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    1. Introduction. 

   In the previous paper  [7], the author has treated non-stationary Markov decision 

processes associated with optimal choice of stopping times and studied, in connection 
with the Markov potential theory, a functional equation satisfied by an optimal return, 
the so-called optimality equation. 

   The purpose of the present paper is to give some theoretical foundations the 

previous one [7] based on for its whole part. In this paper non-stationary Markov 
decision processes with generalized utilities are formulated in the form of the gambl
ing theory in the sense of Dubins and Savage [5]. The optimization is made with 
respect to a pair of policy and stopping time. In Section 2 we shall prepare the 

probabilistic definitions and notations which will be used throughout the paper. In 
Section 3 we shall give the reduction of the fortune space. In Section 4, under the 
assumption that the utility function is recursive and monotone, we shall show the 
existence of a (15, s)-optimal bounded pair of policy and stopping time and the ex
istence of a bounded pair which is (p, e)-optimal. Section 4 will be also concerned 
with the case of finite horizon. In Section 5 we shall prove under some additional 
assumptions that there exists a Markov bounded pair which is (p, 6)-optimal. Section 
6 gives several examples of recursive and monotone utility functions which satisfy 
all of the conditions required in this paper. 

   We like to close this section with ref ering to the work of Furukawa and Iwa

moto [9] in which the utility function has been generalized but the authors had no 
concern with the stopping rules.

   2. Preliminaries. 

   In this section we shall devolope the basic notation and definitions to be used 
throughout the paper. 

   First we shall give general probabilistic notation and definitions following closely 

those of [2]. By a Borel set we mean a Borel subset of some Polish space. By a
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probability measure on a non-empty Borel set X we mean a countably additive pro
bability measure defined on the Borel a-field of X, and the set of all probability 
measures on X is denoted by P(X). For any non-empty Borel sets X, Y, Q(Y I X) is 

the set of all regular conditional probability measures q(+). For any non-empty 

Borel set X, let B(X) denote the set of all real-valued Borel measurable functions on 

X. For any pEP(X), uEB(X), pu denotes the integral of u with respect to p, sup

posing that the integral is well-defined. For any u E B(Xx Y), where Xx Y is the 
cartesian product of X and Y, and any qQ(17 I X), qu denotes the element of B(X) 

whose value at xoEX is given by 

                     qu(x0) = .f u(x0, Y)clq(Y( x0) , 
supposing that the integral is well-defined. We can extend the above notation in an 

obvious way to a finite or countable sequence of non-empty Borel sets. The details 

are omitted. 
   For any non-empty Borel sets X, Y, and any non-empty Borel subset F of XX Y, 

let F(x) denote the x-section of F. For any non-empty Borel set F in Xx Y such that 

F(x)# 2) for all x E X, Q({F(x)} I X) denotes the set of all elements of Q(Y1 X) satisfy

ing that q(F(x)1 x)=1 for all xE X, supposing that Q({F(x)} IX) is not empty. In 

general, for any non-empty Borel sets X1, X2, •-• , X.+1, and any non-empty Borel subset 
F of X„ x X,,+, such that F(x.)# 0 for all xn E X., Q({r(x.)} I XIX X2x • • • X.) denotes 

the set of all elements of Q(X.-f-iI X1x X2 x ••X X.) satisfying that q(F(x x1, x2, • • • , x.) 
=1 for all (x1, x2, ••• , x.)EX1XX2X ••• XX.. 

   For any non-empty Borel set X, *a-algebra on P(X) is the smallest a-field of sub

sets of P(X) which makes p(B) measurable in pEP(X) for every Borel subset B of 

X. Then P(X) is a Borel set, and *a-algebra on P(X) the a-field of its Borel sub
sets ([4]). 

   Next we shall give the notation and definitions peculiar to our decision problem . 
Our decision problem is specified by four elements, F, F, g and d. The set of fortunes 

F is the cartesian product of N, S and R, where the time space N is the set of all 

nonnegative integers, the set of states S of some system is a non-empty Borel set , 
and R is the space of real numbers. We may interpret R, for instance, the space of 

moneys we get. We shall denote the cartesian product of N and S by Z=NxS . 
The set of all subsets of N and the a-field of Borel subsets of S are denoted by gN 

and gs, respectively. gz denotes the product a-field of gN and gs . The gambling 
house F is a subset of FxP(Z) such that f(f)# 0 for all fEF . We think of P(f) 
as the set of gambles available to us at f. g is a real-valued Borel measurable func

tion defined on the set U [Zo X P(Z1) X Zi X P(Z2) X ••• X Z„ XR], where Z=Z for i=0 , 
                                  n=0 

endowing P(Z) with *a-algebra, and is assumed to satisfy that g(zo; c)=c for all 

z0 E Z and all cER. We interpret, for each n, the restriction of g on the set Zox 
P(Zi)xZix ••• XZ,,XR as the reward function over (n+1) stages. From this interpreta

tion we shall call g the generalized reward function. We shall impose some condi

tions on the range and integral of g (Condition (B)), and assume, later on , that g has 
some properties peculiar to the class of dynamic programming problems (Condi
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tion (C) and (D)). The terminal reward function d is a bounded Borel measurable 
function defined on Z. 

    Let  fn=(zn, en), where znEZ and c„ER, be a generic element of fortunes at the 
n-th stage. In this paper we shall assume fn is of the form : fn=-(zn, g(zo, Po, z1, p1, 
••• , zn ; 0)), where {p,„ p1, ••• pn_i} is the sequence of gambles we have chosen succes
sively up to the (n —1)-th stage. When we observe the current fortune fn.,: 

(zn, g(zo, Po, z1, pi, ••• , z„; 0)) at the n-th stage, we may either stop at fn or take a 
gamble pn from C(f.). If we stop at f n, then we get an output g(zo, Po, zi, Pi, ••• 
z„ ; d(z.)), and if we take pn, then we move to a new fortune fn+1=--(Zni-iy g(zo, P0, 2'1, Pi, 
••• , P., z.+1 : 0)) according to the probability measure extended from p„ onto (•, g(zo, 
Po, p1 • • pn, ; 0))• 

   Let gF=g9,x_Bi be the product a-field on F, where .B1 the Borel a-field of R. 
Throughout this paper we shall impose the following condition on the gambling 

house. 
   CONDITION (A). 

   (Al) P(z, -Az, c') for all zEZ, all cR and all c' R, 
   (A2) r(n)CSXRXP(In+11 XS) for all nEN, where P(n) denotes the n-section 

of P and P({n±1} x S) denotes the set IpEP(Z)Ip({n+1} xS)-=1}, 

   (A3) P is measurable, i. e., 
      (a) PE.B,><E, where 2' is the *a-algebra on P(Z), 

      (b) there exists a Borel Selector of P from F into P(Z). 
In the above condition, (Al) is very natural for the dynamic programming problems, 
and (A2) implies that any choice of a gamble from 17(n) enables the time to move to 

(71+1) almost surely, wherever other components of the fortune move to. The con
cept of measurability of the gambling house stated in (A3) is very similar to that of 
Strauch ([151), but not completely same as it. In his definition the measurable gambl
ing house needs to be leavable. In our case, however, the leavability condition for 
P contradicts the condition (A2). If we consider a modified leavability condition : 

   (b)' 8({n±1, s, c})EP(n, s, c) for all nEN, all sES, all cER, then it is clear 
that (b)' implies (b) and does not contradict (A2). 

