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Summary

Bayes risks are evaluated for estimators of an estimable para-
meter of degree 1 or 2, which are U-statistics, differentiable
statistical functions, Bayes estimates and limits of Bayes estimates,
using squared error loss and a Ferguson’s Dirichlet process prior.
The relations among the Bayes risks of the above estimators are
obtained under certain conditions.

1. Introduction

Let (X, A) be a measurable space and © be the set of all distributions on (X, A).
We denote the k-fold product of the measurable space (X, A) by (X%, A*. Let 6,
and 0, be an estimable parameter of degree 1 and 2, respectively, of a distribution
P=6@. Then there exists statistics 4,(x) and h,(x, y) such that

(1. 1) 0= h(xdP),

.2 0.~  hulx, NAPRIAP().

For the estimable parameter of degree 2, throughout this paper, we consider 8, with
h, such that h.,(x, y)=h.(y, x) and h,(x, x)=0 for any x, ye X.

As estimators of estimable parameters, U-statistics and differentiable statistical
functions are well known. (See, for example, Hoeffding (1948) and von Mises (1947).)
For an estimable parameter of degree 1, the U-statistic is identical with the differ-
entiable statistical function, which is given by

n
1.3) U= 3 h(X/n,
where X, ---, X, denotes a sample of size n obtained from the distribution P<6.

As a prior distribution for a distribution in a nonparametric Bayesian problem,
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Ferguson (1973) introduced the Dirichlet process and applied to many problems.
Against squared error loss and a Dirichlet process prior P=D(a) the Bayes estimate
of 6, is

(1-4) 9124n¢1+(1_4n)U1;

where « is a c¢-additive nonnull finite measure on (X, A), ng:EY/zl(x)dQ(x) with

Q()=al(+)/a(X) and g,=a{X)/[a(X)+n]. The limit of Bayes estimate, which is
obtained from @, by letting a(X) tend to zero with fixed Q, is identical with U,

(see Ferguson (1973)).
For an estimable parameter of degree 2, the U-statistic is

(1.5) U= 2 hol X, Xp/In(n—1)]

and the differentiable statistical function is

(1.6) G,= Z hol X, X;)/nt.

Against squared error loss and a Dirichlet process prior P€ D(a) the Bayes estimate
of 4, is

.7) fr=a(0La(X)+n+11"Lgh ¢+ 20,(1—0:) T (X)/n

+(1—g,)? zé)] ho (X, Xj)/712] s

where ¢2:Sth2(x’ 1)dQ(x)dQ(y) and f(x):SXhz(x, 1)dQ(y). The limit of Bayes esti-

mate, which is obtained from 4, by letting a(X) tend to zero with fixed Q, is given
by

(1.8) 0% = ;th(X,-, X)/[n(n+1)]

(see Yamato (1977a)).

The purpose of this paper is to evaluate the Bayes risks of the above estimators
using squared error loss and a Dirichlet process prior and to see the relations among
the Bayes risks of the estimators. For the mean, in which case h,(x)=x, Korwar
and Hollander (1976) evaluates the Bayes risks and obtaines the exact relation in
conjunction with the empirical Bayes estimation of the mean.

In the section 2, preliminarily we shall state about the expectations of integrals
with respect to a distribution P which is a Dirichlet process on (X, -1) with parameter
a, i.e., P=D(a).

In the section 3, against squared error loss and a Dirichlet process prior the
Bayes risks of the above estimators are evaluated. For the estimable parameter of
degree 1, exact relation between the Bayes risks is obtained, which is analogous to
the case of the mean given by Korwar and Hollander (1976), (4.4). For the estimable
parameter of degree 2, the relations among the Bayes risks are obtained for a small
a(X).
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2. Preliminaries

We shall prepare the evaluations of expectations of integrals with respect to a
distribution P D(«) for the section 3.
LEMMA 1 (Ferguson). Let PED{(a) and g be a measurable real-valued function

defined on (X, A). If SXIg(x)}da(x) is finite, leg(x)ldP(x) is finite with probability
one and

