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   1. Introduction and Summary 

   This paper is a continuation of our papers [9], [10] and [11] and is concerned 

with a Robbins-Monro type stochastic approximation method when a sequence of 
dependently distributed random vectors is given. 

   The method of stochastic approximation has been first proposed by H. Robbins 

and S. Monro ([5]) and its modifications have been thereafter given by many authors. 

A typical one of them is as follows. Suppose that an  RN-valued random vector Y„(x) 

can be observed at xERN and each instant n, and the expected value of Y n(X), 

denoted by E[Y„(x)]=1/17,(x), is unknown to us. Assuming that the equation itin(x)=0 

has a solution x=8,, for each n=1, 2, • , it is desire to estimate 0,, for sufficiently 

large n on the basis of observed values Y1(X0), Y2(Xi), Y.+I(X,i), ••• at the points 

X„ Xi, •-• , X„, ••• which are produced by the following recurrence relation, 

                   Xo=an arbitrary constant vector in RN, 
(1.1) 
                      Xn+,--=Xn —a n+i Yn+i(X.)for n=0, 1, 2, ••• , 

where la „};,°_, is a sequence of positive numbers which satisfies lim a and E an 
                                                                                                                                     n=1 

=co, and Y„,1(X7,) is an RN-valued random vector whose conditional distribution given 

Xo=x0, X1=x1, ••• , X7,=--xi, coincides with the distribution of Yn+i(xn), consequently 

(1.2)EC Yn+I(Xn) Xo, X1,-=--Mn+i(X.) a. s.. 

   In our previous papeper [8], we showed that lim Xn— n112=0 and lim II X„—Onlj=0 

a. s. under the condition (1.2) and some additional conditions on {M„(.)} ;,°=1, Yn+i (X 01 

and 107,1,7=1. 

   In applying the above stochastic approximation method, we often encounter the 

case when Yn(x) can be expressed in the form of Th(x, Yn) where IY,R=1 is a given 
sequence of observable random vectors which does not depend on x and 0,„(., .)'s are
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measurable transformations. For example , in the learning problem of estimating an 
unknhwn optimal discriminant function for a pattern classification ,  {17.}Z=1 means a 
training sequence ([4], [6], [7]) , and in the problem of estimating an unknown func-
tion on the basis of a sequence of input-output data , {Y.}7,-1 means a sequence of a 
pair of inputs and outputs variables ([1], [4]). From these viewpoints, in [9], [10], 

[11] and this paper, we have considered the case when the random vector Yn(x) can 
be expressed in the form of On(x , Yn) where {Yn}„=1 is a sequence of Rm-valued random 
vectors and 0,(• , .)'s are Borel measurable mappings from RN xRm into RN . 
And we have discussed the problem of finding the solution of the equation 

                           E[07,(x, Y.)]=0 
for sufficiently large n. 

   If Yn's are independently distributed random vectors then the relation (1. 2) is 
automatically satisfied under the procedure (1. 1). Hence this is the case of the usual 
R-M stochastic approximation method . If Yn's are not independently distributed 
random vectors then (1. 2) may not be satisfied . Therefore we can not apply the 
usual R-11 stochastic approximation method to this case directly . For this reason, 
in our previous papers ([9], [10], [H]) we discussed the case when the relation (1. 2) 
may not be satisfied. And it was shown that the mean square convergence theorems 

([9], [10]) and the a. s. convergence theorem ([11]) hold. In [9] and [11] it was 
assumed that On(x, y) can be expressed in the form of (x—e0A7,+r n(y) where An's 
are Nx N-matrices (not random) and rn's are Borel measurable mappings from 
RM into RN. In [10] it was assumed that A n's are bounded linear operators of a 
separable Hilbert space H0 into itself and En's are measurable mappings from a 
Hilbert space into H0. 

   In this paper we shall try to generalized to the case when the NX N-matrices 

An's depend on yER31. And we shall give the a . s. convergence theorem. 
   This paper consists of four sections. In Section 2, we shall give the formulation 

of our problem and give some lemmas to be used throughout this paper . In Section 
3, we shall give the a. s. convergence theorem which is the main result . In Section 
4, we shall give two applications of our result .

   2. Formulation and Preliminalies 

   Throughout this paper Rn denotes the n-dimensional Euclidian space , 0 denotes 
the zero vector and unless otherwise indicated vectors are to be row vectors . And 
let (Q, P) be a probabily space. 

