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1. Introduction.

Let f(x) be a (unknown) probability density function (p.d.f.) on R? with respect
to the Lebesgue measure where R” denotes the p-dimensional Euclidean space. There
are several literatures on the problem of sequentially estimating the p.d.f. f(x).
Yamato [9] introduced the sequential estimator defined by

)

Carroll [2] and Davies [4] consider this estimator f,.. The following sequential
estimator /% was introduced by Wegman and Davies [8];

Fi= " (LY o+ (2R,

where x< R
In this paper we shall propose a sequential estimator f,(x) in a modified form

of f.(x), that is, —711— is replaced by % with —;—<a§1. The sequential estimator f,(x)

defined in section 2 and the sequential estimator fn(x) can be rewritten, respectively,
as

fn(x): ﬂil amﬁmn"h];,' . K( x’/—le>+ ABOnfO(x)

and

=3+ k(5.

m=1 N hfn hm

If we put a=1 then it turns out that am,@mn:—}l— for all 1=m=n and B,»=0. Hence

fx(x) can be obtained by substituting a=1 into f,(x).

In this paper we shall consider the problem of estimating f(x) at a given point
x. Yamato [9] showed the weak consistency of f,(x) and its asymptotic normality.
Davies [4] showed the strong consistency of fn(x). We shall show the strong con-
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56 E. Isogal

sistency of f,(x) and its asymptotic normality. The estimator f,(x) will also be
shown to be better than f,,(x), from the viewpoint of the criterion of the asymptotic
rate of variances, for some choice of the sequence {h,}.

In section 2 we shall define the sequential estimator f,(x) in a certain form.
Also, auxiliary results needed later will be given. In section 3 the estimator f,(x)
will be shown to be strongly consistent and its asymptotic normality will also be
shown. Furthermore the square convergence rate of f,(x) will be given. Section 4
is devoted to comparison between f,(x) and f,,(x) under the criterion of the limit of
Var (fn(x))/Var (fa(x)). We shall give a special type of the sequence {/,}, by which
it will be demonstrated that the above limit is strictly less than 1. Thus the esti-
mator f,(x) is better than the estimator f,(x) under the above criterion when the
special type of the sequence {h,} is chosen. Furthermore an optimal choice of the
coefficient a in the sequential estimator f,(x) will be given for the special type of

{ha}.

2. Preliminaries and auxiliary results.

In this section we shall give a sequential estimator of the p.d.f. f(x) and give
several results which are needed for the sections that follow.
Let K be a real-valued Borel measurable function on R? satisfying

(K1) JIKG)Idy<oo and (K(dy=1,
(K2) I Kfl= sup | K(y)| <co
YERD
and
(K3) H}}g}g Iy K(3)|=0,
P
where Il)’ll:(§1y§)1/2 for y=(»,, -, ¥p) and the domain of integral is R” unless

otherwise specified. Let {a,} be a sequence of positive numbers defined by
. 1
(A) a":% with —2—<a§1 for all n=1.

Let {h,} be a sequence of positive numbers. On this sequence we shall impose some
of the following conditions:

(HD) lim £1,=0,
(H2) hpgZhngs 1= - for some n,=1,
(H3) Lig: nhf=oo,

(H4) lim (nh2)-*?log n=0,

-0

(H5) 3 (n*hp) <o,
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Define K, by

K. (x, y):—l—}p—K(Vx:-X— for all x, yeR?, n=1,2,3, .

Consider the modified sequential estimator f,(x) for f(x) given by
(F) fo(x)=K(x) for all x=R?
Fa(0)=1—a)fn-r(x)+a,Ki(x, X,)  for all xeR?, n=1,2,3, -,

where X,, X,, X,, -+ is a sequence of independent identically distributed p-dimensional
random vectors with the common (unknown) p.d.f. f, and the conditions (K1), (K2),
(K3), (A) and (H1) are assumed to be satisfied. In what follows, for the estimator
f» we shall assume the conditions (K1)~(K3), (A) and (H1) without restating them
repeatedly. Throughout this paper C,, C,, --- denote positive constants, and for any
function g on R? C(g) stands for the set of all points of continuity of g.

