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1. Introduction.

In the previous paper [7], the author has treated non-stationary Markov decision
processes associated with optimal choice of stopping times and studied, in connection
with the Markov potential theory, a functional equation satisfied by an optimal return,
the so-called optimality equation.

The purpose of the present paper is to give some theoretical foundations the
previous one [7] based on for its whole part. In this paper non-stationary Markov
decision processes with generalized utilities are formulated in the form of the gambl-
ing theory in the sense of Dubins and Savage [5]. The optimization is made with
respect to a pair of policy and stopping time. In Section 2 we shall prepare the
probabilistic definitions and notations which will be used throughout the paper. In
Section 3 we shall give the reduction of the fortune space. In Section 4, under the
assumption that the utility function is recursive and monotone, we shall show the
existence of a (p, ¢)-optimal bounded pair of policy and stopping time and the ex-
istence of a bounded pair which is (p, ¢)-optimal. Section 4 will be also concerned
with the case of finite horizon. In Section 5 we shall prove under some additional
assumptions that there exists a Markov bounded pair which is (p, e)-optimal. Section
6 gives several examples of recursive and monotone utility functions which satisfy
all of the conditions required in this paper.

We like to close this section with refering to the work of Furukawa and Iwa-
moto [9] in which the utility function has been generalized but the authors had no
concern with the stopping rules.

2. Preliminaries.

In this section we shall devolope the basic notation and definitions to be used
throughout the paper.

First we shall give general probabilistic notation and definitions following closely
those of [2]. By a Borel set we mean a Borel subset of some Polish space. By a
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probability measure on a non-empty Borel set X we mean a countably additive pro-
bability measure defined on the Borel o-field of X, and the set of all probability
measures on X is denoted by P(X). For any non-empty Borel sets X, YV, Q(Y|X) is
the set of all regular conditional probability measures ¢(-|-). For any non-empty
Borel set X, let B(X) denote the set of all real-valued Borel measurable functions on
X. For any peP(X), ue B(X), pu denotes the integral of u with respect to p, sup-
posing that the integral is well-defined. For any ue B(XXY), where XXV is the
cartesian product of X and Y, and any ¢=Q(Y|X), qu denotes the element of B(X)
whose value at x,= X is given by

quir) = u(x, ¥)da(y1x),

supposing that the integral is well-defined. We can extend the above notation in an
obvious way to a finite or countable sequence of non-empty Borel sets. The details
are omitted.

For any non-empty Borel sets X, Y, and any non-empty Borel subset I"of XXY,
let I'(x) denote the x-section of /. For any non-empty Borel set I"in XX Y such that
I'(x)>*@ for all x&X, Q({I'(x)} | X) denotes the set of all elements of Q(Y]X) satisfy-
ing that ¢/ (x)]x)=1 for all x&X, supposing that Q({I"(x)}|X) is not empty. In
general, for any non-empty Borel sets X,, X,, ---, X,,,, and any non-empty Borel subset
I' of X, x X, such that I'(x,)% @ for all x,€X,, QU{I(x,)} | X: X X,X -+ X,) denotes
the set of all elements of Q(Xn+1| Xy X X, X - X X,) satisfying that ¢(I"(x,)| x1, x5, -, Xn)
=1 for all (x,, x,, ==+, x)EX XXX - X X,.

For any non-empty Borel set X, *¢-algebra on P(X) is the smallest o-field of sub-
sets of P(X) which makes p(B) measurable in p= P(X) for every Borel subset B of
X. Then P(X) is a Borel set, and *s-algebra on P(X) the o-field of its Borel sub-
sets ([4]).

Next we shall give the notation and definitions peculiar to our decision problem.
Our decision problem is specified by four elements, F, I g and d. The set of fortunes
F is the cartesian product of NV, S and R, where the time space N is the set of all
nonnegative integers, the set of states S of some system is a non-empty Borel set,
and R is the space of real numbers. We may interpret R, for instance, the space of
moneys we get. We shall denote the cartesian product of N and S by Z=NxS.
The set of all subsets of NV and the os-field of Borel subsets of S are denoted by @y
and Bs, respectively. $; denotes the product o-field of @y and ®B5. The gambling
house I is a subset of FXP(Z) such that I'(f)% @ for all feF. We think of I'(f)
as the set of gambles available to us at f. g is a real-valued Borel measurable func-

tion defined on the set K?O[ZOXP(ZI)XZIXP(ZZ)X <+ XZy X R], where Z;=Z for i=0, 1, -,

endowing P(Z) with *g-algebra, and is assumed to satisfy that g(z,;c)=c for all
z,€Z and all c€R. We interpret, for each n, the restriction of g on the set Z,X
P(Z)XZ, X -+ XZy X R as the reward function over (n+1) stages. From this interpreta-
tion we shall call g the generalized reward function. We shall impose some condi-
tions on the range and integral of g (Condition (B)), and assume, later on, that g has
some properties peculiar to the class of dynamic programming problems (Condi-
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tion (C) and (D)). The terminal reward function d is a bounded Borel measurable
function defined on Z.

Let f,=(z., ¢c»), where z,€Z and c,€R, be a generic element of fortunes at the
n-th stage. In this paper we shall assume f, is of the form: f,=(z,, g(z,, Do, Z1, D1,
<z, 0)), where {p,, py, -=- pa-1} 1S the sequence of gambles we have chosen succes-
sively up to the (n—1)-th stage. When we observe the current fortune f,=
(zn, 2(20y Do, 21, D1, -+ » Zn3 0)) at the n-th stage, we may either stop at f, or take a
gamble p, from I'(f,). If we stop at f,, then we get an output g(zo, po, 21, p1, -,
z,; d(z,), and if we take p,, then we move to a new fortune fr.1=(2n+1, 20, Do, 21, P1,
', Pny Zn+1: 0)) according to the probability measure extended from p, onto (-, g(z,
Do 21, Dy s Das + 5 O

Let @r=3,X B be the product o-field on F, where #' the Borel o-field of R.
Throughout this paper we shall impose the following condition on the gambling
house.

CONDITION (A).