   Let -) (i=1, 2, ••• , N and n=1, 2, -.) be a real valued Borel function defined 
on RNxRm. And we put 

                   On(x, Y)=(C1)(x, y), Q),N)(x, y)) 

for XE RN, yERM and n=1, 2, ••• . Throughout this paper we suppose that {Yn} 77=1 
is a sequence of Rm-valued random vectors defined on (Q, P), i. e. Yn's are 
measurable mappings from (Q, (-4) into (RM, gm) where gm is the Borel field in 
RM.
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   Now we shall consider the following problem. 
   PROBLEM. For  sufficiently large n, find the solution of the equation ; 

(2. 1)Mn(x)=0 

where /1//,,(x)=---E[C(x, Yn)]-=-(ECOT(x, Yn)], ••• , ECOT(x, Yn)])y n=1, 2, , xERN. 
   For the above problem we suppose that M„(• )'s are unknown to us. But we as-

sume that we can make use of the random vector Ci(x, 377,) at each xERN and n= 
1, 2, ••• . 

   Let us give a Robbins-Monro type procedure for estimating the solution of the 
equation (2. 1) for sufficiently large n. 

   PROCEDURE. Let X0=00 be an arbitrary constant vector in RN and define 
X1, X2, ••• by the following recurrence relation ; 

(2.2)Xn+,=---Xn— a n+10n+i(Xn, Yn+1) 

where {an}Z=1 is a sequence of positive numbers which convergees to 0 as n co. 
   Throughout this paper let c_r7n=0-(17n) (n=1, 2, be the a-field generated by Yn. 

And let us define the dependent coefficient of the a-fields LI' and c_A" which are the 
sub-a-fields of (_4 by the relation, 

(2. 3)0(cl', din= sup (ess sup I P(A I di')(()—P(A) I).                                          wED 

And we put 

(2. 4)pn=sup <-11m+n) 
                                                                1771, 

for n=1, 2, ••• For the above dependent coefficient we refer to M. losifescu and 

R. Theodorescu ([2]). 

   With all vectors considered as elements of RN we adopt the following notations. 

If x, yERN then <x, y> will denote their inner product. The norm of xERN is 

denoted by Ilxii and, of course, is equal to <x, x>"2. If A is a NxN-matrix then we 

define in the usual way 

(2.5)IIAIIN= sup II xAll                                                       Ilxll=1 

Moreover I denotes the identity matrix. 

   The following five lemmas will be needed for the proof of the theorem in Section 3. 

   LEMMA 2. 1. Define 11.110 by IIAII.-= max lc/J.,' where A is a NXN-matrix whose 

(i, j)-th element is ao (real number). Then there exist two positive number C1 and C2r 
such that 

(2.6)ClIIAIIQ~IIAIIN~CIIIAIIO 

for all NX N-matrix A, where is defined by (2. 5). 

   PROOF. Put x=(xl, x2, , xN) and ei=(0, 0, 1, ••• , 0) for i=1, 2, ••• , AT. Then, 

using the Schwarz inequality, it follows that
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(2.7)  All  N= sup lxAll 

                                                                      

,=1 

                           N N aiixiry12                  = sup{E 

                                           

,-1i=1j-1 

                                       211/2                   �N"2 sup { max ( E aiixj) 
                        dx!=1 j=1 

                        .,VI"supmax ( E                                      Ncoiyx2.1}i/2   1_                            11x1=1 j=1 A j=1 

                     =N1/2 max(lira26)112 
                                                          j=1 

                  �N max I . 

And we have 

(2.8)112411 N>-_-= IleiAll 

                      (Nao1/2 

                         

I a ij I for all i, 2, , N. 

Hence, (2.6) holds. 

   The following lemma was proved in [6]. 

   LEMMA 2.2. Let Ix7,172-0 be a sequence of non-negative numbers. Suppose that there 

exist three sequences of non-negative numbers la n};,°=1, tb,R-1 and {K.}7=1, such that 

    ( ) Xn+1.-(1—an+1)Xn+an+ibni-i+Kn+1 for n =0, 1, ••• 

   (ii) lim an=0, E a n=c0 , 
                                    n=1 

   (iii) lim bn=0, E Kn< CO . 
                                    n=1 

Then it holds that lim Xn=0. 

   REMARK. Assume 0�an<1 for all n�1. And define 

(2.9)xn= akbkII (1—a1)+ Kk II (1—a1) 
                 k=11=k+1k=1 1=k+1 

for n=1, 2, ••• . Then {x0,7=1 satisfies (i). 

   LEMMA 2.3. (Kronecker's lemma). If E xn converges to a finite number and 0.1.7=1 
is a non-increasing sequence of positive numbers which converges to zero as n co, then 

it follows that lim bn jC,k =0. 
                        k=1bk 

   PROOF. It is ommited (see [3]). 

