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1. Introduction and Summary

This paper is a continuation of our papers [9], [10] and [11] and is concerned
with a Robbins-Monro type stochastic approximation method when a sequence of
dependently distributed random vectors is given.

The method of stochastic approximation has been first proposed by H. Robbins
and S. Monro ([5)) and its modifications have been thereafter given by many authors.
A typical one of them is as follows. Suppose that an RV-valued random vector Y,(x)
can be observed at x<R¥ and each instant n, and the expected value of Y,(x),
denoted by E[Y,(x)]=M,(x), is unknown to us. Assuming that the equation AM,(x)=0
has a solution x=@, for each n=1, 2, ---, it is desire to estimate #, for sufficiently
large n on the basis of observed values Y, (X,), Y,(X)), -+, Y, (X,), --- at the points
X, X5, -+, X,, -~ which are produced by the following recurrence relation,

@y { X,=an arbitrary constant vector in R¥,

Xn+1:Xn_an+1Yn+1(Xn> for n':ox 17 27 )

where {a,}in-; is a sequence of positive numbers which satisfies lim a¢,=0 and X a,
n=1

nmeo
=00, and Y,.,(X,) is an R¥-valued random vector whose conditional distribution given
Xy=x9, X;=xy, -+, X,=x, coincides with the distribution of Y,;,(x,), consequently

(1.2) E[Y 2 Xa)| X, Xy, ooy Xp]=Maii(Xa)  as..

In our previous papeper [8], we showed that lim E|| X,—#,)?>=0 and lim | X,—&,]|=0

n—o0 K 2nd
a. s. under the condition (1. 2) and some additional conditions on {M,(-)}3=1, {Ya+:1(X0)} oo
and {0,}5-.
In applying the above stochastic approximation method, we often encounter the
case when Y,(x) can be expressed in the form of @,(x, Y,) where {Y,}5- is a given
sequence of observable random vectors which does not depend on x and @,(-, -)’s are
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measurable transformations. For example, in the learning problem of estimating an
unknhwn optimal discriminant function for a pattern classification, {Y,}5-, means a
training sequence ([4], [6], [7]), and in the problem of estimating an unknown func-
tion on the basis of a sequence of input-output data, {¥,}5., means a sequence of a
pair of inputs and outputs variables ([1], [4]). From these viewpoints, in [97], [10],
[11] and this paper, we have considered the case when the random vector Y.(x) can
be expressed in the form of @,(x, Y,) where {Y,}3, is a sequence of R”-valued random
vectors and @,(-, -)’s are Borel measurable mappings from R¥xRY into RY¥.
And we have discussed the problem of finding the solution of the equation

E[D,(x, Y,)]=0
for sufficiently large n.

If Y,’s are independently distributed random vectors then the relation (1.2) is
automatically satisfled under the procedure (1.1). Hence this is the case of the usual
R-M stochastic approximation method. If Y,’s are not independently distributed
random vectors then (1.2) may not be satisfied. Therefore we can not apply the
usual R-M stochastic approximation method to this case directly. For this reason,
in our previous papers ([97, [10], [11]) we discussed the case when the relation 1.2)
may not be satisfied. And it was shown that the mean square convergence theorems
([9], [10]) and the a.s. convergence theorem ([11]) hold. In [9] and [117 it was
assumed that @,(x, y) can be expressed in the form of (x—8,)A,+1".(y) where A,’s
are NXN-matrices (not random) and I',’s are Borel measurable mappings from
R¥ into R¥. In [10] it was assumed that Ay’s are bounded linear operators of a
separable Hilbert space H, into itself and I',’s are measurable mappings from a
Hilbert space into H,.

In this paper we shall try to generalized to the case when the NXN-matrices
Ay’s depend on yeR¥. And we shall give the a.s. convergence theorem.

This paper consists of four sections. In Section 2, we shall give the formulation
of our problem and give some lemmas to be used throughout this paper. In Section
3, we shall give the a.s. convergence theorem which is the main result. In Section
4, we shall give two applications of our result.

2. Formulation and Preliminalies

Throughout this paper R™ denotes the n-dimensional Euclidian space, 0 denotes
the zero vector and unless otherwise indicated vectors are to be row vectors. And
let (£2, A, P) be a probabily space.

