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   0. Summary 

   In this paper we shall seek the upper bound of probabilities (erorr probabilities) 
of misclassification in the Bayes classification procedures between two categories 

whose moments of order 2k (k=0, 1, 2) are assumed to be known, while the distribu-

tion of each category may well be continuous or discrete. 

   We shall also give a sufficient condition, which is an improvement of Becher-
Chernoff's upper bound. This becomes also a necessary condition in some cases of 

interest.

   1. Introduction 

   We shall consider throughout this paper, classificatory problem between two cate-

gories with known apriori probabilities. 
   Let F=(F„ F2), where Fi is the distribution of the category Ci (i=1, 2), and II= 

(H1, H2) (lli>0, H1+H2=1), where Hi is the apriori probability of Ci. Let 95(x)= 
(01(x), 02(x)) (Lebesgue measurable, yhi(x)�0, bi(x)-d- 02(x) --=-1) be a (randomized classi-
fication) procedure such that an observation x is classified into Ci with probability 

cbi(x), 0= {cb(x)} be the collection of all such Os and OL= {cbL(x)} be the collection 
of all linear procedures, namely cbf(x) is an indicator function of some half space. 

   The conditional error probability of classifying an observation, which is actually 
taken from Ci, into C3, (i=1, 2) becomes 

(1-1)ei(c), F)= (1-5i(x))dFi(x) , i=1, 2 

and the expected error probability with respect to the apriori probabilities 11 becomes 

(1-2)ell(g), F)=H F)+1 2e2(95, F). 

When the distribution functions F1(x) and F2(x) have their density functions (say 

fi(x), f2(x), respectively), it is well known that the inf ell(0, F) is attained, assuming
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the equality of the two kinds of cost due to misclassification, by the Bayes classifica-

tion procedure 

                         1 , when 1 1fi(x)?_-11,f2(x) 
(1-3)Ofi(x)=,                         0 

, iyhen 111 fi(x)< H 2 f2(x). 

   Suppose the true distribution function Ft(x) of the category C, is not known to 

us, but it is known to belong to a family g i. Assuming that g, is the family of all 

possible distribution functions with specified mean i( [12) and variance o-L Becher 

[1] conjectured and Chernoff [2] verified that 

                                    1 (1-4)sztP infeHo(c3, F)=sup inf ello(OL, F)-=—2(1+S2)', 
        F c5F OL 

where H°=(1/2, 1/2) and S=--- I te1—p21 /(0.1+62), by two excellent methods (one is an-

alytical, the other geometrical) which, however, seem difficult to be extended to the 

multivariate case or unequal apriori probabilities case. We shall, however, use Cher-

noff's geometrical method to evaluate sup inf eHo(ch, F) in the case of gi with specified 

                                         F 2k-th moment (k=0, 1, 2) in section 2. On the other hand, Isii and Taga [3], from 
the viewpoint of mathematical programming, studied the multivariate case in full 

generality, and Nishi [4] evaluated inf sup ed0L, F) and inf sup max ei(c5L, F) in detail. 
                01, F F i=1, 2 

   Here we shall review briefly Chernoff's geometrical method. Let Fi(x)Egi= 

        (i=1, 2) and H(x),_=-Fi(x)+F2(x). Since F1 and F2 are absolutely continuous 
with respect to H, they have densities f1 and f2, respectively. From (1-2) and (1-3) 

we have 

(1-5) ello(OB, F)=-1[fi(x)dH(x)-Ff2(x)dH(x)]                               2[XIiCX)‹f2(X)1{XI fi(X)?"- f 2(X)1 

                 21min [fi(x), f2(x)]dH(x) 

    Let us exclude the trivial cases where eno(OB, F)=0 (i. e., supports of Fi are dis-

joint) or eHo(95B, F)=1/2 (i. e., F1=F2). Put 

(1-6)Po= 1 min [fi(x), f2(x)ic1H(x), 0< po<1 , 

and for i=1, 2 

(1-7)Pi= fi(x)—min [A(x), f2(x)1} dH(x)=1—po, 0<pi<1. 

