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Abstract

A reversal operation for dynamic programming (DP) trans-
forms a (main) control process to a reversed control process. It
is applied to the well known linear equation and quadratic criterion
control process and to a terminal control process. Not solving the
recursive equation directly, but merely applying the author’s
Reverse Theorem in DP, we can automatically obtain the solution
of the recursive equation for reversed process.

1. Introduction

Recently the author has proposed, among other operations, a reversal operation
for dynamic programming (DP) on one-dimensional state space. He [6] has esta-
blished Reverse Theorem on general state DPs. These DPs are more strictly defined
than those of Bellman’s [1]. Therefore, the class of reversible DPs may be narrow.
However, it includes an important deteministic linear equation and quadratic criterion
control process and other terminal control processes.

The paper applies the author’s Reverse Theorem to a discrete time finite horizon
control process in §4 and to a particular terminal optimization problem in §5. We
generalizes some standard control processes in Bellman [2, p. 329; 3, p. 116, p. 193;
4, p. 20] to a nonstationary process. The latter is a modified version of the optimi-
zation problem [2, p. 305].

In §2, we specify a (main) DP by an ordered seven-tuple satisfying some alge-
braically regular conditions. These conditions make the main DP reversible. A
reversed DP is defined by negation of optimizer, reversion of time (consequently
reversion of state spaces and reward spaces, respectively), inversion of reward
functions, and substitution of optimal reward function for terminal reward function
(83). Thus the revesed DP of the revesed DP is an original main DP. We state
Reverse Theorem between main DP and reversed DP without proof: A pair of
optimal reward functions and an optimal policy for main DP characterizes a pair
of them for reversed DP in a reverse sense.

In §4 and §5 we introduce “reversed control processes” for only two cases.
However, the term “reversed” posseses wide applicabilities to more general control
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processes by relaxing the regularity conditions stated above.

2. Reversible dynamic programming

Let S and S’ be two nonempty sets. Then (S, S’) denotes the set of all one-
to-one mappings from S onto S’. We remark that Teg(S, S’) if and only if
T-1'eg(S’, S), where T-! is the inverse mapping of T. Let R and R’ be two intervals
of the one-dimensional Euclidean space R!. Then (R, R’) denotes the set of all
strictly increasing functions from R onto R’. Note that any function f in F(R, R’)
is continuous and therefore it yields a homeomorphism from R onto R’. Further,
feF(R, R’) if and only if f'eF(R’, R). We also have (R, R")C&4(R, R’). Given
a two-variable mapping A : AX B—C we define two one-variable mappings h,: B—C
and h,: A—C by

he(by=h(a, b),  hia)=h(a,b),
respectively.

A reversible dynamic programming (DP) 9 is specified by an ordered seven-tuple
(Opt, {S}¥*, {RV*, {ALTY, ([}, b, {T.}Y) with the following meanings:

(i) N is a positive integer, the number of stages.

(ii) {S,}¥*! are nonempty sets satisfying 2(S,, Sp+1)#¢ for 1=n=N. S, and
its element s, are called the n-th state space and n-th state, respectively.

(iii) {R,}¥*! are intervals of R!satisfying F(R,+,, R.)#¢ for 1=n=N. R, and
its element r, are called the n-th reward space and n-th reward, respectively.

(iv) A, is a nonempty set, the n-th action space, whose element a, is called the
n-th action.

(V) frn: SaXApXSpi1—F(Ruyy, Ry)is the n-th reward function. We frequently
write fo(Sn, Gn, Spe1)Trir)y fulSny Qny Suss, Pagr) OF f$m onsnsD(pp ) for (Sn, Gn, Snes, ¥ne1)
€S, XA XSpi1X Rty

(vi) k: Syi1— Ry, is the terminal reward function.

(vii) T,: An—G(S,, Sasy) is the n-th state transformation. We frequently write
Tr(an)(sn), Tn(sn, @n) oF Trg,(sn) fOr (sn, an)ESLX An.

(viii) Opt denotes either Max or Min, the optimizer. According as Opt=Max
or Min, it represents the following optimization (either maximization or minimization)
problem :

Optimize
Falss, @y, $)(fo(sz, @z, 5)((Fn(sw, aw, sye)(k(sy+1))
subject to
@ To(az)(s)=8n+1 1=n=N
(ii) a, A, 1=<n<N.