REMARK. If K(x)=0 for all x&RP, then it is easy to see that f.(x)(n=1,2, )
are actually probability density functions. If we put a=11in (A) then the estimator
Fa(x) coincides the estimator f,(x).

Now, we introduce some notations. Let

Bmn= ﬁ 1(l—ak) if 0=m<n

k=m+

=1 if m=nz=0,

To=11=1
and
ro=T1(1—a,) for all n=2.
j=2
It is clear that 7,>0 for all n=1, 8,,=1 for all n=m=0 and B,.,=7.i.' for all
n=mz=1.

Sacks [6] showed that
2.0.1) (—em*n = Brn=(l+en)mn*

for all n=m=1, where ¢,, —» 0 as m — co.
By (2.0.1) and 1—a;>0 for all j=2, there exist two positive constants C, and C,
such that

(2.0.2) Cim*n = Bun=Cym*n=° for all n=m=1.
In particular, it holds that

2.0.3) Cin ?Z7.=Con™¢ for all n=1.

LEMMA 2.1. Let {h,} satisfy (H1) and (H2). If for some a>% there exists a

positive constant B such that

n
2.1.1) ni-2ep? Elmz““”h;," — B as n—> oo,
=
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then, for any positive integer my,

n
S atm RhRP ~ a*f(nhBri)t as n—> oo,

m=mg

where “@,~¢, as n— co” means that ¢n/¢r— 1 as n — oo.
PROOF. It suffices to show that

B k(3

(2.1.2) B nhd 3 mTBanhy? —> 1 as n—> 00,

m=mg

Let any ¢ with 0<e<1 be fixed. Choose & with 0<£<1 such that
| 2¢ i B
2.1.3) (1T—3~)(1+5><1+s and (1—§)(1—5)>1—e.

By (2.0.1) there exists a positive integer m, greater than both of m, and n, where
n, is given in (H2), such that

___5_ 2@, -2 < Q2 < i 2a,,-2a
2.1.4) (1 5 meen < g =(1+ = Jmen

for all n=m=m, By the monotonicity of h, and a>—é— we get
(2.1.5) 3 m2eDpP —s oo as n—> o,

m=1

1 . ce
From (HI), a>—2—, (2.1.1) and (2.1.5) there exists a positive integer m,=m, such that

2.1.6) 1—6< B i hs 3 mre D < 146
m=my
and
@2.1.7) 0=C'S myathar) 3 i<
m=mg m=my

for all n=m, Combining (2.0.3), (2.1.3), (2.1.4), (2.1.6) and (2.1.7) we obtain

(2.1.8)  37nhl 3 mBhahi?

m=mg
<pwnr 3 lmzm-wh;p«ca:g:om-zmﬁh;f/m;"m1m2<a-”h;f’)+1+§}
<(1+5)(1+-2§——)<1+e for all n=m,.

In the same manner as above we have

(2.1.9) ﬁ-lnhgmgﬂm-m;nh;ﬂ>1-s for all n=m,.

Thus the combined use of (2.1.8) and (2.1.9) yields (2.1.2), which completes the
proof.

The next lemma is one of the results given by Sacks [6].

LEMMA 2.2. Let g>—1. Then, for any positive integer m,,
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é mi~ (1+¢) 'n?*! as n—>> o,

m=mg
The following two propositions can be found in Watanabe [7].

