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   1. Introduction 

   Controlled Markov jump processes associated with a choice of stopping rules 

on general state and action spaces have been first introduced by Ohtsubo [5]. In 

that paper the author has given the optimal return in the form of the limit of suc

cessive approximations and also given necessary and sufficient conditions for a 

control (a pair of policy and stopping rule) to be optimal in terms of an inequality 
and a functional equation involving an infinitesimal operator. The latter result, how

ever, is valid only when an optimal control exists. In general, the functional equa

tion arising in the optimization of controlled processes is the so-called optimality 

equation that should be satisfied by an optimal return over infinite future. Main 

purpose of the present paper is to make a study of the functional equation in con
nection with the optimal return in controlled jump processes with a choice of 

stopping rules. 

   Kakumanu [4] and Doshi [2] have shown that the optimal return in a certain 
type of continuous time Markov decision model satisfies the optimality equation. 

Shiryayev [6] and Furukawa [3] have studyed optimality equations in optimal stop

ping problems and in stopped decision problems, respectively. 
   In Section 2, we shall introduce notations and definitions to be used throughout 

this paper, and in Section 3 we shall set up several assumptions and prepare funda
mental lemmas to be used in Section 4. In Section 4, we shall show that the optimal 

return satisfies a functional equation involving an infinitesimal operator, that is to 

say, an optimality equation.

   2. Preliminaries 

   The state space S is a non-empty Borel subset of a complete separable metric 
space. Z is the cartesian product of S and R+ where the time space R+ is the set 
of all non-negative real numbers. The action space A is a non-empty Borel subset 
of a complete separable metric space. s(S), 29(Z) and 29(A) mean a-fields of Borel 
subsets of S, Z and A, respectively. The terminal reward function g is a bounded
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function on Z such that for each t�0 g(• , t) is g(S)-measurable, and for each xES 

g(x, •) is right continuous on R±. 
   A mapping rr. from Z to A is called an admissible policy if for each t�0 7r(•, t) 

is 2(S)/2(A)-measurable and for each xES 7r(x, •) is piecewise constant, right con

tinuous on R± and has only a finite number of discontinuities on any finite interval. 
Let 11 denote the set of all admissible policies. 

   In order to determine the processes, we need to introduce a real-valued function 

2 on Zx A and a Markov kernel Q. We assume the following conditions : 

    (i) For each t�0,2(-,t, •) is g(S)x 2(A)measurable. 

   (ii) For each (x, a)ESx A, 2(x, • , a) is right continuous on R±. 

   (iii) There exists a natural number Ai< co such that 0<2(z, a)<AI for all (z, a) 
 Zx A. 

   (iv) For each (z, a)EZxA, Q(•1z, a) is a probability measure on 2(S). 

   (v) For each (x, t, a)EZx A, Q({x} Ix, t, a)=0. 
   (vi) For each (t, MER±xg(S), Q(BI , t, •) is g(S)x 2(A)measurable. 

  (vii) For each (x, a)ESx A, Q(Bix, • , a) is piecewise constant, right continuous 
on R+ and has only a finite number of discontinuities on any finite interval, inde

pendently of all BEg(S). 
   The jump process Z'=(Z1)t-0=-(XT, t)t>0 (corresponding to a-EH) is defined by 

the following probability laws : 

                                                          s+t               P73,11)(X S)___t1=1—expl— 2(x, s', 7"(x s'))ds'}, 
              -137r,^)1X7st+tB 11)(x, s)=t1=Q(Bix, s+t, 7(x, s+t)) 

for each (x, s, t)EZxR+ and any BEg(S), where v(x, s) is a holding time such that 

the x-component of the process starts in x at time s and remains there a random 

time v(x, s). Then the process Z'r is a Markov jump process. 

   By Blumental and Getoor [1] we may regard the sample space [2 as the set of 

all functions w: R+ Z such that (i) for each t�0 there exists a state yES satisfy

ing w(t)=(y, t), (ii) for each t>0 a left-hand limit w(t —0) does exist, and (iii) for 

each t�0 if co(t)=(x, t)EZ then there exists a h>0 such that w(t+h')=(x, td-h') 
for all h'E[0, h). 