Thus we may define the densities 

(1-8)go(x)=min C.fi(x), f2(x)1/130 

and for i=1, 2 

(1-9)gi(x)=Ifi(x)—min Efi(x), f2(x)1} /pi
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The first two moments corresponding to  f1, fOfg1,.0.pi2are given by Pi=--(pi, 

i=1, 2 (vi=pi+o-D which are the fixed points determined by 9",=gi(pi, vi), and P',K= 

CO, 00, i=0, 1, 2, and these five points satisfy 

(1-10)Py----PoPt+(i—POPT , i=1, 2 , 

where p0/2 represents the value el-10(0B, F). Conversely given any three points Pt 

(i=0, 1, 2) on or above the parabola 72=e2 which satisfy (1-10), it is possible to con-
struct F1, F2 which will yield these three points. Thus to evaluate sup eHo(c5B, F) is 

equivalent to find a configuration Pt, Pf, P1' of points on or above the parabola 
77=e2 which satisfy (1-10) for a maximal value of po. 

   We see from Fig. 1-1 that we may restrict Pt to be on the parabola 77=e2 (i. e., 
13t=(e, e2)). Define poi(e) as follows

Fig. 1-1.

(1-11)Pi=Poi(e)Pt*±(1—Poi(e))Pt* i=1, 2 

where Pt* and Pr lie on the parabola 72=e2. We have easily 

(1-12)Poi()= 07/ {(iti—e)2+ , i=1, 2. 

   Obviously Po(e)4—==min CP01(e), /302()] is the attainable maximum value of po at e. 
We must seek sup Po(e) that is equal to 2 sup ello(0B, F). After some calculations we 
have 

                                 1 
(1-13)sup inf 1clf e,0(0, F)=stypo(e)=-2—(1+.52)-1 , 

where sup Po(e) is attained at 

(1-14)e*=(0-21ti+ 61it2)1(61-1-- 0'0
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   Moreover the distributions F1 and F2 that attain sup effo(¢B, F) are given as fol-

lows. For i=1, 2, F, takes xo with probability (1+S2)-1 and xi with probability 1— 

(1+S2)-1, where x0=it1—a1S, xr=iti-kailS and x2=p2—cr2IS provided that [el> /22.

   2. Improvement on Becker-Chernoff's bound 

   Suppose F(x) is a univariate distribution function which has a finite 4-th moment. 

Denote 

(2-1)p(F)==xdF(x), v(F)= sCx2dF(x), r(F)=+4dF(x), 
then Schwarz's inequality asserts that 

(2-2)p(F )2 _v(F) , v(F)2 5_z-(F) 

Put 

(2-3)X = {(p(F), v(F), z-(F)) .x4dF(x)<00 . 
   LEMMA 2-1. 

    (i) (p, ,a2, /24)EX for all —oo</i<oo. 

   (ii) If ('a, v, z-)E X and v =p2, then r=v2. 

   (iii) If v>p2, then (II, v, z-)E X for all r�v2. 

   PROOF. It is clear that (i) and (ii) are valid. Now let us prove (iii) by construct-

ing a distribution F which yields (p, v, r) where v> p2 and z-�v2. Let 7r be the plane 

which goes through two points (p, p2, p4) and (p, v, r) but does not intersect the e-

axis (i. e., 7E and e-axis are disjoint or 7 contains e-axis entirely). The intersecting 

points of the plane 7r and the curve1,--1(e,77,Ole=t, 72=0, C=0, —0 0<t<col are 

(±p, p2, p4) and (±,vv_vp2/0., (7_1112)/0.2,vit2N2 / -4 \                                                 ) (put 6r2=v—p2 >0). Let Fo,F1 

and F2 be one-point distributions which take x=p, x=N/r—vp2lo.and x=—,/z—vii2lo., 

respectively. Define F3=PF11-(1— p)F2, where p=(11+ Vr—v12 )/  2 Vr . Note 
            a a 

here that p satisfies 0<p<1 because of r�_v2 and v>p2. Then F=qF0-1-(1—q)F3i 

where q=---p21(p2-1-a4) (put p2----=r—v2), is a desired one. Finally note that F is obtained 
as a three-points distribution provided z>2)2. When r=v2 (i. e. p2=0), F is uniquely 

determined as a two-points distribution which takes N/77 with probability (.\5+p)/2A/i7 

and — N/1- with probability (5—p)/2N/17. 