   LEMMA 2.4. Let a' be a normed linear space. Suppose that there exist four se-

quences of elements in a', {xn}n---=0, {                                         Yn} Tx=1 and Iwnln-=1, such that 

(2. 10)Xn+1=Tn+iXn+Un+i+Vn+i+Wn+1 1n=0, 1, 2, ••• ,
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where  IT  01;;'--1 is a sequence of bounded linear operators of into itself. And suppose 
that there exist three sequences of positive numbers {an} =1f {3n};,=1 ,.=1 and 17,1;;--1, positive 
numbers Ki (i=1, 2, 3, 4, 5) and a positive integer No, such that 

    ( i) lim cr„=0,an=00, 
     n->con=1 

   ( ii) sup 37, I aVvi—cr;1 I <K1, 

                 n 

  (iii) sup suP 

   (iv) jTic T,,, T.+111 H 11—ad for n>m--Afo, 
                                               k=m+1 

   (v) -anrn, for n>N0, where I is the identity operator, 

   (vi) sup 3nin-K5 or E anignin <co 
   71n=i 

   (vii) lim a,Y II 71,1=0 , 
                   n-c>. 

        E IIvn1I <0° , 

   (ix) Um an3,71 17, ail w k=0 . 
                               k=1 

Then it holds that Um II x„Il =O. 

   PROOF. Let us put TV =T ,,T „_, • T,n+1 for n> and T,,")=-/. Then (2. 10) 
implies 

(2. 11)x7i= Tr(iik±vk+wk)-kron)xo. 
                                               k=1 

From (i) and (iv) we have 

(2.12)lim ron) :cot! =0 . 

By (i), (iv), (vii), (viii) and using Lemma 2. 2, we have 

(2.13)lim 117Yuk11=0                                                         k=i 

and 

(2. 14)lim II r;)vk 11=0 .                                                   n-00 k=1 

Next we shall prove that 

(2.15)lim Trwk =0. 
                                               n-cs. k=1 

                                  N 

Note that TVwk=Tri-                       wkil                              rrwk. Firstly, (i) and (iv) imply 
    k=1k=Nk=1
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 NO-1 

(2.16)urn E 
                                                  n-co k=1 

Hence, in order to show (2. 15), we have only to prove that                                 

In (2
. 17)limE TP)wk =0.                                       n- k=--No 

Let us put 

                 s,0_,=0 , where 0 is the zero element in a', 

(2.18) -1                 s n=a, E akwk for n�No                                        k-No 

and 

(2. 19)Yn.= ri;1)11) k 
                                                            k=-No 

Then, noting ccis„—al1s,,_1=aVivi,, we obtain 

                                             n-1 

(2. 20).=sn+E              .Y (akrk")—ak+iTVOctilsk 
                                    k=No 

                  =Sn+nE-1rk7+1(T k+i—I)sk+n-1                                         E ak+i(ceit —anrk+isk 
         k=Nok=No 

From (i), we can assume that 0<an<1 for all n�No without loss of generality. Hence 

(ii), (iv), (v) and (2.20) imply 

(2. 21) 11.Y7,11-1!s7,1H-1(4nE-1ak+1[3k+irk+113a111SkIl (1—a1) 
           k=Nol=k+2 

             +K1nE-1 (1-a1). 
                  k=No1= k+2 

Note that sk =(1;11)(13;111sk tl) and Um /3-7-,1^1s7,11=0. Hence, by (i), (iii), (iv), (vi), 

(2.21) and using Lemma 2.2 we obtain (2.17). 
   Thus the proof Lemma 2.4 is completed. 

   REMARKS. (1) If we put an=n', 13„=n-6 (0<o<1) for n=1, 2, ••• , then (i), (ii) 
and (iii) are satisfied. 

   (2) Let {an} n=1 be a sequence of positive numbers which satisfies (i). And put 
      (0<5<1) and suppose that (ii) holds. Then it holds that I ana7711-11�Kiceli-3. 

Hence (iii) holds. 
   Next we state without proof the lemma which was proved in [2]. 