PROPOSITION 2.3. Let {A,} be a sequence of non-negative numbers. Suppose that
there exist two sequences of non-negative numbers {b,} and {d.} such that

2.3.1) A S0 —bns)Antbnirdnsy  for all n=1,
(2.3.2) i}lbn:oo and lim b,=0,

and

(2.3.3) lim d,=0.

n-—oo

Then we have lim A,=0.
n-*o0

PROPOSITION 24. Let {U,} and {V,} be two sequences of random variables on some
probability space (2, F, P). Let {F,} be a sequence of o-flelds, F,CF . . CF for all
n=1, where U, and V, are measurable with respect to F, for each n=1. And let {b,}
be a sequence of real numbers. Suppose that the following conditions are satisfied:

(2.4.1) o=U, a.s. for all n=1,

(2.4.2) E[UJ<oo,

(2.4.3) ElUpi| FlS(U=bns)Un+ Vo a.s. for all n=1,
@.4.4) S EIVal<oo

and

(2.4.5) 0<b,<1(n=1, 2, ---), lim b,=0 and g)lbnzoo,

where E[-] and E[-|-] denote the expectation and the conditional expectation operators,
respectively. Then we have

lim U,=0 a.s. and lim E[LU,]=0.

n-—ce

Cacoullos [1] has given the following proposition.
PROPOSITION 2.5. Let K(y) be a real-valued Borel measurable function on R? satis-

fyving (K1), (K2) and (K3) without SK(y)dyzl. Let g(y) be a real-valued Borel mea-
surable function on R? such that Slg(y)ldy<00, and let

gn(x)= »*}—}%,—SK (ff’:)g(x~y)d Y,

where {h,) is a sequence of positive constants satisfying (HL). Then at each point
x=C(g)

lim g,(x)=g(x)|K(»dy .
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DEFINITION 2.6. A bounded real-valued function g defined on R? is said to be
locally Lipschitz of order A, 0<A<1, at x, (abbreviated as loc. Lip. 2 at x,) if there
exist two positive constants L and 7 depending on x, and 2 such that |y|<y
implies |g(xo+3)—g(x)| =L||yl*, where ||-| denotes the Euclidean norm.

3. Strong consistency and asymptotic normality.

In this section we shall show the strong consistency of the sequential estimator
J» defined by (F) of section 2 and we shall discuss the asymptotic normality of the
estimator.

The following theorem shows the strong consistency of the estimator f,.

THEOREM 3.1. Let {h,} satisfy (H1) and (H5). Then, for each x<C(f),

3.1.1) }Ligfn(x)—:f(x) a. s.
and
3.1.2) lim E(f(x)—/(x))*=0.

ProOF. From the algorithm (F) it follows that
B.1.3) [Efn(x)—f(x)]
S(I=an)| Efa-s(x)—f(0O)]+an| EKA(x, Xp)—f(2)]
for all n=1. By Proposition 2.5 we get
(3.1.4) lnxlg [EK(x, Xo)—f(x)]=0.
Thus, making use of (3.1.3), (3.1.4) and Proposition 2.3, we have
(3.1.5) lim | Ef(x)—/(x)|=0.
Now, by the algorithm (F) and the independence of {X,} we obtain
(3.1.6) EL(fa(x)—Efa(x))* Xy, =+, Xuei]
=(1=a)([r-1()—=Efr-1(x))+ a5 Var [K,(x, X,)]
SA—a)(fu-s(x) = Ef p-r(0)*+aiE[K3(x, X,)] a.s.
for all nz2, where Var (X) denotes the variance of X. By Proposition 2.5 we have
lim 1 ELKG (x, Xo)J=(0{K*(3)dy,
which yields by the use of (K1) and (K2) that
3.1.7) RIECK(x, X)]<C, for all n=1.
Hence, combining (3.1.6) and (3.1.7) we obtain
(3.1.8) EL(fr()—Efa(x)?1 Xy, -+, Xuoi]
S(—a)(fr-1(X)=Efns(x))*+Cya’hz” a.s.
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for all n=2. From (Hb5) it follows that

(3.1.9) T ajhir<oo.

By (K2) we have

(3.1.10) E(fi(x)—Efy(x))*<oo.