   Let 1-1------FxP(Z)xFxP(Z)x ••• be the set of all histories i;(ffand 
                                          rwr•••^ 

1-7„=FxP(Z)xFxP(Z)x ••• xF (2n +1 factors) the set of all partial histories fin= 
                                                                                                  -1 (f,, PO, f', p', ••• , fn).Apolicy 7r overHis a sequence fr0,r, IC2, } where each 

7rn e Q(P(Z)11171). A policy 7r over H is called available in P, if each 7c. E Q({Afu)} 
i. e.,for each n, 7z7n(P(f 0)1110=1 for all h n E fin. A policy over H defined as above 
may be called a family of random strategies, following Strauch's definition ([15]). 

   For each (zo, po, Z1, Pi, zn) and any peP(Z), let Y denote the function 
(z, g(zo, Po, z1i ••• zn, p, z ; 0)) of z. Define the extension of p to F by 15(E)=--P(1-1(E)) 
for every EEgF. Then /3 is well-defined since Y is Borel measurable in z. For each 
aeP(P(Z)), define the extension of a to P(F) by ii(B)=0.{pEP(Z); 13EB} for every 
Borel subset B of P(F) endowed with *a-algebra, where 15 is the extension of p de
fined above. Then a is well-defined because of the definition of the *a-algebra. Let 
7 be an arbitrary policy available in P. For each n and each (f0, po, f1, ••• , f,,), then, 
let the extension of 7(1/f                    —n‘•0, r0,1, fn) to P(F) in the above sense be -;;:.(• jf0, Po, fl,
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• • • , f 0. Let Fr" denote the sequence fFfff•1":7                                       0,-17I2, • We call the extension of 7r to 
P(F). 
   Letdenote the a-field generated by Borel cylindrical sets on H. A mapping 

t from H into NU} +001 is called a stopping time with respect to {g „} , if 11; 
t(1)=n1E(.3" „ for n=0, 1, 2, ••• . A stopping time t(w. r. t.IgnI) is called associated 
with 7T, if Molt < +001=1 for all foEF, where PI, is the probability measure on H 
induced from the extension Fr" of IT to P(F) given fo. Let C(7r) denote the set of all 
stopping times (w.r.t. 0'0) associated with 7r. A pair (7r, t) is called a stopped policy 
over fl available in P, if 7r is a policy over H available in F and tEC(7r). Denote 

the set of all stopped policies over H available in P by -11P. Let us recall the fortune 

f (z ; g(zo, po, zi, Pi, ••• , z„ ; 0)). Define the utility of f„ by the output of it, i. e., 
u(f„)=g(zo, Po, zi, Pi, •-• , zi, ; d(z„)). Thus the utility has turned out to be given as 
a function from fortunes to real numbers like in other literatures. Let E' be the 
expectation operator under the extension it of it to P(F). Our optimization problem, 

then, is to maximize EiTil(f 01 in 111' (Note that E'Cu(f 01 is a function of the initial 
fortune). 
   Throughout this paper the following conditions remain valid. 

   CONDITION (B). 

   (B1) supE'Esup (g(zo,Po, Z1, ••• , 2-72; d(z.)))+]<+00, 
                available in r 

where a+=max (a, 0) and Er denotes the expectation operator under 77. 

   (B2) For each n and each bounded wEB(Z), 
g(zo, Po, z1, , z„; w(z„)) is bounded on [xi-Tx ••• xixZ. 

    Let 1/.=--ZxP(Z)xZxP(Z)x ••• be the set of all sequences h=(zo, po, zi, p1, •••), 
and H„=ZxP(Z) X ZxP(Z) X • X Z(2n +1 factors) the set of all finite sequences h „= 

(zo, po, zi, pi, ••• , zo of length 2n +1. 117, is considered as the set of finite sequences 
obtained by deleting the memories of the third component of fortune from ft n, i. e., 
117, is the space of the time, state and gamble which we have had. A policy 7r over 
H is a sequence f770,Tt1,-2,• •/where each 7r„EQ(P(Z)11-1„). Denote the section of 

                                                                                                                            • P at c=0 by F. A policy 7r over His called available in F, if each 77n Q({Rzo} 1110. 
Let Hr denote the set of all policies over H which are available in F. For any 

7reHr, let n7r-= {7r +1, 7Cn+2, •••1 denote the policy which 7: defines from the (n +1)-th 
stage onward. 

   Let Fn denote the a-field generated by Borel cylindrical sets on Hn. A mapping 

t from H into NU {-Foo} is called a stopping time with respect to {g„} , if {h EH; 
t(h)=n} Egn , for n=0, 1, 2, ••• . For any policy 7r over H, a stopping time (w. r. t. 

{g.}) is called associated with 7r, if PZ ft <-1-001,1 for all zoE Z, where /374 is the 

probability measure on H induced from 77 given zo. For any policy 7r over H, let 
C(7r) denote the set of all stopping times (w. r. t. {gn}) associated with 7.r. Let A"= 
{(7r, t)17-rEHT, tEC(71-)}. A pair (IT, OE Ar is called a stopped policy over H available 
in I. 

    A policy 7r over H is called Markov, if for each n, there is a Borel measurable 
function son from Z into P(Z) such that 7r„(• Izo, Pop Z1, ••• z.)-----a(cp.(z.)), and a Markov 
policy is denoted by fo                          ,70, 7-1, 7-2, • • •J • Thus, if a Markov policy foI over                                                                                                            0,7-1,2 2, 

H is available in F, then for each n, yon(z)Er(z) for all zE Z. Let SC„ denote the a
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field generated by the family of all sets  {hcH; zocEo, z1 E1i ••• , znE E.} with 
      i=0, 1, •-• , 71. Let gn denote the family of all sets {hEH; ZnEE.} with 

EnEgz. A stopping time t(w. r. t. {g„}) is called Markov, if for each n�0, {t=n} 
 c9C.„, and for each 12�-1, It=n1=It>71-11 n47, for some 4nEgn. A stopped policy 

(7c, t) over H is called Markov, if ir and t are both Markov. A stopped policy 
  t) is called bounded, if there exists a nonnegative integer N such that PZ It �N} 

=1 for all z0EZ. 
   For any 7r E let e, denote the element of Q(P(Z)x Zx P(Z)x Zx • I Z) induced 

from ir, and E' the expectation operator with respect to e-. For any pGP(z) and 
s>0, (2r*, t*) AI' is called (p, s)-optimal, if PIE'Tu(ft.)]-=-E'Cu(ft)i-61 -=1 for all 

  t)EAr, and (p, s)-optimal if P(E'Tu(f t.)1)>=P(E'rn(f t)i) s for all (7r, OE Av.