Let @9(-, -) (i=1, 2, -+, N and n=1, 2, ---) be a real valued Borel function defined
on RYXR¥, And we put

D.(x, y)=(DP(x, ¥), -+, OX(x, ¥))

for xeRY, yeR™ and n=1, 2, ---. Throughout this paper we suppose that {Y,}o,
is a sequence of R¥.valued random vectors defined on (2, 4, P), i.e. Y,’s are
measurable mappings from (£, A) into (R¥, @,) where @, is the Borel field in
RM.
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Now we shall consider the following problem.
ProBLEM. For sufficiently large n, find the solution of the equation;

() M,(x)=0

where M,(x)=E[®,(x, y,)]=E[DP(x, Y,)], ---, E[O¥(x, Y,)]), n=1, 2, ---, xER"Y.

For the above problem we suppose that M,(-)'s are unknown to us. But we as-
sume that we can make use of the random vector @,(x, ¥,) at each x=RY and n=
1,2, ---.

Let us give a Robbins-Monro type procedure for estimating the solution of the
equation (2.1) for sufficiently large n.

PROCEDURE. Let X,=6, be an arbitrary constant vector in RY and define
X,, X,, --- by the following recurrence relation;

(2- 2) Xn+1:Xn_an+1@n+1(Xm Yn+1)

where {a,}n-, is a sequence of positive numbers which convergees to 0 as n — co.

Throughout this paper let A,=a(Y,) (n=1, 2, ---) be the o-field generated by Y.
And let us define the dependent coefficient of the o-fields <A/ and A” which are the
sub-o-fields of <4 by the relation,

2.3) &( A, Jl"):Asup (ess %up] P(A| AN w)—P(A)]).
e g we
And we put
(2 4) Pn=Sup ¢(Jm; Lﬂ‘m+n>
1sm
for n=1, 2, ---. For the above dependent coefficient we refer to M. losifescu and

R. Theodorescu ([2]).

With all vectors considered as elements of RY we adopt the following notations.
If x, yeRY then <x, y> will denote their inner product. The norm of x=RY is
denoted by | x|| and, of course, is equal to <x, x>¥2. If A is a NXN-matrix then we
define in the usual way

(2.5) HAHN:"%LQ IxAll.

Moreover I denotes the identity matrix.
The following five lemmas will be needed for the proof of the theorem in Section 3.
LEMMA 2.1. Define |||, by ||All,= max la;;| where A is a NXN-matrix whose
1£1, =

(@, j)-th element is a;; (real number). Then there exist two positive number C, and Cs,,
such that

(2.6) Cil Al =Alx=Coli Al
for all NXN-matrix A, where |-|x is defined by (2.5).
1

PROOF. Put x=(x, xy, -, xy) and ;=(0, -+, 0, 1, -+, 0) for i=1, 2, ---, N. Then,
using the Schwarz inequality, it follows that
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2.7 1Al y= sup | x Al
= sup { (2 avx)) "

N 2)1/2
=N'%sup { max ( b a”xj) }

=1

<N'V?gup { max < > a%j> ‘é x%)}m

lxl=1

1=1, ]<V
And we have
(2.8) [Alv=lle Al
N 1/2
=(x)
= | ay;l for all ¢, j=1, 2, ---, N.

Hence, (2.6) holds.

The following lemma was proved in [6].

LEMMA 2.2. Let {x.}2-, be a sequence of non-negative numbers. Suppose that there
exist three sequences of non-negative numbers {a,}n-1, {ba}i-1 and {K,}5-,, such that

(i) xn+1§(1—an+1)xn+dn+1bn+1+Kn+1 for n=0,1, -,
(i) lima,=0, 3 a,=c,
(i) limb,=0, 3 K,<oo.

Then it holds that lim x,=0.

REMARK. Assume 0=a,<1 for all n=1. And define

(2.9) xo= S aghy 11 (1—a)+ z K, 11 (1—ay)
k=1 I=k+1 l=Fk+1
for n=1,2,---. Then {x,}5-, satisfies (i).