   LEMMA 2. 5. (A strong law of large numbers for dependent random variables). Let 

IX,R=1 be a sequence of real valued random variables defined on (Q, P). Suppose 
that there exist a positive interger no and a increasing sequence of positive numbers 

{k7,1,7, such that 

   (i) lim cb( \n/ V c_A i) <1 , 
                i=1 i=n+no
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     (ii)  E pY<.0 , 
                    n=1 

      (iii) lim kn=p0 , 

      (iv) E k;,2E (X7,—EX,)2 <00 , 
                       71=1 

  where c_Ai is the a-field generated by Xi (i. e. ,Ai=0.(Xi)), V denotes the a-field 
                                                                                                        te-A 

  generated by the join of the a-field iE A, and pm=sup ci(d-7,„ Then it holds 
                                                                                                                  117, 

  that 

                          lim k,7,1 (Xi —EXi)=-0 a. s. 
                                                        i=i 

      EMARK. Let 1X7,1,7=1 be a sequence of random NXN-matrices (vectors) which 

  satisfies the conditions (i) to (iii) and the following condition, 

     (iv)' E <00 E ki-i2E1IX.—EX.112<00) • 
   n=in=i 

  Then, noting Lemma 2.1 and using Lemma 2.5, we have 

                        lim k,7,1 (Xi—EXi) =0 a. s. 
                                                      i = 1 

                               (Xi —EXi) =0 a. s.). 
                                                                           2,=1 

      3. Main result 

      Let the sequence of positive numbers {a,,}7),=„ the sequence of Rm.-valued random 

  vectors 07.1:7=1 and the sequence of the a-fields IcA,,,r77=1 be as defined in Section 2. 
  Moreover, let the sequence of non-negative numbers {p,i} Li be as defined by (2.4) 

  in Section 2. And suppose that o be a number which satisfies 0<3�1/7. The follow-

  ing assumptions about {an} ,=1i {0.(•, -)}73,1 and {Y,,,},=1 will be used in the proof of 

   the theorem. 

      ASSUMPTIONS. 

      (Al) W0,7=1 is a decreasing sequence of positive numbers, such that E an---00 • 
                                                                                                                         n=1 

      (A2) E a ,1,± < 00 
                    n=1 

      (A3) sup a8„(a,7Ji—a;,,1)<0.0. 

      (B1) For each n=1, 2, ••• , x RN and yERN,On(x, y) is expressed in the form of 

                       0.(x, Y)=(x-0014.(Y)+En(Y), 

  where On is a constant vector in RN, An(Y)-=(Ai•i)(Y)) is a NXN-matrix whose (i, j)- 

  th element 11`,P-1)(Y) is a Borel function defined on RN and rn(y)-(nr(y), ••• , rv)(3))
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is a vector in  RN whose i-th element iny) is a Borel function defined on Rm. 

   (B2) E ci,-E5E1,An(Y.n)11:i-<00. 
                 n=1 

   (B3) inf <xA„,(1'„), x>_�0 a. s. for n=1, 2, ••• . 
              lx3=1 

   (B4) There exists a positive number ao such that 

                   inf <xECAn(Y.)1, x>-�ao for n---=1, 2, •••. 

                           

I xii=1 

  (B5) limIlE[rn(1.701=0. 
                       71 ->so 

   (B6) E av6E111.070—EY.(17.)1112<00. 
                n=1 

   (B7) urn aV+illen—en+111----0 

   (C 1) There exists a positive integer no such that 

                              ,y7„VLAi)<1 , 
                      n-.i=1 i=n+no/ 

where V LA, denotes the a-field generated by the join of the a-fields iEA. 
        iEA 

   (C2) E 0,<00. 
                n=1 

  REMARKS. (1) (B1) and (B5) imply limilMn(0011-=0. And suppose that (B1) and 
                                                                                    n-.00 

the followihg condition, 

  (B5)' E[rn(Y.)] =0 (n=1, 2, 

hold then 0„ (n-=1,2,---) is a solution of the equation (2.1). 

   (2) Assume that Yn's are independently distributed random vectors. Then it is 

easily seen that lim 0( V (Ai, ̂ / ,A)=-0 for all no and pn=0 for all n. Hence, (C1) 
                n-00 1=1 i=n+no 

and (C2) hold. 

   (3) Put an=n-t ((1+5)-1<t�1), n-=1,2,•-• . Then (Al) to (A3) are satisfied. 

  (4) (B2) implies EriWallAn(Yn)11*00, implying that aV511An(17n)nr<00 
    rt=1n=1 

a. s.. And (A2), (B5) and (B6) imply E av-ollrn(Y.)112<00 a. s. . 
                                                      n=1 

   The following theorem is our main result in this paper. 

   THEOREM, Let Xo, X1, ••• , X„, ••• be as defined by (2. 2) in Section 2. Assume (Al) 

to (A3), (B1) to (B7) and (C1) to (C2). Then it holds that 

(3.1)limilXn—Ond =0 a. s. . 
                                               n-co 

   PROOF. According to the procedure (2.2) and (B1), it follows that 

(3.2) Xn+1-0 rt+1 

           =(Xn-0 n)(Ian+lAn+1(7n+1))+an+i {aji(en—On+1)(/— a n+lAn+1(1'n--1) 

              —i n+1(7n+1)} n=0, 1, 2, •-•
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Let us put 

 Xn—On=  xn, ErAn(Y.)]=An, Ei['n(Y.)]=1"n and nErAn(I701= T.. 