Eo] g(0dPn=] g(xdQ(x)
where Ep denotes the expectation with respect to the Dirichlet process D(a).
The following lemmas 2 and 3 are essentially identical with the lemmas 4 and

3, respectively, of Yamato (1977a), except for the symmetry of integrand.
LEMMA 2. Let P=D(a) and g be a measurable real-valued function defined on

(X3, A®. If Sﬂ]g(x, Wlda(x)da(y) and SXlg(x, x)| da(x) are finite then

[ latx, D1aP@aPG)
is finite with probability one and

Ep| gz, 9)dP(x)dP()

=[a0]_stx, 9400+ gx, ¥2QW]/rat0+1].

LEMMA 3. Let P=D(a) and g be a measurable real-valued function defined on

(Xe, A%, If Sxalg(x, ¥, 2)|da(x)da(y)da(z), Sleg(x, x, ylda(x)da(y),
szg(x, ¥, Y]da(x)da(y), Sﬂg(,v, x, ) da(x)da(y)

and Sylg(x, x, x)da(x) are finite, then Sxalg(x, ¥, 2)|dP(x)dP(y)dP(z) 1is finite with

probability one and we have

Es| 8(x, 3, HAP(R)AP()APE)
=L@+ Da(0+271 (0| _glx, 7, HAQDAQNIQ)
+a(X)SX2[g(x, x, M+g(x, ¥, 1)+g(y, x, 1)1dQ(x)dQ()

—I—ZSXg(x, x, x)dQ(x)] .
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The following lemma 4 needs the lemma 4 with k=4 of Yamato (1977b). The
method of proofs of the above lemmas 2 and 3 and the following lemma 4 is essentially
similar to that of the proof of the lemma 1, which is Ferguson’s (1973) Theorem 3.
So, the proofs of the lemma 2, 3 and 4 are omitted.

LEMMA 4. Let P€D(a). If Sthz(x, yda(x)da(y) s finite then
Esl|  hutr, 9aPxare)]
=a(D O+ +2X0+37 (2] kix, 94Q(1dQw)
+a(0] ulx, Dhly, 2dQx)4Q)dQE)
+a* X[ [ petx, naQaem |-

In what follows we suppose the existences of the integrals; th%(x)da(x) and

szhﬁ(x, yyda(x)da(y). For abbreviation, we use the following notations;
pi={ m(0dew), t={ nwdew, ¢={_nx ndemdem,

CFSth%(x, NAR(x)dQ(y), f(x):SXhz(x, dQ(y), ¢:gxf2(z)dQ(z)_

Then by the lemma 1 we have for P< D(«a)

@1 Eo| f@)dP@)=,

2.2) Eo FY@dPG)=¢.

By the lemma 2 we have, for P D(a),

2.3) Erfi=a(X)go/Ta(X)+1],

2.4) En|  i(r, 9)dP()dP(»)=a(X)G/[a(X)+1],
2.5) Eo[{ f@dP@)] =[alX)gi+ 41/ lali)+1],

2.6) Ep|  f(0)h(x, 3)dP(x)dP()=a(X)g/La(X)+1].

The lemma 3 yields, for P< D(«),
@7 Ep|  Ju(x, (3, DAPHAP(»)APE)

=a(X)[L+a(X)¢1/[(a(X)+1)(al(X)+2)],
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@8 Eo|0f] )eP@)]|= a2+ a(gi/[aX)+ Da()+2)]

For Pe D(«) the lemma 4 is rewritten as

2.9 Epfi=a(X)[20,+4a(X)¢+a*(X)i]/[(a(X) +1)(a(X)+2)(a(X)+3)].

3. Bayes risks
3.1 Estimable parameter of degree 1

Against squared error loss and a Dirichlet process prior P< D(a), we shall denote
the Bayes risks of the estimator U, and 8, by »(a, U,) and »(a, §,), respectively.

