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   1. Introduction. 

   We consider a discrete time stationary Markovian decision process with a coun-

table state space, finite action sets and bounded immediate rewards. Our concern is 

with the non-discounted case. If the state space is finite, Blackwell [1], Miller and 

Veinott  [10] and Veinott [11] have made studies on the problem. The purpose of 
this paper is to extend some results of them to the countable state space. 

   Section 2 provides the requisite notation and definitions. Section 3 deals with 

the Laurent series expansion obtained by Miller and Veinott [10]. We assume that 

the transition probability function associated with each stationary policy satisfies the 
Doeblin condition. Then, we show that the expansion is extended to our case. Sec-

tion 4 deals with n-discount optimality criteria for n=-1 and 0 in the sense of 

Veinott [11], where —1-discount optimality coincides with average optimality. We 

propose a uniformity of the Doeblin conditions and call it Condition (UD). Under 

(UD) we obtain the following results : There is a 0-discount optimal stationary 

policy, which is a limit of p-discount optimal stationary policies as p tends to 0. 
This policy gives a solution of the functional equation. The policy improvement 

procedure and the successive approximation method can be effectively used for our 
case. In Section 5 a sufficient condition for (UD) is introduced. The condition is more 

intuitive than (UD) and not equivalent to the simultaneous Doeblin condition of 

Hordijk [6]. 

   Recently, Taylor [12] and Hodijk and Sladky [8] extended the Laurent expansion 
to the (countably) infinite state space. Hordijk [7] investigated the same problem 

as the present paper. But, in the literatures [7], [8] and [12] the conditions for the 

transition probability functions seem rather restrictive in contrast with those in the 

present paper. Our conditions are so week that the values of the average rewards 
are allowed to depend on an initial state.
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   2. Preliminaries. 

   We are concerned with a system which is observed at times n=1, 2,  •••  . At 
each time the system is found in one of possible states. Let S denote the space of 

possible states and assume S to be countable. For any state iE S, let A, be a finite set 
of possible actions. If the system is observed in state i at time n, an action a is 
chosen from A1. Then, we receive an immediate reward r(i, a) and the system 
moves to a new state j at time n+1 according to the conditional probability 

p({ j} I i, a) depending only on i, a and j. We assume E,EsP({/} I i, a)=1 and that 
there is a positive number M such that Ir(i, a)I.�M, for all iES and a EA,. The 

process specified by the four objects S, A, p, r is called a stationary Markovian 
decision process. 

   Let F=xiEsAi. A (non-randomized Markovian) policy is a sequence ••.) 
of members f„ of F. If the policy 7r=(f1, f„ •••) is used, the action chosen in state 
i at time n is determined by h(i), the i-th component of f„,. Let denote the sta-
tionary policy (f, f, by f(-) or f, and the policy (g, f, f, ---) by (gf-)). 

   For any fEF, let r(f) be the column vector of countable-infinite dimension, whose 
i-th component is r(i, f(i)). Let P(f) be the Markovian matrix of countable-infinite 
dimension, whose (i, j)-th element is defined by pf(i, j)=p(IThi, f(i)), i. e., P(f )i; 
=pf(i, j). Denote by F the family of all subsets of S. Then for any P(f) we have 

the associated transition probability function pf on sx9-- by pf(i, E)-=EJEEPf(i, j). 
For 7r=(fi, f2, •••), let P.(70=--P(f0P(f2) ••• P(f..) if n>1 and P 0(70= I , the identity 
motrix. If r=f, we denote Pn(f)--=PCOn and p(fn)(i, E)=E,EEP(f)z; for i, E. 