Then we have 

(3.3)Xn+i—XnTn-Fi+an+iUn+i+an+1Vn+1a n+1IVn+1 

where 

(3. 4)Un+i—a410 rt—On+1)Pn+1 

(3. 5)Vn+1--(0. On+1)An+1 

and 

(3.6)Wn+1=Xn(An+1 An+1(Y n+1))±(64 n On+1)(An+1 An+1(17n+1)) 

                     rn+1(Yn+1)+Pn+1 • 

By virture of (3. 2) to (3. 6), in order to show (3. 1), it is sufficiently to prove that 

(3.3) to (3.6) satisfy the conditions in Lemma 2.4 for putting an=a0an and 48.-=as, 
n=1,2,-- . Hence we claim that the following (I) to (V). 

   ( I ) ; There exists a sequence of positive numbers {7.}`77=1 such that 

                      III—Tn11�-aoanin for n=1, 2, ••• 
and 

                              E cVin<00. 
                                                      n=1 

   ( II) ; There exist a positive integer No and a positive number K, such that            

IITm+1•Tm+2.••TnIIN~I~ (1—aoak) for n>m�-No, 
                                                    k=m+1 

where 1—aoa k> 0 (k�-N0). 

  (III); limll Unll =0 . 
                          n•-•.0 

   (IV) ; anil Vn II < c)° • 
                 n=1 

   (V) ; lim Wk =0 a.s.. 
         n-•00k=i 

   PROOF OF (I). Put a o ill An II N=rn, n=1, 2, ••• . Then we have 

(3.7) TnIIN=anlIA.IIN= Cepa nr n n=1, 2, ••• . 

The fact that IlAn5�EllAn0705 and the Schwarz inequality imply 

(3. 8)E al'in=aV E 
        n=1n=1 

                   a-01(7ciiiaV°)112(al"EllAn(Y014/2.
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Hence, according to (A2) and (B2), (I) follows. 

   PROOF OF (II). According to (Al) it follows that there exist a positive integer 

No and a positive number ko, such that 

(3.9)I —2a0a n�_kV for n�No • 

(B4) and (3.9) imply 

(3. 10) 

                       =(1-2a0an)11+(1-2a0an)-1(a A .111)} 

                    _(1-2aoa A id k) 

for n No. Hence we have 

                                                           11/2 (3.11)TON5_{fl(1-FkocalAkMII(1 —aoak) 
              k=m+1k=m+1 

for n> m No. And (B2) implies 

(3.12)sup II (l+koaillAk POGO() • 
                                  1sm<n k=m+1 

Hence (II) holds. 
   PROOF OF (III) From (B5) and (B7) it is easily seen that (III) holds. 

   PROOF OF (IV). Note that anll Vn11�a771110.-1-0.11-aHA.IIN and 1+5<2. Then, 

(B7) and (3.8) imply (IV). 
   Next we shall prove (V) which is the main part of the proof of Theorem. 

   PROOF OF (V). In (3.6), let us put 

(3.13)1 n+1—rn+1(ln+1)— Wl, n+1 

(3. 14)(On —On+1)(An+1— An+1(Yn+1))— n+1 

and 

(3.15)Xn(A7H-i—An+1(Yn+1))— W3, n+1 • 

In order to show (V), we have to prove that 

(3. 16)lim k =0 a. s. 
                                                         k=1 

for i=1,2,3. The fact that 0<5�1/7, it follows that 

                        5 (3
. 17)1+ <1-5.                         2 

Hence, by (Al), (B6), (C1), (C2) and the remark of Lemma 2.5, we have 

(3.18)lim as Wl, k =0 a. s. . 
                         n-•cok=1 

   Next we have
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 (3.19) 1112, k 
                            k=1 

                                             ai';10k-i—Okll•akIlAk(1-01N. 
   k=1k=1 

According to the Schwarz inequality, (A2) and the remark (4) of Assumptions, it 

follows that 

(3. 20)1/2(.0\ 1/2                                                              <00a. s.. 
     n=1-=-17t=1 

Hence, by (3.8), (3.20), (B7) and applying Lemma 2.3, we obtain 

(3. 21)urn7i W2, k =0 a. s. . 