LEMMA 2.3. (Kronecker’s lemma). If 3 x, converges to a finite number and {b,} 71
is a non-increasing sequence of positive numbers which converges to zero as n — oo, then

it follows that hmb an)l b =0.
= k
Proor. It is ommited (see [3]).
LEMMA 2.4. Let ¥ be a normed linear space. Suppose that there exist four se-

quences of elements in X, {xXn}aeo, {Untn-1, {Uala=1 and {wa}5-1, such that

(2.10) Xne1=T a1 Xn T UnirFVnii t Wate s n=0,1, 2, -,
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w
<«

where {T .}y Is a sequence of bounded linear operators of 2 into itself. And suppose

B

that there exist three sequences of positive numbers {an}n-1, {30} -1

numbers K; (1=1,2,3,4,5) and a positive integer N,, such that
(i) lima,=0, S a,=0,
n-oo n=1

(i) sup Sulait,—a | S K,

(1) sup 3.=2K,, sup 8.8 =K,
1=n lsn

(1V> HTn'Tn‘l"'TmﬂHéKkikﬁ ll_ak| fOT" n>m§No,
=m+1

and {;’n};}z::ly POSitive

(v) H=T,IZa,r. for n>N,, where I is the identity operator,

(Vi) sup 8,rn=K;  or X anfara<oc,

(vii) lim a;*u,|=0,
n 00

(viil) 3 vl <o,

n
2 ag'wy
s

|—o
1=0-

Then it holds that lim | x,|=0.

(ix) lim a,p;?

Proor. Let us put T®=T,T,_, - Tps; for n>m=0 and T°=I. Then (2.10)

implies

@2.11) 2= 3 TP An+w)+TE .
From (i) and (iv) we have

(2.12) Inifﬁ 1 T§ x,||=0.

By (i), (iv), (vii), (viii) and using Lemma 2.2, we have

(2.13) lim 3% 7w, =0
and
(2.14) lim 3 |70, =0.

Next we shall prove that

(2.15) lim

n -0

n
> T;mwkll:O.
E=1

n n
Note that kZ TPw,= 33
=1 =N

kE=Ng

No-1
TPw,+ kzl TPw,. Firstly, (i) and (iv) imply
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(2.16) lim & [T w,]=0.

n—o k=1

Hence, in order to show (2.15), we have only to prove that

(2.17) lim i 3 T =0.
n—oo || k5N, |
Let us put
sy,-;=0, where 0 is the zero element in X,
0
(2.18) L si=a, Li\ o lw, for n=N,
%
and
(2.19) yo= 3 TPw,.
k=N,

Then, noting a,'s,—a;!s,.;=a;'w,, we obtain

n-1
(2.20) ya=sat 2 (T —apnTilDay s,

k=N,

— S TW (T I Ky —1 —1yTn

_Sn+k—EN W1(T pn— )5k+k§v Aprr(@pti—ar ) TSk -
=Ny =Ny

From (i), we can assume that 0<a,<1 for all n=N, without loss of generality. Hence
(ii), (iv), (v) and (2.20) imply

n-1 n
2.21) |yl Zlis, |+ K, kzz}\)roak+1,3k+x7’k+1ﬂ;i1||SkN II (1—a))

l=k+2

n

+K S wapilsd IT 0-a).
=Ny

I=Fk+2

Note that Zilulsel =(8x3\)(Bils4l) and lim B7*]s,|=0. Hence, by (i), (iiD), (v), (vi),

(2.21) and using Lemma 2.2 we obtain (2.17).

Thus the proof Lemma 2.4 is completed.

REMARKs. (1) If we put a,=n"}, B,=n"°% (0<6<1) for n=1,2,---, then (i), (ii)
and (iii) are satisfied.

(2) Let{a,}z-; be a sequence of positive numbers which satisfies (i). And put
B.=aj (0<d<1) and suppose that (ii) holds. Then it holds that ozt —1| <Kk,
Hence (iii) holds.

Next we state without proof the lemma which was proved in [2].