Thus, from (A), (3.1.8), (3.1.9), (3.1.10) and Proposition 2.4 we get
(3.1.11) ng (falx)—Efa(x))*=0 a.s.

and

(3.1.12) lim E(fr(x)—Efn(x))*=0.

On the other hand

(3.1.13) | fo() =] =1 fa() = Efa(x) |+ Efn(2)—f(x)]
and

(3.1.19) E(fu()= ()= E(fn(x)— Efu(x))*+(Efn(x)—f(x))*

61

for all n=>1. Hence we get (3.1.1) from (3.1.5), (3.1.11) and (3.1.13), and get (3.1.2)

from (3.1.5), (3.1.12) and (3.1.14), which complete the proof.

We shall give the following theorem concerning the order of convergence of

Var (f(x)).
THEOREM 3.2. Let {h,} satisfy (H1) and (H2).
Assume the following condition:

(3.2.1) For some a in (A) with —;—<a§l there exists a positive constant B such that

n
n*2hE Y mPeVp— B as n—>00.
m=1

Then, for each x=C(f),

(3.2.2) lim nh2 Var (f,(x))=Bf(x),
where B=azﬁSK2(y)dy>O.
PrOOF. Let
(3.2.3) Zn=Kn(x, X;)—EK,(x, X,) for all m=1.

From the algorithm (F) we get

(3.2.4) FalX)—Ef ()= m"z:lamﬁmzm for all n>1.
It follows from (H1) and Proposition 2.5 that

(3.2.5) lim h7 EZ3=f(0)[K*(3)dy

Let
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bo= 3 atrathy?  for all m=l.
m=1
By Lemma 2.1 we obtain
(3.2.6) by, nhErs ~ a®*B(>0) as n—>co,
On the other hand, by (2.0.3) we have
0<nhZyi=C,n*"%*h2,

which yields, together with a>% and (H1), that

3.2.7) lim nhZy3=0.

Thus it follows from (3.2.6) and (3.2.7) that
(3.2.8) by 1 oo as n—> oo,

By (3.2.5), (3.2.8) and the Toeplitz lemma (see Loéve [5]) we have
(3.2.9) bt 3 a1 Bz —> f(x>§1<2<y)dy as n—>oo.
From (3.2.4) we get
Var (fu(e)= 3 ¢ 5imEZ}
=(nh2) (ban k267! 3 ahTREZS,
which yields
(3.2.10) nhg Var (fu()=(banhlrbit 3 ahrw?EZy .

Combining (3.2.6), (3.2.9) and (3.2.10) we obtain
lim nhZ Var (fu(x))=Bf(x),

which concludes the theorem.
LEMMA 3.3. Suppose that in addition to (K1)~(K3), K(y) satisfies the condition

(K4) [1sl K1 dy<eo.

Then, for each x at which f is loc. Lip. 2, there exists a positive constant C=C(x, )
depending on x and A such that

3.3.1 |EK,(x, X)) —f(x)|=C h}  for all n=1.
Proor. Let

(3.3.2) 0,=EK,(x, Xo)—f(x) for all n=1

and

(3.3.3) [ flle= sup, ).
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The boundedness of the p.d.f. f implies |flo<co. By (K1) and Definition 2.6 we
have

(3.3.4) 101 [ KO 1A Gx—ha3)—£()

<Ci(x, 2)| K Idy

1hplyi< Slnnmzm

mHJ’II‘IK(J')!dy hA+20iflle
=Cy(x, Z)S?iyll* [K(y)ldy hHZHwavy"h,‘,gllyll*!K(y)ldy

=(C(x, D2 len D91 | K3 d

for all n=1. If A=1, then it follows from (K4) that

fis1tixG)dy<eo.

If 0<4<1, then it follows from (K1), (K4) and the Holder inequality that

IEREEIEH
<[(nroay] (1K) 1ay] <o

Hence, putting C(x, )=(Cy(x, 2)+2||f%Em77‘1)Slin HK)dy,

we get

(3.3.5) Clx, H)<ce.