   3. Stopped policies over H are enough. 

   In this section we shall show that a stopped policy over H can be replaced by 
a stopped policy over H which is equivalent to it. 

   Let us recall I" is the section of at c=0. Then the following proposition is 
direct from Condition (A). 

   PROPOSITION 3.1. 

  ( i ) ItZx P(Z), 
  (ii) r(n)CSxP(In+11xS) for all n EN, 

   (iii) r is measurable, i. e., 
      (a) rEgzxx, 

      (b) there exists a Borel Selector of from Z into P(Z). 
   THEOREM 3.1 For each (2r, t)eiii, there exists (0, r) 11r such that 

(3.1)E'Tu(ft)i---E'Eu(f,-)1, 

where Ft is the extension of 7r to P(F). 
   PROOF. Let h denote the infinite sequence (z„ g(zo; 0),                                                     0, Z1, g(zo, P., zi; 0), Pi, 

  , zn, g(zo, Po, z1,••• , z.; pn, where each znEZ and each pneP(z). Evidently 
hE1-7. Let gn denote the a-field generated by the family of sets {ii; zoEE0, PoEPo, 

              ••• , znEE.} with EiEg, and with piET, i=0, 1, ••• , n. 
   First we shall show that for each set An E J n we can choose a set AnEg n such 

that AflcA„ and PZ(À.)-=PA(A.) for all zoEZ. It sufficies to show that we can 
choose such set for each element generating gn. Let An be a set Erl; zoEE0, 
coEF0, PoEP0, ••• , znEEn, cnEF.} where EiEgz, FiEgi (i= 
0, 1, ••• , n), piEf (i=0, 1, ••• , n-1). Let K be the set friEli; ci#g(zo, Po, z1, p1, ••• , 
zi, 0) for some i (0�i�n), then K is a Borel set since the graph of g is Borel. 
Evidently P4(K)=0 for all zoEZ from the definition of 7r. Since g is Borel measur
able, we can choose a Borel subsetof H„ so that Annicc=; (zo, P., z1,••• , Z.) 

  Eand co=g(zo;0), ci=g(zo, po, z1;0), ••• , cn=g(zo, Po, z1, •-• , z.; 0)1. Let A.= 
;4.nicc, then An works. 

   If we let IA be the indicator function of h, the expectation of the utility can be 
expressed as follows :
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(3.2)r[u(ft)1-= E E'ru(fn)Ift=nli. 
                                                              n=0 

By the above assertion, for each n choose a set AnE 7, such that Anc ft =n} and 

P4(1t=n1)=P:,(An) for all zoEZ. Then it follows from (3.2) that 

                     E'Tu(f 01= E'D4(fn)I:i7,1. 
                                                               n=0 

Define a stopping timeIbyfi=n}.---A„ for n-=0, 1, 2, ••• , and define a stopping time 
r by r(h)=1(ii),1.e., 7(Z0,Po, Z1, Pa, ••• zn, P., •••)=I(zo. g(zo; 0), Po, zi, g(zo, Po, z1; 0)), 
••• , Z, , g(zo, Po, Z1, pi, ••• , Zn ; 0), P., Then it is easy to show that 

                    IhEH ; r(h)-=n1 , n=0, 1, 2, ••• 

                       PZ {7 < CC} -•=1 for all z0EZ, 
and 

(3.3)E'l[u(ft)]=E7Tu(fr)]. 

   We next define 07, as follows : 

         0,,(. 14, )o, Zly pi, ••• , I ZO, g(Z0 ; 0), PO, Z2, g(ZO, PO, Z1 ; 0), Pa, 

                                        ••• , zn, g(zo, PO, z1, p1, ••• Zn; 0)) • 

Then for each BEE, 07,(B1•) is Borel measurable, because g is Borel measurable. 
Since jr is available in f', it follows that 07,EQ({r(z.)} W.) from Condition (Al). 
Putting 0=(00, 01, 02, •..), 0 becomes a policy over H available in r which satisfies 

(3.4)E'Cu(ft)1=Ecilt(ft)1 • 

Combining (3.3) and (3.4) leads to (3.1). Evidently (0, r)c Ar . This completes the 

proof. 
   By virtue of the above theorem, we have only to consider the stopped policies 
over H as far as we are concerned with the optimization problem defined in Section 
2. Hence we shall restrict ourselves to the family of the stopped policies over H in 
the subsequent sections, and we shall omit the term "over H".

   4. (p, 0-optimal and (p, r)optimal stopped policies. 

   In this section we shall show that under some conditions there exist a (p, E ) 
optimal stopped policy and a (fi, r)-optimal stopped policy both of which are bounded. 
We shall also give some results in the case of finite stage. 

   Let N be an arbitrary fixed positive integer, and let XN=P(Z)xZxP(Z)xZx •• 
xZ (2N factors). A generic element of XN will be denoted by (po,z                                                                                                                      0,-1,1,-2, • • • 

PN-ly ZN). Let I* be the *a-algebra on P(XN). 
   Let HT, denote the set of all initial subsequences firr                                                             ,--o,--1, 7N-11 of length N 

of policies available in 1-1, and Wfs; the set of all (z, v)EZxP(XN) for which there



Nearly optimal policies and stopping times95

exists a  rEIg; such that v=e,(z), where e,r(z) means the probability measure on XN 
induced from r given z. 

   LEMMA 4.1. WC, E Qz x E*. 

   PROOF. The lemma will be proved along the same line as Lemma 1 of [15] by 
making use of a Borel Selector of r. 

   For any vEP(XN), we have a factorization v=vovi ••• V2N-i such that 

          E P(P(Z)) 

          v2,,E Q(P(Z)I P(Z)x Zx P(Z)x • • • x (2n factors), 

          1)2n+iE Q(ZI P(Z) x Zx P(Z) x ••• x P(Z)) (2n +1 factors). 

First we shall prove that (z, E VT7j; if and only if (i) vo(r(z))=1 and vi(• I P0)=-P0 a. s. 

(1)), and (ii) v2.(r(z.) I po, z1, ••• , zn)=1 for all (p0, Of z1/ ••• 'On) and v(•Iz                                                                                       2n+1.•o,Pi, • • • 
pn)=Pn a. s. (V) (n.�1). It sufficies to prove the "if" part, since the "only if" part is 
trivial. Let (zo, 1)) satisfy both of (i) and (ii). Define a mapping r* from Z into 
P(P(Z)) by 

                            vo if z=z0 
                       r*(z)= 

                              a(z) if Z*Zo, 

where a is a Borel Selector of r assured in Proposition 3.1. Then r*G Q({r(z)} I Z), 
since vo satisfies (i) and Z is a Tr-space. Let 7*,----fr*, V2/ 7)41 ••• 1)2(N-1)}, then it fol
lows that 7r*ElIC from (ii) and the above result on r*. Evidently v=e,,(z0). Hence 

(zo, 
   Denote the probability measures on (h                                                •", zn) and on ( bzb                                                                                                              0,-1/p1, ••• ; 
induced from v by v(Po, z1i p1, zn) and (I)                                             z1, p1, ••• P.), respectively. The con
dition (i) is equivalent to that for all bounded OE B(X1) 

(4.2) .f x195(Po, zi)dv(Po,2.1)=.(J.z(Po, Zi)dPo(Zi)]dl)(Po) 
and the condition (ii) equivalent to that for all bounded OE B(Xn+1) 

(4.2)Xn+19i(P0,pn, zn,i)d2-(p0,z1, Pi, •••pn,zn+1) 

           = 

               [(zn, Pn)ErbZ0nn + 1n                             0(p,z p, •••pz)dp(n+1z 

                   dv(P0, zi, ••• , z., P.), (n�.1). 

