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   1. Introduction 

   This paper is a continuation of our papers [12] and [13] and is concerned with 

a continuous time non-cooperative n-person Markov game in which the state space is 

a finite set and the action spaces of all players are compact metric spaces. In the 

game, all players continuously observe the state of the system and then choose 
actions independently without collaboration with any of the others. As this result, 

each player gains a reward and the system moves to a new state which is governed 

by the known transition rates. Then, we consider the optimization problems to 
maximize the total expected discounted gain and the long-run expected average gain 

of each player. And, we show that the game has an equilibrium point and all players 

have the equilibrium stationary strategies under these criterions and some conditions.

   2. The formulations of the games 

   The concept of a discrete time Markov game was first formulated by Shapley 

in [9]. And, by introducing a discount factor and using the results in dynamic pro-

gramming, Maitra and Parthasarathy investigated a Markov game with infinite 
horizon in [5] and [8]. Further, in our paper [13], a continuous time Markov game 

with a discount factor was investigated by using the results of continuous time 
Markov decision process given in, mainly, [2]. At the same time, we investigated a 

continuous time Markov game with the expected average reward criterion in [12] by 

using the results in [3] and [4]. In this paper, we consider a continuous time non-

cooperative n-person Markov game with a discount factor and a game with expected 

average reward criterion, respectively, by introducing the notion of an equilibrium 

point in [7].
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    So, at first, we define "continuous time non-cooperative n-person Markov game 

with a discount factor" by a set of 2 (n +1) +1 objects 

                       (S, A„A„An, q,7.0),7,(2),r(n), a). 

Here, S is a finite set labeled 1, 2, • •., m, the set of states of a system ; each Ai is a 

non-empty Borel subset of a Polish space, the set of actions available to player i, 

i=1, 2, • •-, n, ; q is a transition rate which governs the law of motion of the system 

and is a finite valued function q3,. (a1, a2, an) on S for each 

                     (s, a„a2, • •., an) E S XfiA k, ; 
                                                                          k=i 

7T), a reward function of player i, is a bounded Borel measurable function on 

                          f1 Ak,;                                                           k=1 

a, a discount factor, is a positive real number. And, "continuous time non-cooperative 

n-person Markov game with the expected average reward criterion" is defined by a 

set of 2 (n +1) objects 

                        (S, A„A2, • •., An, q, r(1), r(", •-., r(n)) 

   In these games, all players continuously observe the state of the system and 

classify it into one of the possible states sE S. Then, according to the present state s, 

each player i chooses independently an action ai E Ai, i=1, 2, •., n, without collabora-
tion with any of the others. As this result, each player i gains a reward 7T) (a1, a2, • ••, 

an) unit of money and the system moves to a new state s'E S, which is governed by 

the transition rate q„,, (a1, a2, an). Then, our optimization problems are to maximize 

the total expected discounted gain and the expected average gain of each player, 

respectively, as the games proceed to the infinite future. 

   We assume that strategies for each player are independent of the past history of 

the system and depend only on the present state of the system. Such a strategy 

7c(i)=-Tc")(t) for each player i is specified by a family {,c41)}, where ,c4t) is a probability 

measure titi) ( • I s) on a Borel measurable space (Ai, B (Ai)) in which B (Ai) is the 

a-field generated by the metric on Ai, for each sES and tE [0, 00) , and ,4i) is a 

Lebesgue measurable function p(!)(1111s) on [0, co) for each ME B (Ai) and sE S. 

Then, we call such a strategy a Markov strategy. Moreover, such a Markov strategy 

z(i)=7-c(i) (t) is said to be stationary if Ir(i) (t) is independent of t, that is, there exists 
a mapping [e from S into P(Ai) such that ,ati)=,a for all te [0, 00) , where P(Ai) is a 

set of all probability measures on (Ai, B (Ai)) . 17(" denotes the class of all Markov 

strategies for each player i. Markov strategies and stationary strategies for other 

players are defined analogously. 

   Throughout the paper, we assume, for the transition rate matrix 

                  Q (a2, a2, • • •, a.) = (a1, a2, ; s, s' E S}
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corresponding to 

                           (a1, a2,  •.., an) E II Ak,                                                                        k=1 

the following : 

    ASSUMPTION 1. For each s, ES, qs,s, a2, ••', an) is a continuous function on 

                           IIA k 
                                                             k=1 

and, for all 

                         (a1, a2,an) E fl Ak, 
                                                                          k=1 

                            qs,s' (a1, a2, an �0, s#s', 

                                 Eqs,s, (a1, a2, -•., an) =0 
                                                                s, 

and 

                                  qs,s(ai, a2, ••-, an) I -�M 

for all s and some positive number M< co. 

   For a set of the Markov strategies 7,(2), ,(n)} in which each 7C(i) is used 

by player i, the transition rates are defined as follows : for each t�0, 

        qs,(t,7(1),7(2),(a1,a2,a)flicp'tk)(akis) 

where each strategy 7r") is specified by the family . It is clear that each 

us,(t,7r"),7r(n)) is measurableint.AndfromAssumption1,us,(t,7r"),••-.,7r(n)) 
satisfies also the following conditions : for all s, and each t�0, 

                   us, (1, 7(1), ••• 7r(n))�0, S#S'(1) 

                    q,(t,77.."),• -,7'79=0,(2) 

                                                          ' and 

                 qs,s(t, 7w, 7(n)) 1 _5M.( 3 ) 

We write the transition rate matrix corresponding to 7(1), •••, 7C(n-1) and 77(n) as 

Q (t, 7(1) •••, 7r(n))= {us, (t, 7c"), 7c(n)); s, s' ES} and if all 7c") are stationary strate-

gies, we write Q (7r"), 7r(2) •••, 7r(n)) instead of Q (t, 77(1) ;7(2), •••, z(n)). Under (1), (2), (3), 
Miller showed in [6] that there exists a unique stochastic matrix F (t, t', 7r"), 7r(n))-= 

{ (t, t', 7r(1)  • • • y 77(n) • Sy Si E SI corresponding to Q (t, 7c"), 7c(n)) which satisfies the 
Kolmogorov forward differential equations 

 F (tt',7")•••           at'"7r(n)) 

                   =F(t ,t',7c"),• •.,7r(n))Q(t',7r(1),••.,7:(71))( 4 )
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with  F(t, t, 7r(1), •••, 7(n)) =I for almost all t' [t, cc) , where I is the identity matrix. 