More symbolically this problem may be written as follows:
Optimize

fis1a1 82 af;_i,szvazv\‘?a) o ...foa(lystﬂ) o k(SN+1)
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subject to
(1> . Tnan(5n>:Sn+1 1=n=N
(ii) a, <€ A 1<n<N.

Further it may also be expressed in a standard from:
Optimize

Filsy, ay, S, fo(Ssy @oy S, o0, Fu(Sw, @y Swa, B(Sy+1) )
(2.1) subject to
® Twlsn, an)=sy+1  1=n=N
(i1) a, €4, 1=n=N.

We call @ the main DP. First it starts at a given initial state s,€S,, a first
action a,€ A, is chosen, and it goes to the second state s,=T.(s;, a;)€S,. A second
action a,= A, moves the main DP 9 to the third state s,=T.(s,, a,)€S;, and so on.
Finally 9 terminates at the terminal state sy.;=T y(sy, ax)ESxy+:. The experience
starting at s; and choosing a sequence {a,, a,, -+, an} yields the ‘total’ reward

S ¢ ffe0at ool (s

The main DP 9 itself wishes to optimize this total reward subject to the state-action

constraint.
Let us now consider the (N—n-+1)-subproblem of (2.1) as follows:
Optimize

Su(Sny @ny Snity foe1(Snats @nsty Snaa, =5 Fu(Sy, @w, Syar, B(Syi0)))
(2.2) subject to
i) Tn(Sm, Gm)=Sm+1 n=ms=<M
(ii) AnS< An n=m=M,

where s,€S,, 1=n=<N. The optimum value function of the (N—n-+1)-subproblem is
denoted by u¥-»*': §,— R, if it exists:

u.\'—nﬂ(s"): Opt fgfn, an $p+1) of§;*31+1,an+1'871+2> oo fENIENSNID o k(SxH)

TmamSm)=Sm+1
amEAn
n=msM

$2=S,, 1=<n<N.

Further, we define u°: Sy,;—>Ry.; by
U(Syr1)=k(Sy+1) Sy+1ESN41.

The functions {u° u', ---, u"} are called optimal reward functions for main DP 9.
Two adjacent optimum value functions are combined as follows:
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THEOREM. 1. (RECURSIVE FORMULA FOR 9)

(2.3) u® T (sy)= Opt fu(sn, an, T(sn, az), ¥ "™(Tn(sn, @)
an€Ay

$.ES,, 1<a<N
W (syr)=k(sx+1) Sy+1ESy41-

PROOF. Easy.
A policy of @ is a finite sequence {r,, 75, -+, =y} of mappings =,: S,— A, for

1<n<N. A policy {x¥ =¥ -, 7% is called optimal for 9P if for each s,€S,,
1<n<N the 7nX(s,) attains the optimum value of (2.3).
3. Reversed dynamic programming and Reverse Theorem

When the main DP 9 has an optimum value function u?¥: S,— R, a reversed
DP 9_, is specified by the ordered seven-tuple (Opt, {S,}¥*!, {R,}¥H, {A}Y, {f2}7,
k’, {T,}{) where

Opt=Min if Opt=Max

=Max if Opt=Min
Sa=SN-n+2, R;=Rpy-n+2, A=Ay
(5n=SN-n+2,  "n=TN-n+z,  Gr=0N-n+1)
Fa(she, @ney $he)=(fN-n+1(SN-n+1, AN-n+1, SN-n+2))"}
Th(aw)=(T y-n+i(@y-n+:)7"
B=u?,

Starting backwards at state sj=sy+;ESy+:=>9] and terminating at state sy,,=s,€5,=
S4+1, the reversed DP 9., represents the problem :

Optimize
filsi, ai, s, fi(sh, as, 85, -+, [a(Sh, @y, Shes, B/ (Sh+0)+))
(3.1) subject to
(i) T7(sh, an)=spe1  1=n=N
(ii) a,s A, 1=n=N.