Then we have
r(a, U)=EpE y,p(U,—8,)?,

r(a, 51>:EDEX\P(61_01)2 ’

where Ex p denotes the conditional expectation with respect to X,, ---, X, given P.
THEOREM 1. Against squared error loss and a Dirichlet process prior Pe D(a),
the Bayes risk of the U-statistic U, is

(e, Up=a(X)(&,—¢D)/[n(a(X)+1)]
and the Bayes risk of the Baves estimate 6, is
e, 0)=a(X)(C— @)/ [{a(X)+1D(a(X)+n)] .
Proor. By applying the lemmas 1 and 2 to the equation;

Ex1p(U;—0.)*=E x,pUi—0}

=n=[[ miaPeo—{ mommePaPo)]
we have

e, Uy=n"{ hinadQ()

~{a0|[ mdew] "+ rimdew} aco+1t]

=a(X)(C;—¢D)/[n(a(X)+1)].
For the Bayes estimate, we have
Ex1p0:—0,"=E x1pLqn($1—0)+ (1 —g)(Ur—0)7°
=qn(0i—¢)"+(1—qn) E x1p(Us— 01,
because U, is an unbiased estimator of #,. Thus

CY r(@, 0)=a3 Ep(0:— ¢ +(1—q.)r(a, Uy).
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By the lemmas 1 and 2, we have
3.2) Ep(0,—¢2)*=Epbi—gt=(Li— 1)/ [a(X)+1].
The combination of (3.1) and (3.2) yields

r(a, 6:)=a(X)(&—¢D)/[(a(X)+1)((X)+n)] .

From the above theorem we have
COROLLARY 1.
rla, Up)=01+a(X)/n)r(a, 0,).

The above results with h,(x)=x are obtained by Korwar and Hollander (1976). From
the corollary 1 we have the following
COROLLARY 2.
lim »(a, U)/r(a, 8)=1,
a(X)-0
except for the case that h, is constant almost everywhere with respect to the measure a.
From the proposition 1 of Ferguson (1973), the exceptional case of the corollary
2 leads to that h, is constant almost everywhere with respect to a probability dis-
tribution P(= D(a)) with probability one and therefore that 6, is constant with pro-
bability one. Thus the exceptional case of the corollary 2 is negligible.

3.2 Estimable parameter of degree 2

Against squared error loss and a Dirichlet process prior P= D(a) we shall denote
the Bayes risks of the estimators U,, &, 8, and 0% by »(a, U,), (e, 8,), r(a, 6,) and
r(a, 0%), respectively. For example, r(a, U,)=EpE x5 »(U,—0,)?. Then for the U-
statistic U, we have the following

THOREM 2. Against squared error loss and a Dirichlet process prior P D(a), the
Bayes risk of the U-statistic U,, which is given by (1.5), is

(3.3 r(e, Up)=2a(X)[(a(X)+1)(a(X)+2n)L,
+2a(X) {(n—2)a(X)—n}p—2n—3)a(X)*¢i]
/Tn(n—1)(a(X)+1)(a(X)+2)(a(X)+3)] .
PrROOF. We have easily

ExUs—0)°
=Euns 3 (ha(Xe, X)—03 |/ /n(n—D)7

=2[szh‘§’(x, y)dP(x)dP(y)+2(n—2)gxsh2(x, Nho(y, 2)dP(x)d P(x)d P(z)

—(2n—=3)08]/[n(n—1)].
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By taking the expectation of the above equation with respect to the Dirichlet
process D(a) and applying (2.4), (2.7), (2.9), we have the desired form (3.3).
For the differentiable statistical function and the limit of Bayes estimate, we

have
E x1p(0,—6,)*=[(n—1)°E 5, )(U,—0,)*+63] /n*

E x1p(0%5—0,)'=[(n—1)*E x,p(U—6,)* 4651/ (n-+1)*

By applying (2.9) and (3.3) to the expectations of the above equations with respect
to the Dirichlet process D(a), we have

3.4 r(a, 0)=a(X)[2{(n—1)(a(X)+1)(a(X)+2n)+n} L,
+4a(X)(n—2){(n—Da(X)—n} ¢—4n—3)(n—2)a*(X)¢{]
/[n*(e(X)+ D(a(X)+2)(e( X)+3)]
3.5 rla, 0H=2a(X){(n—1)(a(X)+1)(a(X)+2n)+4n} C,
+2a(X){(n—D(n—2)a(X)—n(n—5)} ¢—2n—1)(n—3)a*(X)¢1]
/[n(n+1)*(e(X)+1)(a(X)+2)(a(X)+3)] .