   Let p=(1+p)-1 be the discount factor where 0< p_oo. We suppress the depen-
dence of p on p in the sequel. When a policy 7r=(f1, f„ is used, the vector of 
expected total /-discounted rewards starting from each state is given by 

               Vp(r)= ign+1/3.(2r)r(f.+1) for 0<p<1 
                                           n=0 

Similarly, the vector of expected average rewards per unit time is given by 

               x(7r)=lim inf (n+1)-1 Pk(r)r(f k+i) • 
                                                            k =0 

   Let vectors X, Y be of same type. Then, we say that X�Y if each component 

of X is at least as large as the corresponding component of Y, and X> Y if X�Y 

and X� Y. A policy 7r* is called p-discount optimal if "17,(7r*)�Vp(r) for all r, and 

average optimal if X(TC*)� X(7r) for all 7C. Following Veinott [11] we call r* n-discount 
optimal for n= —1, 0, if 

                lim inf p-n(Vp(7r*)— V p(r))>=_ 0 for all r . 
                              p -0+ 

   Our problem is to find those optimal policies. Blackwell [2] has shown that 
there is a p-discount optimal stationary policy for each p > O. But as is seen in 

Derman [3], there is no average optimal (stationary) policy in general. We shall 

need the following condition throughout the paper.
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   CONDITION (D). For each  fEF, pf satisfies the Doeblin condition. 
   According to Hordijk [6], a transition probability function p satisfies the Doeblin 

condition if and only if there are a finite set K, a positive integer 1 and a positive 

number c such that 

( 1 )p")(i, K)�_c for all iES 

Following Doob [4, Chapter V, § 5], we summarize the ergodic theorem under the 
Doeblin condition. For p under the condition, let {Ea} 2-'1 denote the finitely many 

ergodic classes. For any a, let {aCa} as denote the finitely many non-empty cyclic 

classes of Ea. Then for any iE aCa and E E qa,a(E)=1im poda)(i, E) converges 

exponentially fast uniformly in i, E, and turns out to be a probability measure on 

aCa independent of i. For any iES, let the limits of non-decreasing sequences, 
A(i, Ea)=-1im P(n)(i, Ea) and 2(i, aCa)-------lim P(nda)(ip aCa). Then they also con-

verge exponentially fast uniformly in i. (Because, using 2(i, E a)=EV=7,12(i, aCa), we 

have 

(  2) ,C.)—P(nda)(i, aca)5_2(i, Ea)_p(nda)(i, Ea) 

                 E{A(i,Eb)—P(nda)(i,P(nda)(i,Eb). 
   b=ib=i 

Apply Theorem 5.6 of Doob [4, 207p] to (2).) Let m be an integer satisfying 0�_m 
�_da-1. Then, the preceding facts imply that there are constants A and r with 0 

�r<1 such that 

( 3 )I P(nda+m)(i, acanE)-2(i, aCa-.)qa, a(E)1 Arida+. , 

for all integers n�0, ieS and EEg, where aCa,---=aCp if 43=a— m (mod da). We 

can choose A, r(<1.), so large that they are independent of a, a and m, since N and 

{da} are finite, Let denote P*=lim (n+1)-' Ek=n0 Pk, the Cesar° limit. Clearly, 
we have P*.=-PP*=P*P=P*P* and p*(i, S)=1 for all iES. For any i, E, P* is 

represented in the form 
                                                                  da-1N 

( 4 )P*(i,E)==EEEqa.a(E)}. 
              a=1a=0 

Let 

( 5 )sii(i, E)=--k=0(p(k)(i, E)—p*(i, E)). 

Then by ( 3 ) and ( 4 ), there is a constant B such that 

( 6 )I sn(i, E)I for all iES, EE g and 

In fact B can be chosen less than or equal to 9dNA(1—r)-1, where d is the least 

common multiple of Idal0=ri. 
  Note that x(f)=P(f)*r(f) for any feF under Condition (D).

3. Laurent series expansion of V p(f). 

For any fEF, let
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 Hp(f)=  YHAP(f)n—P(f)*) 
                                                    n=0 

To obtain the expansion of Vp(f), we shall show the existence of H(f)=1im p•O+ Hp(f). 
   The norm of a bounded vector X=(X,) is defined by II XII =sup ;Es I X; I . For a 

matrix A=(aii) such that sup iEs Eies I aol <0,, let A(i, E)=-E,EE aii. The norm of 
A is defined by II A1L=SuP ies sup EEglA(i,E)I 

   In this section we freely drop the notation f for brevity when no ambiguity 
results. We shall need two preliminary lemmas. 

   LEMMA 1. For any fEF, let hp(f)=Vp(f)—p-ix(f). Then under Condition (D), 
there is a bonstant C=Cf such that II hp(f)II �C for all p>0. 

