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Abstract

The purpose of this paper is to solve the single-bullet duel in
which either silent or noisy is uncertain and the accuracy functions
are arbitrary. It will be found the model in this paper is an ex-
tension of the single-bullet duels : silent, noisy, and silent-noisy duels.

1. Introduction

In this paper we genelarize the single-bullet duel in the work of Dresher [1] and
Karlin [3] to include the possibility that either silent or noisy is uncertain, under
the arbitrary accuracy functions.

Two duelists, player I and II, starting at time /=0 (at a distance 2 apart), walk
toward each other at a constant (unit) speed with no opportunity for retreat, they
will reach other at time i=1. Both are each allowed to fire only once. The accuracies
of firing are described by the accuracy function A (x)=the probability of I's hitting
his opponent if he fires at time x (at a distance 2(1—x)). Similarly, A,(y) is defined
for the player II. These functions are continuous and monotonically increasing on
[0, 17 with A;(0)=A,(0)=0 and A,(1)=A,(1)=1. Let the payoff be +1 to the surviving
duelist and 0 to each duelist if both survives or neither survives. Each selects a time
(distance) to fire.

As in all games, we need to describe the information available to the players.
If a duelist is informed about his opponent’s firings as soon as they take place, we
usually call the duel a noisy duel. If neither duelist ever learns when or whether
his opponent has fired, we usually call the duel a silent duel. A duel with silent and
noisy bullets is called a silent-noisy duel.

There are four interesting papers which genelarized the single bullet duel men-
tioned above. Fox and Kimerdorf [2] solved the noisy duel with arbitrary accuracy
functions and arbitrary numbers of bullets for both players. Restrepo [4] solved the
silent case under the same assumptions. Styszynski [5] solved the silent vs. noisy
duel when the accuracy functions are arbitrary, the silent player has n bullets and
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70 Y. TERAOKA

the noisy player has one. Sweat [6] genelarized the single-bullet noisy duel to include
the possibility that one of the duelists has imperfect ability to perceive his opponent.
Furtheremore, Teraoka analized the duels with uncertain existence of the bullet for
silent [7, 8] noisy [9], and silent-noisy [10] cases.

Thinking the duels over, a duelist does not know whether his opponent possesses
silent bullets or noisy bullets, so that it is natural to suppose the model in which
either silent or noisy is uncertain. In this paper we shall examine the simplest case
where each has only one bullet.

Section 2 presents our model suggested from the simplest assumptions mentioned
above, that is, a single-bullet duel in which the state (silent or noisy) variable is a
random variable with bivariate Bernoulli Distribution. In Section 3 we shall prepare
two lemmas which are useful to derive our main results, one is given by Karlin [3]
and the other will be proved by the author. The optimal strategies and the value
of the game will be shown in Section 4. In section 5 it will be found that our main
result covers the results for silent, noisy, and silent-noisy cases of the single-bullet
duel. Section 6 deals with a simple example when A,(#)=A,({)=t.

2. The model

Both players are informed of the accuracy functions described in section 1. We
also assume that the accuracy functions A, and A, possess continuous derivatives
with respect to ¢, which are denoted by Ai(t) and AY{), and their first derivatives
are strictly positive in [0, 1).

Furthermore we assume that each duelist is received a gun with only one bullet
by their umpire. However, both duelists do not know whether their bullets are silent
or noisy. Let define 8, as follows:

silent}

0,:{(1)} if player i’s bullet is {noisy

and let (@, 6,) is a random variable with bivariate Bernoulli distribution given as
Table 1. The inner part of this double-entry table shows the joint distribution of
6, and #,. Let r be the correlation coefficient of 6§, and 6, then r=d/+v p.q,Psq; -
That is to say 6; denote the number of silencers fitted to player i’s gun. Thus we
have the expected payoff to player I for each (f,, 6,) and its probability as Table 2,

Table 1. Bivariate Bernoulli Distribution
0<pi=1-q:;<1, 0=Z|a|=VPpi@1D2q: , 0=|a|<min (p1qe, P2qs)