   For each 0�s_t let g's, denote the a-field of subsets of [2 generated by the sets 

{wES21w(s')E B} , BE2(Z), s-�s' 
   For each TC E H and each sO let Cs(n) denote the set of all stopping times r 

with respect to Int>, satisfying that Fjx,^)(s_7<c>0)=1 for all xES. 

   The expected terminal return col.' of our system corresponding to n-E.11 and zE 

Cs(7) is defined by 

                  yert(x, s)=E7x,sig(Z7)] for (x, s) E Z , 

where Ejx,^) denotes the expectation operator with respect to Pjx,8). 
   The optimal return u* is defined by 

                u*(x, s)= sup co (x, s) for (x, s)EZ. 
                                       rE77, rECS or)
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   DEFINITION 2.1. Let f be a bounded universally measurable function on Z. 

    (i)  f is said to be excessive, if it holds that for each (x,  s)EZ and any 7rE11 

                  f(x, s)>E7,,,,[f(Z7,r)] for all , 
and 

             lim inf s) a. s. . 
                                t4s 

   (ii) f is called a majorant of g, if f(z)�g(z) for all zEZ. 

   (iii) An excessive majorant f of g is called the smallest excessive majorant of g, 
if for any excessive majorant h of g, f(z)_h(z) for all zEZ. 

   Let F be the set of all bounded Borel measurable functions on Z. For each 7E11 
let be the set of all fEF such that 

                 lim E7.,,,[f(Z;r+t)]-=f(x, s) for (x, s) E Z . 
                                 t4.0 

The weak infinitesimal operator (corresponding to 7z-E-H) is defined by 

                     m1              (-4"f(x, s)-=-1i— ,{E7r,sif(Zfd-t)i—f(x, s)}, (x, s)EZ , 

                                         o for all fEP such that the limit of the right-hand side exists in the weak sence 
and belongs to F". Let g(,)779cPP" denote the set of such functions and let .0(,,I7) 
= n g(,Jyr). 

   In the remainder of this paper, even in the case when a random variable i= is 
defined depending on a policy 7r and a time s, we shall not use an explicit expres
sion such as 1-(7r , s) but use the simple notation t'(or, if we need to more precisely , 
we use the notation f(s)).

   3. Fundamental lemmas 

   We have proved in the previous paper [5] that the optimal return u* is a uni

versally measurable function on Z and the smallest excessive majorant of g , and 
that for each xES u*(x, •) is right continuous on R . In this section, by using 
these results, some fundamental lemmas to be used in the following section will be 

prepared. 
   Let 

                        r*--= fzEZIu*(z)=g(z)}. 

For each integer in�1, each s�0 and any 7rE ll , let 

                  Ft=fzEZIu*(z)<g(z)+-1                            In} 
                      7.=7.(s)=inf ft >s1Z7trErtl, 

and 

                        7ni=inf{t�s1z7ttrm. 

Then it is obvious that r*= (-)1": and r:Dr ,si= for each n�m. For each m�1, let's 
define 

              u.(7r)(z)=Eziu*(Z%)] for zEZ and 7.c1 11,
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and 

                 „„(z)--= sup .(77)(Z) for zE Z .                                 :7E11 

   Throughout this paper we impose the following assumptions. 

   ASSUMPTION (A). (i) For each integer m�1, Um, is universally measurable on Z. 

   (ii) Let in be any natural number and let p be any probability measure on 
g(s). Then for given s>0and t�0, there exists apolicy7r,,,tEllsuch that 

                  PIxES: un,(7.,t)(x, t)i-s�ii,n(x,01=1 . 

   ASSUMPTION (B). For any f E g(J) and for each e>0, there exists a policy 7,E 

H such that 

                 sup (A' f(z) < (-4's f(z)+s for all zE .                           ::Ell 
    LEMMA 3.1. For each m�-1, 1-4'„,, is excessive. 

