
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

ASYMPTOTIC NORMALITY OF RANK SUMS UNDER
DEPENDENCY AND ITS APPLICATIONS TO THE TESTING
PROBLEM

Tamura, Ryoji
Department of Mathematics, Faculty of Science, Kumamoto University

https://doi.org/10.5109/13143

出版情報：統計数理研究. 19 (3/4), pp.1-8, 1981-03. Research Association of Statistical
Sciences
バージョン：
権利関係：



ASYMPTOTIC NORMALITY OF RANK SUMS UNDER 

    DEPENDENCY AND ITS APPLICATIONS 

        TO THE TESTING PROBLEM

       By 

 Ryoji TAMURA* 

(Received March 7, 1980)

1. Introduction. 

   Let the distribution function of the random vector  X=(Xi, ••• , X,) be H(x1 , ••• , xe) 
and the marginal distribution function of Xi be Fi(x), i=1, ••• , c where we assume H 

to be absolutely continuous. Further, let X„=(Xi„, •-• , Xi„), a=1, ••• , n be a random 

sample from the population with the distribution function H. Now we denote the 
rank of Xia among nc random variables {X,„„ i=1, ••• , c, a=1, , n} by Ria and 

define Rz= E Ria/n(n-1) for 1=1, ••• , c. 
                  a=1 

   Then this paper is concerned with the asymptotic distribution of the linear rank 

statistic Rd=-\/n di(R,—p,) and its applications to some testing problem where di's 
                                     i=-1 

are any constants which are not all equal and pi's are defined in section 2. The 
asymptotic distribution of rank statistics, which is one of the most essential parts in 

nonparametric theory, has been studied by many workers and in particular, it is well

known that Chernoff-Savage [1] and Hajek [2] have established most fruitful results 
in this field. They have discussed under the assumption that the compononts X i's are 
independent, but not considered for the case that the independence of Xi's is violated . 
It is, therefore, of interest in studying the asymptotic distribution of Rd and its appli

cations when Xi's are not independent, though Rd is the simplest rank statistic . 
   In what follows, the summation E extends over all integers from 1 to c when the 

index is 1, j, k or l and from 1 to n when the index is a, 13, r or 5.

2. Asymptotic normality of Rd. 

   The rank Ria of Xi, may be written as follows , 

(2.1)Ri„= E E u(Xj,—X .„3)+1 , 
                                                   t3 

where
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 {  1 for x >0                          u(x)= 
 0 otherwise . 

Then we easily obtain 

(2.2)E(Ria)---=(n—l)pi+p;+1 

(2.3)E(Ri)=Pi±(Yi+1)/(n-1), 

where 

         pi= E pi; , pi3=E(F,(Xi)) , E , P(X i> X3) 

and 

                  pii=l—pii , pi;=1/2 if Fi=-Fi, p'ii=0 . 

Now let be the class of statistics L of the form L= k „(X,) where the functions 

                                                                            a k a may be chosen arbitrarily except E(C-1(X,))<00. We shall first consider the pro

jection of Ri on the space 

2.1. The projection of Ri on V. We denote the projection of Ri on V. by Ti. Then 

we get the following by the multivariate form of the projection lemma due to HAjek 

[21 

(2.4)T E E(Ril Xa)—(n-1)E(Ri) 

                                       a 

               E(T i)--=E(R, E(Ri—T i)2=Var (Ri)—Var (T i) . 

We may first obtain after some calculations, 

                       E [(n —1)F;(Xia)± u(Xia— X jts)1+ 1j3=a 

          E(R 
                      E C(1— ja))+(n —2)pi;d-pi;1+1/3 # a 

and hence 

                                       — (2.5)E(RiIXa)=1—E CFj(Xia)+1—Fi(Xia)1+n2 Pi 

                               n 

                 1 1 E 
u(Xia X1     +•a 

                 nn(n—1)jjn-1 

From (2.4) and (2.5), we also obtain 

(2.6)T 1— E(T i)=1aFi(X ja)-2pii] 

                     n  

     11                              EE 
u(Xia X•)/X                    +

n(n —1)ajjan-1• 

We shall show in Lemma 2.1 that Ri is asymptotically equivalent to its projection Ti. 
    LEMMA 2.1. 

                        (Ri—Ti) --> 0 as )0c
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   PROOF. Since it follows from (2.4) that 

 nE(Ri—TO2=n Var (RO—n Var (Ti) , E(R2)=E(T2) , 

  suffices to show that 

(2.7)n(Var (R,)—Var (Ti))--->0 as n--“Do . 

Obviously, 

             Var (RO-=n(n1—1)2 Lt Var (Ria)H-EE Coy (Ria, R,,9)] . 
After somewhat complicated calculations, we can get 

           Var (Ria)=(n1)(n-2)E CE(Fk(Xi)Fi(Xi))— PikP,ii+O(n) 
                                          k 1 

and for a-7-'45, 

      Cov (Ria, R ,,3)=(n —2) CE {Fi(XO(1—F,(X0)} +E{Fk(X,)(1—F,(X0)} 

                     {(1—F,(X0)(1—F,(Xt))1 
and consequently. 