Finally we get (3.3.1) from (3.3.4) and (3.3.5). The proof is complete.
The following theorem presents the rate of convergence of mean square error.
THEOREM 3.4. Let x be a point such that f(x)>0 and f is loc. Lip. 2 at x. Let

K(y) be given in Lemma 3.3. Suppose that {h,} satisfies (H1), (H2), (H3) and (H5). In
addition to (3.2.1), assume the following condition:

3.4.1) Zn} methi,=0(n*h}) as n—>co,

m=1

where a is given in (3.2.1).
Then there exists a positive constant C=C(x, 1) depending on x and A such that

(3.4.2) E(fn(x)—f(x)):=Cbh, for all n=1,

where by=max{(nh®)™, hi}, n-2}.
Proor. By Theorem 3.2 there exists a positive constant C,;=C,(x) such that

(3.4.3) Var (fo(x))SCy(nh2)~*  for all n=1.

Let 0, be given in (3.3.2). From (2.0.2), (3.4.1) and Lemma 3.3 we get
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| 33 anBmndnl SCilx, n=e 3 me-tad,
m=1 m=

<Cs(x, Dh? for all n=1.
Hence we have

(3.4.4) ( ﬁ) A Brnbn)? ZCo(x, DAY for all n=1.
m=1

Since |fy(x)—f(x)| | K|t fll-<co, where | fl|. is defined by (3.3.3), it follows from
(2.0.3) that

(3.4.5) Bin(fo(x)—F(x))*=Con2e for all n=1.

Since Ef,[(x)—f(x)zﬁon(fo(x)—f(x))—l—miz)lamﬁmnﬁm, by (3.4.4) and (3.4.5) we have
(3.4.6) (Efa(x)—f(x)P=Cs(x, Dby, for all n=1.

Let C=C(x, )=C,+Cs(x, A)<oco. Hence by (3.1.14), (3.4.3) and (3.4.6) we obtain
(3.4.2). This completes the proof.

We shall now show the asymptotic normality of the sequential estimator f,. In the
remainder of this section K(v) is assumed to satisfy (K1)~(K4).

LEMMA 3.5. Let Z, be given in (3.2.3). Suppose that {h,} satisfies (HI), (H2) and
(H4). Assume the following conditions:

(3.5.1) For some a in (A) with %§a§1 there exists a positive constant 8 such that

ni-2eph? i‘ m¥e D —> B as n—> 00
m=1
and
(3.5.2) ' [ flle= sup f(y)<oo.
YERP
Then, for each x=C(f), it holds that

(3.5.3) (nh2)1 ilam«amzm —> N, BA(x)) as n—> oo,
m= L

where B is given in Theorem 3.2, N(0, o®) stands for the normal random variable with
mean 0 and variance ¢* and “—" means convergence in law.

PROOF. Let U,=a.7s'Zy, Su= 3 Un and si=Var(S,) for all n=1. Then it
m=1
holds that si= 3 alrEZ%.
m=1

Let b,= Z:L)IG%LT&%;F for all n=1.
First we consider the case when f(x)=0. Since
EL{nhD"* 32 anfnnZn} T=(ban RIFb3's3),

it follows from (3.2.6) and (3.2.9) that
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lim EC{(nh2)"* 3 anfBnnZn} 10,
which implies that
(nh2)r2 f} AmPBmnZn —> 0 in probability as n —> oo,
m=1

Thus (3.5. 3) holds.
In what follows we consider the case when f(x)>0. It follows from (3.2.6) and
(3.2.9) that

(3.5.4) si~ Bf(x)(nh2r2)"' as n—> oo,
If the Lyapounov condition
(3.5.5) PR E|Upl*—>0 as n—>co
holds, then it follows that

(3.5.6) satS,—> N(@O,1) as n—> 0,
L

Using the inequality |a--b6|°<4(|a|®*+|b|?) and the Hoélder inequality we get
3.5.7) E\Un*=ah1nEl Zn|*S8a% 7 EL| Kn(x, Xau)|*].

