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1. Introduction.

Let the distribution function of the random vector X=(X,, ---, X,) be H(x,, -+, x.)
and the marginal distribution function of X; be Fy(x), i=1, ---, ¢ where we assume H
to be absolutely continuous. Further, let X,=(X,, -+, X.a), a=1, -+, n be a random
sample from the population with the distribution function H. Now we denote the
rank of X;, among nc random variables {X,,, i=1, -, ¢, a=1, ---, n} by R, and

define R;= 3 Ri/n(n—1) for i=1, -, c.
a=1
Then this paper is concerned with the asymptotic distribution of the linear rank
_ [
statistic R;=+/n > di(R;—p;) and its applications to some testing problem where d,’s
i=1

are any constants which are not all equal and p;’s are defined in section 2. The
asymptotic distribution of rank statistics, which is one of the most essential parts in
nonparametric theory, has been studied by many workers and in particular, it is well-
known that Chernoff-Savage [1] and Hajek [2] have established most fruitful results
in this fleld. They have discussed under the assumption that the compononts X,’s are
independent, but not considered for the case that the independence of X,’s is violated.
It is, therefore, of interest in studying the asymptotic distribution of R, and its appli-
cations when X’s are not independent, though R, is the simplest rank statistic.

In what follows, the summation 3 extends over all integers from 1 to ¢ when the
index is 4, j, £ or / and from 1 to n when the index is a, 8, 7 or 4.

2. Asymptotic normality of R,.
The rank R;, of X;, may be written as follows,
2.1 Riazzgu(Xia*Xj,a)Jrl,
J

where

* Department of Mathematics, Faculty of Science, Kumamoto University, Kumamoto.

1



2 R. TaMURA

1 for x>0
u(x)=

0 otherwise.
Then we easily obtain

(2.2) E(R:0)=(n—1)p:+pi+1
(2.3) E(R)y=p;+(pi+1)/(n—1),
where

pi= ;pu, Pi=E(FL(X)), pi= ;Péj, pi=P(Xi> Xy
and
pii=1—pji, pi;=1/2 it F=F;, p1:=0.
Now let € be the class of statistics L of the form L=3 k,(X,) where the functions

k., may be chosen arbitrarily except E(k%(X,))<oco. We shall first consider the pro-
jection of R; on the space &.

2.1. The projection of R; on & We denote the projection of R; on £ by T, Then
we get the following by the multivariate form of the projection lemma due to Hajek

2]
@49 T =X E(R|Xo)—(n—1E(R)

E(T)=E(Ry),  E(R;—T*=Var(Ry)—Var(T,).

We may first obtain after some calculations,

;[(n-1)Fj(Xia)+u(Xia_Xjﬁ)]+1 =«
E(R:5| X.)=
;[(1_Fi(Xja))+(71—2)pij+p;j]+l p#a
and hence
1 —2
(2.5) E(Ry| Xo)=— SLF(Xi) 4 1= Fu X)) = s
1, 1 1
+;pi+m?u(xia_)(ja)+—n_l
From (2.4) and (2.5), we also obtain
(2.6) Ti'—E(Ti>:%;]Z[Fj(Xia)_Il—_Fi(Xja)_zpij]
T T ID 6 S I
n(n—1) a7 e LA pi-

We shall show in Lemma 2.1 that R; is asymptotically equivalent to its projection T..
LEMMmA 2.1.

_ P
\/72 (R,,fTJ —>0 as n—ce
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PrOOF. Since it follows from (2.4) that
nE(R;—T;)*=n Var (R;)—n Var (T), E(R)y=E(T),

13 suffices to show that

@ a(Var (R)—Var (T))—>0  as n—oo.
Obviously,
7 — 1 s . = a
n Var (R)=— = | S Var (Re)- 3 Cov (R, R

After somewhat complicated calculations, we can get

Var (R;)=(n— 1)(71‘”2)% ; [E(Fk(/Yi>FL(Xi))“ Dirbrl+0n)

and for a#p,

Cov (Ria, Riz)=(n—=2) EELEF(XI1=F( X} -+ E{Fu(Xo)(1—Fi(X0))

+ E{1—F(X))A—F( X))} —3pu pu 1 +0(1),
and consequently.
2.8 n Var (Ri)= 22 ELIF(X)+1—Fi(X)=2pir)

(FUX)+1=F(X)—2pa1+0().