Rewriting in terms of components of the main DP &, this problem reduces to
Optimize

(fEN-an 3y +D) 1o (fEN-1ON-15W) 1o oo (fF10190) 10 N (g))

subject to
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(1) (Tna")_l(3n+l):Sn Nénzl

(ii) a,e A, N=n=1,

where N=n>=1 means that the time n runs backwards N-+1, N, ---, 2, 1. Thus, we
may specify the reversed DP 9_, by '

©pt, {Sut s, (R} yen, {Aubl, {(fimeninen)y i u¥, {(The,) 1)

The (N—n-+1)-subproblem of (3.1) becomes as follows:
Optimize

To(Sny Qny Shary frsa(Snar, Grary Snie, o, Fu(Sh, @k, Shar, R/(Shs0)))

subject to
(i Th(sh, an)=sme1  n=m=N
(ii) ans A, n=m=N

where s,€S,, 1<n<N. The optimum value function of this subproblem is denoted
by v¥-**: §L— RL or vV P Syl Ry _aae if it exists:

- — BN-ny1, a8 _p41 SN - -1 SN-n @y-nSy- -
oy P SN nye) = Opt N}'V;”,_ffﬂ AN -n+1: SN n+2)) o (f{ N0y -m Sy -ntD)-L
Tmam)  YSm+1=5m
amSAn
N-n+lzmz1

oreo(fiTr a2y e g V(sy)
Sy-nt2ESN_nis, 1=n=N.
Further we define v°: S;— R, by
V(s)=u"(s,) $:€8;.

The functions {v°, v, ---, vV} are called optimal reward functions for reversed DP 9_,.
We have the following recursive relation:
THEOREM 2. (RECURSIVE FORMULA FOR 9_,)

v — ~_ Ty- . ~1¢sa . . -
Vs )= 0Pt (FATner ey ae T o na ay e o)

ay-n+1€4y-n+1
vV (T y-nas aN_,‘“)_I(SN—nﬂ))
SN-n+2ESN-n+z2, 1=n=N
V(s)=u™(s,) s:<€85,.

PrOOF. Easy.

Note that a policy of 9., is a sequence {o,, g;, -, oy} of mappings 6,: Sy-nss
— Ay-ns1 for 1=n<N. Let U,€49(S,+1, S,) for 1=<n<N. Then, clearly, {r,, %, -,
ny} is a policy of @ if and only if {zy° Uy, ty-1°Uxy-4, -*-, e U;} is a policy of
D.,. We define Tyz,: Sp—Sas1 by :
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an:"(sn):Tnzn(sn)(sn) SnESa.

Qur fundamental theorem is REVERSE THEOREM in dynamic programming :

THEOREM 3. (REVERSE THEOREM) (i) The main DP 9 has optimal reward
Sfunctions {u°, u', -, u¥} and an optimal policy {x¥, =¥, ---, z¥} if and only if the
reversed DP D_, has optimal reward functions {u®, u¥*, ---, u®t and an optimal policy
(7o (Twag)™, whas Taon oy )™ -, w8 (D)™, provided that Ty xEG(Sy, Se)
for 1=n=N.

(ii) The reversed DP D_, has optimal reward jfunctions {v°, v*, ---, v™} and an
optimal policy {6., 8. ---, 8x} if and only if the main DP 9D has optimal reward
Functions {v¥, vV, -, 1%} and an optimal policy {6x°Tysy)™" Sn-1°(Thioy- )70 )

51°(T;91)_1}» provided that T;,,';"EQ’(SN_T,H,SN_MI) for 1=n=<N.
PROOF. See REVERSE THEOREM in [6].

4. A linear equation quadratic criterion control process

For given two symmetric matrices A and B, let A=B (A> B) denote that A—B
is non-negative (positive) definite. ( , ) denotes the inner product.

Let p and N be positive integers. Let A, (1=n=N), Q, 1=<n=N), K, R,
(1=n=N) and B, (1=n=N) be pXp-matrices. We assume that A, and B, are non-
singular and that u ‘

(4'1) Qn;oy Rn>0: K>0

where 0 is the matrix of all zero elements.
Let us now consider a more general nonstationary discrete control process. The
problem is to minimize a total cost by addition of the individual costs

él [(xn, Qrxo)+ (¥, Roya)l+(xner, Kxyer)

subject to x, and y, related by the difference equation
Xns1=AnX0+Bryn 1=n=N, x=c
1, ER?, Y. € R? 1<n<N.