   Slightly modifying the above method to obtain a distribution which yields P= 

(a, v, z-)E X, we have a following lemma. 

   LEMMA 2-2. Any finite distinct points of X, which satisfy r>v2 except at most one 

point, can be generated by distributions whose supports are disjoint to each other, and 
each of these distributions is given except at most one distribution by a three-points or 

a four-points distribution.



Method of H. Chernoff in classificatory problem55

   Let  gi=gi(iii, vi, ri) be a family of all possible distributions with specified mean 

pi, second moment vi, and fourth moment ri (i=1, 2). Put P1=Q11, vl, ri) and P2= 
(/-12, v2fr2)• Then for each pair (F1, FOEgixff 2, similarly to (1-10), there correspond 
three points Pt, Pt and Plc of X which satisfy 

(2-4)Pi=-PoPt±(1—POPt , i=1, 2 , where /70=-2eft0(¢B, F). 

Conversely given any three points Pt (i=0, 1, 2) of X which satisfy (2-4), it is possi-
ble to construct F1, F2 which will yield these three points according to lemma (2-2). 
Thus we may restrict Pt to be on the surface 

          M,_{(e, 72, C) je-=s(-0+(1—s)t, 77=t2, C=0, 0<s<1, 0<t<co} 

according to lemma (2-1) (iii). 
   Let us put

Fig. 2 1.
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                   37=1(e) 72, I —°°< < CO, r7>0, C>7)2} 
(2-5) 
                  Z= {(e, 72, C) I — 00 < e< co, >e2, —co< <00} , 

then the set X defined by (2-3) becomes 

(2-6)X=(YnZ)ULUM. 

We shall not consider the trivial cases of a2=0 or p2=0 hereafter. We omit the 

subscript i in pi, vi, ri and Pi for simplicity for a while. 

   Now, we assume that Pt lies on the surface Mo,_--1(e, 77, C) I —co <e< co, —co <72< co, 

(=r)21 containing M for convenience. Let Pt and Pt be the intersection points of the 
line Pt P and the surface ax or a Y, respectively, where ax is the boundary of the 

set X, and the three points Pt P, and Pt lie on the line in this order. For arbi-

trarily fixed e, we define a ratio as qu)(77 I e)= P Pt Pt P (see Fig. 2-1), then some 

calculations yield 

(2-7)4(1)02 I e)=p2/10)-77)2+p2}when77>Z/1)or)7<v 
                 2)17)when v�7)�r/v 

Thus q(1) (77 I e) is independent of e, continuous and monotonic increasing for 72<v, 
monotonic decreasing forr7>—v. Obviously q(1) (77 le) satisfies lim q"'(77 I e)=0 and 

q(1)(v l e)=1. Similarly to q(1)(77 le) we define a ratio as q(2)(72 I e).-:=PP2/MP42' (see Fig. 
2-1). When ekp, q(2)(7) le) is continous, monotonic decreasing, lim q(2) (7 e)= 0, 

lim q(2)(77 je)= 1 and 

(2-8)q(2)(e2 I e')= 0-2/ {(tt ± 0.2} 

When e=p, we have obviously 

                                       when77< v 
                     72 (2-9)q(2)(I 1)=-11                            1 

08.2/(77—'12)when 
   LEMMA 2-3. For anypthere exist unique 77(e) which satisfies 

