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                     Abstract 

   A reversal operation for dynamic programming (DP) trans
forms a (main) control process to a reversed control process. It 
is applied to the well known linear equation and quadratic criterion 
control process and to a terminal control process. Not solving the 
recursive equation directly, but merely applying the author's 
Reverse Theorem in DP, we can automatically obtain the solution 
of the recursive equation for reversed process.

   1. Introduction 

   Recently the author has proposed, among other operations, a reversal operation 
for dynamic programming (DP) on one-dimensional state space. He [6] has esta

blished Reverse Theorem on general state DPs. These DPs are more strictly defined 

than those of Bellman's [1]. Therefore, the class of reversible DPs may be narrow. 

However, it includes an important deteministic linear equation and quadratic criterion 

control process and other terminal control processes. 
   The paper applies the author's Reverse Theorem to a discrete time finite horizon 

control process in § 4 and to a particular terminal optimization problem in § 5. We 

generalizes some standard control processes in Bellman [2, p. 329 ; 3, p. 116, p. 193 ; 
4, p. 20] to a nonstationary process. The latter is a modified version of the optimi

zation problem [2, p. 305]. 

   In § 2, we specify a (main) DP by an ordered seven-tuple satisfying some alge

braically regular conditions. These conditions make the main DP reversible. A 
reversed DP is defined by negation of optimizer, reversion of time (consequently 

reversion of state spaces and reward spaces, respectively), inversion of reward 

functions, and substitution of optimal reward function for terminal reward function 

(§ 3). Thus the revesed DP of the revesed DP is an original main DP. We state 
Reverse Theorem between main DP and reversed DP without proof : A pair of 

optimal reward functions and an optimal policy for main DP characterizes a pair 

of them for reversed DP in a reverse sense. 
   In § 4 and § 5 we introduce "reversed control processes" for only two cases. 

However, the term "reversed" posseses wide applicabilities to more general control 
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processes by relaxing the regularity conditions stated above.

   2. Reversible dynamic programming 

   Let S and  S' be two nonempty sets. Then g(S, S') denotes the set of all one
to-one mappings from S onto S'. We remark that TEg(S, S') if and only if 

        S), where T-1 is the inverse mapping of T. Let R and R' be two intervals 
of the one-dimensional Euclidean space R1. Then F(R, R') denotes the set of all 
strictly increasing functions from R onto R'. Note that any function f in g(R, R') 
is continuous and therefore it yields a homeomorphism from R onto R'. Further, 

fEg(R, R') if and only if f-1Eg(R', R). We also have F(R, R')cg(R, R'). Given 
a two-variable mapping h: AxB-->C we define two one-variable mappings ha: 
and hb: by 

                    ha(b)=h(a, b) , hb(a)=h(a, , 
respectively. 

   A reversible dynamic programming (DP) 2 is specified by an ordered seven-tuple 

(Opt, IS7H+1, IROP1, {An} N, If k, {TOP') with the following meanings : 
     (i) N is a positive integer, the number of stages. 

     (ii) {S,};+1 are nonempty sets satisfying g(S., S7,4.1)#¢ for 1�n�N. Sn and 
its element sn are called the n-th state space and n-th state, respectively. 

    (iii) IRO ri are intervals of R' satisfying g(Rn+i, Rri)�95 for 1�. n�N. RT, and 
its element rn are called the n-th reward space and n-th reward, respectively. 

    (iv) An is a nonempty set, the n-th action space, whose element an is called the 
n-th action. 

     (v) fn: S„ X AnxSn+i—'9"(R.1-1, R7,) is the n-th reward function. We frequently 
write fn(Sn, an, Sn+D(rn+i), f n(sn, an, Sn+17 rn+1) or .Asn' an' sn+1)(r.+1) for (sn, an, sn+i, rn+1) 

  Sn X An X Sn-F1X Rn+1. 

    (vi) k : SN+1-*RN+1 is the terminal reward function. 
    (vii) An—>_Q(S., Sn+i) is the n-th state transformation. We frequently write 

Tn(an)(sn), Tn(Sn, an) or Tnan(Sn) for (sn, an)ESn X An• 

   (viii) Opt denotes either Max or Min, the optimizer. According as Opt=-Max 
or Min, it represents the following optimization (either maximization or minimization) 

problem : 
   Optimize 

             f i(si, a1, s2)(f2(s2, a2, •(f N(sN, a N, SN-F1)(k(SN+1)))•••)) 

subject to 

  (i)T„(an)(sn)=-sn+i 1�n�N 

 (ii)anEAn 

More symbolically this problem may be written as follows : 
   Optimize 

                               al, s2) a2, s3) e ...f NaN, sN-Fi) 0 k(sN+i)
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subject to 

 (i) Tnan(Sn)=Sn+i 1�n�N 

 (ii)a 7,E An1�n�N. 