    PROOF. Using (1-13)'-=Err=0 Pn, we obtain 

( 7 )hp= Ei3n+1(pno_p*)r_13) E/3n+1{(pk_p*)r}. 
       n=0n=0 k=0 

From ( 6 ) we obtain II E7,---0 (Pk P*)711 2BM. By taking C=2BiVI, (7) establishes 
the lemma. 

   LEMMA 2. Suppose Condition (D) is satisfied. For any fEF, let denote by d the 
least common multiple of {da} at-i which follow from the ergodic theorem. Take any 
integer 0<m <d-1. Then, 

                       1-1P )(i, E)=1im snd-F.(i, E; f) 

converges uniformly in iES and EEg, where sn is defined by (5) associated with fEF. 
Furthermore, Hp)(i, E) is bounded uniformly in i and E. 

   PROOF. Without loss of generality we may assume that the state i is transient, 

i. e., Ea. In fact, if iE.E„ for some a, the equalities ( 9 ), (10) below 
will be reduced to more simple forms. For any iET, EEg, it is clear that 

                           da-1 da-1 

( 

 8)E { E A(i, aCa-u)qa,a(E)—p*(i, EnEol =0 . 
                    u=0 a=0 

Let b(k, u, a)=p(kda+u)(                       E naCa)-2(i, aCa-u)qa,a(E), and let / be an integer OlcicE . 
—1. From ( 8 ) we obtain 

                       da-1 da-1 n-1/ da-1 

( 9 ) sada+I(i, E nEct)= E E E b(k, u, a)+ E E b(n, u, a)--Fc(1) 
                       u=0 k=0u=0 a=0 

where 

                                                da-i 
                c(/)= E E A(i, aCa-u)qa,.(E)—p*(i, EnEa)}. 

                               u=0 a=0 

From ( 3 ), Ek°,a I b(k, u, a)I �Aru(i—rda)-i for any u, a. On the other hand, c(l) is a 

constant independent of n. Thus, the right hand side of ( 9 ) converges absolutely 

and uniformly in i, E, as n-00. Let nd±m=nacla+ma for every a, where OCn2a 
  d a —1. Then we have 

                                                                                           d+rn, 

(10)snd,n(i, E)= EdE nEnEEnT) 
             a=1aak=0 

since p*(i, T)=0 for all iES. From Theorem 5.6 of Doob [4], EkLoP(k)(i, E
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 A(1-7)-1. By the way, ma does not vary as n c in (10), since d is a multiple 
for all da. Thus, taking l=ma and n=na in ( 9 ), (10) converges uniformly in i, E 
as n O. The boundedness of HP)(i, E) is now immediate. The proof is complete. 

   For any fEF, take d as in Lemma 2. For i, E, let 

                                                                           d-1 

                        Hf(i, E)=-cl-1 EHyn)(i, E). 
                                                                      ra=0 

The associated matrix H(f) with Hf is defined by H(f),.,=Hf(i, {j}). 

   THEOREM 1. Suppose Condition (D) is satisfied. Then for any fEF, 

   (a) Hp, f(i, E) converges to Hf(i, E) uniformly in i, E as p 0, where Hp, f(i, E) 
=EJEE Hp(f)i;. 

   (b) Hf(i, E)=-Eie-Eigf)i; for any i, E and III-1(f)II-Bf. 

   (c) hp(f) converges to h(f)=-H(f)r(f) uniformly in i, and 11 h(f)II�Cf. 
   PROOF. For part (a), express Hp(i, E) in the form similar to ( 7 ) and exchange 

the terms d-th termwise. Using 1-43d=(1-13) (E1,A IVO, we obtain 

                    d-1 d-1 

(11)Hp(i, E)=( E (3k)-'E 13"11(1—t3d) (i9d)nsnd+.(i, E)} 
             k=07n=0n=0 

By Lemma 2, the term put in brackets { } in (11) converges uniformly in i, E as 

13 1 to the Abel sum which is equal to H(77')(i, E). This implies (a) immediately. 
   For any EEg, let r be the characteristic function of E. Then we have from 