T~ 6 1 O | Marginal
0, \ (silent) (noisy) | Distribution

L (silent) pitetd  pug—d by
0 (noisy) qipo—d @1q2+d | qQ
Marginal |
Distribution b2 9 |
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Table 2. Expected Payoff to ! for (6, ¢,) and Its Probability

Expected Payoff to [

(01, 02) Probability ‘
x<y l x=y x>y

1, n Pipet+d Ay (x) = A2 (3) + A1 (%) Az () ; Ay(x) = Ae(x) | Ar(x) — A2 (3) — A1 (x) A ()
1, 0 P192—d Ay (x) = Az (3) + Ar(x) Az (9) Ay (x) ~Ap(x) | 1-24,()
©, b q1p2~d 24,(x) -1 A(x) —Az(x) | Ar(x) —A2(y) — A1 (x) A2 ()
0, 0) 9192 +d 2A1(x) ~1 Ap(x) —Ag(x) | 1-24,(y)

since the payoff is +1 to the surviving duelist and 0 to each duelist if both survives
or neither survives.
After all, we get payoff kernel M(x, y) to player I as follows:

p1{A(0)— A3+ A(0) A0} +1—p) {24:(x)—1}  x<y
(1) M(x, y)=1 Ai(x)—Axx) x=y
D2 { A (D)= AN — Ax( ) A:(D)} +(L— ) {1-24:(3) x>y

We observe that M(x, y) is independent of d, so that this game is unchanged even
if d=0, that is, 6§, and @, are independent. Furthermore it is found that M(x, y)
consists of a linear combination of the expected payoff for silent duel and one for
noisy duel whose positive proportions are p, and 1—p, when x<y, p, and 1—p,
when x>y, and arbitrary numbers when x=3y.

This game is a two-person zero-sum game defined on the unit square in which
the pure strategy spaces, 0<x=1 for player I and 0=<y=I for player II, represent the
possible times during which a certain action can be taken. Each selects a time
(distance) to fire in [0, 1], given that he survives. The maximum weakness to each
duelist is to play noisy duelist when he has fired first and failed to beat his opponent.
Our payoff kernel M(x, y) shows the above situations.

Throughout this paper, we suppose that I and Il use mixed strategies (distribu-
tion functions), F(x) and G(y), respectively, and we shall employ notations on ex-
pectation of M(x, vy) defined on the unit square as follows:

M(F, G):S:S:M(x, dF(x)dG(y), and
M(x, G)={ M(x, 2)dG(3); M(F, 3)={ M(x, 5)dF(x).

Furthermore we shall define two functions A;(-) and U,(-) by
A5®

(2) = e T A T A —T) + (s T 50 A 4D
for to<t=l, G, =1L, 2,
(3) Ui@)=exp| =| (@=pim )+ pOAOI RG]

for t<a=zz<l,i=1,2,
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where £, is a unique root of equation

(2—171—172) {Al(t)+A2(t)—l} +(P1+P2)A1(l‘)142(f):0

in the interval [0, 1], and @ is some number which will be given in Section 4.

3. Preliminary lemmas

In this section we shall prepare two lemmas which are useful to Section 4.
Lemma 1 deals with a property of the optimal strategies for certain classes of tim-
ing games, which is given by Karlin [3]. Lemma 2 presents a property of function
U;(+) which will be used to determie the mixed strategies in Section 4.

LEMMA 1. Let M(x, y) be kernels of the form

Kx, y) x<y
M(x, y)=1{ O(x) x=y
Lix, y) x>y

which satisfy the following conditions:

(@) The functions K(x, y) and L(x, y) are defined over the closed triangles 0<x
=y=1 and 0= y=x=1, respectively. Furthermore, they possess continuous second
partial derivatives defined in their respective closed triangles.

®) K1, )>OW)>LA, 1) and KO, 0)=<BO)<L(, 0).
©) Ki(x, >0 and L (x, y)>0 for x<1,
Ky(x, <0 and L,(x, »<0 for y<l

(in their respective domains of definition).