(Al) [z, 0)=I(z, ¢’) for all z€Z, all ceR and all ¢'=R,

(A2) [(n)cSxRxP({n+1} xS) for all n=N, where I'(n) denotes the n-section
of I"and P({n-+1} xS) denotes the set {p=P(Z)|p({n+1} xS)=1},

(A3) I" is measurable, i.e.,

(a) '=dyx X, where Y is the *o-algebra on P(Z),

(b) there exists a Borel Selector of I from F into P(Z).
In the above condition, (Al) is very natural for the dynamic programming problems,
and (A2) implies that any choice of a gamble from () enables the time to move to
(n+1) almost surely, wherever other components of the fortune move to. The con-
cept of measurability of the gambling house stated in (A3) is very similar to that of
Strauch ([15]), but not completely same as it. In his definition the measurable gambl-
ing house needs to be leavable. In our case, however, the leavability condition for
[’ contradicts the condition (A2). If we consider a modified leavability condition :

(b)Y o{n+1, s, c)el(n, s, ¢) for all neN, all s€S, all ceR, then it is clear
that (b)’ implies (b) and does not contradict (A2).

Let H=FxP(Z)xFxP(Z)x - be the set of all histories hi=(f,, po, /s, p1, =) and
ﬁ,L:FxP(Z)XFxP(Z)X -« XF (2n-+1 factors) the set of all partial histories A,=
(Jo» Do, f1, D1, -5 fu)- A policy = over H is a sequence {mo, 71, @s, --} where each
1.€Q(P(Z)|H,). A policy = over H is called available in [}, if each z,< QUI(f.)} | H,),
i.e.for each n, 7 (I'(f)|A)=1 for all A,<H, A policy over H defined as above
may be called a family of random strategies, following Strauch’s definition ([15]).

For each (z,, po, 21, p1, -~-, Zo) and any peP(Z), let Y denote the function
(z, g(zo, Do, 21, ***, Zn, D, 2;0)) of z. Define the extension of p to F by p(E)=p(Y (E))
for every E€ ®p. Then p is well-defined since Y is Borel measurable in z. For each
o€ P(P(Z)), define the extension of ¢ to P(F) by 6¢(B)=c{psP(Z); p=B} for every
Borel subset B of P(F) endowed with *o-algebra, where § is the extension of p de-
fined above. Then & is well-defined because of the definition of the *¢-algebra. Let
7 be an arbitrary policy available in I’ For each n and each (fo, Do, f1, ==+, fu), then,
let the extension of #.(:|fs, po, f1, =+, fn) to P(F) in the above sense be #,(- | fo, P, 1,
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-, fn). Let % denote the sequence {7,, #,, &, ---}. We call ¥ the extension of = to
P(F). ~

Let &, denote the ¢-field generated by Borel cylindrical sets on H,. A mapping
t from H into NU}+co} is called a stopping time with respect to {F,}, if {heH;
Hh)=n}eF, for n=0,1,2, ---. A stopping time {(w.r.t.{F,}) is called associated
with =, if P {t<+oco}=1 for all f,&F, where P}, is the probability measure on H
induced from the extension # of = to P(F) given f,. Let é(n’) denote the set of all
stopping times (w.r.t. {#,}) associated with =. A pair (x, t) is called a stopped policy
over H available in I if ris a policy over H available in I’ and te@(n). Denote
the set of all stopped policies over H available in by A F. Let us recall the fortune
Fn=(2n; g(2y, Do, 21, D1, -+, 2Zn; 0)). Define the utility of f, by the output of it, i.e,
u(fr)=g(zo, po, 21, P1, = » 2Zn; d(zs)). Thus the utility has turned out to be given as
a function from fortunes to real numbers like in other literatures. Let E® be the
expectation operator under the extension 7 of = to P(F). Our optimization problem,
then, is to maximize E*[u(f,)] in ar (Note that E*[u(f,)] is a function of the initial
fortune).

Throughout this paper the following conditions remain valid.

ConpitioN (B).

(BD) sup FE“[sglp (g(z0, Do, 21, =+, 2o d(Z2)))T 1< 400,

%: available in
where a*=max (a, 0) and E™ denotes the expectation operator under =.

(B2) For each n and each bounded we B(Z),
g(z0, Do, 21, -+, Zn; w(z,)) is bounded on I'XI'X -+ XI'XZ.

Let H=ZXP(ZYXZXP(Z)x --- be the set of all sequences h=(z,, po, 21, D1, **)s
and H,=ZXP(Z)XZXP(Z)X - XZ(2n-+1 factors) the set of all finite sequences h,=
(2o, Do, 21, D1, =, 2zn) Of length 2n+41. H, is considered as the set of finite sequences
obtained by deleting the memories of the third component of fortune from h,, i.e.,
H, is the space of the time, state and gamble which we have had. A policy = over
H is a sequence {m,, 7, 7, '}, where each r,=Q(P(Z)|H,). Denote the section of
[at ¢=0 by I A policy = over H is called available in I, if each TnE QU (20)} | Hy).
Let /I denote the set of all policies over H which are available in I” For any

rell”, let "r= /{7 11, Tnss, -~} denote the policy which = defines from the (n+1)-th
stage onward.

Let &, denote the o-field generated by Borel cylindrical sets on H,. A mapping
t from H into N ({+oo} is called a stopping time with respect to {F,}, if {heH;
t(h)y=n} e, for n=0,1,2, ---. For any policy = over H, a stopping time (w.r.t.
{Z}) is called associated with r, if PE{t<4co}=1 for all z,&Z, where P is the
probability measure on H induced from =z given z,, For any policy = over H, let
C(x) denote the set of all stopping times (w.r.t. {F,}) associated with . Let A/ =
{(z, Hlzell”, teC(n)}. A pair (x, t)e A is called a stopped policy over H available
mn 1.

A policy = over H is called Markov, if for each n, there is a Borel measurable
function ¢, from Z into P(Z) such that z,(- |z, po, 21, -, 2)=0(¢n(2z,)), and a Markov
policy is denoted by {¢,, @i, ¢s, ~-}. Thus, if a Markov policy {00, @1, @2, --'} over
H is available in I, then for each n, ¢,(2)I'(2) for all zZ Let .4, denote the o-
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field generated by the family of all sets {heH; z,€E, z:€E,, -, z, € E,} with
E.€4, i=0,1, .-, n. Let &, denote the family of all sets {heH; Z,€F,} with
E,=®, A stopping time t(w.r.t. {F,}) is called Markov, if for each n=0, {t=n}
<4, and for each n=1, {t=n}={t>n—1} N4, for some 4,€2,. A stopped policy
(r, t) over H is called Markov, if = and ¢t are both Markov. A stopped policy
(z, t) is called bounded, if there exists a nonnegative integer N such that PL {t =N}
=1 for all z,&Z.