Further it may also be expressed in a standard from : 
   Optimize 

              f1(s1, a1, s2, f2(s2, a2, s3, ••• f N(s N, aN, S k(SN+1)).")) 

(2.1) subject to 

  (i) n(Sn, an)=sN-Fi 1�n�N 

 (ii)anE.A.1�n�N 

   We call D the main DP. First it starts at a given initial state siES,, a first 
action aiE.A, is chosen, and it goes to the second state s2=-T1(s1, aDES2. A second 
action a2E.A2 moves the main DP 2 to the third state s3=T2(s2, aDES„ and so on. 
Finally 2 terminates at the terminal state sN+1=--TN(sN, aN)ESN+,. The experience 
starting at s, and choosing a sequence {a,, a2, ••• , aN} yields the 'total' reward 

                                                                                                                                                                                                                                    • 

                          RI, al, s2) ef(s2, a2, S3)ofaN,s 

The main DPitself wishes to optimize thistotalreward k($ N+1)                                               a subject to the state-action 
constraint. 
   Let us now consider the (N—n+1)-subproblem of (2.1) as follows : 

   Optimize 

          fn(Sn, an, S71+1, fn-f-1(Sn+1, an+1, sn+2, •-• f N(s N, aN, k(S.V+1)).••)) 

(2.2) subject to 

  (i) a„,)=-s„,+, n�m�111 

 (ii)antEAn,n�m�M, 

where s„S„, 1�7/�N. The optimum value function of the (N-7H-1)-subproblem is 
denoted by uN-n+1 : Sn----,1?„ if it exists : 

      u_V  n +1(sn)=Opt f (nSn, an, 571+1) ..n2sAti, a n+i, S77+2) f:VN, a_y, sx-ri) 0 k(sN+0 
                           Tmam(sm)-sn't+1 

                     amEAm 

                                                  SnES,z 1�_n�N. 

Further, we define u° : Sv+,--q?N+, by 

                          u°(sN+1).=k(sN+1) S S N+1 • 

The functions {u°, u1, ••• , uN} are called optimal. reward functions for main DP 2. 

Two adjacent optimum value functions are combined as follows :
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   THEOREM. 1. (RECURSIVE FORMULA FOR D) 

(2.3)-n+1(s n)=Opt fn(sn, an, Tn(sn, an), uN-n(Tn(sn, an)))                                    anEAn 

                                          s„ESn, 1�n�N 

             UO(SN-F1)=1?(SN+0 N+1 • 

   PROOF. Easy. 

   A policy of 1) is a finite sequence fr7                                          ,-1,r-2, ••• 7N} mappings rn: An for 

1�n�N. A policy {7ri'', •-• , ritr} is called optimal for 0 if for each snESn, 

1�n�N the r: (s„) attains the optimum value of (2.3).

   3. Reversed dynamic programming and Reverse Theorem 

   When the main DP 0 has an optimum value function UN : S1  q?1, a reversed 

DP 0, is specified by the ordered seven-tuple (Opt, {S;}r-", {R'n}iv+1, 1;101v, IfinYCI, 

k', {TOP') where 

             Opt=Min if Opt=Max 

               =Max if Opt=Min 

                                      R;,=RN-.+2, 

                    (4--=SN-n+2 y r;1=rN-n+2 y a'n=aN-n-Fi) 

                                sn+1)=-(fN-n+1(SN-n+1, a N-n+1, SN-n+2))-1 

                T;z(a0=(T N-n+i(a N-n+1))-1 

Starting backwards at state s;=-sN+IESN+1-=S1 and terminating at state 6+1=s1E Si= 

S'N+1, the reversed DP 0, represents the problem : 

   Optimize 

                                     -.•fiv(6 ,V(s'N-F1))...)) 

(3.1) subject to 

   (i)rn(s'n, a',)=Zn-fi 1�_n�N 

 (ii)a'nEA'n1�_n�N. 