Since
E[|Kn(x, Xa)|*]

= | | KO —hn3)dy

SIKIEIAI LK) [ dy i for all mz1,
it follows from (K1), (K2) and (3.5.2) that
(3.5.8) Ef|Kn(x, Xa)|¥]1£Cs hy®  for all m=1,
where C= KIS | Kl dy<oo.

From (3.5.7) and (3.5.8) we obtain
3.5.9) ElU I3=Com™1;2h 2P for all m=1.

Let n,=n,+1 with n, being given in (H2). Thus, using (2.0.3), (3.5.4), (3.5.9) and
(H2) we have

(3.5.10) s 3 E|U,p
m=nj

SC (D) 3 mrhyr
m=n1

<Cyn?-%(nhp)- 12 Z”: m3(“‘1>( Zn )zp

m=ny m
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n
=Cen?*(nhd)~t% > mie-v for all n=n,.

m=nj

It is easy to see that (H4) implies (H3).

We

now consider the following two cases for the value of a.

Case (i). —§—< a=l.

It follows from Lemma 2.2 that

(3.5.11)

3
2 m @ P~(3a—2)"n%"? as n—> o,
m=ny

By making use of (H3), (3.5.10) and (3.5.11) we obtain

(3.5.12)

3
22 X E|Upl?—>0 as n —> o0,
m=nj

2

Case (ii). a=—=.

Since
2

for 5

3
> m~'<logn, we have (3.5.12) from (H4) and (3.5.10). Hence (3.5.12) holds

m=ny
<a=l1. From (2.0.3) it follows that

0<nhlrs<Cmn'2h2 for all n=1,

which yields, together with aZz and (H1), that

(3.5.13)

By the
(3.5.14)

-3

lim nh273=0.

use of Bf(x)>0, (3.5.4) and (3.5.13) we get

lim si=oc0,

n-roo

which implies that

(3.5.15)

ni-1
Sp® ElElUm|3—>0 as n—> o,
el

Combining (3.5.12) and (3.5.15) we obtain (3.5.5). Since

(RA22 32 @ Boun Zn= (R B T 50 57155

we have (3.5.3) from (3.5.4) and (3.5.6). Therefore the proof is complete.

The following theorem gives the asymptotic normality of f,.

THEOREM 3.6. Let x be a point at which f is loc. Lip. 2. Suppose that {h,} satisfies
(H1), (H2), (H4), (3.5.1) and (3.4.1) with a being given in (3.5.1). Furthermore assume
the condition

(3.6.1)

Then it
(3.6.2)

lim nh22+P=(.

n—o0

holds that
(A2 (fu(x)—f(x)) ? N, Bf(x)) as n—>co,

where B is given in Theorem 3.2.
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Proor. Let Z, and 0, be given in (3.2.3) and (3.3.2), respectively. Then we
can rewrite f,(x)—f(x) as

(3.6.3) Salx)—f(x)
:ﬁon(fo(x>_f<x))+ mé—fla m,anZm—*_mgl am,B1n715m

for all n=1. Definition 2.6 implies (3.5.2). Thus by virtue of Lemma 3.5 (3.5.3)
holds. If it holds that

(3.6.4) (nhE)"?Bon(fo(x)—f(x)) —> 0 as n—> o0
and
(3.6.5) (nhﬁ)”zélam[;’mném —>0 as n—> oo,

then by the use of (3.5.3), (3.6.3), (3.6.4), (3.6.5) and Corollary of Chung [3] (page
93) we can obtain (3.6. 2).
We next show (3.6.4) and (3.6.5). By (2.0.3), (K2) and (3.5.2) we get

(A2 Bon | fo )= f(2) | SCan =Rz

Hence (H1) together with azé implies (3.6.4). In view of (2.0.2), (3.4.1) and

Lemma 3.3 we have

(3.6.6) (RhD| 3 anBmndnl

<Cyx, D(nhp)ey-a i}lm““h;‘n

=Cilx, A(nht+7)e,

where Cs(x, 2) is a positive constant depending on x and 4. From (3.6.1) and (3.6.6)
we get (3.6.5). This completes the proof.