For any r<ll?, let e. denote the element of Q(P(Z)X ZXP(Z)X ZX ---|Z) induced
from 7, and E* the expectation operator with respect to ¢.. For any peP(Z) and
>0, (z*, t¥)e A is called (p, e)-optimal, if p{E*Tu(fw)]I=E*[u(f)]—e}=1 for all
(z, t)ye AT, and (p, e)-optimal if PE*Tu(f) Dz p(E7[u(f)])—e¢ for all (x, Hedl.

3. Stopped policies over H are enough.

In this section we shall show that a stopped policy over H can be replaced by
a stopped policy over H which is equivalent to it.
Let us recall I"is the section of I at ¢=0. Then the following proposition is
direct from Condition (A).
PrOPOSITION 3.1.
(i) I'czZxP(Z),
(i) I'm)cSxP({n—+1} XS) for all n=N,
(iii) I is measurable, i.e.,
(a) IN'epzx2,
(b) there exists a Borel Selector of I" from Z into P(Z).
THEOREM 3.1 For each (x, t)E/TF, there exists (0, )€ AT such that

(3.1 E*fu(f)]=E[u(f)],

where # 1s the extension of © to P(F).

PROOF. Let A denote the infinite sequence (z,, 2(24; 0), po, 21, (20, Do, 21; 0), P1,
e, Zn, 8(20, Do, Z1, 5 Zn3 0), Da, ++), where each z,€Z and each p,=P(Z). Evidently
heH. Let &, denote the o-field generated by the family of sets {ﬁ;zOEEO, peE Py,
z€E,, ;2P -+, z,€E,;} with E;€8, and with p,e, 1=0,1, -, n.

First we shall show that for each set A,=&, we can choose a set A, €&, such
that A,CA, and Pi(A,)=Pi(A,) for all z,€Z It sufficies to show that we can
choose such set for each element generating &, Let ﬁn be a set {Eeﬁ; z,eE,,
cEF,, pyePy, z,€E, ¢,EF, phEP, -+, z,€E,, c,=F,} where E;€8, F.e®® (i=
0,1, ,n), ps€3 (i=0,1, -, n—1). Let K be the set {R€H; c;>g(z, po, 21, D1, >
z;; 0) for some 1 (0=<:=<n), then K is a Borel set since the graph of g is Borel.
Evidently Pi(K)=0 for all z,=Z from the definition of #. Since g is Borel measur-
able, we can choose a Borel subset £ of H, so that A,NK°={h ; (2o, Po, 21, D1, 5 Zn)
eE and co=g(z; 0), ;=80 Do, 215 0), =+, ca=8(20, Do, z1, +, Za; O}, Let A=
A.nK¢, then A, works.

if we let I, be the indicator function of £, the expectation of the utility can be
expressed as follows:
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(3:2) E*Lu(7)1= 3 E*[u(fi=n]-

By the above assertion, for each n choose a set A,=&, such that A,C{t=n} and
Pi({t=n})=Pi(A,) for all z,&Z. Then it follows from (3.2) that

E*[u(f))= E ETu(/)13,].

Define a stopping time i by {f=n}=A4, for n=0, 1, 2, ---, and define a stopping time
© by z(h)=i(h), i.e., (2, o, 21, D1, *** 5 Zny Py )= (20, 8(20; 0), Do, 23, &(20, Do, 215 O)),
o, Zn, 8(20, Po, 21, P1s v, 203 0), Pa, ---). Then it is easy to show that

{heH; «(h)=n}eF,, n=0,1,2 -,

P {r<+ oo} =1 for all z,&Z,
and

(33 Effu(f)]=E"[u(/)].
We next define 6, as follows:
0n(- 120, Po, 25, P1, =+, Ze)=1a(- |2, (205 0), Do, 21, £(20, Do, 213 0), Py,
“+, Zn, 8(Zo, Do, 21, Py, 0, 203 0)) .

Then for each Beld, 6,(B|-) is Borel measurable, because g is Borel measurable.
Since « is available in I it follows that 8,=Q({I(z.)}|H,) from Condition (Al).
Putting 6=(,, 8., 8,, ---), @ becomes a policy over H available in I" which satisfies

(3.4) ELu(f)]=E[u(f)].
Combining (3.3) and (3.4) leads to (3.1). Evidently @, ©)eA”. This completes the
proof.

By virtue of the above theorem, we have only to consider the stopped policies
over H as far as we are concerned with the optimization problem defined in Section
2. Hence we shall restrict ourselves to the family of the stopped policies over H in
the subsequent sections, and we shall omit the term “over H”.

4. (p, e)-optimal and (P, ¢)-optimal stopped policies.

In this section we shall show that under some conditions there exist a (p, ¢)-
optimal stopped policy and a (p, ¢)-optimal stopped policy both of which are bounded.
We shall also give some results in the case of finite stage.

Let N be an arbitrary fixed positive integer, and let X¥=P(Z)XZXP(Z)XZX ---
XZ (2N factors). A generic element of X¥ will be denoted by (po, 21, D1, 22 -,
DPwv-1, Zy). Let 2* be the *g-algebra on P(X7Y).

Let IT§ denote the set of all initial subsequences {rz,, 7, ---, wx_,} of length N
of policies available in I, and W1 the set of all (z, vY)eZx P(X¥) for which there
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exists a z< T such that v=e.(z), where e.(z) means the probability measure on X 5
induced from = given z.

LEMMA 4.1. WLeg,xI*

PROOF. The lemma will be proved along the same line as Lemma 1 of [15] by
making use of a Borel Selector of I.

For any ve P(XY), we have a factorization v=y,y, -** vox-, such that

v P(P(2)),
von € Q(P(2)| P(Z)X ZX P(Z)X -+ XZ)  (2n factors),
Vans1 € QZI P(Z)X ZX P(Z)X - XP(Z))  (2n+1 factors).

First we shall prove that (z, vy W% if and only if (i) v,(I(2))=1 and v,(- | po)=p0¢ a.s.
(v), and (i) veull ()| po, 21, ==+, 2a)=1 for all (o, 21, ** » 2a) and Vonai(- | Do, 21, P1y =7
pa)=pn a.s. () (n=1). It sufficies to prove the “if” part, since the “only if” part is
trivial. Let (z,, v) satisfy both of (i) and (ii). Define a mapping 7* from Z into
P(P(Z)) by

Yo if z=z,

r*(z)z{ ,

a(z) if z¥z,,
where a is a Borel Selector of I” assured in Proposition 3.1. Then 7*=Q({I(2)}|2),
since v, satisfies (i) and Z is a T;-space. Let n*={r*, v,, v,, -+, vacy-n}, then it fol-
lows that #*<Il% from (ii) and the above result on 7*. Evidently v=e.(z,). Hence
(2o, VVIEWL.