Then the optimal strategies F*(x), G¥(y) of zero-sum game M(x, y) exists uniquely
and take the following form: densities f*(x), g*(y) over a common support [a, 1] and
a possible jump at 1 for one of the two players, and then

(4) M(x, GH=v*=M(F*, y)  for 0=x, y=<1
(5) M(x, G*)=v*=M(F*, y) for aZx, y<1

PrOOF. See Karlin’s work, Chapter 5.
LEMMA 2. Given any z>t,,

[1@—pi=p)+ it pIAD DL 10 as 111, i=1, 2,
so that
expL—| (2= pi=pI+(r PIAW) h(DALT 10 as 111,

and this exponential form is a non-increasing function with respect to z for any ﬁxed
l=(t,, 1).
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Proor. We shall prove the case where i=1 and j=2. Since t>1,

(2= pr—p)H(pE P AL} AN
(2‘ Pl— pz) {Al(t)+‘42(t)—1} +(P1+p2)A1<t)Az(t)-

{(2‘ Pl—Pz)+(D1+ pz)A1<to>} Aé(t)
(2—1)1_])2) {Al(t)‘i‘Az(t)—l} +(P1+172)141(1‘)142(t) ’

>

Now we get ,
{(2_‘ ﬁl _ pz) +(p1 + pz)A 1(f0)} Aé(t)
lim (2'_ Pl“ﬁz) {Al(t)‘l’Az(t)_ 1} +(111+172)A1(t)142(t)
ity {(2—171“P2)+(p1+p2)A1(tu>} Aé(t)
(2= p1— P {As(te) + Ax() — 1} +(P1+ p2) As(te) As(t)

—lim (2'P1'p2){A1(to)iAL(t)~1} +(p1+p2)Ax(to)Az(t)
i=ty (2—]71—?2){141(0'1—142(1‘)—1}+(P1+P2)A1(t)z42(l‘)

i (2~ p1— ) AUD+(P1+ Po) Aslt) AY)
=ty (2= pr= p) LA+ ALD} (bt po) (AL A+ A ALD}

— (Z—Pl_Pz)A'z(fo)—F(PHr pz)A1<to)A§(to)
(2= pr— P {AIE)+ ALEo)} + (1t pa) {AiE0) As(te)+ As(te) Ait)}

— {(2—_pl——p2)+(pl+p2)Al(t0)} AQOO) >
{(2—1‘71‘Pz)+(P1+P2)A1(fo)} Aé(to)‘*' {(2—171—172)+(P1+172)A2(f0)} AKl‘o)

Hence, there exists s=(f,, z) such that for any t<(t, s)

0

{(2—171—1)2)+(P1+P2)A1(t)} hl(t)

{(2_ P1— pz>+(px + pz)Ax(to)} A;(t)
(2“ b pz)Al(t)+A2(t)— 1 +(p1+ pz)Ai(t)Az(t)

1 {(2—17_1—172)+(P1+P2)A1(to)} A;(to)

? {(2—1)1—Pz)+(lJ1+pz)A1(l‘o)} A;(to)‘i' {(2—171—172)+(P1+P2)Az(1‘o)} A/t(to)
{<2“P1—Pz)+(151+ pz)Al(to)} Aé(t)

X ——— e St

(2”_ Z)1— pz) {Al(to)‘*‘Az(t)-‘ 1} +(P1+P2)A1(f0)-42(1)

>

v

Then

|| (@=p=p2+ it P20 it

:(5 +S> {@— p1— D)+ (Dt D) AR R(D)dE

>_l {(Z—Pl—Pz)'i“(PH'Pz)Al(to)} A;(to)
2 {(2'_101“ Pz)+(1>1+ pz)A1(to)} Aé(to)'f‘ {(2" 171—152)+(171+P2)A2(io)} A;(to)
XS’ {(2—171—172)+(171+P2)A1(t)} Ag@) di
to (2= p1— P) {A:(to) + As(O)—1} + (P11 p2) As(te) Ax(t)
I (@ Py p)+(pict P A} AL it
s (2—171“ pz) {A1(t)+Az(t)’“1} +(p1+p2)A1(t)Az(f)
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(2—171—Pz){Al(l‘o)JrAz(S)*l}+(P1+P2)A1(10)A2(5) —co
(z—pl’_lh){Al(to>+A2(tu)—1} +(p1+p2>A1(to)A2(to> -

This completes the proof of Lemma 2.