As for Var(T;), a direct calculation shows that

2.9

n Var (T ;)= % Var (23 [F,(Xm)+1~Fi<Xj,,)42pij]+o(%)

= % ELFU(X)+ 1= F(X)—2pu) R X0+ 1— F(XD~2p 1+ 0( ).

n
Thus (2.7) easily follows from (2.8) and (2.9).

2.2. Asymptotic normality of v'n 3 d(R,— p).

LEMMA 2.2.
- o P
vV Zd{Ri—p)—~'n d;Ti—>0 as n—oo,
whevre
A 1
(2.10) Tizzg ; [F(Xi)T1=F(X;a)—2p:;] .

ProoF. It is obvious from (2.6) and (2.3) that

- P
vV (T—E(T)—T)= ;?(u(xiaﬁXja)4p;j) —>0,
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Vi (R b (R ER)= Y (1) —> 0.

From these results and Lemma 2.1, we have
x/FZdi(Ri—pi*Ti)=\/n_Zdi[(Ri—pi~(Ri—E(Ri)+(Ri—Ti)

. P
(T:—E(T)—T:1—>0.
THEOREM 2.1. VFZdi(Ri—pi) has the limitting normal distribution N(0, 6*(Ry))

provided that o*(R4)+0, where

2.11) 0% R,)=Var (z; 1(Fj(‘¥i)—Fi<Xj))) .

PROOF. From Lemma 2.2, it suffices to show the asymptotic normality of v/n > d; 7.
Py 1
Now we may express > d;7; by
1

Sal=rSY,, where Y= STdlFX)+1-F(X)=2p,].

n a

Then {Y,}, a=1, ---, n are independent and identically distributed random variables
with Var (V,)<co. Thus we may apply the central limit theorem to show the asymp-

totic normality N(0, 1) of v/n 2d.T:/a(Ry) if o(R,)%0.

2.3. A consistent estimator of ¢%Ry). In order to use R, for the testing problem in

section 3, we here derive a consistent estimator of ¢*(R;). Define S,., a=1, -, n as
follows,
1
(212) Sa:;;;%dl[u(xmr Xj,€)+u(Xi;?_Xja>]
A9 1 N\ I S 1
(2.13) gﬁ:;L(Sa»—S)Z, where S:jZ—S,,.

LEMMA 2.3. &2 is a consistent estimator of o*(Ry).
PrOOF. Notice first that {S.}, a=1, ---, n are independent and identically dis-
tributed random variobles. S7 may be expressed as

iVikapVjtay

St=—
T

where
Vikap=U( Xia— Xpg) T u(Xis— Xpa) .
Then we have

QU E(SH= DS B EF X0 H—FOOFX)+1-FX1+0(5).

Since S may be written as
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2(n—1)
n

S= n? ;?;%divi]’nﬁ: Zi:diRi;
we get from (2.3)

= 1
(2.15) E(S)AZZi)dipi—l—O(-’;).
Therefore we easily find from (2.14) and (2.15) that

E@)=Z L Sdd, B0+ 1-F(X—2pa) X+ 1= FX)—2p,01+0( )
(2.16)
=Var[ S S ddF(X)~FX)|+0(+) —> o¥(R) a5 n—co.
iJ n

We shall turn to show that Var (62)—0 as n—oo. Since 42 may be written as

= B o (BFrw)s where vep=ERdivns

n

we easily find the following

1 1
Var (33)=— ;- Var (%}%; VagVar)t — g Var (;%};};‘,vaﬂura)
2.17)

After some elementary but tedious calculations, it follows that
Var (%} %}Zrl va,sva7>:0(n°)
2.18) Var (S3 TS vasv55)=0(n")
a B 17 98
; . 6
Cov (%}%; VagsVar %}%};?baﬁvﬂ,) O(n®).
Thus we obtain from (2.17) and (2.18)

(2.19) Var (63) — 0 as n— oo,

Lemma 2.3 follows from (2.16) and (2.19).

COROLLARY 2.1. The statistic ~/n Sd{Ri— p:)/6r, has the limiting standard normal
distribution.

The proof is easily shown from Theorem 2.1 and Lemma 2.3.