Denote the probability measures on (po, 23, p1, ==, 2») and on (po, 23, b1, ***, Dn)

induced from v by v(p, 21, p1, >+, 2n) and v(p,, 21, p1, >+, Pr), respectively. The con-
dition (i) is equivalent to that for all bounded ¢= B(X")

“2) [ 8000 200000 20={ _[] 6000, 20dpu(z0|axtp0),
and the condition (ii) equivalent to that for all bounded ¢< B(X"*')

(4‘2) an+1¢(p0; 21 pl) Ty pﬂy Zn+1>d”(p0; 2, ply ) pn) Zn+l)

S[(zn.pmem

d”(po, 21y "ty 2y pn): (nz=1).

Each integral in (4.1) and (4.2) is a Borel measurable function of z and » by virtue
of Proposition 3.1, (iii)-(a) and Theorem 2.2 of [4]. Since for each n=0, the Borel
o-field on X™*! is countably generated, we can choose a sequence {dnm}m-12.. Of
bounded Borel measurable functions on X™*' such that if g, yv&e P(X"*") and gy,
then

(T S
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for some j=1. For each m=1, let W,, be the set of all (z, v) such that (4.1) holds
for ¢=¢yn, and for each n=1, m=1, W,, the set of all (z, v) such that (4.2) holds
for ¢=¢,». Then we have

, N-1 o
WE=N N Wan.
n=0 m=1

Hence WY is Borel, as each W,,, is Borel. This completes the proof.

LEMMA 4.2. The z-section WE(z) of W is not empty for all ze Z.

PrOOF. Take a Borel Selector a of I, and let 2={a, a, ---, a}. Evidently z&
11 and ez(z)e P(XY) for all z&Z, which completes the proof.

We shall now introduce into the generalized reward function g two important
properties, namely, a recursiveness and a monotonicity, whicn can be jointly considered
as a characterization of the dynamic programming structure. These properties play
an important role leading us to “the principle of optimality” of R. Bellman, as it is
seen in the paper [10].

CoNDITION (C). g is recursive, i.e., for any policy = available in I, any i, m and
n such that 0<:<m=n, and any bounded w< B(H,,,), it holds that

Em-7[g(z,, Pis Zisr, oy Znsr; W(hasn))]
=8(zi, bi, Zivr, 5 Zm s E™7LG(2 0, Py Zmers s Zners W(hae))D)
' a.s. (P7).

ConDITION (D). g is monotone, i.e., for any n=0 and any u, ve B(H,.,), it holds
that u(hns1) <v(hn+1) implies g(zn, pr, Zns1; U(Ans))=g(2n, Day Zn+1; V(hnsr), Where in
the second statement (z,, pa., Z2+1) is the final subsequence of A,.;.

For each N=0 and any r<llf, let us define a finite sequence of random variables
{v¥(m); 0=n <N} by backward induction:

vz ha)=max [d(z.), Tnpa(Zn, Prs Zne1; VYer(T)(FBnsr))]
(4.3) n=0,1, -, N—1,
v¥(m)(zn)=d(zy) .

Note that for each n, v¥(x) depends only on {r,, 74, -, Ty-,} among all components
of = and for each x, v)(r) is a Borel measurable function of ..
Now let
v¥4(z)= sup v(n)(z), z€Z,

ZEHE

for N=0, 1, 2, --~. Under Condition (Bl), it turns out that v¥¥*<--oo, which we shall
prove in Proposition 4.1.

The following lemma is a slight modification of Theorem 2.2 of 41.

LEMMA 4.3. Let w be a bounded Borel measurable function defined on I'XZ. Then
pw is Borel measurable on I

For any ve P(X?), let v=y,, --- v,x-, be the factorization as stated immediately
after Lemma 4.1, and define a finite sequence of random variables {v¥(v); 0=n<N}
by backward induction :
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¥ (V)(hn)=max [d(za), VanVon+18(2Zn, Yant1, Zn+is VW) (Are))]
(4.4) n=0,1, ---, N—-1,

Lo ()(zy)=d(zy) -

LEMMA 44. Let Condition (C) be satisfied. Then for each N, v™* is absolutely
measurable in z.
ProoF. Let o(z, v)=v{()(z), and let

B;=WENn{(z, vyEZXP(X")|0(z, v)>1}.

Then for each real i, B, is Borel from Condition (C), Lemma 4.1 and Lemma 4.3. By
Lemma 4.2 we have

v¥¥(2)= sup ¥(z, v), zeZ.
VEW}\;(Z)

Let
Ci={zeZ[v"¥2)> 4},
then it is easy to check that C; is equal to the projection of B, into Z. Since B; is
Borel, C; is analytic and so absolutely measurable.
THEOREM 4.1. Let Condition (C) be satisfied. Then for each N, any pEP(Z) and
any €>0, there exists a policy <l such that

plf(@)>vV*—ep=1.

PrROOF. The proof follows the same line as in Theorem 8.1 of [14] by making
use of a Borel Selector of I. From Lemma 4.4, we can choose a Borel set K;CZ and
a Borel measurable function v, on Z such that p(K,)=0 and v,(z)=v"*(z) for z& K,.
Let

We=WENl{(z, v)|z& K;, 9(z, v)>vo(2)—e} I {(z, v)|z€ K} ],

then W¢ is Borel from Condition (C), Lemma 4.1 and Lemma 4.3. For each z, the z-
section We(z) of W* is not empty because of Lemma 4.2. The *g-algebra on P(Z)
coincides with the o-field generated by the weak-topology on P(Z). Hence P(Z) is
a Polish space (cf. [137). Similarly P(X?)is so. Then applying the absolutely meas-
urable selection theorem by Mackey [12] (originally the analytic selection theorem
by Von Neumann [17]), we can find a Borel set K,CZ and a Borel measurable map-
ping ¢ from Z into P(X") such that p(K,)=0 and ¢(z)e W*(z) for z& K, Hence if
z& K,, then there exists a policy #€/T§ such that ez(z)=¢(z). Let us define p by

p(B|2)y=¢(z)(B) for z€Z, BE®Bxv,

where By~ is the Borel o-field on X¥. Then it follows that p=Q(X?¥|Z) from the
definition of ¢. Hence we can factor p: ’

U= oty =" UaN-1,

mEQP(2)|2),

P EQP(D) ZXP(Z)X -+ XZ) (2n+1 factors)
U1 EQZIZX P(Z)X - X P(Z)) (2n—+2 factors).

where
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Taking a Borel Selector a of I, define a policy =*, which depends on the initial z,, by

{/'807 ,UZJ Tty /'!Z(N—-l)} lf ZUGE Kg
7:*<Zo):{

{a, a, -+, a} if z,eK,.
Then it is easy to show that =*< /L. If z,& K,\VK,, then
v () 20)=0(2,, ¢(20))>Vo(20)— =0 *(25)—¢ .