Lemma 1 that I Hp(i, E)IB, so that from (a), I H(i, E)1B for any i, E. Thus for 

part (b), it sufficies to show the equality. Let Eo=fjES; Hii�0 1. It is easy to see 
that Ej&E0 B. Let {K,} be an increasing sequence of finite sets such that urn 
K E. Using (a) we can exchange the limits lim py0 lim Hp(i, KanE0). Thus, 

we have H(i, EnE0)=-EieEnE0 Hi,. Similarly, for Ei=S—Eo we have H(i, EnEi) 
=E JeEnE Hip converging absolutely. Again from (a), H(i, E)= Enlo H(i, E nEa). 

Those three equalities establish (b). 
   From (b), Hr is well-defined. Using (a), we have H(i, S)=0 for all i. Let 7-1=111-11 

   (�_0). Then, we obtain hp—Hr=(Hp—H)ri. Using (a), (b) and Lemma 1, part (c) 
follows at once, which completes the proof. 

   If S is finite, following Lemma 3 (a) and Theorem 2 (a) can be obtained by 

Blackwell [1], and the other results of Lemma 3 and of Theorem 2 obtained by 

Miller and Veinott [10]. When S is not finite, Taylor [12] and Hordijk and Sladky [8] 

have obtained Theorem 2 (b) under more restricted conditions than Condition (D). 

Using Theorem 1, the proofs of Lemma 3 are easy then omitted. (See [10] for (d).) 

Theorem 2 directly follows from Lemma 3. 
   LEMMA 3. Suppose Condition (D) is satisfied. Let fEF. 

   (a) Denote 11,)=H. Then for 0 p co , Hp uniquely satisfies (I-13P)Hp=Hp(I- f3P) 
-=13(/—P*) and P*Hp=HpP*=0. 

    (b) Let illp=E„Ifol3n'Pn, then P*Mp=p-1P* and AI p=--P*Mpd-Hp. 

   (c) Let pn(-1)nlin, then Lp uniquely satisfies (I+pH)Lp=Lp(I±pH)=I. 

   (d) It holds that Hp=-HLp=LpH. 
   THEOREM 2. Suppose Condition (D) is satisfied. Take any fEF. Then 

   (a) x(f) is the bounded unique solution of (I—P(f))x=0, P(f)*x=P(f)*r(f), and
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h(f) is the bounded unique solution of  (I—P(f))y=r(j)—x(f), P(f)* y=0. 

   (b) For 0<p<(21111(f)D-1, it holds that 

(12)V p(n= 2.] Yn(f)Pn 
                                                                .=-1 

where y-1(f)=x(f) and yn(f)=(-1)7111(f)n+lr(f), n=0, 1, . 

   The (12) is called by Miller and Veinott [10] the Laurent series expansion of Vp(f). 

   Note that in the class of stationary policies —1-discount optimality is equivalent 

to average optimality.

   4. Applications to —1- and 0-discount optimality criteria. 

   In this section we shall obtain several results with respect to —1- and 0-discount 
optimality criteria with the aid of the expansion given by Theorem 2. We shall 
need the following condition which assures a uniformity of Condition (D). 

   CONDITION (UD). Suppose (D) is satisfied. In addition, we can choose B=Bf in 

( 6 ) bounded on F, i. e., sup fEF {B f}=D<00. 
   If S is finite, then Condition (UD) holds. We shall give a more investigation of 

(UD) in Section 5. 
   We say a sequence {fn} CF converges to fEF,  writing lim n_ f„= f, if for any 

iES there is a positive integer N=Ni such that fn(i)=f(i) for all n�_ N. 
   The following lemma will play a fundamental role in our arguments. 

   LEMMA 4. Suppose Condition (UD) is satisfied. 

  (a) It holds that sup fEFIllh(f)111 
   (b) Let s(p, f)=E7,7_, yn(f)pn. Then, s(p, f) converges uniformly in fEF (and in 

iES to 0-vector) as p tends to 0. 

   (c) If lim fn= f, then lim 7,— x(fn)=x(f) and lim n h(fm)-=h(f). 
   PROOF. By Theorem 1(b), part (a) is clear. Then using (12), part (b) is obtained. 