   By virture of (3.18) and (3.21), in order to show (V) we have only to prove that 

(3.22)lim IT70, k =0 a. s.. 
                                                          k=1 

   From (3. 2), we have 

(3. 23) IIx.-1-11—_lx,,11•111T— a n-FiAn+I(Y.+1)11N+an+111Rn.+Iil , n=0, 1, 2, 

where 

(3. 24)1?7,+,-,                      --a,_11(On—en+O(I—an+iAn+1(17.+0)—rn+i(Y.+0 

And (A3) implies 

(3. 25) 111—ak,An(Y.)11i,---5_1+411-4.(7.)1Ik a. s., n=1, 2, ••• . 

Hence we have 

(3. 26) Ilx.+1115_11x.11(1+aL-illAn+I(Y.+0111)"2+an+IIIR.+111 a. s.. 

The backward iteration of (3.26) to 0 and noting x0=0 imply 

(3. 27)akIIRkll111'(1±011A/07011120"2 a. s., n=1, 2, ••• . 
             k=11=k+1 

Hence, by the remark (4) of Assumptions, it holds that there exists a positive random 

variable Zo which is a. s. finite, such that 

(3.28)ilxn,11-5-Z0• akIIRkI1 a. s., n=1, 2, ••• 
                                               k=1 

And from (3.2), we have 

(3. 29) Ilx.—x.-1115-anllx.-11111A.(Y011N+ani1R.II, n=1, 2, ••• . 

By virture of 0<.5_1/7, it followe that there exists a number 3, such that 

(3. 30)1-5 �6�35.                         2 

For the above 8, let us put a0=1 and
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 So--=0 

(3. 31) S 7,--=a ;,-'°'' (ilk—Ak(Yrk))• 
                                                                                 k=-1 

And (3.30) and (B2) imply 

(3. 32)E1a`;',-26E11A7,—An(Y-011i, 

                          E aVa An(YOUV <D3 • 
                                                n=1 

Hence, by applying Lemma 2.5 and its remark, it follows that 

(3.33)limIlS.IIN=0 a. s. . 

Now we put 

(3.34)Yn=a1-6 k •                                                                    k=i 

Then we have 

(3. 35) n=caz-6 x k -1) 
                                                   k=1 

                   =4-6 x n- a;,-° k -1— x k 
                                                                       k=1 

Hence we have 

(3.36) 
                                                                  k =1 

At first we shall prove 

(3. 37)lim af;-°11xn-1IIIIS.11 N=0 a. s.. 

                                        n By (3. 28), we have 

(3. 38) IlSnilN 

                        4-511S nil N a klIR a. s. 
                                                             k =1 

And according to (Al), (A2), (B7), (3.20) and the remark (4), it:follows that 

 (3. 39)E ca,"IIR.11 
                          n=i 

              E a,',"(a;1110n-i—On1D+ E a?,+allAn(Y.)11N(aVIIOn-i-074) 
     n=in=i 

             ±(nE=1anill2C±=ianillrn(Yn)10112 
               <CO a. s.. 

 Hence we obtain (3.37) by applying Lemma 2.3.
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   Next we shall prove 

 (3.40)lim an-'s a.s.. 
                                        k =1 

According to (3. 28) and (3. 29), it follows that 

(3.41) 

                                         1 

                                         aillRill 
          k=1i=1 

                          aillRkIIIISkIIN a. s.. 

                                    k By (3. 33), it follows that there exists a positive random variable Z1 which is a. s. 
finite, such that 

(3.42)11.S7,11N�Z, a. s. for n�1 

Hence, (3. 30), (3. 39), (3. 42) and Lemma 2. 3 imply 

(3.43)lim (IV° 4,11RkIIIISkIIN=-0 a. s.. 
                           n-•00 k = 1 

And (3. 39) and Lemma 2.3 imply 

(3.44)lim as akliRd1=---0 a. s.. 
                                                k = 1 

Hence, (3. 20), (3. 30) and (3. 44) imply 

(3. 45)(a.V5411An(Y.)1IN a klIRk11) 
          n=1\k =1 

                    (en+511An(Yn)liN • a(1,± akIIRk11) a. s..         n=ik =1 

Therefore, by applying Lemma 2. 3, we obtain 

         n
(3.46)lim al-3Z0a.s.. 

      n-00k =1i=1 

Hence, (3.40) holds. And (V) is proved. 
   Thus the proof of Theotem is completed. 

   REMARKS. (1) Suppose that sup IIECAn(Y0111N<00 and the assumptions in Theo-

tern are satisfied. Then it holds that 

(3. 47)lim Mii,(X7,)--,0 a. s.. 