   PROOF. Let in�1 be fixed but arbitrary. 
   First we shall show that for each z=---(x, s)EZ and any zEH, 

                   11.(z)=-Ezt[11.(Zn] for all t �s 
Let z=(x, s)E Z, 7E11 and t�s be arbitrary. From Assumption (A) (ii), it holds that 
for any s>0 there exists a policy such that 

                    Pf[u.(7, 0(49+ e>14 .(491=1 . 
Thus we have 

(3. 1)EzTri.(49]-_-.E7zTu.(7., oczn] + s . 
We define a policy by 

                             Tr(y, t') if t'<t, 
                    it(y, 

                                  ire,t(y, t') if tf_t. 
Then frEH. Since u* is excessive and z-m(s)r„,(t), 

                   Ef[1.1.(7,t)(Zni---=-EEE:e7itCu*(77,r;,;,))11 

                            _E517,/*(ZL(8))] 

This formula combined with (3.1) implies that 

                                                                           S . 

Letting s I 0 we have 

(3. 2)EE17.(Zni5,14i(z). 

   Next we shall show that for each (x, s)EZ and any 7E/7, 

                  lim inf 11.(Z7:+t)�11.(x, s) s.. 
                             t10 

It follows by the excessiveness of u* that for each (x, s)EZ, each 0�t�to and any
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 ,r E11, 
                      u„,(7)(x, s+t)=-E7x,3-Etiu*(Z%,(s+t))] 

                                      E(x,3+t)Cu*(Z,C(3+t0))1. 

From Lemma 4.2 in [5], we get 

               lim inf u77,(z)(x, s+t)?__lim inf E7x,s+0[0(Z';`-mcs+to))] 
      t10tb0 

                                      =E7x ,3)[U*(Zii,,,(s+to))] • 

Since z-,,n(s±to) z-,,,,(s) as to 1 0, by the right continuity of u*(49 and Fatou's Lemma 

we have 
               lim inf un,(7r)(x,s+t)?_:lim inf E7,,^)Cu*(Z77„,(s+to))] 

        to)to.1,0 

                                  E7x,3)Clim inf u*(Z%,(8-Ft0))] 
                                                           tp 10 

                                  =Eljn,,,[u*(Z',C(s))] 

                                =um(x)(x, s). 

Hence it follows from Lemma 4.3 in [5] that for any 7r 11 and each (x, s)EZ, 

               lim inf sup uni(i'r.)(Z;`+t)?_ sup un„(it)(x, s) s., 
                                         se/7 

that is, 

(3. 3)lirn inf 11„,(Z7-ht)?_171.(x, s) s.. 

Finally from (3.2) and (3.3) it. is excessive. 

   LEMMA 3.2. For each m�1, the following hold: 

   (i) fin, is a majorant of g. 

   (ii) u*(z)= sup Ezr[u*(Z7,.)]-=11.(z) for all zEZ. 

   PROOF. (i) Let 

                         c= sup Eg(z)—fini(z)] . 
                                                 22 

We have two cases : c�0 and c>0. In the first case, obviously um(z)�g(z) for all 

   Z. 

   Now suppose c>0. According to Lemma 3.1, ilm is excessive, hence so is c+i 7„. 

Also it is obvious that c+11„, is a majorant of g. Since u* is the smallest excessive 

majorant of g, we get 

(3.4)c+ 11.(z)�u*(z) for zE Z . 

We take 0<a<min (c, —1). Then there is a point zo=(xo, So)EZ such that 
                       in 

(3.5)g(z0)--iini(zo)>c—a. 

Combining (3.4) and (3.5) leads us to 

                     0�_u*(Zo)—g(Z0)--C±lini(Z0)—g(Zo)< a< —m
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 that is, 

                             1.1*(Z< g(Z1 m 

                                                                                                                                                                                   • 

                                  m Thus the point zoE PI, where PI is the set of all (x, s)Ert for which there exists 
a ho>0 depending on (x, s) such that (x, s+h)Er: for all h EEO, ho). Hence it fol
lows that for any rEll so PZ—a. s., and 

                      ni,(2.0)= SUP EZ[11*(Zi .70]-=U*(Z g(Z , 

which together with (3.5) yields the inequality a> c, which contradicts the assertion 

0<a<min(c, —1). This completes the proof of (i). 
    (ii) By (i) and Lemma 3.1, fin, is an excessive majorant of g. Since u* is the 

smallest excessive majorant of g, we have 

(3.6)u*(z)_11'„(z) for zEZ. 