Each integral in (4.1) and (4.2) is a Borel measurable function of z and v by virtue 

of Proposition 3.1, (iii)-(a) and Theorem 2.2 of [4]. Since for each n�0, the Borel 
a-field on xn±i is countably generated, we can choose a sequence 10.1,1,2... of 
bounded Borel measurable functions on Xn+1 such that if it, v E P(Xn+1) and ilk v, 
then 

                   .fx n+iOnidi)
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for some j�1. For each m�1, let Won, be the set of all (z, 1)) such that (4.1) holds 

for 0.---95,„, and for each n�1, m�1, Wni„ the set of all (z, v) such that (4.2) holds 

for 0—¢„. Then we have 

                                                    N-1 os 

                            w,C=n (1w... 
                                                                  n=0 7n=i 

Hence WC is Borel, as each W„„, is Borel. This completes the proof. 
   LEMMA 4.2. The z-section WC(z) of WC is not empty for all zEZ. 
   PROOF. Take a Borel Selector a of F, and let i-2-= {a, a, ••• , a}. Evidently fcE 

H and e;,(z)EP(XN) for all zEZ, which completes the proof. 
   We shall now introduce into the generalized reward function g two important 

properties, namely, a recursiveness and a monotonicity, whicn can be jointly considered 
as a characterization of the dynamic programming structure. These properties play 
an important role leading us to "the principle of optimality" of R. Bellman, as it is 
seen in the paper [10]. 

   CONDITION (C). g is recursive, i. e., for any policy n available in F, any i, m and 
n such that 0�i<m�n, and any bounded wEB(Hn+0, it holds that 

         Em-ln[g(zi, pi, zi,i, ••• , Zn+1 ; iv(hn+1))1 

            =g(zi , pi, zi+i, ••• , zm; Em-17[g(z„„ pm, zm+i, ••• , zn+i; w(h.+0)i) 

                                                  a. s. (Pa). 

   CONDITION (D). g is monotone, i. e., for any n_�0 and any u, vEB(H.+0, it holds 
that u(hn+0<v(h.+1) implies g(zn, P., zn+1;u(hn+0)8-(z., pn, zn+1 ; v(hn+i)), where in 
the second statement (z., p,, z.+1) is the final subsequence of hn+1. 

   For each N�0 and any 7rErg, let us define a finite sequence of random variables 

{r,N; (7) 0<n �N} by backward induction : 

             v;Y(7r)(h.)=max [d(z.), n-nPnezn, Ion, zn+1; vid-1(7)(hn+1))] 

(4.3)n=0, 1, ••• , N-1, 

             vR7)(zN)=---d(z N) 

Note that for each n, 741(7r) depends only on {7., 7.+1, ••• , 7N-11 among all components 
of 7r and for each 77, v;)T(n-) is a Borel measurable function of h.. 

   Now let 
                     vN*(z)= sup v0(7r)(z), zEZ, 

                                  7,E4 

for Ar=0, 1, 2, •••. Under Condition (B1), it turns out that vN*< +co , which we shall 
prove in Proposition 4.1. 

   The following lemma is a slight modification of Theorem 2.2 of [4]. 
   LEMMA 4.3. Let w be a bounded Borel measurable function defined on TX Z. Then 

pw is Borel measurable on r. 
   For any vEP(XN), let v                           0 1 • V2N-1 be the factorization as stated immediately 

after Lemma 4.1, and define a finite sequence of random variables {v7T(v); 0<n <N} 
by backward induction :
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 v),`[(v)(1/7,)=max [d(z.), 1)27,1)2.+ig(z., v2n+1, zn+1; 141,-1(1))(hn+1))1 

(4.4)n=0, 1, ••• , N-1, 

             v.Y,(1))(z.N)=d(z 

   LEMMA 4.4. Let Condition (C) be satisfied. Then for each N, vN* is absolutely 

measurable in z. 
   PROOF. Let D(z, v)==vgv)(z), and let 

                 B2=-Tnn{(z, v)EZxP(XN)113(z, v)>21. 

Then for each real A, BA is Borel from Condition (C), Lemma 4.1 and Lemma 4.3. By 

Lemma 4.2 we have 
                      vN*(z)= sup D(z, v), zEZ. 

                                           vElVr(z) 
Let 
                           C2= {ZE ZIVN*(Z)> , 

then it is easy to check that CA is equal to the projection of BA into Z. Since BA is 
Borel, C2 is analytic and so absolutely measurable. 

   THEOREM 4.1. Let Condition (C) be satisfied. Then for each N, any pEP(Z) and 
any e >0, there exists a policy frElIC, such that 

                             p{vgii-)>vN*--e} =1. 

   PROOF. The proof follows the same line as in Theorem 8.1 of [14] by making 
use of a Borel Selector of r. From Lemma 4.4, we can choose a Borel set KicZ and 
a Borel measurable function vo on Z such that P(K1)--=0 and vo(z)=--vN*(z) for zE K1. 
Let 
           W€=W,Cni {(z, ZE K1, D(z, 0>vo(z)---EIU {(z, 

then W2 is Borel from Condition (C), Lemma 4.1 and Lemma 4.3. For each z, the z
section WE(z) of WE is not empty because of Lemma 4.2. The *G.-algebra on P(Z) 
coincides with the a-field generated by the weak-topology on P(Z). Hence P(Z) is 
a Polish space (cf. [13]). Similarly P(XN) is so. Then applying the absolutely meas
urable selection theorem by Mackey [12] (originally the analytic selection theorem 
by Von Neumann [17]), we can find a Borel set K2CZ and a Borel measurable map

ping co from Z into P(XN) such that p(K0-=0 and ya(z)e WE(z) for ZEE K2. Hence if 
ZEE K2, then there exists a policy ic'Ell,C such that e;(z)--=co(z). Let us define p by 

                  P(Blz)-=c0(z)(B) for zEZ, BEgxN , 

where BxN is the Borel a-field on XN. Then it follows that pEQ(XN 1Z) from the 
definition of (p. Hence we can factor p: 

                   p=popi -• • [t2N-1 , 
where 

            po Q(P(Z) I Z), 

             it2.Q(P(Z)I ZX P(Z)x • • • X Z) (2n +1 factors) 

             p2n-F1Q(ZIZx P(Z)x ••• xP(Z)) (2n +2 factors).
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Taking a Borel Selector a of F, define a policy  7*, which depends on the initial zo, by 

                                 {PO, it2, • • 1t2(N-1)}if .Zoe K2 
                      7,7*(Z0).= 

                      {a, a, ••• ,if Zo K2 • 

Then it is easy to show that 7r* EMT' . If z 0EE Kz, then 

                   V0 (7C*)(Z 0)=DCZ CO(Z 0))> V o(Z 0)— E= VN * 0)— . 