LEMMA 2.5. (A4 strong law of large numbers for dependent random variables). Let
{X,}2-, be a sequence of real valued random variables defined on (2, A, P). Suppose
that there exist a positive interger n, and a increasing sequence of positive numbers
{kn} -y, such that

5 A, G )

1=n+mny
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(i) 3 plr<eo,

(iii) lim k=00,

(iv) 3 RE(X,—EX,)*<o,
n=1
where A; is the o-field generated by X; (i.e. A;=0(X))), Y] A; denotes the o-field

generated by the join of the o-field A, i= A, and pn:§gp (A, Apsn). Then it holds
that )

limk' 3 (X,—EX)=0 a.s.

n—co i=1

EMARK. Let {X,}7-, be a sequence of random N XXN-matrices (vectors) which
satisfies the conditions (i) to (iii) and the following condition,

WY 3 EEIX,~EXi<eo (3 ECEIX,—EX[*<oo0).
Then, noting Lemma 2.1 and using Lemma 2.5, we have

lim k,;‘H 3 (Xi—EX,-)t

n—oo

=0 a.s.
N

(lim kit

n—sco

o (Xi~EXi)l|:0 as).

3. Main result

Let the sequence of positive numbers {a,}%.;, the sequence of R¥-valued random
vectors {Y,}%_, and the sequence of the o-fields {A,}%-; be as defined in Section 2.
Moreover, let the sequence of non-negative numbers {p,} ., be as defined by (2.4)
in Section 2. And suppose that § be a number which satisfies 0<d=1/7. The follow-
ing assumptions about {a,}%-1, {@.(:, )}5-; and {Y,}5-; will be used in the proof of
the theorem.

ASSUMPTIONS.

(A1) {a,}%-, is a decreasing sequence of positive numbers, such that X a,=o0.
n=1

(A2)

art’<oo,
1

iMMe

(A3) supai(azl—az")<o.
1sn
(B1) For each n=1, 2, ---, x€R" and y=R¥, @ ,(x, y) is expressed in the form of

d)n(x; y):(x_on)An(y)+Fn(y)’

where 6, is a constant vector in RY, A,(y)=(4%?(y)) is a NX N-matrix whose (i, j)-
th element A%?(y) is a Borel function defined on R¥ and I',(y)="P(y), -, P (y)
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is a vector in RY whose i-th element I'$’(y) is a Borel function defined on R¥.
(B2) £ ai B[4, (Y)I3 <.
(B3) inf (xAu(Yn), x0=0  a.s. for n=L 2, .

(B4) There exists a positive number «, such that

‘inf KELALY )], xo=a for n=L,2, .
zi=1

(B5) Lm|EL(Y,)]I=0.

(B6) X, al Bl (Y)—EL WY D] <o,

n=

(B7) lim a3}, [i0n—0nl=0.

(C1) There exists a positive integer n, such that

m¢<i\:/1 A | %

n—w i=n+ng

JQ<L

where V .4, denotes the ¢-field generated by the join of the o-fields A, ie 4.

i1
(€2) 3 pir<oo.
REMARKS. (1) (Bl) and (B5) imply lim|M,(@,)Il=0. And suppose that (Bl) and
the followihg condition,
(B5)Y El(Y)1l=0 (n=L2, )

hold then 4, (n=1,2,--+) is a solution of the equation (2.1).
(2) Assume that Y,’s are independently distributed random vectors. Then it is

o

easily seen that lim ¢< »\n/1 Ay A;})=0 for all n, and p,=0 for all n. Hence, (C1)
n—~oc 1= 1=n+n
and (C2) hold. ’
(3) Put a,=n"* (1+8)'<t=l), n=1,2,---. Then (Al to (A3) are satisfied.

@ (B2 implies B[ £ al?| 4,3 |<co, implying that 3 al | AV )]5<e0
n= n=1
a.s.. And (A2), (B5) and (B6) imply 2310%+5]1Fn(yn)||2<00 a.s..

The following theorem is our main result in this paper.
THEOREM: Let X,, X,, .-+, Xy, - be as defined by (2.2) in Section 2. Assume (Al)
to (A3), Bl) to (B7) and (Cl) to (C2). Then it holds that

3.1 1i_{nHX,,~6,J!:0 a.s..