(2-10)sup min q(i) (77 I e)= q(i) (7)() I e)— p2/ {(0+(e)2+p2} , 
                                     i=1, 2 

where co+ (e) is the unique positive solution of the following equation 

(2-11)620±p 2(03 2tep 2(t., (ite p 4 = 0 

When e= p, we have 

(2-12)sup min q")(77 I e)-= 1 . 
                                                 J.,. 2 

   PROOF. For arbitrarily fixed e*p the equation q(i)(77 I e)=q(2)(7) I e) relative to .77 

has only one solntion 77(e) (in the region of 72<v) which satisfies 

(2-13)sup min q")(77 I e)-= q(i) (77(e) I e) 
                                          -0.<79.<00 ti=1, 2 

because q")(77 I e) is monotonic increasing for )7<v, monotonic decreasing for 77�v and
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 q(2'(72 le) is monotonic decreasing. 
   Geometrical interpretation of the existence of 72(e) satisfying (2-13) asserts that 

the points Pf and Pt of Fig. 2-1 are coincident (thus Pt=Pt---=0(e), t(e)2, t(e)4) for an 

appropriate t(e) and the three points P o, P, and Pt lie on some line in this order. 
Hence we have 

(2-14) (t(e)— p)1(fi--e)=(t(e)2--2))1(1)— ($))=(1-(-)4 — / 7)(V)=c() 

where c(e) is a positive constant and 

(2-15)sup min q(i)(72 I e-)=,q( )(72()1)-=c(c:-•)1(1+ c(-)) .                              -00<7;<- 2=1, 2 

Solving the equations (2-14) for c(e), we have 

(2-16)c(e)— p2 /(1)—.)7())2 

Substituting (2-16) for (2-14), ra) must satisfy the equation 

(2-17) 62(2)_04+p2(v_03_2ttp2(tt_e)(1)_7))2_(te___Vp4,0 

which has only one solution for 7 <v. Therefore if we put w=---v-7 2, then w+(e)= 
1.)--)7(e) is the unique positive solution for the equation (2-11). 

   Thus we obtain (2-10) from (2-15) and (2-16). 
   When (2-7) and (2-9) show that sup min q")(72 I te)=q(i)(v1 '1)=1.                                                                    -..<7;<.0 2=1, 2 

   Let us put 

(2-18)r(e)= sup min q")(7)Ie) , 
                                                  '7>e2 i=1, 2 

(2-19)0(.:,,)=_0.2e4____(21)(72+p2)e2+2pso2e+(0.21)2____p2/22) 

    LEMMA 2-4. 

   (i) For let</:J 
                     p2/ {(04-v± p2} when 0(e)> 0 (2-20)r(e)== 

                         6,21 {(p_e)2+ 0.2} , when 0(e).,___O . 

   (ii) For AAT e ,^7/1) 

(2-21)r(e)=U2/{(p—$)2-i-62} 11(p—$)2+ . 

   (iii) For lel> ,‘/z-/I) 

(2-22)r(e)=--I                         p2/{()—v)2+p2,                                 when0(e)> 0 
                     62/{(p—e)2+62} , when 0(e).<0 

   PROOF. 

   (i) Since $2<v, (2-7) and (2-8) showthat 

              q,(2)(2e)_q(1)(Ve),(72/ {(p___$)2+ 0.2} _p2/ {(1)_e2)2+p2} 

                         ---cb(e)/ {(a— e)2 + r2} {(v—e2)2+ p2} 

provided p. It is easily seen that 77(e)>e2 is equivalent to 0(e)>0. Thus (2-20) 
follows immediately from (2-10) and the graphs of q(i)()2 le) (i=1, 2). When e=
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(2-7) and (2-9) show that r(p)=---q(i)(1)1 p)=1, which is contained in (2-20) because of 
w+(p)=0 and cb(p)-=-o-4>0. 

   (ii) Since v�_e2�r/v, (2-7) and (2-8) show that 

                 q(2)(e2 I e)_q(1)(e2 I e).= 0.2/ {(ii_e)2+ 0.2} ___))/e.2 

                                           {(p_e)2+ 0.2} 0. 