But P(KiUK2)=---0. Thus we have P{v6v(a-*)>vN*—s} =1, which completes the proof. 

   For each N�0 and any n-ElICT, define a finite sequence of random variables 

{/3`,Y(7); 0<n <N} by 

(4.5)13,T(7r)(h,i)=-g(hm; viY(7r)(h.)) , n=0, 1, ••• , N, 

where {7/7(7)} is defined in (4.3). 
   LEMMA 4.5. For each N�O, 130(70=4'W. 

   PROOF. From (4.5), p,i‘r (7)(z 0)= ez 0 ; veT (r)(z.)). From the assumption on g stated 
in Section 2, g(zo; v6v(7)(z0))=v6'(7)(z0). Hence the lemma follows. 

   LEMMA 4.6. Let Conditions (C) and (D) be satisfied. Then for each N�0 and any 
 E HN, {ig (7)} satisfies the recursive relations: 

(4.6)PiY(r)(h.)=---max [g(h.; d(zn)),r.P.P,17+1(r)(h.)1, n=0, 1, ••• , N-1,          g(
7)(hN)=g(hN; ZN)) • 

   PROOF. From Condition (D), it follows that max(g(h. ; a), g(h.;b))�-g(h.; max(a, b)) 
for any hflEH„ and any real numbers a, b. But the converse inequality is trivial. 
Hence we get 

(4.7)g(hiz; max (a, b))=max (g(h. ; a), g(hn; b)) 

for any hnEHn and any real numbers a, b. For each n (0�n�N-1), we get from 

(4.3), (4.7) and Condition (C) that 

        g(hn; il(r))=g(h.; max [d(zn), rnPnezn, pn, zn+1; V`717-1-1(70)1) 

                 =max [g(hn; d(zn)), g(h.; znPng(zny pn, zn+1; 11+1(7)))] 

                  =max [g(hii; d(zn), rnP.2-(h.+1; v;T-1-1(7))] • 

Substituting (4.5) into (4.8) leads to 

                  ig(r)=max Eg(h.; d(zn)), rnPni37 +1(7r)J • 

For n=N, we get from (4.3) and (4.5) that 

                   g(r)=g(hN; vi'v(70)•=g(h N C1( Z ND • 

This completes the proof. 
   Let CN(7r) denote the set of all stopping times t EC(7r) for which PZ ({t �N}),1 

for all zo E Z. 
   DEFINITION 4.1. For any rETIr , a stopping time tCN(7r) is called ar-regular
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 (w.  r. t. {i32'(7)}), if for all n=0, 1, ••., N it holds that 

(4.9)En-17t[i(3iv(z)]._13g7r) a. s. (eg on ft >nl. 

   The above definition is a modification of the "regularity" given by Chow and 
Robbins ([3]). 

   Now, for each N and any 7rE17, we define 

(4.10)7N(7)=the first n�0 such that v“7r):=d(z.) • 

Note that (7r, z-N(70) is bounded by N, since vR7r)-=c1(zN). 
   LEMMA 4.7. Let Condition (C) be satisfied. For each N and any 7rEl1C, then, rN(Ir) 

is 7r-regular w. r. t. {ig(z)}. 
   PROOF. From (4.3), (4.5) and Condition (C) it follows that 

           .v(7)> n vg7r)> d(zn.) 

                     v;r(7r)=7r,iNg(zii, pn, v+1(20) 

                      g(h,,; vg7r)),g(h.; 7r,,Png(ziz, p,, z.+1; v`,Y,-1(7r))) 

                      SinsT(7r):=7.P.48+1(7r) • 

That is, {P;T(7r)} and rN(7r) satisfy (3.4) in [8]. Further it is trivial that they satisfy 

(3.5) in [8], because {/32„)r(7r)} is a finite sequence. Hence it follows from Lemma 3.2 
of [8] that z-N(7r) is 7r-regular w. r. t. WW1, which completes the proof. 

   In the subsequent arguments if there is no fear of confusion, we shall write 
as VN. 
   LEMMA 4.8. Let Conditions (C) and (D) be satisfied. For each N and any 7r.11Cr, 
then, we have 

  (a)Er[igN(7r)].E'CAR7r)] for all tECN(7) 

   (b)E'ru(f-,N)1=-- sup Eill(ft)] • 
                                       tEcNor, 

   PROOF. (a) From (4.6) we have 

                   En-1n[A,T+1(70]-13,T(7r), n=0, 1, ••• , N. 

The above inequalities mean that {3,T(7r)} has the supermartingale properties under 
71. On the other hand WW1 satisfies obviously (3.8) in [8] for every t ECN (70. 
Hence it follows from Lemma 3.3 of [8] that 

               En-ln[iV(7r)]-�15,T(7t-) a. s. (e7;) on {t-1.1==n, t�_n} 

for every n�0 and every tECN(7r). This implies that {IS (7r)} and z-1,1 satisfy (3.2) in 

[8] for every tC14T(7-c). But Lemma 4.7 implies that (3.1) of [8] holds for WW1 
and z-N. Hence from Lemma 3.1 of [8] we get (a). 

   (b) By the relation that 

               rN=n v17(7r),----d(z7,) g(h7z; vg7r)).=g(h,L; d(z.)) 

                              132,r (70= g(hn ; d(z.)) ,
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we get 

               Er 13,Y,(7)1= E E'CN[(701{,N=nii 
                                                   n=o 

(4.11)= E Eig(h.; d(zn)). 
                                                   n=0 

                       =Eig(h7,; d(z7,0)]=E'[u(ri,N)]. 

(a) together with (4.11) implies that 

(4.12)E'[u(f-N)]---E'L^V(7)] for all t ECN(7) . 

From (4.6) obviously 

(4.13)ETIV(7)] ?--E'[g(ht ; d(zt))] 

                       = Tu(f t)] for all t ECN(7) . 

Combining (4.12) and (4.13) leads to 

                E'[u(fr iv)]>--E'[u(i t)] for all t ECN (70 . 

Since r ,^TCN(ir), however, it follows that 

                    Er[u(i,N)]= sup ET '[I(f t)] 
                                              LEON (7,) 

   LEMMA 4.9. Let Conditions (C), (D) be satisfied. For any 7rE17r then we have 

                     E'[u(f,N)]=E1TAYN(7r)]=v-A7r). 