Rewriting in terms of components of the main DP 2, this problem reduces to 

   Optimize 

                 (f aN• 21^71-1))-1 (f ;2i_1 8N))-1 (flsl, a1, 82)) 1. uN(s1) 

subject to
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   (i) (Tna,i)-1(sn+i)-=sii 

 (ii)a„EAnN�n�1, 

where N�n�1 means that the time n runs backwards N+1, N,••• , 2, 1. Thus, we 
may specify the reversed DP 2_1 by 

        (Opt, ISO1N+1, {R.} N+1, {An} N, {(P:il'ams"")-Tv, {(Tna„)-1} v). 

   The (N—n+1)-subproblem of (3.1) becomes as follows: 

   Optimize 

                an, 4+1, fi+1(4+1, 04+1, 4+2, ••• f'N(s'N, aN, ZN+1, kt(s/N+1)).•.)) 

subject to 

 (i)r„,(s',„„ n 

 (ii) A',„,n 

where s'nES'n,l�n�N. The optimum value function of this subproblem is denoted 
by vN-n-": S'„-->2V                    or v71+1:SN_„,+2--÷Rif it exists:                N-n+2 

    v'n+1(sN-n+2)= Opt aN n+1, 8N n+2)) 1 0 ( JTACE aN n, 3N n+i))-1 
                            (Tractm)-1(Sm+1)-sm 

                               amEAni 
                                     N-n+1.1 

                                        o o(fisi, a1, 10)-1 c u.V(si) 

                                              SNn+2E SN-n+2 1�-11�-N• 

Further we define v° : Si--q?, by 

                           v°(si)=uN(si) siESi. 

The functions {v°, v', ••• , vN} are called optimal reward functions for reversed DP 2_1. 
We have the following recursive relation: 

   THEOREM 2. (RECURSIVE FORMULA FOR .0_1) 

          vN-n+I(sN n+2), Opt (nr,,V+-in+1, aN-n+i)-1(sy_n+2), aN,+1, sx_n+2))-1 
                                     aN-n+leA2V-71+1 

                                                         ° VN nUN -n+1, ctiv-n+1)-1(SN-n+2)) 

                                                                      SN-n+2E SN-n+2 y 

      e(si)=. uN(si) 

   PROOF. Easy. 

   Note that a policy of 2, is a sequence {0 .1, o 2, ••• , •N} of mappings an: SN-n+2 

  AN-n+1 for 1�n�N. Let UnEg(Sn+i, Sn) for 1�n�N. Then, clearly, 17c1, 7c2, 

7rN1 is a policy of 2 if and only if frc No UN, 7r• AT-1° UN-1, ••• 71° U1} is a policy of 

     We define Sn--->S71+i by
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                            Tri,n(Sn)-=Tnrn(sn)(Sn) Sn•Sn • 

Our fundamental theorem is REVERSE THEOREM in dynamic programming : 
   THEOREM 3. (REVERSE THEOREM) (i) The main DP 2 has optimal reward 

functions {u°, u1, ••• , VI} and an optimal policy {7r*, ••• , 7c211 if and only if the 
reversed DP 2_, has optimal reward functions {uN, uN-1, and an optimal policy 

   o(T rt --1.(T ••• Tril` *(Tiirt)-11, provided that Tnr'; il'Eg(Sn, Sn+1) 
for 

   (ii) The reversed DP D_1 has optimal reward functions {v°, , vN} and an 
optimal policy"                2 I ••• 6N} if and only if the main DP 2 has optimal reward 

functions {vN, vN-v°} and an optimal policy {6N ° N—i. ••• , 
 io (7';'; , provided that ;nEg(SN-7,+2,SN-n+1) for 1n_5N. 

   PROOF. See REVERSE THEOREM in [6]. 

   4. A linear equation quadratic criterion control process 

   For given two symmetric matrices A and B, let A�B (A> B) denote that A— B 

is non-negative (positive) definite. ( , ) denotes the inner product. 

   Let p and N be positive integers. Let A.,„ (1�n�N), Qn (1_7/�_/V), K, Rn 

(1�n�N) and B„ (1�n�N) be p xp-matrices.  We assume that A„ and B,, are non
singular and that 

(4.1)Qn�0, Rn>0, K>0 

where 0 is the matrix of all zero elements. 

   Let us now consider a more general nonstationary discrete control process. The 

problem is to minimize a total cost by addition of the individual costs 

                     N 

                  E E(X.n, QnXn)±(Yn, RnYn)1+(XN+1, KXN+1) 
                                 n=i 

subject to x„ and y,„ related by the difference equation 

                                            1.�n�N , xi=c 

                    x,,ERP , yflERP 1�_n�.N. 