(2.8)n Var (R9)= EE EE(Fk(X,)±1—Fi(Xk)-2pik) 

                                       k 

             •(FI(X1)+1— . 

As for Var (Ti), a direct calculation shows that 

(2.9) 

    n Var (T1)=—1  Var (E E [F,(Xia)±1—F,(X,a)-2pui + o 
         na.7 

                                                    1             EE EC(Fk(X,)+1—F,(Xk)-2Pik)(Ft(Xi)±1—Fiai)-2P,I)1+0(71-). 
     E Thus (2.7) easily follows from (2.8) and (2.9). 

2.2. Asymptotic normality of /n Ed,(R,—p1). 

   LEMMA 2.2. 

          -V n Edit --> 0 as n---“ 0 , 

where 

(2.10)—1                         E E EF,(Xia)+1—Fi(X,a)-2Piji • 

                       n 

   PROOF. It is obvious from (2.6) and (2.3) that 

             -^/n (T i—E(Ti)-1\1)= E E (u(Xia — 0, 
                                         a j
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                   (Ri—pi—(Ri—E(Ri))= nni (yi+1)----› 0. 

From these results and Lemma 2.1, we have 

             Edi(Ri—pi—Ti)=-\/TTE di[(Ri—pi—(Ri—E(Ri)+(Ri—Ti) 

                                    P 
                                 4-(T i— E(T i)— ---> 0. 

   THEOREM 2.1. -Vn Edi(Ri—pi) has the limitting normal distribution N(0, o•Rd)) 

provided that c•2(Rd)--,-0, where 

(2.11)0-2(Rd)=Var (EEdi(Fj(Xi)—Fi(X;)))• 

   PROOF. From Lemma 2.2, it suffices to show the asymptotic normality of -N/n EdiDi. 
Now we may express E diTi by 

      EdiT,=1E Ya , where Ya= EE dirFi(Xia)+1—Fi(Xia)-2Piji • 
    71 aI 

Then Ya} , a=1, ••• , n are independent and identically distributed random variables 

with Var (17,)<00. Thus we may apply the central limit theorem to show the asymp

totic normality N(0, 1) of A/n Edit/or(Rd) if a(Rd)#0. 

2.3. A consistent estimator of a2(Rd). In order to use Rd for the testing problem in 
section 3, we here derive a consistent estimator of a2(Rd). Define S,,, a=1, ••• , n as 
follows, 

(2.12)Sa= —1EEEdi[u(Xia—Xj,^)-Fu(Xiis—Xia)] 
                             71i 

(2.13)—1E(Sa—where S-=1—Sa • 
     na72 

   LEMMA 2.3. 0;i is a consistent estimator of a2(Rd). 

    PROOF. Notice first that {Sa}, ••• , 71 are independent and identically dis

tributed random variobles. Sc2, may be expressed as 

                   ,S,= 12  EEEEEEdidiv                                                                        jlar •                               71 i j k 1 13 

where 
                           vikai3=u(Xia—Xki5)+U(Xit5—Xka) • 

Then we have 

                                                               \ 
(2.14) E(SD= EEEE di diE1(Fk (Xi)+1 — Fi(X0)(F/(X.0+ 1 — Fi(X/))] +0/ 1n). 

                         k 1 

Since S may be written as



Asymptotic Normality of Rank Sums Under Dependency5

         12(n-1)   S =EEEEdivija ,s= EdiRi, 
        na t5n 

we get from (2.3) 

(2.15)E(S)=2EdiPi+0(n). 

Therefore we easily find from (2.14) and (2.15) that 

  E(n)=EEEEdidiEI(Fk(Xi)+1—Fi(Xk)-2Pik)(Fi(X;)+1—F.,(X1)-2p.,1)1+0(1) 
            ijk 

(2.16) 

      =Var[EE di(F,(XO—Fi(XJ))1+0(1—n)-->0-2(Rd) as n—>00. 
We shall turn to show that Var 0 as n co. Since a;,, may be written as 

                     2 1   E(E va,^) —n(EE va,sr 
      n, where v,A=EE divipo     A 

we easily find the following 

         Var (6;i)= 18 Var (EEEvapvar)± 18 Var(EEEEvaisvra) 
           AraAT3 

(2.17) 
                   27EEEE vaisvro).               n'a i3 ra A r 3 

After some elementary but tedious calculations, it follows that 

                Var (E E E was var)=0(n5) 
                           a A r 

(2.18)Var (EEEEVapA=0(n7) 
                              13r3 

                Coy (EEE V a j8V EEEE VapVra)=0(n6). 
                 a13ra,3 

Thus we obtain from (2.17) and (2.18) 

(2.19)Var (a) 0 as 

Lemma 2.3 follows from (2.16) and (2.19). 

   COROLLARY 2.1. The statistic -N^n pi)/6n has the limiting standard normal 

distribution. 

   The proof is easily shown from Theorem 2.1 and Lemma 2.3.