   PROOF. The first equality has been shown in the proof of Lemma 4.8, (b). 
   By the same way as Lemma 5.4 we get 

                   E-EgNc1ra5  

But, the converse inequality follows from substituting in (a) of Lemma 4.8. 
Hence we obtain the second equality in the lemma. 

    We now return to the following proposition whose proof has been postponed. 
   PROPOSITION 4.1. Let Conditions (C) and (D) be satisfied. Then vN*<+00 for each N. 

    PROOF. By Lemma 4.8, Lemma 4.9 and Condition (B1) we get 

                 vN *= sup vA7r)= sup sup EITu(ft)] 
                             ir, E HI;rcE/47 tECN(r) 

                      sup EIT sup (u(f.))+1<+00 . 
                  „fir, ON 

    On the basis of the several results stated above, we can show the existence of a 

 (p, 6)-optimal bounded policy in the case of finite horizon. 
    THEOREM 4.2. Let Conditions (C) and (D) be satisfied. For each N, any pEP(Z) 

 and any e>0, then there exists a bounded policy (ft, i)EAK such that 

 (4.14)p{P[u(M]>Er[u(f0]—el =1 for all ('r, OE ACr ,
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where  ig:=  {GT, A rPVIt 5_-N1)=--1 for all zoGZ} 
   PROOF. By virtue of Theorem 4.1, for any pE P(Z) and E >0 there exists a policy 

 erg such that 

                        p {v3(fr)> vN*— s} =1, 

which implies from the definition of vN* that 

(4.15)plvgfc)> vgrc)— el =1 for all :r y . 

By Lemma 4.9 we can rewrite (4.15) as follows. 

(4.16) PIP[u(f,N(01> ErTu(f.,-Nc,r))1—  =1 for all 7r E17 . 

In (4.16), 7NUi-) and 7N(7r) mean the stopping times defined in (4.10), respectively, cor
responding to and r. By (b) of Lemma 4.8 and (4.16) we get 

          p{ViitEri N(01<E'Cu(f di— El =1 for all (7, /1;,: . 

Evidently (fc, N(t))E A. This completes the proof. 
   The following corollary is direct from Theorems 4.1 and 4.2. 

   COROLLARY 4.1. Let Conditions (C) and (D) be satisfied. Then for each N we have 

   (a) if there exists a policy 7r*E ITC such that 

(4.17)vA7c*)(z0)== sup vA7c)(zo), 

then it holds that 

(4.18)E'Tu(f,N(7,•)azo)= sup Eiuff tazo) 
                                                     (7,,t)-AC 

   (b) if there exists a policy 7r*E111; which satisfies (4.17) for all z,,EZ, then 
(7r*, 7N(7r*)) satisfies (4.18) for all z0EZ. 

   LEMMA 4.10. Let Conditions (C) and (D) be satisfied Let p be any element of P(Z) 
and s any positive number. For each N let (7:7 N, f,v) denote the bounded policy given by 

(4.14). Then without loss of generality we may assume that {E'N[u(f'i.N)]} is a non
decreasing sequence with p-probability one. 

    PROOF. The proof follows the same way as Lemma 5.5 of 581 so that omitted. 
    We now impose on g the following condition. 

    CONDITION (E) For any (77, 0EAr, if Eig(zo, Po, z1, •-• , zt ; c/(zt))]-00, then 

               lim inf S Eg(zo, Po, z1, ••• , z, ; d(z de;; =0 
                               {t>N} 

    LEMMA 4.11. Let Conditions (C), (D) and (E) be satisfied. Let p be any element of 

 P(Z) and s any positive number. Let (fr.N , TN) be as in Lemma 4.10. Then it holds that 

 (4.17) P {Um E'N[u(fq-N)]>=E'Eu(f t)1—s} =1 for every (7r, t)E Ar 

    PROOF. Suppose that E'[u(ft)]#--00. Letting tN=min (t, N), by Theorem 4.2 

 we get
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(4.18) u(ft)de,:=Eiu(ft)1.—.0u(ft)de         {t5.NIit>N1N 

 Iii(ft,)1-de, with p-prop. 1, 
                                                  ft>IVI 

for each N. From Condition (B1) and Lemma 4.10, lim PN[u(fN)] exists as a finite 

value with p-probability one. Hence letting N--.00 in (4.18), by Condition (E) we 
obtain (4.17). When Er[u(f —Do, (4.17) is trivially true. 

   THEOREM 4.3. Let Conditions (C), (D) and (E) be satisfied. For anp pEP(Z) and 
any s>0 then there exists a (15, s)-optimal stopped policy which is bounded. 

   PROOF. From Theorem 4.2, for each N there exists (fcN, 1N)E Al; such that 

           p{E'Nru(ftN)1>ECu(ft)l--f6}=-1 for all (x, OE AC . 

Hence from Lemma 4.11 it follows that 

           pf Ni N t N)1=_E'174(f 01 i}=1 for all (7r,Ar, 

which implies that 

           PTIn PNEu(ftN)1)>—P(E'ru(ft)1)--f for all (Tr, Ar 

By the theorem of monotone convergence we get 

(4.19)lim p(PNCu(ftN)1)>=P(EITu(f t)1)—1for all (7r,Ar  N2 

Since p(Eftiv[it(fiN)]) is nondecreasing in N, we can choose a sufficiently large No so 
that 

(4.20)Urn P(P N DA(f tN)i)2P(PNTu(fiN 

Combining (4.19) and (4.20) leads us to that (CN°, No) is (fi, s)-optimal bounded policy, 
which completes the proof. 

   The following corollary is an easy consequence of the above theorem. 
   COROLLARY 4.2. Let Conditions (C), (D) and (E) be satisfied. Then we have 

   (a) if {VivEtt(fi-N)11 converges uniformly on Z, for any pEP(Z) and any e>0 
then there exists a (p, s)-optimal bounded policy, 

  (b) if S is a finite set, for any pEP({0} xS) and any s>0 then there exists a 
(p, 0-optimal bounded policy, 

   (c) if pE P(Z) has a finite support, for any s >0 then there exists a (p, E)-optimal 
bounded policy.
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   5. Markov bounded policies. 

   In this section we shall show that for every bounded policy (7r, t) there exists a 
Markov bounded policy which (p,  E)-dominates (7r, t). This fact together with the 
results obtained in Section 4 will lead us to the existence of a (p, e)-optimal Markov 
bounded policy and of a (fi, s)-optimal Markov bounded policy under some conditions. 

   First we need to prepare two lemmas. 
   LEMMA 5.1. For any qEQ({r(z)} I Z), any bounded WE B(E) and any e >0, there is 

a Borel measurable function co from Z into P(Z) such that 

   (i) graph cacr, 
   (ii) q({pEF(z); w(z, p).<w(z, co(z))--FeHz)=1 for all zEZ. 

   PROOF. The proof follows same way as Lemma 3.2 of [6]. 
   LEMMA 5.2. Let 7C be any element of 111", p any element of P(Z), w any bounded 

element of B(T) and let s>0. For each n�0 then there exists a Borel measurable 

function yn from Z into P(Z) such that 

   (i) graph yoncr, 
         prropori--. rn_ipn_1tconw?-77,w —0 =1. 