Thus it suffices to show (c). For any i, E and k=0, 1, ••• , pp (i, E) is continuous in 

g and so is Q77,(i, E; g)-=(m+1)-1Ek7-o (i, E). From (UD), Q.(i, E; g) converges 
to pZ(i, E) uniformly in g as m 00, then 14,(i, E) is continuous in g. Take such 

{f.} with f as stated in the lemma. For any s >0 there is a finite set K such that 
   S—K)<s/4. We can take N=Ni so large that EjEK I PC/nr—P(f)* I <ER for 

all n�N, and that r(j, fn(i))=7"(i, f(..7)) for all jEK, n> N, using the continuity of 
    E) in g and the finiteness of K. For gEF denote x(g)=(x(g)i)jEs. Since x(g) 

-=P(g)*r(g), we have I x(fn)i— x(ni I �-611r1I for n�N. This establishes the first part 

of (c). 
   From the boundedness of II h(fn)11, we can get a subsequence {f„,} of ffnl such 

that lim h(fmk)i=ht for all iE S. Let h*=-(ht) the column vector, then II h*II 
_.C_2D111. For every f7,„ consider the latter two equations of Theorem 2 (a) substitu-

ting y=h(f„k), and let k co. Then we easily obtain that (I — P(f))h*=r(f)— x(f) 
and P(f)*h*=0. Since the equations have a unique solution, we obtain h*=h(f). 
The Unkl is arbitrary, then lim h(f0=h(f), completing the proof. 

   Let Vt=-sup, {Vp(r)} and x*=sup, {x(r)} . Following Theorems 3, 4 and Corollary
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1 are the extensions of Blackwell  [1] to the countable state space. Theorem 4 was 
originaly obtained by Howard [9]. 

   THEOREM 3. Under Condition (UD), there is a 0-discount optimal stationary policy. 
   PROOF. For any decreasing sequence {on} with limit point 0, let {fri} be a 

sequence such that 17;1,i= V pn(f.), obtained by Bleckwell [2]. Since F is compact, 
there is a convergent subsequence {fn,} of { fC} with limit point fEF. It suffices 
to show that f is 0-discount optimal. We may rewrite fk for fn, and Pk for pnl• 
Using (12) and Lemma 4, we have x(f)�x(f') for any fEF. Let f'= fk, then we 
have again from (12) and Lemma 4 that 

(13)lim Vpk(f))=0 . 

   Take any decreasing sequence {an} such that limn_ (V,t —V an(f))�0. In the 
same manner as {p7,}, we obtain subsequences la kl and {g k} with a limit gEF. 
Then we have x(f)=x(g) and h(f)=h(g), so that, lim k_..(Vak(f)—Vok(g))=0. Thus, 
using the corresponding equality of (13) for g, we have lim k—.(Vak(f)-17%) 
=0. Since {o- k} is arbitrary, the proof is complete. 

   Note that Theorem 3 remains true for randomized non-Markovian policies, since 
the existence theorem of Blackwell [2] used in the above proof is valid for those 

policies. 
   COROLLARY 1. Under Condition (UD), fEF is 0-discount optimal if and only if 

x(f)�x(g) for all gEF and h(f)�h(g) whenever x(f)=x(g). 
   The proof is easy and left to the reader. 

   For iES and a E Ai, we denote by p(i; a) the row vector whose j-th component 
is pa(i, j). For fEF let 

             u f(i, a)-=p(i; a)x(f)—x(f)i , 

                a)=(r(i, a)+P(i; a)h(f))—(x(f)i+h(f)i). 

The following theorem gives the policy improvement method with respect to the 
average reward. 

   THEOREM 4. Take fEF and denote 

   G,(i, f)= {a EAi ; Uf(i, a)>0}, G2(i, f)= la E Ai ; uf(i, a)=0 and vf(i, a)>01, 

and G(i, f)uG2(i, f). Under Condition (UD), let gEF such that g(i)EG(i, f) 

for some i and that g(i)-=f(i) whenever g(i)EEG(i, f). Then it holds that x(g)�_x(f). 
More precisely, 

  (a) if there is an iES such that g(i)EG,(i, f), then x(g)>x(f); 
  (b) if g(i)EE f) for all iES and 

       (i) if there is an iES such that g(i)EG2(i, f) and that i is a (positive) 
   recurrent state of Markov chain pg, then x(g)>x(f); 

       (ii) if all iES such that g(i)EG,(i, f) are transient states of pg, then x(g) 
   --= x( f). 