3. A class of tests for homogeneity of marginal distributions. 

   As an application of the results in section 2, we here consider the problem of 

testing hypothesis
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 Ho: Fi(x)= ••• 

against the ordered alternative 

                                H1: F1(x)>_ ••• 

where at least one of the inequalities is strict. 

   For this problem, Tamura [4] has proposed a test TV under that Xs are not 
independent, that is 

             W= EE W .; , Tl 0 EE , 
             0<icx�,9 

where we note that Wi; is the U-statistic proposed by Raviv [3] for the two-sample 

problem. We here propose a class of tests Rd which reject 1/0 if 

                                            c (3.1)•^n E\Onza 

where are any constants satisfying di� ••• �d, (at least one of inequalities is strict) 
and za is the (1—a) percentile point of the standard normal distribution 0(x). Then 
it is easily shown from Corollary 2.1 that the test Rd has asymptotic level a of 
significance. 

   It is very important in applications how to choose d'is, but we can get no answer 
for this problem. We can only show later that a test Rd with di=i for i=1, ••• , c 
is asymptotically equivalent to the test W. 

3.1. Asymptotic power of Rd. We shall now derive the asymptotic power of the test 
Rd for the translation alternative 

                   HT : Fi(x)-=F(x--001-‘/N), i=1, • , c , 

where ••• �0, (at least one of inequalities is strict) and n/N--2, 0<2°�2 as 
   09. Denoting the limiting power function of the test Rd be 13R(0), then we have 

(3.2)R(0)=-DmcoPPn d i(Ry-c„z a I HT1 
            = lim P[-^rT E di(Ri—Pn>= nza +-./n di(— PO I HT] ,         N—. i 

where 

             Pt= E Pt , Pt= ELF(Xi— 0 N) I Hti 

We here notice that (i) under HT 

(3.3) orgRd)=Var (E E di(F(Xi)—F(XJ)) I Ho) 

                       c

22                       1 
                     =(di—c7)(c/J—Mpo(F(Xi) , F(X;)), 

where po(F(Xi), F(X;)) is the correlation coefficient of F(Xi) and F(Xj) under Ho and
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d=  dilc and (ii) under the assumption that the density f of F is bounded, 

(3.4)'./n(---Pt)=N/n •CCF(x÷(0i—ON-VN)—F(x)1dF(x) 

             2 

                    N/A (0i— 0 .;) f(x)dF(x) as N—> co. 

                                                                                                                                                                                                      . From Corillary 2.1, (3.3) and (3.4), i3R(0) is represented as follows, 

(3.5)i3R(0)=1— 0(z--V2c(C f2(x)dx (do—d)(19i-0)10-0(Rd)), 
where 0= E Oilc . 

3.2. Comparison with other tests. 

(a) The test W. The test W reject Ho if 

               1 (3
.6)W —�4c(c-1)-FATiza/-Vn , 

where A;22 is a consistent estimator of 21.2-= \Tar (EE [Ff(Xi)—Fi(Xj)]) as defined in [4]. 
                                                    0<; 

Then the limiting power of the test W under HT has been expressed by 

                                             (3.7)1314T(0)=1— 0(Za —VA 1.2(x)dxEE(0-00))/ A., 
where 

                A g = Var (EE [F(Xi)—F(XJ)1IH.). 

Comparing the test Rd when di=i with the test W in the limiting power, we can 

easily show t3R(0)= 48w(0) by noticing the identities 

               E E i(F(Xj)—F(X;))=-c-EE (F(Xj)—F(Xj)),                             2 

               E i(Oi-6)= EE (Of— 64i)/2 
                                 0<1 

and consequently, crg(R d)-= c2Ag /4. 

(b) The test based on the sample means. Finally, we shall make large sample com

parison between the test Rd and the coresponding competitor Td based on Stusent 
statistic, 

(3.8)Td=-^n E X) , i= E Xialn, E Xi/c , 

                                                                   a This statistic will be used for our testing problem assuming that Cov (X) is known. 

Then the test Td of asymptotic level a reject 110 if 

(3.9)Ta uo(Td)za, 01(T d)=0.0(X)E E(cli—j)(dj—j)po(Xi, Xi)
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where  o-F)(X) and po(Xi, X,) are respectively the variance of Xi and the correlation of 
Xi and X; under Ho. 

   Asymptotic normality of Td is easily shown as in [4] and consequently, we can 

get the limiting power under Hf 

(3.10)ST(19)=1-0(za---N/A E(d,—a)(ei—ovao(To• 

From (3.4) and (3.10), the Pitman relative efficiency of Rd with respect to Td may be 
expressed as follows 

(3.11) e(Rd, Td)=-12(102(X)0 f2(x)dxYEE(cli—j)(d,—Thpo(Xi, Xi) 

                                                                  z 

                   E E(di—d)(d,—Mpo(F(Xi), F(X,)). 

                             j
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   Editorial : This paper is the last publication by Professor Ryoji Tamura who 

died on November 13, 1980 in Kumamoto.