X1n

4. The solution

The kernel (1) clearly satisfies conditions in Lemma 1. Supposing that F(x)
consists of a density part f(x)>0 over an interval [a, 1) and a mass part a at x=1,
and G(») consists of a density part g(y)>0 over the same interval and a mass part
B at y=1, we get

(6)  ME »=|"Ip: (AN - A+ ADALN) +1= ) QA1) 1f(x)dx

[ [ 40— A= AR AN+ = pOI-24) 1A d 5

+a[1-24,(y)], a<y<1

and

(7) M(x, G):S:[pz{Al(x>_’A2(y)_Al(x)A2(y)} +(1—p) {1—-2A,(»)} 1g(y)dy
+ Do A0~ A0)+ A AW +(1— 1) A1} 1g()d
+BL2A(x)—1], a=x<1.

Since

(8) M(F, y)=v, aZ<y=<1; M(x, G)=v, a<x=<1 and af=0.

We obtain two integral equations. Differentiation of the first equation in (8) with

respect to y followed by the normalization condition glf(x)dx+a=l gives
[@—pi—p2) {A(N+ A0 =1} +(D1+ ) A AL )
Y 1 Y v 1 1
=[([2=1 p=(22) r0da—({ 0= p) Al x-+2) ).
Hence M(F, y) is independent of v for y=[a, 17 if

(9) ) -
([ Tores oo ois s ([ p ) comia

_ AY(y)
@ 1= D AT AL) =1+ 2 AN AL

which yields
(10) {2—p1—po) +(P1+ p2) A} A(3)
(o Lopet | p)oa(( o= p)acosrns—2
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_ {2—p,= p2)H(pi+ ) A0} AX(y)
T @=p— XA F A1 (D F DA ALY) T

Integrating (10), we obtain

(52— 5+ p) s+ ([ p={ po)Ascosnde—2

. _\Y {2—py— po)+(ps+ p2) A} AL
=texp |~ o S A oo oA

Differentiation with respect to y yields
(2= 1= p)+(pi+ P AN S3)
=—K{2= pi— P+ (Bit PIA ()
xexp | = 1@~ pi=p)+(pi ) AO) ha(0t]
Hence we have |
A =k exp| [T (@—p—p)++ pIAGI O] for xela, D),

where k,=—F].
A similar argument on the second equation in (8) gives

A2)  g(y)=k:hs(¥) exp[—g:{(2—111—1)2)+(p1+1>2)z4{(t)}hl(t)dt] for yela, 1).
We have proved the following :

LEMMA 3. The densities f*(x) and g*(¥) over a common support [a,1] of the
optimal strategies for (1) take the following form :

0 [0, a)
f*(x):{ } for xE{ };
kyih(x)U(x) fa, 1)

0 [0, a)
g*(y)={ } for yE{ }
koho(3)U () La, 1)

where &, and k, are some positive constants.

The next lemma is trivial but is useful to determine k;, k, and the value of
game v*,

LEMMA 4. For t,<I{Zu<l

[ = b= pOH(Pr4 P AN AR 2=t (U= 5

[ 1@ = p0+(pi+ )AL 8OIY =R (UL~ U},

where f(x) and g(y) are given as (11) and (12), respectively.
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LEMMA 5. Two constants ky of f*(x) and k, of g*(y) stated in Lemma 3 take the
following from:

_ Abtap) o, 2AptSp)
~ ST n O R ety S 4= Y

PrROOF. Inserting (11) in (9) to make f*(x) a solution of the original equation,
we obtain

kih,(UL()
BA=U0) 452 1= A0} Ax)dx—2

=—h(y) for yela,l),

since the denominater in (9) equals to

|2 1= pim b0+ (prot PO AN A £ (1= A0} f)dx—2

== UA@=U)} + 5] 11— A} A dx—2
which is given by Lemma 4. Thus we get
(14) B=2— pZS;{I—Al(x)} fxydx  for ae(h, 1).