But p(K,\JK,)=0. Thus we have p{vf(z*)>v¥*—¢} =1, which completes the proof.
For each N=0 and any =<II%, define a finite sequence of random variables
{Bi(m); 0=n=N} by

(4.5) BY(x)(hn)=g(hs; vi(x)(h,), =n=0,1,--,N,

where {v¥(x)} is defined in (4.3).

LEMMA 4.5. For each N=0, By (z)=v¥(x).

PrOOF. From (4.5), BY(x)(ze)=g(z0; v¥(x)(2z,)). From the assumption on g stated
in Section 2, g(z,; v¥(x)(z,))=v¥(7)(z,). Hence the lemma follows.

LEMMA 4.6. Let Conditions (C) and (D) be satisfied. Then for each N=0 and any
zelll, {BY(x)} satisfies the recursive relations:

{ ,B‘:(ﬂ:)(hn):max Eg(hn; d(zn)); ﬂnpnﬂ‘;ul(”)(hn)] ’ T’L:O, 1; Tty N—-1 »
BN (z)(hw)=g(hn; d(zx) .

ProoF. From Condition (D), it follows that max(g(h, ; a), g(h,; b)=g(h,; max(a, b))
for any h,=H, and any real numbers a, b. But the converse inequality is trivial.
Hence we get

“.7) g(h,; max (a, b))=max (g(h,; a), glha; b))

for any h,€H, and any real numbers a, b. For each n (0n<N-1), we get from
(4.3), (4.7) and Condition (C) that

(4.6)

g(hn; vi(x)=g(hn; max [d(zs), Tupn&(2n, Py Zns1; VR+1(7))])
=max [g(ha; d(zn)), &(hn; Trpr8(2n, Pa, Zus1; VR4(T)))]
=max [g(hn; d(zn), Tnpng(hnsr; VI(x))].
Substituting (4.5) into (4.8) leads to
B (z)=max [g(hs; d(za)), TapnBsi(7)].
For n=N, we get from (4.3) and (4.5) that
BN (z)=g(hy; v¥(m)=4g(hy; d(zx)).

This completes the proof.

Let C¥(z) denote the set of all stopping times ¢t =C(x) for which Pr ({{=N})=1
for all z,=Z.

DEFINITION 4.1. For any zmelI”, a stopping time t=C¥(r) is called z-regular
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(w.r.t. {B¥(x)}), if for all n=0, 1, ---, N it holds that
4.9 Er=1 B¥(z)]1= B3 () a.s. (e;) on {t>n}.

The above definition is a modification of the “regularity” given by Chow and
Robbins ([3]).
Now, for each N and any r<lIl{, we define

(4.10) zy(n)=the first n=0 such that v} (x)=d(z,).

Note that (z, () is bounded by N, since v§(n)=d(zn).

LEMMA 4.7. Let Condition (C) be satisfied. For each N and any r = II%, then, ty(x)
is m-regular w.r.t. {BY(7)}.

PrOOF. From (4.3), (4.5) and Condition (C) it follows that

txv(@m>n > v} (x)>d(z.)
D V(M) =10Dn8(Zn, Py Zner; Vira(w))
> g(hn; v (@)=8(hn; Tupa8(Zn, Pr, Zus1; VY4(7)))
> BY(m)=mnpafi(m).

That is, {8¥(z)} and zy(x) satisfy (3.4) in [8]. Further it is trivial that they satisfy
(3.5) in [8], because {8¥(x)} is a finite sequence. Hence it follows from Lemma 3.2
of [8] that zy(z) is m-regular w.r.t. {f¥(x)}, which completes the proof.

In the subsequent arguments if there is no fear of confusion, we shall write zy(x)
as wy.

LEMMA 48. Let Conditions (C) and (D) be satisfied. For each N and any me<llf,
then, we have

@ E*[B(mIZE*BY (@] for all teC¥(x),
®) Eu(/o)]= _syp E<Tu(7].

PrOOF. (a) From (4.6) we have
Er-m () ]1=pi(x), n=0,1,-,N.

The above inequalities mean that {8Y(x)} has the supermartingale properties under
w. On the other hand {B¥(x)} satisfies obviously (3.8) in [8] for every t=C¥(z).
Hence it follows from Lemma 3.3 of [8] that

Er-m[fY(m)]=pi(x)  a.s. (e)) on {ry=n, t=n}

for every n=0 and every t=C¥(x). This implies that {8¥(x)} and 7z satisfy (3.2) in
[8] for every t=C¥(x). But Lemma 4.7 implies that (3.1) of [8] holds for {B¥(x)}
and zy. Hence from Lemma 3.1 of [8] we get (a).
(b) By the relation that
tn=n 2 vi(a)=d(z) 2 g(ha; vi(r)=g(hn; d(2.)

= Bi(m)=g(ha; d(z4)),
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we get
ELBY(m]= % ELBY (0 icyum]
(4.11) = 3 ECg(ha; ) cyon]

=E"[g(h.y; dlz- NI=E[u(f:)].
(a) together with (4.11) implies that

(4.12) E~lu(f: )= E*[ ()] for all t=C¥(x).
From (4.6) obviously
(4.13) EF[ B (m) 1= E[g(h,; d(z0)]
=E"[u(f)] for all teC¥(x).
Combining (4.12) and (4.13) leads to
E*fu(fe)lzE*[u(f)]  for all t&C¥(x).

Since zy=C¥(x), however, it follows that
E*Tu(f.)]= sup E*[u(f)].
teCN (x)
LeEMMA 4.9. Let Conditions (C), (D) be satisfied. For any n<II" then we have

E™[u(fe p)1=E*[¥y(m)]= vl (x) .

PrOOF. The first equality has been shown in the proof of Lemma 4.8, (b).
By the same way as Lemma 5.4 we get

E[B¥y(m)]= B (m) .