Proor. According to the procedure (2.2) and (Bl1), it follows that
(3.2) Xnr1— 041
=(Xn—0)I—ans1Ar01(Yr41)F ne1 {8051 0n—0rs )T — @i Anas(Y e
—I o (Yee)t,  n=0,1,2, .
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Let us put
Xn—0,=1x,, E[An(yn):]zlzim El:rn(yn)]:fn and [—a,E[A,(Y)]=T,.

Then we have

3.3) Xne1=Xn T i1+ piiUnsit @i Vasi— @i Wass

where

(3.4) Uner=a:3100—0ns)—1 nis,

(3.5) Var=—On—0n:) A

and

(3.6) Wari=2n(Ani1— Aner(YVas))HOn =0 ) Anei— Anii(Yne)
—I (Vi) + s

By virture of (3.2) to (3.6), in order to show (3.1), it is sufficiently to prove that
(3.3) to (3.6) satisfy the conditions in Lemma 2.4 for putting a,=a,a, and 8,=a?,
n=1,2,-.-. Hence we claim that the following (I) to (V).

(I); There exists a sequence of positive numbers {r,}%_, such that

=T lZaay, for n=1,2, -
and

i a}l+‘77‘n<oo .
n=1
(II); There exist a positive integer N, and a positive number K, such that
n
1Tnss Tomse - Tally=K 11 (1—aay)  for a>m=N,,

where 1—a,a;>0 (E=N,).
d1y; Hm||U,|=0.

AV); 2 aalVal <o,

(V); limai-? ;2 W=0 a.s..
n—co =1
ProoF OF (I). Put ay|A,|y=7s n=1,2,---. Then we have
(3- 7) ”]_Tn“N:anH‘zinHN:aoanrn ’ n:L 2; STt .

The fact that [|A,[|3=<E[A.(Y)|% and the Schwarz inequality imply
3.8) 3 aire=ai* 3 alv?| Auly

1/2

zai( £ o) (£ e ElAYIR)
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Hence, according to (A2) and (B2), (I) follows.
Proor oF (II). According to (Al) it follows that there exist a positive integer
N, and a positive number k, such that

(3.9) 1—2a,a,=kst  for n=N,.

(B4) and (3.9) imply

(3.10) —a, 4,13 =1+ a2 Aly —2a.a,
=(1—201, ) {14+-(1—2at0a ) (a3 | A, 13}
=(1—2a,a,)(1+kad| Aa]%)

for n=N,. Hence we have
) n o A o 1/2 n
(3.1D) 1T Taly={ TT A+kadl A} T (1—aa)
k=m+1 k=m+1
for n>m=N, And (B2) implies

(3.12) sup  TT (1+ka}l Au3)<oo.

1sm<n k=m

Hence (II) holds.
Proor or (III) From (B5) and (B7) it is easily seen that (II) holds.
ProOF OF (IV). Note that a,|V.l<ar'0.-,—0.]-a2l|A,.|xy and 1+3<2. Then,
(B7) and (3.8) imply (IV).
Next we shall prove (V) which is the main part of the proof of Theorem.
Proor oF (V). In (3.6), let us put

(3.13) Lo oes(Yos)=Winia,

(3.14) (Orn—0n)(Anii— Aner(Y ne))=Wa 11
and

(3.15) Xn(Anii—Anr (Yo ))=Wi nir -

In order to show (V), we have to prove that

(3.16) lim al° =0 a. s.

n-oo

3 W
k=1

for i=1,2,3. The fact that 0<§=1/7, it follows that

144
2

3.17) <1-—90.

Hence, by (Al), (B6), (C1), (C2) and the remark of Lemma 2.5, we have

n

(3.18) lim al™® kz_‘,l W, |I=0 a.s..

n-o

Next we have
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n

(3.19) al™ Z W, k~

Zal?® 122:1(1;1,}(9k—1'6k]| 'akHAk” ytay?® éla;ll'ﬁk-x—ﬁkﬂ Al Ar(Y liw .

According to the Schwarz inequality, (A2) and the remark (4) of Assumptions, it
follows that

- p
G20 Salaralys( 2 a) (£ aawar) <o as.
Hence, by (3.8), (3.20), (B7) and applying Lemma 2.3, we obtain
(3.21) lim a3 W,.ll=0  as..

k=1

By virture of (3.18) and (3.21), in order to show (V) we have only to prove that

(3.22) lim al™? =0 a.s..