Furthermore Lemma 4 yields

(15) [l a—a) fordx=——[of Andx—r-va) |

substituting (15) in (14), we have the first equation in (13).

A similar argument on g*(y) shows the second equation in (13). This completes
the proof of lemma 5.

LEMMA 6. There exists a =(t,, 1) uniquely such that

a=1—F(1-0)=0; f=1-G(1—-0)=0
which are mass parts at 1. Then a and B are given by

Pt pUAD—2p,f (U (x)dx
a= I
p1tpU(D)+2p, ahx(x)U1(x)dx

v

0;

D RUD=2pf BV
Dot DU 428, ho(9)UA3)dy

1
a

v

0,

for such an appropriate a (¢, 1).

Proor. First we shall prove the existence of a=(¢, 1) such that 1—F1—0)=0.
F(1—0) is a strictly decreasing function with respect to ¢ and F(1—0)=0 at a=1—0.
Now we get the following inequality :



A single-bullet duel with uncertain information available to the duelists 77
(16) R1-0)= 5 SR> ! (@ i p)H (it PIALD) ) x

{Ul(a) Ul(l)}#—{l Uy, for ast, 1),
since Lemma 4 holds. Lemma 2 and Lemma 5 suggest that
(17) F1— 0)>— 1—U,1) | 1+a- p2 L2l as all.
A similar argument on G(1—0) gives
(18) G(1— 0)>—{1 U} | 1+~ >1 as alt,

showing the proof of the first part in Lemma 6.

Here we shall determine a« and B for an appropriate a<(t, 1). Since F(1—0)
=1—a, we obtain

2pitaps)
p1t+p.U(1)

so that we get the statement of the second part in Lemma 6.
This completes the proof of Lemma 6.
LEMMA 7. The value of the game v* is given by

S;hl(x)Ul(x)dle—a

2(1— Aya)}{ p+£:U2(1) b1 if a=0

Proor. Equation (8) shows af3=0 and

v¥=

(19) v*=M(F*, y)=M(F*, a) for all y<[a, 1]
=M(x, G¥)=M(a, G*) for all x<[a, 1].

If a=0, the first equation yields

@) vr={ [p AW~ Ak~ A0 AL} +L— P 124} 1 () x

=p.(1— A} || 4,00 P x—pal1— A@) +1-244(a)
since equation (6) holds. Furthermore Lemma 4 gives

— = bt 01+ 92| AR FH(R)dx=h, (1= UL},

which shows

: N by 3 B
@1) SaAl(x)f ()=~ [pl Py L) 1]+1

Substituting (21) into (20), we have
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*

_ 2{1=Afa)} [ pupo1-U,1)} B
R [Prf-sz,(l) p2]+1 24,(a)

_ 2{1=Aa)} [ pipo{1—=Ux(1)}

= =1
it ps Dot PaUND) +1]

—2(1— "2(“)}{'7@ . ;’:UJ(D b1,

The similar argument on the second equation in (19) gives
D2
*=—2{1—-A — 41,
v=—2l-A@H J*

This completes the proof of Lemma 7.

According to Lemma 1 the optimal strategies for the payoff kernel (1) exist
uniquely, and two integral equations in (8) have unique solutions under appropriate
boundary conditions, respectively. Hence we shall conclude this section by asserting
Theorem 1, since Lemma 6 suggest that

Fu—0={ rxdx=1; 6a—0={ g*()dy=1

have unique roots, respectively.
THEOREM Let a, and a, be the unique roots of equations

2. (OULR)dx=p, U3

1
24 ML= bt U
in the interval (t, 1), respectively, where t, is the unique root of equation
= 1= P)HAD+ A —1} +(D1+ p2) A1(D A(H=0.