   (2) In this paper, it is assumed that An(.) and rn(-) are not depend on xERAr. 
But it will be required to extend the present work to the case when n(x, y) can be 

expressed in the form of 0.(x, 37)---=(x —0 n)An(x, y)+1-',(x, y). In a fothcoming paper 

we shall discuss the abeve case.
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   4. Applibations 

   I. The tearing problem for a pattern classification. Let ue consider the problem 

of estimating an unknown optimal discriminant function ([4], [6], [7]), 

 (4.  1)D'n)(z)= PC' (z)— PP.ff,n)(z) 

for sufficiently large n, where (pp', pp)) is a priori distribution on categories set {1, 2} 

at instant 72 and fi")(.), fP(.) are the probability density function with respect to 

Lebesgue measure on Rm-i under the categories 1 and 2 respectively. Let {(Z., 40}7--1 

be a training sequence, where Z,, is an S-valued random vector and has probability 

density function fin)(-) (fr(.)) if Z„ is from the class 1(2), and 4„ is a {1, 2} -valued 

random variable whose distribution is equal to (0), pp)). 

   By many auteors ([4], [6], [7] etc.), it has been discussed the case when the 

training sequence is independently distributed random variables. In this paper, we 

shall discuss the case when (Z„, 4,i)'s are dependently distributed. And the learning 

problem considered here is to estimate the optimal discriminant function (4. 1) on tne 
bases of the dependently distributed training sequence {(Z., 40} 

   Firstly, we assume that there exists a system of orthonormal functions Isoi(•)Iliv—i 

defined on the pattern space SCR'', such that 

                      { 1 if i=j (4.2) soi(z)so,(z)dz= 
                              0 if i# j. 

Secondly, we approximate D(n)(•) at instant n by a finite series 

(4.3)E c,")soi(z) (=<c"), so(*) 
                                            i=1 

which minimizes a quantity J,i(c) defined by 

(4.4)Jn(c)= .Cs(D(n)(z)— <c, w(z)>)2 dz 
where c(n)=(c7'),,C(n)),c=(c1,C2,CN) and so(z)=(Coi(z), CO2(z),soN(z)) • By 
differentiating (4. 4) with respect ci (i=1, 2, ••• , N), equating the derivative to zero 

we have 

(4.5)E[c(n)—d(47i)so(Zn)]=0 , n=1, 2, ••• 

where 

                   { 1 if 5=1                     d(0)= 
                            —1 if 5=2 . 

Hence our problem becomes to find the solution of the equation 

(4. 6)E Cc— d(4,i)so(Z.)]=0 

for sufficiently large n. In Section 3, for n=1, 2, • , let us put 

(4. 7)X=C u RN , y=(z, 3)ES X {1, 2} cRm , On=c(n) ,
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 (4.  8)0.(x, Y)=On(c, (z, 5))=--(c—c"))+(e'—d(0)co(z)), 

(4.9)An(y)=-I 

and 

(4.10)rn(Y)=1-1.((z, 6))=c`"—d(0)p(z). 

And we construct the following procedure, 

(4. 11)Co=an arbitrary constant vector in RN 

                   G+1=C7,—(n+1)-1 {Cm— d(-4.+1)so(Z.+01 

n=0, 1, 2, •-• . 
   As for the above procedure (4. 11) we have the following theorem which is the 

direct application of Theorem in Section 3. 
   THEOREM 4. 1. Let the following conditions be satisfied. 

   (i) sup E[OZ,)]<00 . 

   (ii) lirn (n1,-1){(D(4+1)(z)-13(11)(z))2dz}1/2=0 . 

   (iii) lim c5( c_li)<1 for some no, where Liqi=a(Zi, (i-=1, 2, ..-) 
        n•. i=1i=n+no 

   (iv) E p;i2<00 . 
                 n=i 

Then it follows that 

(4.12) —C(n) =0 a. s.. 
                                                   n-00 

   PROOF. By the remark (3) of Assumptions in Section 3, (Al) to (A3) follows. 

And (4. 6) implies (B5). (i) implies (B6). Moreover (4. 9) implies (B2), (B3) and (B4). 

Next, by (4. 2), (4. 5) and using the Schwarz inequality, we have 

(4.13)Ilem—c"-1)11 

                  {f(1)(71)(z)—D(n+1)(z))y9i(z)dz}11/2                                       i=i 

                                                                            172 

                               S 
                     c.7(z)(1.4-0'(lYnn)(z)—D(71+1)(z))2dzfl 

                                                                1/2                 =N112{.f(D(n)(2)—D(n+1)(2))2dZ} . 
Hence, (ii) implies (B7). 