    On the other hand, it follows from the excessiveness of u* and ,Th� o,,, that for 
any 7rEll, 

                      u*(z)-__-EzTu*(Z7,701?--EzTu*(Z%)1, 
hence 

(3.7)u*(z)� sup Ezt[u*(Z7.)]�_iini(z) for zE Z . 

Therefore, from (3.6) and (3.7) we immediately obtain the desired equality 

                u*(z)= supEftu*(Z%)]=1177,,(z) for zE Z .                                            ne--H 

                  d
s    For each xES, letdf(x, •) denote the right-hand derivative of f(x, •). 

   Then we have 

   LEMMA 3.3. Suppose that: 

    (i) cc11:5--u* exists and is bounded. 
                      d+    (ii) F

or each xES, —d—
su*(x, •) is right continuous on R+ 

Then it holds that for each (x, s)EET*, sup ,Axu*(x, s) is right continuous at s. 
                                                   7rEJI 

   PROOF. From Lemma 5.1 in [5] we have that u*E0(cA) and that for any 7rE17 

and each (x, s)EZ, 

(3.8) c_kru*(x,dsu*(x, s)+A(x, s, 7r(x, s))h.u*(y, s)Q(dylx, s, 7r(x , s)) 
                                                       —u*(x, s)]. 

Hence by the given conditions and the properties of 7r, and Q, it follows that for 

any 7E11 cA"u*(x, -) is right continuous on R+ for fixed xES. 
   Let (x, s)EEF* be arbitrary. From Assumption (B), it holds that for any s>0 

there exists a policy 7,E 11 such that
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 (3.9)0� supell,A7ru*(z),4" u*(z)<s /3 

                           for all zErF*. Also by the right continuity of ,A'eU*(X, s) at s, there exists a ho>0 

such that 

(3.10)I (A7r. u*(x, s+h),A7re u*(x, s)l<s/3 

and (x, s+h)Er* for all hE [0, h0). Combining (3.9) and (3.10) we obtain 

           sup c_)Vru*(x, s+h)— sup kru*(x, s)1<s for h [0, 11,0),        r. E177rell 

which completes the proof. 
   We fix 110 so that 0<ho<00 and define a stopping time by the following : 

                 te=min [ho, v(Z7,9] for 71-1-1 and s�0 . 

   LEMMA 3.4. For each (x, s)EZ, we have inf E7,,s1/11>0. 
                                                           7,EH 

   PROOF. Let (x, s)EZ be arbitrary and let 

                   G"(x, s; h)=P7x,siv(x, s)�h], h�0. 

Then for any 11 we get 

                                                        ho 

            E73.4)[it]=(1—G7r(x, s; ho))• w G'(x, s; dw) 

                                                           0 

                                         ho                  �expl—r 2(x, s+s', sd-sTds'}•ho 

                                           0 

                            e-Mhitho 

since 0<2(z, a)<M for all (z, a)EZx A. Hence we have 

                   inf mk° • ho> . 
                                       7:Ell

   4. The main result 

   In this section we shall prove the main result of the paper, that is, the optimal 

return satisfies the optimality equation, by using the fundamental lemmas obtained in 

Section 3. 

   THEOREM 4.1. Suppose that: 

    .cl+,    ()
exists and is bounded. 

   (ii) For each xES'du*(x, •) is right continuous on R+. 

Then u* satisfies the following equation: 

                   {sup —4f(z)=0 for zEE.r* ,                                          7,E,11 

                    f(z)=g(z) for zET*. 

   PROOF. We shall first show that 

                      sup ,'u*(z)�0 for zEEE* . 

                                          r
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Suppose for some (xo, .90E1*, 

                             sup ,kru*(xo, so)<0 .                                                 rel .! 