We shall give an example of {h,}.

EXAMPLE.

Let h,=n"""? for n=1. If %<a§l and O<r<min<a—2p——, 1), then {h,} satisfies
all of (HI)~(H5), (3.2.1) with A=(2a-+r—1)-* and (3.4.1). If 7<a§1 and 222—1)
<r<min(/q,{~)—, l), then {h,} satisfies (3.6.1) in addition to (H1) ~ (H5), (3.2.1) with

B=Q@a-+r—1)"" and (3.4.1).

4. Asymptotic rate of variances and optimal coefficient.

4.1. Asymptotic rate of variances.

Let the estimators f, and f, with the kernel K statisfying (K1), (K2) and (K3)
be given in sections 1 and 2, respectively. In this section we shall discuss the
asymptotic rate of variances between f, and fn, and we shall give an optimal choice,
in a certain sense, of the coefficient a in (A).
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THEOREM 4.1. Let {h,} satisfy (H1) and (H2) with n,=1. Suppose the following
condition be satisfied :

For some a in (A) with %<a§l there exist two positive constants a with a=<1 and

B such that

4.1.1) ni-2¢h2 i m¥e-OpPr—> B as n—> 00
m=1

and

4.1.2) n-th? nZﬂh;,f’ —> @ as n-—> o,

Suppose that f(x) is continuous on RP. Then, for each point x with f(x)>0,
(4.1.3) lim Var (fu(x))/Var (fu(x)=a*p/e.

ProorF. From Theorem 3 of Yamato [9] it follows that
*.1.4 lim n4f Var (fu(x)=af ()] K*(2)d3(>0),

which together with (3.2.2) implies (4.1.3). This completes the proof.
COROLLARY 4.2. Let {h,} be given by

4.2.1) ho=n""? where 0<r<1.

If f(x) is continuous on R?, then for each point x with f(x)>0,
(4.2.2) lim Var (fulx)/Var (fu(x)=a’(1+7r)/2a+r—1),

where %<a§1.
Furthermore, if 0<7’<l and a=1—r then

2
(4.2.3) lim Var ( Fa(x))/Var (fo(x)=1—72.

PrROOF. As is seen in Example of section 3, all conditions of Theorem 4.1 are

satisfied by taking a=(-+7)"' and B=Q2a-+r—1)"', where —;—<a§1. Hence (4.2.2)

is a direct consequence of (4.1.3).

4.2. Optimal choice of «.

Let {h,} be given in (4.2.1). It is easy to see that a*(1+7)/2a+r—1) in the
right hand side of (4.2.2) achives its minimum at a=1—r as a function of a for

each fixed ». Thus, for each O<7’<i, a=1—r gives the minimum value of the
asymptotic rate of variances, 113510 Var ( f»(x))/Var (f,(x)). For each %§r<1, the
closer the coefficient a is to 5 the better it is in the sense of making the asymp-
totic rate of variances smaller.



Strong consistency and optimality of a sequential density estimator 69

We next consider the speed of convergence of variance. By Theorem 3.2 and
(4.1.4) we have

Var (fa(x))=Var (f2(x))=0(n""*").
Thus the closer r is to 0, the better it is from the viewpoint of the speed of con-
vergence of variance. If —g—éagl and p2A+p) '<r<min(epi ', 1) in (4.2.1), then
the sequence {h,} satisfies all conditions in the previous sections. Hence, in this
case, a:—g— is the best and the closer » is to min(api~%, 1), the better it is from the

viewpoint of the asymptotic rate of variances.
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