But, the converse inequality follows from substituting ¢=0 in (a) of Lemma 4.8.
Hence we obtain the second equality in the lemma.
We now return to the following proposition whose proof has been postponed.
PROPOSITION 4.1. Let Conditions (C) and (D) be satisfied. Then v¥*<~+co for each N.
ProOF. By Lemma 4.8, Lemma 4.9 and Condition (Bl) we get

v¥*= sup v{(z)= sup sup E"[u(f)]
ne[l§ zeﬂg tecN ()

< sup E[ sup (u(fm)*]<+o.
ﬂeng osnsN

On the basis of the several results stated above, we can show the existence of a
(p, e)-optimal bounded policy in the case of finite horizon.

THEOREM 4.2. Let Conditions (C) and (D) be satisfied. For each N, any peP(Z)
and any €>0, then there exists a bounded policy (#, )€ AL such that

(4.14) PHE Tu(F1> E*[u(f)]—et =1 for all (z, He AL,
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where AY={(x, D€ AT |PEL({tZN})=1 for all z,€Z}.
PrROOF. By virtue of Theorem 4.1, for any p=P(Z) and ¢>0 there exists a policy
#e Il such that

p{vd(@)> vV =) =1,
which implies from the definition of v¥* that
(4.15) p{vd(@)>vi(n)—el =1 for all =1} .

By Lemma 4.9 we can rewrite (4.15) as follows.
(4.16) PE Tu(feya)]>E*[u(feym)l—et=1  for all I},

In (4.16), tx(£) and zy(z) mean the stopping times defined in (4.10), respectively, cor-

responding to # and n. By (b) of Lemma 4.8 and (4.16) we get

PE [u(feya)I<E [u(f)]—et =1 for all (=, t)e A¥.

Evidently (%, tx(2))e A%. This completes the proof.
The following corollary is direct from Theorems 4.1 and 4.2.
COROLLARY 4.1. Let Conditions (C) and (D) be satisfied. Then for each N we have
(@) if there exists a policy n*<II§ such that

(4.17) v (@*)(z0)= sup vy (x)(z,),
7:5[111;
then it holds that
(4.18) E™Tu(fzy n)](20)= SupI,E”[u(fz)](zo),
- (n,t)EA‘v

(b) if there exists a policy m*elIl§ which satisfies (4.17) for all z,=Z, then
(n*, zx(x™®)) satisfies (4.18) for all z,=Z.

LEMMA 4.10. Let Conditions (C) and (D) be satisfied Let p be any element of P(Z)
and ¢ any positive number. For each N let (%y, ty) denote the bounded policy given by

(4.14). Then without loss of generality we may assume that {E“N[u(f;N)]} is a non-
decreasing sequence with p-probability one.

PrROOF. The proof follows the same way as Lemma 5.5 of [8], so that omitted.
We now impose on g the following condition.

ConpiTION (E) For any (x, t)e AL, if E*[g(ze, pe, 21, -, 2:; d(z,))]3% —oc, then
timint|  Ceto po 21, s 2 dlew)] de.=0.
N—oo (t>N)

LEMMA 4.11. Let Conditions (C), (D) and (E) be satisfied. Let p be any element of
P(Z) and ¢ any positive number. Let (#¥, #5) be as in Lemma 4.10. Then it holds that

(4.17) p{lim E’?N[u(f;N)];E”[u(ft)]——s}=1 for every (z, t)e A,

PROOF. Suppose that E*[u(f,)]>—oco. Letting #y=min (¢, N), by Theorem 4.2
we get
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(418 [ ., wrode=Etutfil={ _ u(fiy)des

(t
gEf‘v[”(f?x)]"{"E—S(bm[”(flzv)]_def with p-prop. 1,

for each N. From Condition (Bl) and Lemma 4.10, N&im Ef‘v[u(f;‘\,)] exists as a finite

value with p-probability one. Hence letting N—oo in (4.18), by Condition (E) we
obtain (4.17). When E~[u(f,)]=—cc, (4.17) is trivially true.

THEOREM 4.3. Let Conditions (C), (D) and (E) be satisfied. For anp p=P(Z) and
any >0 then there exists a (p, e)-optimal stopped policy which is bounded.

Proor. From Theorem 4.2, for each N there exists (2V, fy)= AL such that

p{E* Tulfa)1> ELu(f1—5=1  for all (x, = 4.
Hence from Lemma 4.11 it follows that

p{lim B Cu(f 2 ECu(f)]—5}=1  for all (z, H=AT,
which imblies that

pllim E¥ (/o) D2 p(Eu(f0D—  for all (z, H=AT .
By the theorem of monotone convergence we get
(4.19) lim p(E* " Tu(fo) D2 p(E Tu(f)D—  for all (z, e AT

Since p(EﬁA'[u(fav)]) is nondecreasing in NN, we can choose a sufficiently large N, so
that

(420 lim p(E*"[u(fo) D=5 = pE*"[ulf2y)]) -

Combining (4.19) and (4.20) leads us to that (#¥¢, 7y ) is (p, ¢)-optimal bounded policy,
which completes the proof.

The following corollary is an easy consequence of the above theorem.

COROLLARY 4.2. Let Conditions (C), (D) and (E) be satisfied. Then we have

(a) if {E*N[u(f;N)]} converges uniformly on Z, for any peP(Z) and any >0
then there exists a (p, ¢)-optimal bounded policy,

) if S is a finite set, for any peP({0} XS) and any ¢>0 then there exists a
(p, e)-optimal bounded policy,

(c) if p=P(Z) has a finite support, for any >0 then there exists a (p, e)-optimal
bounded policy.
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5. Markov bounded policies.

In this section we shall show that for every bounded policy (x, ¢) there exists a
Markov bounded policy which (p, e)-dominates (=, t). This fact together with the
results obtained in Section 4 will lead us to the existence of a (p, ¢)-optimal Markov
bounded policy and of a (p, ¢)-optimal Markov bounded policy under some conditions.

First we need to prepare two lemmas.

LEMMA 5.1. For any q=Q({[(2)}|Z), any bounded we B(I") and any £>0, there is
a Borel measurable function ¢ from Z into P(Z) such that

(i) graph oCI,

(i) q({ipsl'(2); wlz, p)=wiz, p(2)+e}|2)=1 for all z€Z.

PROOF. The proof follows same way as Lemma 3.2 of [6].