   PROOF. We can prove the lemma in the same way as Lemma 6.3 of [8] by mak
ing use of Lemma 5.1. 

   Let 
                       LN= sup ,max 11 v;Y(7)11 

                                              ,,Enr 0,7-N 

for each N? 0, where 11.11 means the supremum norm. Note that by virtue of Condi

tion (B), LN has a finite value for each N. 

   We now impose on g one more condition. 

   CONDITION (F) For each N�1 there exists a positive number KN such that if 

rEHr, uEB(Z), and 720, then it holds that 

                r Ig(Z 
N, PN, ZN+1; UCZ N+1)± 72)1(h N) 

                  —ETN[g(ZN , Pti, ZN+1; U(ZN+1))1(hN)-5-_KN77 a. s. (e,). 

   THEOREM 5.1. Let Conditions (C), (D) and (F) be satisfied. Let (7r, t)E Ar be bounded 

by N. For any pEP(Z) and any e >0 then there exists a Markov (7r*, t*)E A satisfy
ing that 

                    P{E't[u(ft.)]>=Elu(f t)i—E} =1 . 

   PROOF. Let (7r, OE Af,'. Let r=s1(N-1). By Lemma 4.3 and Lemma 5.2 we can 

find a Borel measurable function CON-1, whose graph is a subset of F, satisfying that 

(5.1) pN_„ Z N ; d(Z N)) 

                     5_CON-1PN-1g(ZN-1, z,v; d(zN))+2-1K0K-1•-• KN„ 

                                            a. s. (P7oPoT1 ZN-2PN-2), 

where each Ki is defined in Condition (F). From (4.3), (5.1) and the remark under
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(4.3) we get 

(5.2) v1,_i(7)-=max [d(zN-i),-1,bN-1",Q.(                                            ZN-1, PN-1, ZN; CI(ZN))1 

           Cmax [d(zN_,), coN,pN_ig(zN-1, PN-1, ZN; d(ZN))1+7/KOK1— KN-2 

            =V2k -1(CON-1)(ZN-1)+71KOK1-• KN-2 a. S. (P70P071••• 7N-2PN-2). 

From (5.2) and Condition (D) we have 

              g(zN-2, PN-2, ZN-1 ; 0,-1(77)) 

                 �g(zN-2, PN-2, ZN-i; VfN7T-1(7ON-1)(ZN-1)±r/K0K]. • •• KN-2) 

                                          a. s• (plropo,ci ••• 7N-2pN-2), 

which implies that 

(5.3) 7N-2PN-2g(ZN-2; PN-2; ZN-1; r:'SVI-1(7)) 

                WN-2PN-2g(ZN-2, PN-2, ZN-1; V§-1(CON-1)(ZN-1)±71KoKi • KN-2) 

                                                a. s. (P70P071 • 77N-3P N-3) • 

By virtue of Condition (F), (5.3) yields that 

(5.4) 7N-2PN-2g(zN-2, PN-2, zN-1; t'LX,-1(7)) 

              �7N-2PN-2g(ZN-2; pN-2, ZN-1; V§-1(CDN-1)(ZN-1))±r/KOK1— KN-3 

                                                  a. s. (P7oPozi ••• 7N-3pN-3),• 

Applying again Lemma 5.2, we can find a Borel measurable function CON-2, whose 

graph is a subset of F, satisfying 

(5.5) 7N-2PN-2g(zN-2, PN-2, v§-i(coN-i)(zN-i)) 

                ---"CON-2PN-2g(ZN-2/ PN-2, ZN-1;74-1(CDN-1)(zN-1))+//KoKi.•••KN-3 

                                                  a. s. (p70P071 • •• 7N-3PN-3) • 

Combining (5.4) and (5.5) leads us to 

            7N-2PN-2g(zN-2, PN-2, zN-i;14-i(7)) 

                                 PN-2, ZN-1; V§-1(C9N-1)(ZN-1))+27/KOK1 • • • KN-3 

                                                  a. s• (P70P071•-• 7N-3PN-3) 7 

which further implies that 

         v§_2(7)(hN-2)=max [d(zN-2), 7N-2PN-2g(zN-2, PN-2, zN-1; v§-1(7))] 

                      v:Zr-2( coN-i})(zN-2)-1-271KoKi • KN-3 

                                                    a. s. (P770P0771 •• • 77N-3PN-3) • 

Repeating this procedure enables us to choose Borel measurable functions coo, ••• 

CON-1 such that graph coi is a subset of F for each i (0�i�N-1) and such that
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(5.6) vi,v(7r)  v,1,`T(  400, co,' ••• , CON-1})+6 a. s. (p) 

   Let 7r* denotes the Markov policy {yoo, cpl, ••• , and define t* by 

   t*=the first ?I such that v-Z(Ir*)=--d(zn), then (7r*, t*)E ACT. Since for each n 

(0�n�N), vg7r*) does not depend on the history (z0, PO, z1, Pi, ••• , P.-1) but only on 
zn, t* is a Markov stopping time, so that (7r*, t*) is Markov. From (6) of Lemma 
4.8, Lemma 4.9 and (5.6) we obtain 

                   P {E'Tu(f t.)]>=E'[i(f t)] —a} , 

which completes the proof. 
   COROLLARY 5.1. Let Conditions (C), (D), (E) and (F) be satisfied. For any pP(Z) 

and any s > 0, then there exists a (fi, s)-optimal Markov policy which is bounded 
   PROOF. The corollary is direct from Theorem 4.3 and Theorem 5.1. 

   COROLLARY 5.2. Let Conditions (C), (D), (E) and (F) be satisfied. Then we have 

   (a) if {E'vEu(fi‘N)11 converges uniformly on Z, for any pP(z) and s>0, then 
there exists a (p, s)optimal Markov bounded policy, 

   (b) if S is a finite set, for any pP({0} xS) and any a>0, then there exists a 
(p, 0-optimal Markov bounded policy, 

   (c) if pP(z) has a finite support, for any a>0, then there exists a (p, s)optimal 
Markov bounded policy. 

   PROOF. The corollary is direct from Corollary 4.2 and Theorem 5.1.