2 W
k=1

From (3.2), we have
(3.23) [Xned Sl xal- = ane1 AV i)l v+ ansil Rusidl n=0,1, 2, ---,

where

(3.24) Run=0:0100—0ni ) — ans1Anis(Y s )= L ni(Ynen) -
And (A3) implies

(3.25) H—a, Y )} =1+aill A YOy a.s,  n=L2, -

Hence we have
(3.26) lxnnll SlxallAF+ai ol Ani(Y a2+ annill Rasll  as..

The backward iteration of (3.26) to 0 and noting x,=0 imply

n

(3.27) flx léfn‘:akHRkH II (+afAY )NV a.s,  n=12 -

l=k+1

Hence, by the remark (4) of Assumptions, it holds that there exists a positive random
variable Z, which is a.s. finite, such that

(3.28) Il=Ze B adRill as, =12,

And from (3.2), we have

(329) “xn'—"xn—lué‘an“xn—lﬁ[[An(yn>i|N+anHRnH » nzly 2)
By virture of 0<§=<1/7, it followe that there exists a number §, such that
(3.30) —1'5—523235.

For the above 4, let us put ¢,=1 and
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SOZO
(3-3D Sa=ai? B (A= AuY ).
And (3.30) and (B2) imply
(3.32) 3 aiPEN A~ AT W)l

£ 3 P EJALY i <oo .
Hence, by applying Lemma 2.5 and its remark, it follows that
(3.33) %Zi_ranSnHNZO a.s..
Now we put
(3.34) Yo=ay? 3 W,
Then we have

(3.35) yu=ai7 B xao(af ~Si—afiSs-)

=adx,_,Sp+ai’ :Z;)iaf‘l(xk_l——xk)Sk .
Hence we have
(3.36) 13al S ad 2l Sall w0k 3 adHxaci—xaliSubr
At first we shall prove
(3.37) lim 0 xaa [ Sally=0  a.s..
By (3.28), we have
(3.38) a8 x-Sl y
<20} IS,y B aslRil  as..
And according to (Al), (A2), (B7), (3.20) and the remark (4), itgfollows that

(3.39) 2 ai | Ry
< 3B 0l @i 1001 —0ul)+ 3 at?IAn(Y )l w(az 160 ~0,1)

+H(E ) (B arrarore)”
<oo a.s..

Hence we obtain (3.37) by applying Lemma 2. 3.
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Next we shall prove

(3.40) lim @} 3 af e —2alISlly=0  a.s..

N0

According to (3.28) and (3.29), it follows that

(3.41) @i 3 af " xae—xall 1Sl
oo A k
<aiZ, 5 aliSuM A Dl 3] ailRil

+ai? B allRISHy  a.s..
By (3.33), it follows that there exists a positive random variable Z, which is a.s.
finite, such that
(3.42) IS F-A a.s. for n=1.
Hence, (3.30), (3.39), (3.42) and Lemma 2.3 imply

(3.43) lim al-9 élafnmu ISilly=0 a.s..

oo

And (3.39) and Lemma 2.3 imply
(3. 44) lim a? éakannzo a.s..
Hence, (3.20), (3.30) and (3.44) imply

(3.45) 5 (ai?ad 14,y 3, axlRal )

n=1

= 3 (@A Dly-ad B adRil)  as.
n=1 k

=1

Therefore, by applying Lemma 2.3, we obtain
n S k
(3.46) lim ai7Z, 32 afISulwl AV Dlly 3 allRI=0  a.s.

Hence, (3.40) holds. And (V) is proved.
Thus the proof of Theotem is completed.
REMARKS. (1) Suppose that sup IECAL(Y )1ll¥<cc and the assumptions in Theo-

tem are satisfied. Then it holds that

3.47) lim M,(X,)=0 a.s..