Then there exists a 3>0 satisfying 

                            sup ,A7u*(xo, SO+ <0 .                                      rEll 

Take s >0 satisfying 

(4. 1)sup (...47ru*(xo, so)-F s-I-3<0                                      rEll 

From Lemma 3.3 it follows that there exists h1>0 such that 

(4. 2)sup c_A'u*(x0, so+ h)< sup c_kru*(xo, SO+ E 
         rElf27E11 

for all hE[O, 110. From (4.1) and (4.2) we get 

(4. 3)sup cA"u*(xo, so+h)+3<0 for hE[0, h1)  
                           7rEH 

Since r*-- n T: and r* Dr*, n�m,it is obvious that there exist h,>0 and mo�1 

such that (x0, so+h)Ert for all m�m0 and all hE[0, h2). Let ho=min h2), it= 

mim [ho, v(2.7,r0)] and let =s0+. Then it holds from (4.3) that for any 1rEH, 

                cA''11*(Z79+5 < 0 for t E Do, P7xo.,o)—a. s. 

hence 

                           ((--47`u*(Z19+5)dti-�0. 
                                               so 

By Lemma 5.4 in [5], we get 

(4. 4)u*(xo, so)__-__E7ro,n)Cu*(ZDJ-f-OE7ro,s0D-ti • 

Since e_o-„,<co for all m-�mo(P7vo,80)—a.s.) and u* is excessive, we have 

                         El(r,o[u*(zp]_?-=E7,0,s0Eu*(z7,7,,,)] 

for any n-Ell and each m�mo. This formula combined with (4.4) implies that 

                   u*(xo, So)>=Er.xo.soEU*(Z7,.)1+6 E73-0,sorid 

                        �E7r0,30[0(Z7;701+5 infEljx0,80[1t] 

for any 7,7E H and each m�mo. Taking the supremum for rcell, we get 

(4. 5)u*(xo, so)? sup E7x0,4)Cu*(Z%)]+5 inf E7x0,go)C1ti •            rEllrE.11 

Lemma 3.2 implies that 

(4. 6)u*(z)= sup EzTu*(Z7,.)] 
                                               rell 

for all ni�1 and all zEZ. From (4.5) and (4.6) we obtain 

                       u*(xo, so)>=„u*(xo, so)+O rEinf El(r.ro,sortii •                                                    ll
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Since inf  E7,,,s0,[p]>0 by Lemma 3.4, 

                             u*(xo, so)>U*(X0, so), 

which is a contradiction. So we get 

(4. 7)sup (.17ru*(z)�0 for ZEE r* . 
                              nE/7 

   Let (x, s)Er .1-7* and 7E11 be arbitrary. We take sufficient small h>0 so that 

(x, s+h)Er*, and define p=min [h, v(Z1sr)] and =s-;-it. Then by the excessiveness 
of u* we have 

          u*(x, s)�.E7(,,,)[u*(Zler)] 

               �(1—Gtr(x, s; h))u*(x, s+h) 

                     G'(x, s; dw)Q(dylx, s+w, 7(x, s+w))u*(y, s+w)dw 
                          0 S 

From the properties of 2V, A and Q it follows that for positive h small enough, 

              {u*(x, s)—u*(x, s+h)} 

                            h 

                   A'(x,s+h) exp(—027(x, s±s')ds') 

 h 

                   u*(y, s+zv)Vr(dyix, s)—u*(x, sd-h)]dw , 
where 

               27:(x, w)=.1(x, w, 7(x, s)) for wEs, s+h), 

and 

               Q"(• I x, s)=Q(• j x, s, 7r(x , s)) 

Letting h 0 we have 

               d+            —dsu*(x, s)�2r(x, s)h.u*(y, s)Q7r(dylx, s)—u*(x, s)], 
which yields from (3.8) that 

                                ,A7u*(x, s)�0. 

Since the above inequality holds for any II and every (x, s)EE r*, we have 

(4. 8)sup Lktu*(z)�0 for ZEE r* . 
                                  ;7E11 

Combining (4.7) and (4.8) we obtain 

                       sup ,A'u*(z)=-0 for zEE r* . 
                                 r EH 

This completes the proof.
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