    Thus the all assumptions in Section 3 are satisfied. 
    II. The construction of an unknown function. Let us consider the problem of 

estimating an unknown function on the basis of inputs and outputs data ([1], [4]). 
An outcome in this problem is denoted by a pair (a, 43). The element a is an ob-

 servable input and 1S is an observable output corresponding to a. Let SoCir SicR
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denote respectively an input space and an output space. For the input  So-valued random 

 vectors a1, a2, ••• , we consider a sequence, (a', (a2, 132), ••• . Here we assume that 

the output 3n observed corresponding to the input an is expressed by 

(4. 14)1371= f(an) , n=1, 2, , 

where f(.) is a Borel function defined on So and the true type of f is unknown to us. 

   By many authors ([1], [4], etc.), it has been discussed the case when the inputs 

variables are independently distributed. Here we shall discuss the case when an's 

are denpendently distributed. 
    Let us take a system of Borel functions Icoi(-)Mi defined on Soc-: Rm. At each n, 

we would like to approximate the unknown function f by a finite series 

(4. 15) c'in)coi(a) (=<c("), Co(a)>) 
                                        i=i 

which minimizes the quantity J„(c) defined by 

(4. 16)J.(c)=---EL3n—<c, p(an)>i2 

where c(n)=(c"', ••• , 0)), c=(ci, ••• cisT) and so(a)=(coi(a), ••• , yoN(a)). By differentiat-
ing (4. 16) with respect Ci (i=1, ••• , N), equating the derivative to zero, we obtain 

(4. 17)E[cp(an)Tso(an)--i3nco(an)]=0 , n=1, 2, •-• , 

where AT denotes the transpose of a matrix A. Hence the above problem to find the 
solution of the equation (4. 17) for sufficiently large n. 

   Let ue suppose that E[0(am)Tso(an)1's are positive definite matrices. Then the 
equation (4. 17) has the unique solution c(n) which minimizes the quantity J,i(c) for 
n=1, 2, • . And in Section 3, let us put 

(4.18) , , On=c(n) , 

(4. 19)A„,(a)=-so(a)Tso(a) 

and 

(4. 20)in(a)=c(")(a)Tp(a)—f(a)p(a). 

And we construct the following procedure, 

                 Co=an arbitrary constant vector in RN , 
(4.21) 
                 Cn+1=-C,,—(n+1)-1 {Cnv(an)TP(an)—PnP(an)} 

n=0, 1, 2, ••• . 
   As for the above procedure (4. 21) we have the following theorem which is the 

direct application of Theorem in Section 3. 
   THEOLEM 4. 2. Suppose that the distributions of an's do not depend on n. And 

suppose that Erp(al)Tp(a')] is a positive definite matrix and the following conditions are 
satisfied. 

   (i ) E[f(al)ci(a1)12 < co for i=1, 2, •-• N.



An almost sure  convergence theorem111

   (ii) E[coi(a1)40,(012<00 for i, j=1, 2, ••• , N. 

   (iii) lim ¢(V Ai, V <_,qi)<1 for some no, where (i=1, 2, • 
                    1=1t=714-710 

  (iv) E . 
                n=i 

Then the equation (4. 17) has the unique solution c* and it holds that 

(4. 22) c*Il= 0 a. s.. 

   PROOF. By the remark (3) of Assumptions, (Al) to (A3) follows. Noting an=n-', 

(ii) implies (B2). Note that 

(4. 23)<csp(anTso(an), c> 

              VX               — E E (cen),(an)cj)ci 
                                  = 1 j = 1 

                =(E CiCO3(an))2for all c=(ci, •-• eN)E RN . 
                                    i=i 

Hence, (4. 23) implies (B3). And the fact that E[4o(cr1)Tp(a1)] is a positive definite 

matrix implies 

(4. 24)<cEip(al)Tso(al)i, c>>_aolle112 

for all cE RN, where a, is the minimum eigenvalue of Erso(a1)TSo(a1)]. Hence, (B4) 

holds. Since E[so(al)T4o(a1)] is a positive definite matrix, there exists the inverse 
matrix. Hence, the euqation (4. 17) has the unique solution c*, that is 

(4. 25)c*=---E[f (a1)90(a1)i(ECCD(OTP(a1)i)-1 • 

Therefore, (i) and (ii) imply (B6). And noting that the distributions of an's do not 
depend on n, (4. 25) implies (B7). 

   Thus the all assumptions in Section 3 are satisfied. 

   REMARK. If a' has a positive probability density function with respect to Lebesgue 

measure on RN and {Coi(')} N1 is a system of linearly independent continuous functions 

then it is easily seen that E[so(al)Tio(a1)] is a positive definite matrix.
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