   6. Examples. 

   EXAMPLE 1. (Additive process) 

                                                                  n 

             g(zn„ pm, zm+i, •••, zn; d(z„))=rk(sk, Pk, Sk+O±d(Zn) 
                                                        k=m 

where each rk is bounded Borel measurable on rx S and d bounded Borel measurable 

on Z. It is clear that in this example g is recursive and monotone, and satisfies 
                                                                                        n-i 

Condition (B2) and (F). Let X',=----nE-1 rk and let rk-, where a+=max (a, 0) and 
           k=0k=0 

a-=-max (—a, 0), then we have 

(6.1)g(zo, po, Z1, '•• Zn; CI(Zn))=X'n—X;; +d(zn) • 

For any stopping time tEc(7r) we have from (6.1) and the boundedness of d that for 

n<t, 

                  g(zo, po, Z1, ••• zn; d(z.))>=—XN-d(zn).—X',/—K 

for some positive K, so that 

(6.2) it>nj(g(zo, po, Z1, ••• , Zn; d(zn)))-de,�Ctt>.1X;'dem.+KPx{t>. 
   We assume that 

(6.3)sup Er[sup X',]<+00 
                    refir n
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It is easily checked that (6.3) implies Condition (B1). We next show that Condition 

(E) also follows from (6.3). Suppose that ETg(zo, Po, z1i ••• Zt; CI(Zt))1#-00. Since 
(B1) holds, then E'[g(zo, Po, z1i ••• , zt; d(zt))] is finite. By (6.3) Er[X't] is finite, so 
that E7TXZ] is also finite. Hence from (6.2) it follows that Condition (E) holds true. 

   By the following we shall give several typical cases for which (6.3) is satisfied. 

   Case 1. (Discounted dynamic programming) rk=13'r for all k and d(z.)= 

,5"-id/(s„), where r is bounded and 0�/3<1. 
   Case 2. (Negative dynamic programming) r k-�0 for all k and d_O. 

   Case 3. (Terminal control problem) rk=-0 for all k. 
   Case 4. (Statistical sequential analysis in the case when control actions are in

volved) r k=r'k —c for all k, where r'k 0, c>0 and sup ElTsup ( r;,)1< ± 0 c is 
                                      rerg n k=o 

interpreted as a sampling cost. 
   PROPOSITION 6.1. Let Condition (B2) be satisfied. Assum that there exists an integer 

N such that for every 7r, {(g(z., P., z1, ••• , Zn; CI(Zn)))-} is nondecreasing in n�N almost 
surely (P'). Then Conditions (B1) and (E) hold true. 

   PROOF. It is clear that (B1) follows from two assumptions given in the proposi
tion. 

   Suppose that E'[g(zo, Po, Zt; d(zt))] oo. Then from (B1), E'r[g(zo, Po, Z1, 
••• Zt; d(Zt))1 is finite .Since again from (B1), E7[(g(z0, p°, Z1, ••• , Zt; d(zt)))+1 is finite, 
El(g(z„p,„z„• • ,; d(zt)))-1 is finite. For n �N, if t>n then (g(zo, Po, Z1, '•• Zn; 
d(Z0)) -(g(Zo, Po, Z1, ••• , Zt; CI(Zt))) almost surely (P'). Hence we have 

(6.4) (g(zo, PO, Z1, ••• , Zri; d(z7i))-de, 
                                   tt>nl 

                            (g(zo, Po, Z1,, Zt; d (zt)) de, 
                                   ft>nl 

for n�N. Since E'[(g(zo, Po, Z1, ••• Zt; d(zt)))-] is finite, from (6.4) we get 

                lim inf (g(zo, Po, Z1, ••• , Zn; d(zn)))-cle,=0, 
                                {t>n} 

which completes the proof. 

   EXAMPLE 2. (Additive process) 

             g(z,„ pm, ••• Zn; rk(sk, Pk, Sk+i)+d(Ziy)                                                         k=m 

where all components are Borel measurable and 

(6.5)rk=r;,—ak2 , k=1, 2, ••• , (a>0) 

(6.6)0�_rik �111, k=1, 2, ••• , (O<M< +co) 

and 

(6.7)IdI�L (O<L<+-00). 

   It is clear that Condition (B2) is satisfied. We have from (6.5), (6.6) and (6.7) that
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 g(zo, p2, z1, ••• , z.; L—a(124-22+ ••• +(n-1)2). 

Choose N so that 

                   (n+1)M+2L <an' for all n-�N , 

then we have 

             g(zo, po, z1, ••• , 271+1 ; d(271+1)) 

                     <g(ZO, p0, 21; • • , 271 ; d(z7,))<0 for all n �NH-1, 

which implies that {(g(zo, Po, z1, ••• , d(z.)))-} is increasing in n�N+1. Hence 
from Proposition 6.1, Conditions (B1) and (E) turn out to hold. 

   EXAMPLE 3. (Multiplicative process) 

             g(zni, p„„ zm+i, ••• , z.; d(z.))=k11r k(s k, Pk,S k+1)d(Zn) 
                                                   =m 

where all components are Borel measurable and 

(6.8)0-�_rk�1, 2, 3, ••• 

(6.9)I dI�L (0<L<-+-00). 

   Trivially 

          g(zo, po, zi, •-• , d(z.)) I for all n . 

Then it follows that 

                     (g(zo, Po, Z1, Zn; d(z.))) de,� LP7r ft>nl. 
                         It>n1 

Hence Condition (E) holds. It is clear that all other conditions are satisfied. 

   EXAMPLE 4. (Multiplicative additive process) 

                 g(z,„, pm, z.+1, •-• z.; 0) 

       =-111-3n                         r k(sPS k+0+if rk(Sky P k, s k+i)d(z.) 
           j=m k=rn,k=m 

where all components are Borel measurable, accompanied with (6.8) and (6.9). 

   Trivially 

                 0�(g(zo, Po, Z1, ••• Zn; d(z.)))-� L for all n . 

Then we can see in the same way as Example 3 that Condition (E) holds. All other 

conditions are also satisfied. 
   In the following examples we can easily check that all conditions are satisfied. 

   EXAMPLE 5. (Divided additive process)
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             g(zni, Pm, zm+i, ••• , z„; d(zn)) 

                                       nh(rk+i(sk+i ,P                   =h(r n„,(s„„ pm, sm,i))+ E2k+1, sk+2)) 
                                                       k=m                                              rj(sj, pj, si+1) 

                                                                            j=„, 

                    d(zn)                     + 
„_ 
                        rj(sj, pj, sj+i) 

                             j=m 

where all components r; are Borel measurable, h and d bounded Borel measurable and 

(6.10)for some constant K> 1, ri�K for all j . 

   EXAMPLE 6. (Exponential additive process)

j
g(znoP., z.+1, ••• , zn; d(zn))=nE-1rj(s),sj+1) exp [— v k(SP k, Sk+1)1 

           j=m,k=m 

                              +d(z,i) exp [—                                                      k1V k (S k,Pk, S k+1)1                                                         =m 

where all components 7-, and v k are Borel measurable, d bounded Borel measurable 
and 

(6.11)for some positive K1, vk==-Ki for all k 

(6.12) r"; �0 and ry�_0 for all j, 

(6.13)for some positive K2, 0�-r:i K2 for all j . 

   These examples cited above are typical in the non-stationary DP-problems , never
theless somewhat restrictive in contrast with our general formulation which was 
intended so as to include a broad class of the DP-problems. Namely, in every ex
ample, g has a regularity of its form even if the stage-wise reward is not stationary. 
Such a regularity is not requisite for the principle of optimality. In reality we can 

give some mixed types of above examples which keep all of conditions required. 
But in this paper we shall not illustrate the details.
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