LEMMA 5.2. Let m be any element of II”, p any element of P(Z), w any bounded

element of B(I") and let ¢>0. For each n=0 then there exists a Borel measurable
Sfunction ¢, from Z into P(Z) such that

(i) graph¢.CI,
(i) pmopomy - ﬂn—lpn—l{anwgﬁnw_e} =1

PrROOF. We can prove the lemma in the same way as Lemma 6.3 of [8] by mak-
ing use of Lemma 5.1.

Let
Ly= sup max [v{(x)|
zen! osnsN
for each N=0, where ||-| means the supremum norm. Note that by virtue of Condi-

tion (B), Ly has a finite value for each N.

We now impose on g one more condition.

ConpITION (F) For each N=1 there exists a positive number Ky such that if
zell”, ue B(Z), lu|<Ly and %>0, then it holds that

E“-’V[:g(zN, Py, Zy+1s u(z.v+1>+77):|(hN)
—ET:N[gC?N, DPw, Zn+1; u(ZN+1))](hN>§KN77 a.s. (e”)'

THEOREM 5.1. Let Conditions (C), (D) and (F) be satisfied. Let (z, t)= AT be bounded
by N. For any peP(Z) and any >0 then there exists a Markov (z*, t*)€ AL satisfy-
ing that

PAE"Tu(/)]Z E*[u(f)]—e}=1.

Proor. Let (z, t)eAL. Let y=¢/(N—1). By Lemma 4.3 and Lemma 5.2 we can
find a Borel measurable function ¢y-,, whose graph is a subset of I, satisfying that

(GHY) Ty-1p5-18(Zx-1, Pxn-1, Zx; d(ZN))
§90N—1P.v—1g(zy—1, Py-1, 2n; d@y)+7/ KKy - Ky

a.s. (f)ﬂ'opoﬂ'l 7[1\'—21)1\!—2) ’

where each K; is defined in Condition (F). From (4.3), (5.1) and the remark under
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(4.3) we get
(5.2) v¥-(zm)=max [d(zx-1), Ty-1px-18(2x-1, Px-1, 25 ; d(2x))]
<max [d(zy-1), On-105-18xn-1, Pr-1, 255 d@N)]HT/ KKy - Ky-»
=¥ (on-0)@y-0)TT/ KKy - Ky-s a8 (pRopolty* Ty-2Py-s) -
From (5.2) and Condition (D) we have
g(zy-2 Py-2 Zy-1; VN-2(7))
=g(zy-n py-v Zv-1; V¥-s(Qy-D@v-) T/ KKy -+ Ky-o)
a.s. (Propemy - Ty-2DPn-2),
which implies that
(63 Ty-2DN-28(EN-2, PN-2, Zn-1; VY1)
Say-2pn-28E N2 Dy-2 Zv-15 VN-(@n-D)@n-)TT/ KKy - Ky )
a.8. (PToPoy - Ty-sPy-a).
By virtue of Condition (F), (5.3) yields that
(54 TN-2Dx-28(ZN-2, Pr-2, Zx-1; VV-2(m))
Sryopy-28(Ex-2 Pr-z Zy-15 VN-(@n-D)(@EN-))TT/ KK+ Ky s
a.s. (propomy - Ty-sPy-s)-

Applying again Lemma 5.2, we can find a Borel measurable function ¢y_, whose
graph is a subset of [, satisfying

(5.5) Txn-2Pn-28Ex-2, Px-2 Zv-1; VF-1(@y-1)(Zx-1)
Son-2Pv-28Ex-2, P2 Zxn-1; VN-2(@y-1)@x-)FT/ KKy Koy
a.s. (PToPoemy Ty-sPn-3)-
Combining (5.4) and (5.5) leads us to
Tx-2pN-28(FN-2, Dy-s, Zv-1; VH-2(70))
S@n-2by-28Exn-s, D2 Zv-1; VN-(QN-D@N-0)+27 /KKy - Kyos

a.s. (Pmopoms - Ty-sPy-s),

which further implies that
v¥-o(m)(hy-)=max [d(zy-2), Ty-2PN-28(ZN-2, Prv-2, Zx-15 VN-2(7))]
=S o8- {ow-s @} )@w-)+27/ KoK, -+ K-
a.s. (PmoPoms * Ty-sPx-s) -

Repeating this procedure enables us to choose Borel measurable functions ¢, ¢i, -,
@w-1 such that graph ¢; is a subset of I” for each ¢ (0<i=<N—1) and such that
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(5.6) (@) =20 ({po, @1, =+, pu-b)Te as (P).

Let z* denotes the Markov policy {pq, ¢1, -, ¢~-1}, and define t* by

t*=the first »n such that v¥(z*)=d(z,), then (z*, t¥)A¥§. Since for each n
(0=n=N), v¥(z*) does not depend on the history (z,, po, z1, P1, ***, Pa-1) but only on
zn, 1* is a Markov stopping time, so that (z*, t*) is Markov. From (6) of Lemma
4.8, Lemma 4.9 and (5.6) we obtain

PETTu(f)]Z E*[u(f1)]—¢t =1,

which completes the proof.

COROLLARY 5.1. Let Conditions (C), (D), (E) and (F) be satisfled. For any p=P(Z)
and any €>0, then there exists a (P, e)-optimal Markov policy which is bounded

PrOOF. The corollary is direct from Theorem 4.3 and Theorem 5.1.

COROLLARY 5.2. Let Conditions (C), (D), (E) and (F) be satisfied. Then we have

(a) if {E’?N[u(f;N)]} converges uniformly on Z, for any p=P(Z) and >0, then
there exists a (p, g)-optimal Markov bounded policy,

(b)  if S is a finite set, for any p=P({0} XS) and any e>0, then there exists a
(p, e)-optimal Markov bounded policy,

(¢) if p=P(Z) has a finite support, for any ¢>0, then there exists a (p, )-optimal
Markov bounded policy.

PRrOOF. The corollary is direct from Corollary 4.2 and Theorem 5.1.

6. Examples.
ExampLE 1. (Additive process)
n-1
8Gm, Py Zmers 05 205 AZD)= T 1a(Sn Py Sar)+d(z),
where each r, is bounded Borel measurable on /"X S and d bounded Borel measurable
on Z. It is clear that in this example g is recursive and monotone, and satisfies
Condition (B2) and (F). Let X:,::i‘; vt and let X;;::ilr,;, where a*=max (a, 0) and
= =0

a-=max (—a, 0), then we have
6.1 220, po, 21, -+, Zn; d(2)=X,— X1 +d(z5) .