This control process is represented by an N-stage main DP 0=-(Min, ISO iv±', {RO 1"1, 
{An} N, k, {Tn}n starting at an initial state s,=c, where 

              S„-= RP , R„,10 , A,,=RP , 

                      an, sn+i, rn+0=(s., Qnsn)+(an, Rnan)±rn+i, 

               k(sN+1)=-(sN+1, KsN+0, Tn(s., an)=-Ans.+Bnan • 

We call 2 the main control process. The main control process 0 represents the 

problem : 
   Minimize



Reversed control processes7

 N 

 E  [(sn, Qns.)+(an, Ron)]-1-(sN+1, KsN+i) 
                                  n=1 

subject to 

  (i)Ansn+Bnan=sn+i 

 (ii)a„ERP1�n�N. 

We follow Bellman's analysis [2, p. 329 ; 3, p. 193]. First 

                             itO(sN+1)--=k(sN+1) 

                                              KN+1SN+1) 

where 

                                    KN+1=K. 

Second we have 

   Ul(SN)-= Min [(SN, QNsN)+(aN, RNaN)-1-0(ANsN+BNaN)] 
                (iNERP 

          MinUsN, QNsN)+(aN, RNaN)+(ANsN+BNaN, KNi-i(ANsN+BNaN))i. 
               a NERP 

By (4.1) the minimum value is attained by aN, denoted by eit(sN), satisfying 

     d 
      da[(S N, Q NS N)±(a Ny R Na N)+ONSN+ BNaNy KNA-1(ANsN+BNaN))]=-0 

namely 

(4.2)RNaNd-ENKN+1(ANsN+BNaN)=---0 

Since R HNKNi-IBN>0, we obtain 

                                     nl(sN)=---LNsx 

where 

                          L,---=----(RN±BNKN+,BN)-VINICN+1AN. 

This 7-L-Vs N) together with the identity (4.2) yields 

                               u1(sN)=(s .v, KNSN) 
where 

             KN:= N± AN[KN+1(AN— BN(RN+ HNICN4-1BN)-113/NKN+1AN)] 

               =IQ N+A'N{KN4-1—KN+1BN(RN+BINKN+1BN)-113W<-N+1} AN 

                NB N RI^r-1 HN)-1 AN 

               >0. 

In general the main control process 2 has quadratic optimal reward functions 

     , • • • , uNI and a linear optimal policy {rP, ••• , rt} : 

                              uN-n+1(s.)=(s., Kns.) 

                            rt(s.)=Lnsn
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where 

           KN+1=K 

                Kn=Qn+A'n{K,H-1—K.+1Bn(R.--Pg,Kn+1B0-1B'nKn+i} An 
(4.3) 
                 =Qn-FA'n(Kaid-BnR,VB'n)-1An N�n� _l 

                                                             N�--n�1. 

Note that A1= ••• =AN, B1= ••• =BN, (21�••• �QN, R1� ••• -�RN and KN+l<KN imply 

                            O<KN+i<KN<-•• 

   On the other hand, let us consider another control process. The problem is in 

turn to maximize a net gain by subtraction of the individual costs from the total 

cost 

                                N 
                   (x1, K1X1)— E [(xn, QnXn)+(Yn, RnY n)] 

                                                  n=1 

subject to xn and yn related by the difference equation 

                 Xn'Ani(Xn+i—BnYn) N�n�1, xx+i=c 

            xnERP , ynERPN�n�1 

where K1 is determined backwards by (4.3) with initial condition KN+,,K . This 
maximization problem can be represented by the reversed DP 2_1=-.(Max , {S.}1N+1, 
{R.}v+1, {A.}N, {(a'n'an'n+1))-1}1N, uN {(T nan)-1}10 starting at `terminal' state sN+1=---c, 
where 

                    (fnsn'an'sn+1))-1(rn)=-rn—(Sn, Qnsn)—(an, ROO 

                 uN(s0=(s1, K1s1) 

                  (7' nan)-1(sn+1)= AV(sn+i— BOO • 

We call this reversed DP the reversed control process. Thus the reversed control 

process represents the problem : 
   Maximize 

                   — [(s n, Cins.)+(an, Rnan)]+(si, K1s1) 
                           n=N 

subject to 

  (i)Ani(Sn+i—Bnan)=-sn N�n�1 

 (ii)anE RPN�n�1. 