This control process is represented by an N-stage main DP 9=(Min, {S,}¥*, {R,}¥*
{ANY, {fa}?, k, {T,}}) starting at an initial state s;=c, where

>

S,=R?, R,=R', A,=R?,
SnlSny @ny Spar, Toe)=(Sn, QuSn)+(an, Rpan)+7n41,
k(SN+1):(SN+1; KSN+1) » Tn(sn; an):Ansn+Bnan .

We call 9 the main control process. The main control process 9 represents the
problem :
Minimize
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N
ﬂgl [(Sny Qnsn)+(an; Rnan>]+(SA'+1, ](SNi-l)

subject to
(1) Ansn+Bnan:5n+1 1§W§A)V
(ii) a,€R? 1=n<N.

We follow Bellman’s analysis [2, p. 329; 3, p. 193]. First
u(sy+)=k(sy+1)

:(5N+1, KN+15N+1)

where
KN+1:K .
Second we have

w'(sy)= Min [(sy, Quxsy)+(ay, Ryan)+u(Axvsy-+Byay)]

ayERP

= Mi;}p[(-?‘v, Qnsy)+Hay, Ryay)+(Aysy+Byay, KN+1(ANSN+BNaN>>] .
aAVE
By (4.1) the minimum value is attained by ay, denoted by =n}(sy), satisfying

d
da v'[(sm Qysy)+(ay, Rvay)+(Axsv+Byay, Kyii(Aysy+Byay))1=0

namely
(4.2) RAva_v"*'B;vKN.;.](ANSN—FBN(IN):O
Since Ry—+ByKy+By>0, we obtain

% (sy)=Lysy
where
Ly=—(Ry+ByKy:By) 'ByKyi Ay .

This 7%(sy) together with the identity (4.2) yields

u'(sy)=(sx, Kysy)
where
Ky=Qx+Ay[Ky(Ay—Bx(Ry+ByKy 1 By) ' By Ky 1 Aw)]

=Qn+ Ay Ky~ Ky Ba(Ry+ By Ky 1 By) By Ky} Ax
=Qun+ AWK+ ByRyBy) Ay
>0.

In general the main control process 9 has quadratic optimal reward functions
{u®, u*, -, u¥} and a linear optimal policy {z¥, =¥, -, =¥} :

uN—nJrl(sn):(sm Knsn)

ﬂ:(sn): L,sy
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where
Ky.,=K
Kn=Qut Ap{Kpsr—Kns1Ba(Ro+ By Ky Bo) By K} An
4.3 = Qut AWK+ BRI B A, Nznz=1
Ly=—(Rut BB Bk Ay N2n2L.
Note that A;= - =Ay, B;= - =By, Q,= -+ =2Qy, Ri= - =Ry and Ky,;<Ky imply

0<KN+1<KN< b <K2<K1.

On the other hand, let us consider another control process. The problem is in
turn to maximize a net gain by subtraction of the individual costs from the total
cost

(x5, Katd= B [a, Qurxn)+(3a, Raz)]

subject to x, and y, related by the difference equation
Xn=A (X n41—Bryz) Nz=znz=1, Xx41—=C

x,€ER?, y.€R? N=zn=1

where K, is determined backwards by (4.3) with initial condition Ky.,=K. This
maximization problem can be represented by the reversed DP 9.,=(Max, {S.}Y+1,
{Ra}ysr, {Aukly, {(f3monins0)y 38 0¥, {(The,)'}y) starting at ‘terminal’ state sy, =c,
where

(famonnaD) U y=r,—(Sn, QuSn)—(an, Rnay)

u¥(s)=(sy, Ksy)
(Tnan)_l(sn+l)= A;1(5n+1_Bna n) .

We call this reversed DP the reversed control process. Thus the reversed control
process 9., represents the problem :

Maximize
— 33 (G Qusa)H(an, Rua I H(s, Kis)
subject to
(i) AN (spe1—Bran)=s, Nznz=l
(ii) a,ER? Nznz=l.

The problem is also written in the following forward process:
Maximize

N
21[(_(yn; Ry-ne1¥a)—(Xns1, QN-n+1xn+1>]+(xN+1; KX y41)
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subject to
{1 A a1Xa—By-ns1Yn)=Xns1 1=n=ZN
(ii) y.ER? 1<n<N.