And let a=max (a,, a,).
Then optimal strategies F*(x) for I and G*(y) for II of zero-sum game (1) are the
following mixed strategies:
0 , 0=x=a
F*(.’C):{ ¥
[ h U dt+al (x), asx=1;
0 , 0=Zy<a
G*(y):{
[ehoumartsn»n, a<y=1,

where 1,(z) is the unit-step function at z=1, coefficients k, and k, are given by

2(p1+@2,>_ - 72(7172"‘,3171)

T nU1) T e piUy(1)

and mass parts a and S8 are determined as
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Pt U2, h(DUDdx
A p U D20 (U2

1
a

(44

pet DUKD=2p. ho()U(3)dy
p2+ple(l)+2p1j:hz(y)U2(y)dy ,

which have the following properties:
= >
a={ = 0 and B=

l a,>da,
0 tf a=y a,=a,
> = ay,>a,

I

The value of the game v* is

2{1—A2(a)}{“‘2>1-_i_'})1’21—[]m}~1 lf a=a;

f2{1—A2(a)}{mT}fle—2(ﬁ}+l if a=a,

V=

5. The special cases

The purpose of this section is to assert that the classical results of the single-
bullet duel in the works of Dresher [1] and Karlin [3] are the special cases when
pri=p.—1, py=p,— 0, and (p,, p,) — (1, 0), which are called as silent duel, noisy duel,
and silent-noisy duel, respectively.

(i) The Case Where p,=p,— 1.

Letting p,=p,— 1, we have

hi(O)=A5 )/ {2A,()A()} for 0<iZ1, {i, j}=1{1, 2}
and
U (z2)=A%a)/ A=) for 0<a=zZ1, {3, j=1{1, 2},

so that a, and a, are the unique roots of equations

L oA , 1 o A
y R ORI T LR A ¥ i RV R T¥

in the interval (0, 1), respectively. Thus we conclude the following.

1+ dt

a=max (a,, a,),
0, 0=x<a

F*(x)= S Ry Ay(a) AYD)
a 24, {A}?

0, 0=y<a
G*(y)= Sy kyAy(a)Al(E)

di+al(x), a=x=1;

C2AAGT TR, asysL,
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ki=2(1+a)/ {1+ Aa)} ; k,=201+p)/{1+Aa)},

1+ Ad)— Aa)] LA/ AD1AL) Tt
a— 1 )
At Aa)+ A0 LAKD/ ADIALD) Vdt

1+ Ai(@)— Ay@)| LA/ A0 (A0} 1dt
at+A)+ A LA/ 40140} dr |

and
. { {1—3A4x(a)}/ {1+ Ax(a)} if a=a,
P¥=

{1-34,(a)} / {1+ A(@)}  if a=a,,

in the sence of limitting point.
It is found that the above conclusions are the soution of single-bullet silent duel
[1,3, 4,7, 8]
(i) The Case Where p,=p, — 0.
When p,=p, — 0, we obtain
Ayt)

hO=g s poy for b<t=l, 6 =02

and

_ [ A5®) S
Ui(z)—exp[ Sa Al(t)—i-r(t)—l dt] for t,<a=zZ1, {i, j}=11, 2},

where 7, is the unique root of equation A,(t)+A,()=1 in the interval [0, 1]. Thus
we get

2[ U dt=1-U2),

{p:+ U1}/ py —> 1+UQD) 5 {potp,Uo(D} / po —> 1+Uy(1)
and
a—0; B—0.

Since lemma 2 holds, we have
lim a,=lim a,=t¢,,
if 0=x<y¢,

0
lim F*(x):{
1 if ,=x<1;

0 if 0=y<y,
lim G*(y)=
1 it f,=y=1,
and
lim v*=A,(ty)— A,(t,) .

The above conclusions are the solution of single-bullet noisy duel [1, 2, 3,9].
(iii) The Case Where (p,, p.) — (1, 0)
When (p,, p,)— (1, 0), we have
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hi(H= A/ {AOAD+AO+ A1}

for #,<t=<1, {i, j}={1, 2}
and

Ui(z):exp[—SZ{IJrAi(t)}hi(t)dt] for ty<a=z=<l, {i, }=1{1, 2
Where ¢, is the unique root of equation
ADALD+ A(D+ Al —1=0
in the interval [0, 1], so that a is the unique root of
ZSth(x) exp[~S: 1+ A0} h,(t)dz‘] dx=1

in the interval (4, 17, since Lemma 2 and Lemma 4 suggest that equation Uy 1)=0
has unique root a,=t, in [#,, 1] in the sense of limitting point. Then

a=0;

ﬁ:Uz<1>/(U2<1)+2th2(t) exp[Ag: {1+ A(s) hl(x)afs]dt>>0

Hence we conclude the following :

0, 0=x<a
PO S exe[ - [! 0 Al has]ar, agx=l;

0. 0=y<a
T ool n exo [ 1+ Ao 1o i 15), asy=1

and
v¥=1—-2A4,(a)

in the sence of limitting point.
The above solution is one for the singel-bullet silent-noisy duel [5, 10].

