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Abstract

We give an information theoretical definition of a two person
game and show some sufficient conditions under which each player
can obtain the total information on the other player’s parameter
from the sequence of observations.

1. Introduction

Generally in the game theory the player's purpose is to maximize his own
reward. In the stochastic games a player also wants to maximize his reward and
uses the past steps only to find the optimal strategy in the sense. But one of the
most important problem to win a game is to estimate the other players’ strategies
and in the usual games there are a lot of cases such that a player chooses a strategy
with mature consideration for the other players’ ones. For example, in the game of
chess or bridge etc., if a player can estimate the other players’ strategies from. a
sequence of observations on the other players’ actions in the past, the player can
win the game easily. Then in this paper we study two person games from the
point of view of the information theory.

Rényi [1], [2] and Korsh [3] show sufficient conditions to obtain the total in-
formation on a parameter # from the sequence of observations in several cases. The
present paper at first extends the theory to the system with two paramenter #, and
0. which are defined as the strategies of two person game, and we show some suffi-
cient conditions under which each player can obtain the total information on the other
player’s parameter from a sequence of obsevations {(X,, Y,)}, t=1, 2, ---, of a inde-
pendent case in section 3 and Markovian case in section 4 with respective examples.
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2. Definitions and elementary theorem

The two person game is defined as follows; let 6, and 6, be parametes of player
[ and player II, respectively, their values be determined by some probability law,
(X}, {Y}, t=1, 2, ---, be sequences of observations of player I and player II, respec-
tively, and the distribution of &=(X,, Y)), -+, (X,, Y.)) depend on #, and 6,. Then
each player tries to estimate the other player’s parameter from the sequence of

observations &,.
Let S=(2, A, P) be a probability space and, for each w=£, (4,, §,) be a random
vector with following probability distributions.

Pei= PO, 0)=(ur, 1), 5 3 pu=1,
and Pe=P,=ui)= é:lpkz

@=Pl.=v)= él;bkz

Let us {(X;, Y,)},t=1,2, -, be an infinite sequence of random vectors on S and
suppose that the distribution of §,=((X,, Y)), :--, (X,, Y,)) depends on a value of
(8,, 6:). We suppose further in the present and following section that all distributions
of {&}, t=1, 2, ---, are absolutely continuous and define as follows:

PR () =P(§:=2|(0,, O)=(us, v1)),
¥ (2°)=P(§:=2"|0:=us)

2 pugic)
N s
where z9O=((x, ¥1), -+, (xi, ¥))ER* and R** is a 2t-dimensional vector space, and
&8 (2?) is the density function of the conditional distribution P(§,<z°((6, 6:)=(us, v1))

and ¢P(z®) is the density function of P(§,=z"’|6,=u,). In the present paper we
give some conclusions only about the parameter #,, because the results are similarly

a.e,

true for 6,.
Now we have the following:
THEOREM 1. [If, for each k, 1 and t=1,

P8 (z)>0  for oll zPeR*,
then there exists a positive constant c¢ such that

ECH@6,1€0)]

[ e (PRGN 2020,

Ltr=1

where E[H(6,|€.)] is the expectation of H(@,|E.).
Proor. As H(4,|&,) is the conditional entropy of 8, given &, so
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H(eliél):—él P@:=ul&) log P(O1=u, |0 .

By the Bayes’ theorem and the assumption, we have

2.1) P(ﬁlzuklft)_—_*}ksé;‘txi
| PR
>0,

then, from the lemma of Rényi [1], there exists a positive constant ¢ such that

2.2) H@O,1&)=c Z) vV PO=u|&,) for all h=1, -, m.

k?h

Thus
ELH@:16)10,=us]

:SR“H(& |20)g0 (29)d2®

SR“( P (29) mg#”(z"’)dz“’
E PP (2®)

ll/\

=c ﬁn) De SRZl(¢g>(Z(t))¢§!n(2(:)))1/2(12(;)

S S Pudi (@) par (2 V) 2 d 2 .
Consequently

ECH®1601= 3 pnELH®, 16)16,=1,]

A

c% % ) n SR”(ngb(t)(z(t))p“ (t)(z(t)))l/zdzu)

h=1 k=1
*h

ko

3. Amount of information in independent case.
We define the amount of information contained in &, concerning 6, as follows:
=H(0,)—E[H@.1£)].

In the case that the random vectors of observations are independent, under the
assumption in section 2, we have the following result:

THEOREM 2. If, under each condition that (0, 0,)=(us, v;), the random wvectors
(X,, V), (X,, Y,), -+ are independent and

P/((X,, Y)=(x¢, y) (01, 0)=(us, v1))
=f(xe, y0)>0
for all (x:, y.)ER?, t=1,2, ---, and if for each h, k(#h), | and I,
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oo

11 Zr(ztl;u' =0,

t=

-

then
lzim Ii=H@®)),

whevre
o = [00e, 370, 3)odxdy
Proor. By the independency of (X,, Y,)’s, for each (&, )
B )= 11 fi0(xr 3,
Then by the theorem 1
ELH6.1€0)]

This proves the theorem.

In the above theorem, lim I}=H(f,) means that player Il can obtain the total in-
formation on the parameter of player I.

