C, D¢, Cs, Do)} +{P(B, C, D, C§, D)—P(B, C*, D, Cy, Do)} .

The first term of (3.15) is O(n~?) from Assumption 3.8(i). The second and the third
terms of (3.15) are, from Assumption 3.8(ii) and (iii), o(27!). Hence we may consider
(3.14) in the place of the second term of (3.12).

As in the second term, the third term of (3.12) can be replaced by

E{u(U,—Us+(a—ao)(W—WhHu(V,— V4_“(b—i)s>(uflf W)
X u(Uy—Us+(a—a)We— W) u(Vy— Vi+(b—b)(W,— W)}

(3.16) ZEE{S“SFUH-n‘”zl‘wl)G(v4n‘”gswg)dH(u, mydMw,, wz)}den(z‘, s).
Combining (3.13), (3.14) and (3.16), we have

(3.17) AMG:SS{SM(RMn—l/%wl)G(rJr 12500 — F()G(1))

-dHu, v)dM(w, wz)}2dQn(t, Oto(n-Y).

Taylor expansions give
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Flut+tn""?tw)=Fu)+n""2tw, f(u)+0(n™")
and

Gv+n"2sw,)=G(v)+n" 2 sw,g(v)+0(n""Y).

Using the facts SSwIdM(wl, wz)-—-gngdM(wl, w,)=0 and the above expansions, it is

shown that the formula in the square in (3.17) is O(n~!) and hence A, =o(n").
Thus, (3.7) is established.

Unfortunately we can not prove Theorem 3.1 for general linear rank statistics
(S%xv, Sapv). The calculations in the proof of Theorem 3.1 depend on the fact that
the statistic is of Spearman. However, the theorem will hold for fairly general rank
statistics. It is also conjectured that the same conclusion holds for a more general
model (X, Y, Z)=(U+a (W), V+b,(W), W) if the functions a,(-) and b,(-) allow
consistent estimators of order n-'/2

4. Asymptotic relative efficiency

In the usual normal distribution theory, the partial correlation coefficient Tayz
given by (1.1} is used to test H. In this section we shall compare S¥s given by (3.1)
with 7,,.. in the model (1.2) with additional assumption (1.3). The random variable U
and V are positively or negatively correlated according as ¢>0 or ¢<0 and they are
independent when ¢=0. Let us consider the one-sided alternative “c>0”. Then the
critical regions of the tests are of the forms {S¥s=constant} and {rzy..=constant}. For
simplicity the distribution of (a—d, b—b) is assumed to be independent of (a, b). The
estimator (3.3) has this property. Then, since rzy.. and S¥g are location-free, we may
assume that EU*=FEV*=EW=0 without loss of generality.

Denote by F, G and G* the distribution functions of U=U*, V and V* and by f
and g* the density functions of U* and V*, respectively. Furthermore, let us assume
that every regularity conditions such as the exchangeability of the differentiation and
the integration and the continuity of the asymptotic variances of test statistics at
¢=0 are satisfied. Then n~%*(S¥s—n(n-+1)?/4) is asymptotically normal with mean

1 1
4.1 mc(Sﬁs)—n”zgg(F(u)——z—XG*(v)—?)f(u)g*(v—cu)dudv
and null variance 1/144. Differentiate (4.1) with ¢, we have
42) (d/dem(Sts) e=n'"*{(g*()d v |uF (W) F(w).
Here we used the assumption EU*=0. Hence the efficacy of S¥; is
2
4.3) e(S’,",S):144{S(g*(v))2dvSuF(u)dF(u)} .

On the other hand, n'/%,,., is asymptotically equivalent to

n”z{n“‘ zx X,Y,—n-t 2 X, W, g YiWi/Var(W)}/(Var(U)Vav(V))W
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which is asymptotically
4.4) n= 32 (Var(U)Var(V)Var(W))-/2
. ZE( Lfi Vi It/’?’{_ []j I/JIV%— []i VjW:i IV]— []1; Vi I’I/ri IVJ) .

1<Jj
From U-statistic theory in Hoeffding [5], (4.4) is asymptotically normal with mean

nt2Cor(U, V) and unit variance where by Cor we denote the correlation coefficient.
Simple calculation shows that the efficacy of 7,,., is

(4.5) o(r 2y )=(Var(UHVar(V¥) 2.

Therefore, from (4.3) and (4.5), Pitman efficiency of S¥s with respect to r,,., is
2
(4.6) e(S¥s, rxy.z):l44Var(V*)(i(g*(v))zdvguF(u)dF(u)) [ Var(U¥*).

It is worth noted that (4.6) is the same with Pitman efficiency of Spearman rank cor-
relation with respect to the usual correlation coefficient for the bivariate population
model (1.3). This can be established by easy calculations. Also note that it is enough
to consider the case Var(U*)=Var(V*)=1 to calculate (4.6). If the underlying dis-
tribution of (X, Y, Z) is normal, (4.6) is found to be 9/x2.
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