For any stopping time t=C(x) we have from (6.1) and the boundedness of d that for
n<t,
g(zo, po, 21, =+, Zn; A Z— X! +d(z)Z=— X! —K

for some positive K, so that

(6.2) Swm(g(zo, Do 2, 5 Zn; d(zn)))'deég o, XidestKP™{t>n} .

>

We assume that
(6.3 suI}E“[sup Xp]<+Foo.

zell
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It is easily checked that (6.3) implies Condition (Bl). We next show that Condition
(E) also follows from (6.3). Suppose that E*[g(zo, po, 21, ==+, 2:; d(z,)) ] —o0. Since
(B1) holds, then E~[g(z,, po, 21, -+, 2:; d(z,))] is finite. By (6.3) EF[X,] is finite, so
that E~[X/] is also finite. Hence from (6.2) it follows that Condition (E) holds true.

By the following we shall give several typical cases for which (6.3) is satisfied.

Case 1. (Discounted dynamic programming) r,=f8*'r for all %k and d(z,)=
5"7'd’(sn), where r is bounded and 0=j83<1.

Case 2. (Negative dynamic programming) »,<0 for all & and d=0.

Case 3. (Terminal control problem) »,=0 for all %.

Case 4. (Statistical sequential analysis in the case when control actions are in-

volved) r,=r,—c for all k, where r;=0, ¢>0 and zse%B'Ez[S:p(kéri)]<+oo' ¢ is
interpreted as a sampling cost.

PROPOSITION 6.1. Let Condition (B2) be satisfied. Assum that theve exists an integer
N such that for every m, {(g(zo, Do, 21, **+, Zn; d(22)))7} is nondecreasing in n=N almost
surely (P*). Then Conditions (Bl) and (E) hold true.

Proor. It is clear that (Bl) follows from two assumptions given in the proposi-
tion.

Suppose that E*[g(z,, po, 21, ==+, z;; d(z,))]>—co. Then from (Bl), E~[g(z,, p., 21,
-+, z;; d(z))] is finite. Since again from (Bl), E*[(g(z,, Do, 21, =, 2;; d(2,)))*] is finite,
E~[{g(z,, po, 21, -+, 2,; d(2,)))7] is finite. For n=N, if t>n then (g(z,, po, 21, =, 2a;
d(z,)"=(g(z,, Do, 21, =+, 2z,; d(z,)))” almost surely (P*). Hence we have

6.9 0= (ala, pu 21, 205 d(za)des

{t>n}
§S (g(zo, po, 21, =+, 215 d(2)) de,
{t>n}
for n=N. Since E*[(g(zy, Do, 21, ***, 2:; d(2,)))"] is finite, from (6.4) we get

lim lnfS (g(zl)v pﬂy 21yttt Zn; d(zn)))‘de,rz(),
n-—~+o0 n}

(>

which completes the proof.
ExAMPLE 2. (Additive process)

n-1
9(zm, Pmy Zmats 5 Zns d(zn))szEm 71(Se, D> Sper)Fd(2z2),

where all components are Borel measurable and

(6.5) ry=rp—ak?, k=1,2, -, (a>0)
(6.6) 0=r. =M, k=1,2, -, (0<M<+4o0)
and

6.7 [d|SL (0<L<4c0).

It is clear that Condition (B2) is satisfied. We have from (6.5), (6.6) and (6.7) that
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2(z0, bo 21y 5 20 A@)EnMA-L—a(1P+2°+ -+ +(n—1)).

Choose N so that
(n+1DM+2L <an?® for all n=N,

then we have
g<20y Pn; Zyy s Znsis d<zn+1))
<g(2m ,b()y 21,y Zn, d(2n)><0
, za; d(2,))"} is increasing in n=N-+1. Hence

for all n=N-+1,

which implies that {(g(z,, po, 21, *
from Proposition 6.1, Conditions (B1) and (E) turn out to hold.

ExAMPLE 3. (Multiplicative process)

n-1
g(zmy Pmr Zm+1s 7 Zas d(zn)): H 7k(sk; Des Slz+1)d(zn) »
k=m

where all components are Borel measurable and

(68) Oérkél ’ k:]-y 2; 3’ ]
6.9 ldI=L (0<L<H00).
Trivially
ig(zﬂy p(b 2y, "ty Zns d(zn))lél/ for all n.

Then it follows that

0= (@G0, po 2, 203 d@)) desSLP= {t>n).
Hence Condition (E) holds. It is clear that all other conditions are satisfied.
ExAMPLE 4. (Multiplicative additive process)

g(zm, Pms Zm+1, ** s Zn; d(zn))

Jj n-1
kgnrk(sk; D Sk+1)+k1=—¥17‘k(5k, D, Se+0d(z5),

1
-

n

it

J

where all components are Borel measurable, accompanied with (6.8) and (6.9).
Trivially
Oé(g(zo, Po, 2yt Zn d(zn)))_éla for all n.

Then we can see in the same way as Example 3 that Condition (E) holds. All other

conditions are also satisfied.
In the following examples we can easily check that all conditions are satisfied.

ExaMpPLE 5. (Divided additive process)
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g(zm: Dwm, Zm+1y ", Zns d(zn))

=h(n(Sm, b, sm+l>)+k"z_:2 AT as(Sers, P Shes))

- 1L 7(sj, Pjy Sj+1)

Jj=m

d(z,)

n—1 ’
IL 7i(sj, by, sjsr)
i=m

+

where all components r; are Borel measurable, i and d bounded Borel measurable and

(6.10) for some constant K>1, ;=K for all j.

EXAMPLE 6. (Exponential additive process)
n-1 J
g(Zm, Pmy Zms1y 0y Zns d<27l)):j_21nrj(sjy D 3j+1) €exXp [u_kg_r“n l'k(sk; Dis 5k+1>:|

+d(z,) exp [_:gvk(sky Dis Ser)],

where all components r; and v, are Borel measurable, d bounded Borel measurable
and

(6.11) for some positive K, v,=>K, for all %,
(6.12) r;=r;—r}, v;=0 and 7= for all j,
(6.13) for some positive K,, 0=r; <K, for all ;.

These examples cited above are typical in the non-stationary DP-problems, never-
theless somewhat restrictive in contrast with our general formulation which was
intended so as to include a broad class of the DP-problems. Namely, in every ex-
ample, g has a regularity of its form even if the stage-wise reward is not stationary.
Such a regularity is not requisite for the principle of optimality. In reality we can
give some mixed types of above examples which keep all of conditions required.
But in this paper we shall not illustrate the details.
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