   PROOF. For every positive integer n and iES, let G7,'(i, f)={aEAi; uf(i, a)> 

1/n}, G3(i, f)= {a E Ai ; u f(i, a)=0 and v f(i, a)>1/n} and Gn(i, f)=G7(i, f)UGg(i, f).
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We define  griEF by gn(i)=g(i) if g(i)EGn(i, f) and gn(i)=f(i) if g(i)EGn(i, f). It is 
clear that urn n_co gn=g. Using (12), we obtain a positive number ion for each n such 
that -17,,(grif("))_� Vp(f) for all 0<p<pn. Then by Theorem 8 (a) of Blackwell [2] we 
have -17,(gi,)_�Vp(gmf(-))�17,0(f) for 0<p<pn. Multiply the inequalities by p and let 

   O. Thus we have form (12) that x(gn,)�_x(f), so that from Lemma 4 (c), x(g)>_ 
x(f). To establish (a), let g(io)E f). Then there is a positive integer N such 
that g7,(4)=g(i0)EGAio, f) for all n�N. Therefore we have from (12) that 

(14) 17,(g,),0�17 p(g7if(-)),o> V p(f)i0+ {pN(1-F p)}-'+B(f, g, p)io for 0< p < pn, 

where B(f, g, p)io is bounded uniformly in f, g and p. Using (14) similar to the 
case x(g)�_x(f), we obtain x(g),o�x(f)i0+11N, so that, x(g)> x(f). 

   Next we prove (b). Since uf(i, g(i))=0 for all iES, we have x(f)=P(g)x(f) 
= P(g)* x( f). Then, 

(15)x(g)i— x(f)i= E pz(i, j)vf( j, g(j)). 
                                          jES 

Note from Theorem 2 (a) that vf(j, f(j))=0 for all jES. Thus vf(j, g(j)) is positive 
or 0 according to g(j)EG2(i f) or g(j)= f (j). If i is recurrent of pg, then i is posi-
tive recurrent, i. e., pzu, i)>0. If j is transient of pg, then 4(i, j)=0 for all iES. 
Thus (15) shows (i) and (ii) of (b), completing the proof. 

   The proof of (b) is essentially similar to that of Lemma 1 in Derman [3]. Note 
that (b) is verified only by using Condition (D). 

   The following corollary shows the relation between 0-discount optimality and 
the functional equation in the average reward criterion. 

   COROLLARY 2. If fF is average optimal, it satisfies x(f)=---max gEAP(g)x(f)}. 
Furthermore, if f is 0-discount optimal, then it satisfies 

(16)x(f)d- h(f)=max {r(g)+P(g)h(f)}, 
                                                gEF1 

where Fi= IgEF P(g)x(f)=x(f)}. 
   PROOF. If f is average optimal, it follows from Theorem 4 (a) that G1(i, f)=-0 

for all i. This implies the first assertion of the corollary at once. Next, let f be 

0-discount optimal. Suppose (16) is not true. Since x(f)d-h(f).------r(f)+P(f)h(f), there 

are gEF, and ioES such that g(i0)EG2(io, f) and that g(i), f (i) for all i#io. Using 

Theorem 4 we have x(g)�x(f), so that, x(g)=x(f). Then it will be easy to see 

that h(g)�h(f), using (12) and Theorem 8 (a) of Blackwell [2]. Take 5> 0 such that 

vf(io, g(i0))�5. Then we have from (12) that 

           V p(g f (nio— x(f)jo>=13 {5-1- h(f)i,± E 1p(i, g(i))y.(f)pnl •                                                                n= 

Since V p(g)� V p(gf(-)), letting p 0 yields h(g)i0_�,h(f)j0+5, so that, h(g)> h(f). 

But x(g)=x(f) and h(g)> h(f) contradict Lemma 4, because f is 0-discount optimal. 
 Thus we obtain (16), completing the proof. 