The problem is also written in the following forward process : 

   Maximize 

         N
E [( (Yn, RN-n+iY n)—(Xn+i, QN-n+iXn+01±(XN+1, K1xN+1) 

                     n=i
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subject to 

   (i) ANI-n+1(Xn—BN-,z+1Y0=  Xn+1 

 (ii)ynGRP1�n�N 

A simple linear algebraic calculation shows us that 

                T n,t(s7,)<Kai--(Kn+14-(BnR,VB0-1)-liK.+1Ansn • 

Thus the coefficient matrix is nonsingular. That is, 

                        T,,tEg(S„, Sn+i) 1�n.�N 

Therefore, the REVERSE THEOREM gives the reversed control process 2_1 optimal 

reward functions {v°, v1, ••• vN} and an optimal policy fa                                                                        62, • • • 8101 where 

                         7)N n+1(sN_n+2),___u n-1( sN_.+2) 

                                          =(• SN  n+2, KN-n+2SN-n+2) 

                       rin(SN-n+2)=7rt-n+1° (TN n+1, 7,7!,t_n+1) 1(SN-n+1) 

                                     -=—RN1-n+1BN-n+1KN-n+2SN-n+2 • 

Of course the optimal solutions are also obtained by solving the recursive formula : 

            v°(s1)=(s1, Kisi) 

                1,N n+2)=- Max [—(aN-n-Fi, R                                                                              _ N-71,-1-1aN-n+1) 
                                        aN_n+iERP 

                                                         —(AN1-n+1(SN-n+2—BN-n+1a N n+1) 

                                               C2N-n+1(A.V1-n+1(SN-n+2 BN-n+ la N-n+1))) 

                                 ±vN-71( (                                                                       n+1\.N-n+2—BN-n-FiaN-n+1))1 

                                       sN-n+iE RP 1�_nN 

   Concluding this section we remark that the 'reversible' result and analysis stated 

above also remain valid for many deterministic control processes [2, p. 329, p. 330], 

[3, p. 193, p. 195] and [4, p. 20, p. 21], which correspond to the case K=0 in our 

process.

   5. A terminal control process 

   We consider the case in which ••• =RN+1.-----R and each f,i(s., a., sn+1) 

is the identity function on the interval R for the main DP 2 in § 2. We call this 

restriced DP the terminal DP. In particular we consider the following problem as a 

terminal DP (see [2, p. 305]) : Let p and N be positive integers. Let b be a p-vector 
and A, B be two px p-nonsingular matrices with AB�BA.
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   Maximize 

                                (ZNZN_i••• Zlc, b) 
(5.1) subject to 

  (i)Z,,=-A or B 1�n�N (cGRP). 

This problem is represented by an N-stage main DP 2=--(Max, {An} 

{f.} k, {Tn}in starting at initial state s1=c, where 

                          , Rii-= R1 , An= {A, , 

                    f n(sn, a n, sn+i)(r n+0=r n+i 

                      k(sN+1)-=(sN+1, b) I 

                                71.(a 11)(S 11.) :=anSn • 

We call ID the main terminal control process. The recursive formula becomes 

                  ) Max (uN-n(Asn), uN-n(Bsn)) Sne RP 1�n_<N 

       u"(ss-f-1)=(sN+1,SN+1E RP • 

Thus the main terminal control process 0 has optimal reward functions {u°, u1, ••• , 

uN1 and an optimal policy , • • , Irt} , where rt(sTh)-= A or B according as 

u'l(As,,)�uN-n(Bs.) or not. The desired maximum value of the problem (5.1) is 
uN(c). 

   On the hand, the problem 

   Minimize 
                                   UN (ZI1Z • • • ZAT1C) 

(5.2) subjec to 

  (i)Z„--= A or B N�n�1 (cE RP) 

is represented by the reversedDP 2,==(Min, {S.} N+1, {R.}1N+1, {An} N, {(Rn• a n'sn,i)).-iliNy 
UN, {(T n 7,) 1} starting at terminal (with respect to 2) state sN+1=---c, where 

                             (f p, an, 5.+1))-1fro=rn 

                               (Tnan)-1(sn+i)=a;isn+i. 

We call 2, the reversed terminal control process. If Tn,tEg(S., S.+1), then the 

REVERSE THEOREM yields the reversed terminal control process 2_1 optimal reward 

functions {uN, uN-1, ••• , u°} and an optimal policy 17d ° (7' N4)-1, 7t-1° 
  ° (T . Therefore, the problem (5.2) has the minimum value k(c)=-(c , b). Note 

that the recursive formula becomes 

                            n+0=mino,,N-n(A                                               k1SN-n+2), VN-n(B-1SN-n+2)) 

                                       SN-n+2E RP 1-�n�N 

              e(si)=uN(si) siE RP .
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