Since q(1)0 I and q(2)(77 I e) are monotonic decreasing for 

                     77>e2(�7.)), r(e)--= min q(i)(e21e) 

   (iii) Similarly to the case (ii), r(e)= min q(i)(e2 le). 
                                                                     i=1, 2 

   Since e2>rly, (2-7) and (2-8) show that 

             q(2)(e2 q(1)(e2 e)=.0(e)/ {(p—e)2+ 0.2} {(7)—,e2)2±p2} 

   Let q(j1)(e), e(e), cbj(e), 77;(e) and ri(e) be those that correspond to the points Pi 
=(/1.;, ri) (j=1, 2). We may assume pi> /12 without loss of generality. 

   Let pg) be the attainable maximum value of po at e (see (2-4)), then 

(2-23)134g)=- sup min min )(r7 I e) •                                                                  j=1,2 i=1,2 

Thus we have 

(2-24)sup inf eH0(0, F)=--sup sup min min0)(721e) ,               F_,-72>e.2 j=1, 2 i=1, 2 

though it seems difficult to represent the right hand side of (2-24) explicitly. 
                                           1 

   THEOREM 2-5. A sufficient condition for sup inf6'170(0, F)<-2(1-i-S2)-' 

                      le*I < A/17 and 0;(e*)> 0 

(2-25)or 

                       e* I > .N/z- ;iv; and 0;(e*)> 0 

for j=1 or 2, where e*=(6ip2+ 02110/(0.1+ CO. 

   PROOF. Since min rj(e)=-- min sup min q(ji)(77 le), we have 
                       :7=1,2j=1.2 72>e2 i=1, 2 

(2-26)suPmin min qP(7)Ie)_minri(e) • 
                         7>62j=1, 2 i=12j=1.2 

From the definition of the ratios '7(1)(77 we have clearly 

(2-27)sup min min q(;)(771e)-_-min[Pci1(e), P02(e)] (see (1-12)). 
                   ,i>62 j=1,2 i=1, 2 

Hence the conclusion follows from Lemma 2-4, (2-26) and (2-27). 

   If the equality holds in (2-26), then the equation (2=24) becomes 

(2-28)sup inf6.170(0, F),L --sul=1Pminr i(e)          F<e<co.2
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Thus Lemma (2-4) and (2-27) show that the condition (2-25) is also necessary. 

   When vi=v, and z-1=72, the inequality (2-26) reduces to a equality because of 

qi1)(72 e)=V)(2 I e). 
   Hence we obtain the following theorem. 

   THEOREM 2-6. When vi=v, and z-1=z-2, the condition (2-25) is a necessary and suf- 
                          1 fi

cient condition for sup inf ello(yi, F)<—2(1+S2)-1. 
              F 0 

   COROLLARY 2-7. Wnen pi=p, p2= --p (p > C), v1=v2=2.) and 71=72=r, suPinf e110(0, F) 

                                                                     F 

 1 <—2(1+S2)' holds if and only if z-<vs / p2. Moreover, in this case, we have 

(2-29)sup inf ello(¢, F)=1-p2/ {w±(0)2H p2} , 

where w+(0) is the unique positive solution of the equation 

(2-30)0.20 ± p2(03_2it2p2(02_112p4 =0 

   PROOF. Since 61=0-2 and p2=--p1, we have e*--,0 which satisfy I*1< AA). Thus 
the condition (2-25) is equivalent to O1(0)=02(0)=- p2p2 = 2712 > 0. 

   Let co-() and a4() be the positive solutions of the equations Gr2co4d p20— 
21€P2(11—e)(02—(p—e)2p4=0 and 0.2(04H-p20-2tep2(p+e)co2—(p+e)2p4=-0, respectively, 
then wT(e) is monotonic decreasing for e<p and limcot(e)=cot(p)=0, similarly co',-() 

is monotonic increasing for --it and lim [0=0. It is obvious that wt(0) 

=0,4(0)=(0±(0). Thus (2-29) follows from Lemma 2-4 and (2-28).
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