    Corollary 1 means that the policy improvement procedure of Theorem 4 will 

 terminate if a 0-discount optimal stationary policy is obtained. Conversely, if x* is 

 a constant vector, (16) coincides with the functional equation of Theorem 1 in Derman
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 [3]. Then if the procedure terminates, the obtained stationary policy is average 
optimal. This is not true if x* is not constant as is seen in Example 2 of Blackwell [1]. 

   The following theorem gives the approximation method to obtain the values x* 
=(x,<)iES• 

   THEOREM 5. Suppose Condition (UD) is satisfied. Construct a sequence {w7,} of 

vectors by wo(i)=0 for all iES and by 

               w„(i)=max {r(i, a)+p(i; for n=1, 2, •••, and iFS. 
                                    aGA, 

Then it follows that lim 7,_ wn(i)In=xP. 

   PROOF. According to Hordijk [5], if there are constants po and M which satisfy 

(17)Ilp I7;— Vn 1p—al.M 

for all p, a such that 0< p, a <po, then it holds that lim wn/n=lim p p17;,. We 

have from Theorem 3 and Corollary 1 that lim p ,o17)=x*. Therefore to establish 

the theorem, it suffices to show (17). Using the existence theorem in Blackwell [2] 

and the properties of maxima, we obtain 

(18)II pP,d(--aV:115_suP fe-FIIPV p(f)-0V,(nii • 

Therefore, if we show instead of (17) that 

(19)Ilpvp(f)—avo(f)11-1p—al.ivi for all f, 

(18) implies (17) directly. The verification of (19) is easy, using (12), 11 y„(f)11 _(2D)n+110. 
and (n+1)zn=(1—z)-2. Thus we complete the proof.

   5. Comments on Condition (UD). 

   In [6] Hordijk introduced a condition which also gives a uniformity of the 

Doeblin conditions and he called it the condition sim D. The sim D assures the 

existence of a average optimal stationary policy with some additional assumptions. 

Condition (UD) does not imply the sim D. A counterexample will be easily made, 

because (UD) needs the existence of a positive integer n such that inf f EF P(!)(i, aN=1E a) 

>0 for all iES, whereas the sim D does not need necessarily. We don't know whe-

ther the converse is true or not. 

   At the end of this paper, we shall give a sufficient condition for (UD). Condition 

(LD) below is more intuitive than (UD). (LD) may be similar to the sim D apparently 
but they are not equivalent. 

   LEMMA 5. Suppose a transition prabability function p satisfies the Doeblin condi-

tion. Then in the class of D-tuples (K, 1, c) which satisfy (1), there is a D-tuble such 

that (a) KE'Jd\:1E„ and (b) for every a, a, KnaCa consists of only one state. 
   PROOF. For any D-tuple (K, 1, c), check the ergodic theorem for Cases (a), (b), (c) 

and (d) in Doob [4]. Part (a) of the lemma follows from Theorem 5.6 of [4]. Note 

that for any jEKnaC, and all ia ,Ca, there are a positive integer n and a positive



94Y. KADOTA

number  5 such that  13"da)(i, j)�6, where 15 is defined by [4]. On the other hand, it 
holds that p(mda)(i, K(aCa)�c for all jE aCa and m with mda�1. Those two facts 
imply the lemma. The precise proof is lengthy and left to the reader. 

   It is clear that the number of elements of K obtained by Lemma 5 is the least 
among the class of finite sets of D-tuples. 

   CONDITION (LD). Suppose Condition (D) is satisfied. For each pi, take the D-
tuple (K1, f, cf) following Lemma 5. Then we can choose lf and cf independent of 

feF, i. e., pj)(i, ici)�c for all fEF and iES. 
   THEOREM 6. Condition (LD) implies Condition (UD). 

   POOF. From (LD), the p(<1) of Theorem 5.6 in [4] is independent of fEF. For 
any f and a, a, Pjda)(i, j)�c for all iEaC,„ where {j}=KnaCa. Therefore, the p in 
Case (b) of [4] is independent of f, a and a for all noncyclic Markov chains fpral. 
The precise proof is left to the reader.
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