N0

(2) In this paper, it is assumed that A,(-) and I',(-) are not depend on x<RY.
But it will be required to extend the present work to the case when @,(x, ¥) can be
expressed in the form of @,(x, y)=(x—8,)A.(x, y)+I (x, ¥). In a fothcoming paper
we shall discuss the abeve case.
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4. Applibations

I The learing problem for a pattern classification. Let ue consider the problem
of estimating an unknown optimal discriminant function ([4], [67, [7]),

4.1 D™ (@)= pi ()= b f17(2)

for sufficiently large n, where (pi®, p§) is a priori distribution on categories set {1,2}
at instant n and f{”(-), f{(-) are the probability density function with respect to
Lebesgue measure on R¥~! under the categories 1 and 2 respectively. Let {(Z,, 4,)} 2=,
be a training sequence, where Z, is an S-valued random vector and has probability
density function f{(-) (f{(-)) if Z, is from the class 1(2), and 4, is a {1, 2}-valued
random variable whose distribution is equal to (p{®, p{®).

By many auteors ([4], [6], [7] etc.), it has been discussed the case when the
training sequence is independently distributed random variables. In this paper, we
shall discuss the case when (Z,, 4,)'s are dependently distributed. And the learning
problem considered here is to estimate the optimal discriminant function (4.1) on tne
bases of the dependently distributed training sequence {(Z,, 4,)}%-..

Firstly, we assume that there exists a system of orthonormal functions {o ()},
defined on the pattern space SCR¥-!, such that

1 if i=j

4.2) S 020 ,(2)dz= o

s 0 if ixj.
Secondly, we approximate D™(.) at instant n by a finite series

N

4.3) i>;1 cPiz)  (=Le™, ¢(a)))
which minimizes a quantity J,(¢) defined by
(4.4) In@)={ (D™@)—ce, plpydz

where ¢™=(ci”, ¢i¥, -+, ¢™), e=(cy, €o -+, cx) and @(2)=(p(2), @u(2), -+, @x(2)). By
differentiating (4.4) with respect ¢; (:=1,2, .-, N), equating the derivative to zero
we have

(4.5) E[C(n’—d(dn)SD(Znﬂ:O, n=l, 2, -,

where

1 if 6=1
—1 if 0=2.

d(&):{

Hence our problem becomes to find the solution of the equation
(4.6) Ele—d(d)o(Z,)]=0
for sufficiently large n. In Section 3, for n=1,2, -, let us put

4.7 x=cERY, y=(z,0)=Sx{1, 2}CR¥, f,=c™,
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4.3 D.(x, 1)=0,(c, (z, 3))=(c—ec™)+(c™—d()p(2)) ,
(4.9) A=l

and

(4.10) I'(30)=1"((z, 0)=c™—d(@)p(z).

And we construct the following procedure,
(4.11) C,=an arbitrary constant vector in RY

Cn+1:Cn_(n+]-)~l{Cn_d(dn+1)$o(zn+l)} ’
n=0,1,2,--.
As for the above procedure (4.11) we have the following theorem which is the
direct application of Theorem in Section 3.
THEOREM 4.1. Let the following conditions be satisfied.

(i) sup E[¢i(Z)]<o.

- 1/2
(i) lim (n+1){SS(D‘"“>(Z)—D“”(z))%iz} —0.

(i) Tim ¢( Cl Y Jli)<l for some o, where Ay=0(Zs, 4) (i=1,2, =).

= t=n'tng
(iv) g:lp}koo.

Then 1t follows that

(4.12) LiEI1Cn—c(">\\:O a.s..

PrROOF. By the remark (3) of Assumptions in Section 3, (Al) to (A3) follows.
And (4.6) implies (B5). (i) implies (B6). Moreover (4.9) implies (B2), (B3) and (B4).
Next, by (4.2), (4.5) and using the Schwarz inequality, we have

(4 13) ”c(n)_c(n—l)H

:[ ﬁ {SS(D(M(Z)_D(MI)(Z))S«%(z)sz]W

=1

<[ £ 1{ pi0dz [ em@—ponyraz}]”

i=1
:Aj\lrllz{SS(D(n)cz)_D(n+1)(z))2dzll‘,2 .

Hence, (ii) implies (B7).

Thus the all assumptions in Section 3 are satisfied.