ExaMpLE. For each (&, 0), let (X,, V,), t=1, 2, ---, be a two-dimensional normal
distribution such that

1 1 (x—m (&, D)?
() — _ R,
w(x 9) 27fo'1t0'2:\/1—‘0% exp[ 2(1_,0%) { o1’
~2p (x—my(k, D) y—ms(k, 1) I (y—ngk, D) H
G102 T2
Then
1 1 (X—anp)?
@ . nkll
Xnkll"’gg 27[01;0’23'\/1—‘0% exp[ 2(1_’p?) 0'1;2
20 (3= Baru)*
a“‘:ﬂ (x_ahkll')(y—'ﬁhkllo_i__—o_ﬁ::”—‘
Qe NP Pr bhk}L 2
+( 204 20,05 ahkll'bhkll'+< 20, )}]dxdy

= _ 1 Arrir \? 2‘0:
——exp[ 8(1—p?) {< o1 ) 01100 i Onew

brriw
()

my(h, D+mi(k, I') — my(h, D+my(k, 1)
2 ’ ‘Bhkll"“ 2 ’

where Xppry
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A =my(h, D—myk, 1), brrw =mylh, D—my(k, I) .

(1) When anpyp - bnpier =0, since |p,] =1,

(Garey 20 bpnan (2R )

Ot 01¢0 3¢ Ot
2( Anrwr barw )2’
Ot Ot
N a _ bare N2
and Xﬁ‘ézz/éexp{ ( nELL nRLL )}
8(1 P) Tt 2t

1 ( Anewr brrw )2_

Ty Ot

it

A =0.
(2) When Anety Onrir <O, Similarly in (1),

5 1 Ahnrir brrin \2
W < 2 _YhELL .
Anite ;exp{ 8(1 PO ) /BT T Tt ) }

Thus, if & 1 7 anew n b )2:

t=1 l—pf Tt Tt

we have

o0

zl—'[ A =0.

4. Amount of information in Markovian case.

In this section we assume that the {(X,, Y,)} process is a denumerable state
Markov chain under each condition that (6, 6,)=(u,, vy).
Then

P[0y, 0)=(usr, v2))
=P{(X,, YIPI(X,, Yol Xy, YY) - PEV(X,, Vi Xy, YVild),
where P(X,, Y )=P(X,, Y,|(0,, 0.)=(us, v,), the initial distribution,
and PR X1, Yersl Xoy Y= PO(Kins, Yeurl(Xe, V), (01, 6)=(us, v2)),

the transition probability at stage t=1.
Now we define the following value:

Oy = _sup 2 (P (Xea1, Yerrl X, Y0)

(X4, Y) (X1 YD)

'Pl(z[l)’(Xt+1: Yt+1|Xt; Yt)}l/z .

Then we have the following :
THEOREM 3. [f, for each (uy, v), P&:|0y, 0,)=C(ur, v1))>0 for all &, and if



42 S. Kano and Y. Kar

Toie=0  forall h, k(=h), 1.

then
lim I}=H(8,)..
-
ProOOF. By the assumption and Bayes’ theorem,

PiPE =)
S pPENG=u)

Pli=uilE)= >0.

Then from (2.2)
ELH6:1€010:=ux]
= EEH(&IE:)P(E: 16:=ux)

D P60 =u,)
;ptp(gclﬁl':ui)

é%‘{ckg)h{ }IIZ}P(Ezlﬁl—_—uh/

H/\

¢ 2 {LPEo=u) PEIO=un} "
k#h & U Pa

Thus E[LH@,16,)]
= hEPhE[H(ﬁl €160, =us)]

=2 X 2 {pupsPEcl0r=un)PEc|0:=um} "

L k+h &

A

¢S X T 3 I APH X, Vil X, Vi) PEO(K, VI X,y YV b2

h k#h L1 & v=2

§CZ I Hal(bylgll"

k#h 1,1 v=1

This proves the theorem.
ExXAMPLE. Let, for each (0,, ,)=(u;, vi), {(X,, Y,)} be a stationary Markov process
with finite state {a,, ---, a,} and let Q*! be a transition matrix such that

Q*=(q),
where =P X, Yid)=0a;1(X,, Yi)=ay) for all t=1, 2, -,
then Onrir =0u —SUP Z {qu qu R,

Thus, if ¢% >0 for all %, [, 4, j and a row vector ¢¥=(g¥, -+, ¢%}) is not equal to g%
for all h, k+h, [, l’, we have 5hkll,<1 and by the theorem ’

}im I'=H(@,).
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5. Remarks.

The present paper gives the sufficient conditions for the players to obtain the
total information on the parameters ¢, and ¢,. But practically in the games, the
player’s main object is to obtain earlier the total information than the other player
obtains or to obtain at each step more amount of information on the other player’s
parameter than the other player obtains. Furthermore, the system that the distribu-
tion of (X,, Y, depends only on the initial distribution of (4,, 8,) is not so flexible
as a model of the game. Then we want to generalize it to the the system in which
the player can choose the distribution of (X,, ¥,) with taking account of the finite
history of X, Yi, -+, Xi-1, Yi-: and (6, 6;) so that he can obtain more amount of
information on the other player’s parameter than the other player can obtain. These
problems have to be studied future.
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