6. A simple example

As a simple example of the result obtained in Section 5 we shall examine the
case where A,(t)=A,(t)=t and p,=p,. Then we have

hO=1/{(pr+ pI+22— pr—p ) —@—pr—p)}  for t,<t=1
and

Ui<z>:{ (1t p2)a*+2(2— p1—p)a—(2—p:—p,) }”2 for ty<a<z<l,

(p17+ P22 +202— p1— po)z—Q—p1—ps)
where {,=[—(2—p,— p2)+ (22— p,— p:)} *1/(p:+p,) and i=1, 2. Putting

R(2)=A{(p1+ p2)2°+ 22— pr— po)z— Q2 —p*—p)} /%,
we obtain
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S:hi(t)Ui(t)dt:T(Z——_Exi o5
X[V(Drf'Pz)a—‘r(Z*i’]—Pz) . (P1+p2)2+(2_p1_p2) ]
R(a) R(z)

since
[t por+22— pi—pot—@—pi—po)} -2t

—_— (P1+P2)H‘(2—Pl—m)
2(2‘171—‘132) {(171"‘P2)12+2(2_ﬁl—ﬁz)t—(z—,bl‘])z)} vt

Hence a, and a, are the unique roots of
{\/251/(2‘172)}(11‘}‘ {(PH’Pz)GfﬂLZ(ZFZ’x—Pz)ax_(Z—Pl—Pz)} Ve,
{\/QE/(Z—PO}%: {(p1+p2)a§+2(2_Pl—pz)az—(z—f)l—p2>} Ve,

respectively. Now a; and a, are the abscissa in {(g, b)|a=0, »=0} of intersecting
points of

hyperbola : b?={R(a)}? and straight line: b={~2p,/(2—p.)}a;
hyperbola : b2={R(a)}? and straight line: b+ {v2p,/2—p)}a,

respectively. Thus we get

a,>a, >
a=4 a;=a, if Py = (D2
a,>a, <

which gives

a=a"=Q2— )2~ pr— )2~ po— {22+ p1— p)} VZ1/ 291 —(Ps+ p2)(2— o)}

and
a=0;
B=1{v 22— p)R(a)—2p:a} / {2(2— p1—po)— V' 2 p1R(a)+2p,a}
={p12—p1)— 22— p)} a/{2— p1— po)2— p1+ P10}
since

R(a)={~2 p,/2—p}a.
Then we have

ky=2p1/{p1+p.R(a)/ vV 2} =2Q2—p)/ {2—(1—a)ps} ;
ky=2(ps+ B8p1)/ {pat+ p:1R(a)/V 2} =2@2—p)(pat+B D)/ {p2— p)+ pla}.

The above considerations lead us to the following optimal strategies F*(x) and G*(y):
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0, 0=x<a
FXx)=1 2 24/2 pra \ Care B
gaﬁQ:(f]’:a)p; {(p1+ P 2@ — pr— )t —2—p1—po)} *12dt, a=x=1;
0, 0=y<a
G*I=1 22— p)pot 3p) 2—(1—a)ps} .,
Q= o) (P2 p)F pia) -FXy)+ 8Ly, a=y=l1

and the value of the game v*:

v*=202—p)(1—a)/ {2—(1—a)p.} —1.
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Letting (py5, ps) — (1, 0); (py, po)— (1, 1), the above conclusions converge to the
solutions of single-bullet silent-noisy duel and single-bullet silent duel in which A,(¢)

= A,(t)=t, respectively (see Karlin and Dresher).
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