For the Bayes estimate, we have the following

THOREM 3. Against squared error loss and a Dirichlet process prior P D(a),
the Bayes risk of the Bayes estimate 0, which is given by (1.7), is
(3.6) r(a, 62)=2a(X)[(a(X)+1)(a(X)+2n)L,

+2a(X) {o*(X)+(n+Da(X)—n)p— {2(a(X)+n)+3} a*(X)$i]
/Ha(X)+n)(a(X)+n+1(a(X)+1)(a(X)+2)(a(X)+3)] .

Proor. Taking the conditional expectation, with respect to X, .- X, given P,
of the square of :

0,—0,=[a(X)+nILa(X)+n+1]""[¢i {$p.—[a(X)+110,/a(X)}
+2¢n(1—g) ZAAX) —La(X)+ 110/ a(X)} /n

+A—gn)* 35 AR X, Xj)—0u} /7],

we have the following relation;
E xp(0.—0.)=[(a(X)+n)a(X)+n+1)]"*
X H{Cal(X)+1ILa(X)+2n])"—2n(n—1)2n—23)} 63
—2a¥(X)[a(X)+1][a(X)+2n]p.0,+a'(X)p3

+4na2(X)S S (0dP(x)+H4n(n—1) {cr(X)SJ‘,f(x)dP(JC)]2
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—Ana(X)[a(X)+20a()+21-130{ AndP()
+2n(n—D{ hix, 2)dP(x)dP()

+4n(n——1)(n—2)g 2hg(x, Nho(y, 2d P(x)dP(y)d P(z)

X

~in aS(X)qﬁggX Fx)dP(x)

“8n(n—Da(X0)|  f0hi(x, DEPHEP()].

By applying (2.1), (2.2), -+, (2.9) to the expectation of the above equation with
respect to the Dirichlet process D(a), we have the desired form (3.6).
From (3.3), (3.4), (3.5) and (3.6) we have

a(l}r)nﬂor(a, Up)/a(X)=2C,/3(n—1),
a(l)i(x}l»gr(a, 05)/a(X)=2n—1)C,/3n?,
a(l)i{r)rior(a, 0%/ a(X)=2L,/3(n+1),
Lim (e, b)) a(X)=2L,/3(n+1),

where in the operation of limits the probability measure Q is fixed. Thus for a
sufficiently small a(X) and n=2, we have

7’((1, é‘z)ér(a; 0".';><7’(a1 §Z)<r(a) UZ) »
(the first inequality is due to the optimality of 8,) and

3.7 lim 7(a, 8%/r(a, 6,)=1,
a(X)-0

where in the operation of limit the probability measure @ is fixed. In the above
(3.7), the exceptional case is the one that 4,—0 almost everywhere with respect to
the measure a. Because from the inequalities 0<¢<(, ¢3={, and the inequality
a*(X)+(n+1)a(X)—n<0 for a sufficiently small a(X) with any fixed positive integer
n, we have

rla, 0,)=2a(X)a(X)+2n)e;
[[(e( X)+n)a(X)+n+1)(a(X)+1)(a(X)+2)(a(X)+3)] .

The right hand side equals to 0 if and only if {,=0, that is h,=0 almost everwhere
with respect to the measure a, in which case r{a, §,) also equals to 0. By the same
reason as the one following the corollary of the theorem 1, the exceptional case in
(3.7) leads to 6,=0 with probability one and therefore it is negligible.
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