3. A class of tests for homogeneity of marginal distributions.

As an application of the results in section 2, we here consider the problem of
testing hypothesis
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Hy: Fi(x)= - =F(x)
against the ordered alternative
H,: Fi(x)= - =2 F{x),

where at least one of the inequalities is strict.
For this problem, Tamura [4] has proposed a test W under that Xis are not
independent, that is
W= 22 VVij , Wz-,-ZZZu(z j,’i_Xia) ,
i<j a#3
where we note that W,; is the U-statistic proposed by Raviv [3] for the two-sample
problem. We here propose a class of tests Ry which reject H, if

3.1 Vi Sd(Ri— 4 )28aza,
where djs are any constants satisfying d;= --- =d, (at least one of inequalities is strict)
and z, is the (1—a«) percentile point of the standard normal distribution @(x). Then
it is easily shown from Corollary 2.1 that the test R, has asymptotic level a of
significance.

It is very important in applications how to choose djs, but we can get no answer
for this problem. We can only show later that a test R, with d,=i for i=1, ---, ¢
is asymptotically equivalent to the test W.

3.1. Asymptotic power of R;. We shall now derive the asymptotic power of the test
R, for the translation alternative

H* : F(x)=F(x—0,/v/N), i=1, -, ¢,
where 0,=< --- <6, (at least one of inequalities is strict) and n/N—21, 0<A, <154, as

N—oco. Denoting the limiting power function of the test R, be Bx(8), then we have

(32) Br0)=1im P| Vi Sdy Ri— )20z, HY |

—lim P[V7 SddRi= p)Z6zatvn Sdi(—pt) | HE],
where

P?‘:;P?‘p S=ELF(X;—0;/vVN)|H%].
We here notice that (i) under H¥

(3.3) 81— 03(Ra)=Var (ST d(F(X)—F(X,)| H,)

o

2

ty DT~ DpoF(XD), FX,),

where p,(F(X;), F(X})) is the correlation coefficient of F(X;) and F(X;) under H, and
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E:Zdi/c and (ii) under the assumption that the density f of F is bounded,
— C w\__ - - ) ~F
(34) Vi (g2t =V | _LF(x+0:—0)/vN)=F(n)]dF(x)

— «/7(6i~ﬁj)S:f(x)dF(x) as N—oo.
From Corillary 2.1, (3.3) and (3.4), Sx(8) is represented as follows,
(35) ;3}2(0)=1*@(24«/22(51]’2(.’()dx S(di=d(0:~0)/0y(Ra)),
where (9:4?01/%.

3.2. Comparison with other tests.
(a) The test W. The test W reject H, if

1

(3.6) W=cle—D)+Arz. /v,

|

where A2 is a consistent estimator of A®=Var (2<2 [F{X)—F(X)]) as defined in [4].
1<y

Then the limiting power of the test W under H¥ has been expressed by

a7 pr(@)=1-0G,~vZ (| _fxdxT0,-60)/ A,
i i<
where

A3=Var (SELAX)—FX)IH,)

Comparing the test R, when d,=1: with the test W in the limiting power, we can
easily show j3x(8)=Sw(8) by noticing the identities

LRUFX)—F(X))= %ZKJZ(F(XZ-)AF(XD) ,

lZi(ﬁi—{?):EK;(ﬁj—ﬁi)/Z

and consequently, og3(Rqs)=c2A%/4.

(b) The test based on the sample means. Finally, we shall make large sample com-
parison between the test R, and the coresponding competitor 7, based on Stusent
statistic,

(3.8) To=vn 2dX:—X), Xi=32Xw/n, X=XXic,

This statistic will be used for our testing problem assuming that Cov(X) is known.
Then the test T, of asymptotic level a reject H, if

(3.9) TezooTdza, 0'(2)<Td):0'0<X);;(di_(j)(dj_g)Po(Xiy Xy
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where ¢3(X) and p,(X;, X;) are respectively the variance of X; and the correlation of
X; and X; under H,.

Asymptotic normality of T, is easily shown as in [4] and consequently, we can
get the limiting power under H¥*

(3.10) ﬁT(o):l—@(za—«/T;(di;&xei—é)/ao(h).

From (3.4) and (3.10), the Pitman relative efficiency of R, with respect to T, may be
expressed as follows

e 2 - -
(31D e(Rae, To=1203X)(|_1*x)dx) S(di=dXd,—Dpo( X, X)

1

+ ;;(di_g)(dj“J)Po(F(Xi); F(X)).
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