A simple linear algebraic calculation shows us that
T o ox(s)=[ K41 —(KpsrH(Bo Ry B) ™) 1K1 ArSa -
Thus the coefficient matrix is nonsingular. That is,
T %€ 8(Ss, Sn+r) 1=n<N.

Therefore, the REVERSE THEOREM gives the reversed control process &9-, optimal
reward functions {v°, v*, ---, vV} and an optimal policy {&,, &., -+, 6}, Where

VY (S yona) = U™ (S onse)
=(Sy-n+2, Kn-ns2Sn-n+2)
6‘71(51\’—71-)-2):7[3‘\:7—7'.%'1"(TN—n+1.z}‘r_n+1)_l(sN—n+1)
=— Ry n+1By-ni1Ky-ns2Sn-n+2 -
Of course the optimal solutions are also obtained by solving the recursive formula:
V(s)=(s;, Kisy)

T’N_nﬂ(sgv—nw):a Maékp[“(aN—nH, Ry nt1Gn-n+1)
N-n+1

—(AF n:(Sy-nte— By-n11ax-n+1),

Qy-ni(Avnir(Sy-nte—By-nt185-n+1)))
0V A Sy -ns2— By -n+1@ 5 -n+1))]
Sy-n+1€ R?, 1=n=<N.

Concluding this section we remark that the ‘reversible’ result and analysis stated
above also remain valid for many deterministic control processes [2, p. 329, p. 330],
[3, p. 193, p. 195] and [4, p. 20, p. 21], which correspond to the case K=0 in our
process.

5. A terminal control process

We consider the case in which R,=R,= - =Ry, =R and each f,(s,, @n, Sp+1)
is the identity function on the interval R for the main DP 9 in §2. We call this
restriced DP the terminal DP. In particular we consider the following problem as a
terminal DP (see [2, p. 305]): Let p and N be positive integers. Let b be a p-vector
and A, B be two pX p-nonsingular matrices with AB+BA.
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Maximize
(ZnZy-1+ Zic, b)
(5.1) subject to

i) Z,=A or B 1=n=<N (ceR?).
This problem is represented by an N-stage main DP 9=(Max, {S,}{*', {R.}{*, {4},
{Fa}¥, k, {T,}?) starting at initial state s,=c, where
S.=R?, R,=R", A,={A4, B},
FfalSns @ny Sae)(Tae)=7ns1,
k(sys)=(Sy+1, b),
Tw(@n)sw)=anSn -
We call @ the main terminal control process. The recursive formula becomes
u¥-m (s )=Max (u¥"(As,), uV""(Bsn) s, €R? 1=n=N
1 (sy+)=(Sn+1, b) sy+1ERP.

Thus the main terminal control process @ has optimal reward functions {u° u!, ---,
¥} and an optimal policy {zf¥, =¥, -, ¥}, where z¥(s,)=A or B according as
u¥-"(As)=u"""(Bs,) or not. The desired maximum value of the problem (5.1) is
u¥(c).

On the hand, the problem

Minimize

u¥(ZPZ - Z7e)

(5.2) subjec to

@) Z,—A or B Nznzl1 (ceRP)

is represented by the reversedDP 9_,=(Min, {Sy}y+1, {Rz}i+1, {Anbl, {(Fimonne2) 0,
u®, {(T,.,)""ty) starting at terminal (with respect to 9) state sy.,;=c, where

(Fimemme) )=,
(Thay) (Sn+1)=0a5"Sn41-

We call 9., the reversed terminal control process. 1f T,.x€G(S,, Sz+y), then the
REVERSE THEOREM yields the reversed terminal control process 9., optimal reward
functions {u", ¥, -, u°} and an optimal policy {z¥ (T nz%)7", a%-1o(Ty-nat )78
z¥e(T1z#)7'}. Therefore, the problem (5.2) has the minimum value k(c)=(c, b). Note
that the recursive formula becomes

vV (s v peg)=Min WV M(A 7 Syonae), VY (B 'S yon+2))

Sy-n+2ERP 1=n=N

V(s)=u"(s)  s;ER?.
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