II. The construction of an unknown function. Let us consider the problem of
estimating an unknown function on the basis of inputs and outputs data ([1], [4]).
An outcome in this problem is denoted by a pair («, 5). The element «a is an ob-
servable input and j is an observable output corresponding to a. Let S.CR%,S,CR
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denote respectively an input space and an output space. For the input S,-valued random

vectors o, a?, -+, we consider a sequence, (a', 3" (a?, 3%, ---. Here we assume that
the output 3" observed corresponding to the input a® is expressed by
(4.14) gr=f(a™, n=1, 2, -,

where f(-) is a Borel function defined on S, and the true type of fis unknown to us.
By many authors ([17, [4], etc.), it has been discussed the case when the inputs
variables are independently distributed. Here we shall discuss the case when a™'s

are denpendently distributed.
Let us take a system of Borel functions {¢,(-)}i, defined on S,CR¥. At each n,

we would like to approximate the unknown function f by a finite series
N
(4.15) 2 cloda) (=™, pla))

which minimizes the quantity J,(¢) defined by
(4.16) Je)=E[f"—<c, p(a™)>]?

where ¢™=(c{”, -+, c§"), e¢=(cy, =+, cy) and p(@)=(p,(a), -+, py(a)). By differentiat-
ing (4.16) with respect ¢; (=1, ---, N), equating the derivative to zero, we obtain

(4.17) Elcp(a™)Tpla™)—p"p(a")]=0, n=L2, -,

where AT denotes the transpose of a matrix A. Hence the above problem to find the
solution of the equation (4.17) for sufficiently large n.

Let ue suppose that E[p(a™Te(a™)]’s are positive definite matrices. Then the
equation (4.17) has the unique solution ¢‘® which minimizes the quantity J.(¢) for
n=1,2,---. And in Section 3, let us put

(4.18) x=c€RY, y=a=S,CRY, 0,=c™,
(4.19) An(@)=p(a)Tp(a)

and

(4.20) I (@)=c" g(a) ()~ f(@)p(a).

And we construct the following procedure,
C)=an arbitrary constant vector in RY,

(4.21)
Con=Co—(n+ 1) {Crgla™) p(a™) — 3 p(a)}

n=0,1,2, .

As for the above procedure (4.21) we have the following theorem which is the
direct application of Theorem in Section 3.

THEOLEM 4.2. Suppose that the distributions of a™s do not depend on n. And
suppose that E[p(a)Te(a)] is a positive definite matrix and the following conditions are
satisfied.

(1) ELf(aYp(at)]?<oo for i=1, 2, --- N.
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(ii) Elofadpahli<oe  for i, j=1,2, -, N.

M)ﬁ%@duCg@ﬂﬁmmmwmm%med&mL
n-so i=1

i=n+ng
(iv) 3 pii<os.

Then the equation (4.17) has the unique solution ¢* and it holds that

(4.22) lim|C,—c*|=0 a.s..

n—oc

1

Proor. By the remark (3) of Assumptions, (Al) to (A3) follows. Noting a,=n"",
(ii) implies (B2). Note that

(4. 23) Lep(a™pla™), ¢

:g(éwﬂmeWﬁ%

:< ZV‘: Ci%(an))z for all ¢=(cy, - cy)ERY.
=1

Hence, (4.23) implies (B3). And the fact that E[gp(a')Te(a')] is a positive definite
matrix implies

(4.24) (cELp(a)Tp(ah)], €)= as]c]®

for all c€ RY, where «, is the minimum eigenvalue of E[¢p(a")Tp(a')]. Hence, (B4)
holds. Since E[gp(a)Tp(a)] is a positive definite matrix, there exists the inverse
matrix. Hence, the euqation (4.17) has the unique solution ¢*, that is

(4.25) c*=E[ faYp(a)JELp(a)Te(a)]).

Therefore, (i) and (ii) imply (B6). And noting that the distributions of a™s do not
depend on #n, (4.25) implies (B7).

Thus the all assumptions in Section 3 are satisfied.

REMARK. If a! has a positive probability density function with respect to Lebesgue
measure on RY and {p,(-)} ¥, is a system of linearly independent continuous functions
then it is easily seen that E[¢@(a")Tep(a)] is a positive definite matrix.
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