Then, a measurable Markov process IX (t', 7r(1), 7(n)), t'�_t} corresponding to the 
stochastic matrix F(t, t', 7c.(1), • 7(n)) exists and is well-behaved. Throughout our dis-

cussion, the game starts from t=0. In this view, we write F(t, 7r(1), 7(2), •-, 7r(n)) 
instead of F(0, t, Ir"), 7r(2), ••-, 7C(n)). 

   Now, we define the total expected discounted gain of each player. When a set of 

the Markov strategies 17r(1), 7(2), -7 Tr(n)}is used, at any time t, the expected gain 

rate of each player i out of state sES is given by 

             r,V)(t,7r(1), •••,7C(n))=(a1,an) kffic i4k) (a kis) 

Clearly, 7-V) (t, 7(1), •••, 7C(n)) is measurable in t. Thus, when the system starts in a state 

s E S and a set of Markov strategies f7(1), 7r(2), ••., 7(1)} is used, the total expected 

discounted gain for each player i is defined to be 

              cb(i) (a, 7r(1) .. 

                         e-at y^ jis, 8, (t,70),7r( n)) IT) (t,7r,(1),7(n)) di. 

     0 We say that a set of Markov strategies {7"), 7'19 is an equilibrium point if, for 

all i and s E S, 

              cv,(a, 7c(i),..., 7(n))_=supcb(si)(a,„.(1),7(n)). 
                                           a(i)Ell(i) 

When the game has an equilibrium point {7r"), 7(2), 7(1)}, each 7"), i=1, 2, n, 
is called an equilibrium strategy for player i respectively. 

   Next, we define the expected average gain and an equilibrium strategy of each 

player. When the system starts in a state s E S and a set of Markov strategies 

{7(1), 7(2), 7(n)} is used, the total expected gain for each player i up to the time T 

          yi(si)(T,7U(1),•••,7r(n))=E(t,7C(1),-7r(n))IT)(t,7C(1),•••,7C(n))dt 
                                                 0 S' 

and the expected average gain for each player i is defined by 

  A(i)(T,7(1),7(n))              0;i) (7(1)
,7(n)) = urn 

                                                                                               j 

                                                                          T->co 

Then, a set of Markov strategies {7r(1), 7(2), •••, 7r(n)} is called an equilibrium point if, 

for all i and s E S, 

             cv (7(1) 7(2), 7(n)) = sup c5T((1), (n)) 
                                           a(i)Eg(i) 

and each 7r(i), i=1, 2, n, is called an equilibrium strategy for player i, respectively.
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   3. Existence of equilibrium stationary strategies in the Markov game 

    with a discount factor 

   In this section, we show the existence of equilibrium stationary strategies for the 

game with a discount factor. Firstly, for a set of the stationary strategies  fp'', ,t1(2), 
••, ,u(n)} , we assume the following notations : 

                     {p(1),p(2),it(n)}flip(Ak)) 

                    {(1) (i-1) (i+1) (n)} E p(Ak)) 
                                                                                    k=1 

                                                                      k=i 

                   (/;fp(1),0.(1), p(i+1),ti(n)} 
for 

                            a(i) E (P(Ai))s, 

             IT) (Tt)a2,an)fl d P(k) (a kl S) 
                                                                      k =1 

and 

                         •
Jqs,,,, (a,a2,-",an)kflidk ) (a k Is), 

where 

                      p(Ak))s 
                                                       k=1 

denotes a set of all mappings from S into 

                         II p(Ak) •                                                       k=i 

   Secondly, throughout the paper, we assume the following : 

   ASSUMPTION 2. Each Ai, i=1, 2, • n, is a compact metric space, respectively, 

and, for each i and sES, a2, *•., an) is a continuous function on 

                           ff A k. 
                                                            12-1 

   Then, since by Assumption 2 each P(Ai) endowed with weak topology is a 

compact metric space, P(Ai) is a compact metric space and, for each s, s'ES and 1, 

711)(p) and (re) are bounded continuous functions on 

                     ff P (Ai) 
                                                  i=i 

Throughout the paper, we assume that each P (Ai) is endowed with weak topology.
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   LEMMA 3. 1. For each i, s and 

                 pE(±1 P(Ak)) 
                                                         k =1 

                        v;" (P)=0;" (a, /2) 

is the unique solution to 

                av;i)(re)=7T)(To+ E qs,s,(P)0)(P),( 5 ) 

where a is the discount factor. 

   The proof of this lemma is given in our paper [13]. 
   Let Xlm be a m-dimensional vector space. For v= (v1, v2, •-• , v,n) E X', we define 

                       11v11=max I vi I 

(Xm, d) is a complete metric space, where d (v, u)-=11v—ull for each v and uE X'. 
   Now, for a set of stationary strategies ,u= {,a(1), ,a"),••., p(n)}, we define a new 

one-step stochastic matrix P() with relation to Q(p) as follows : 

                       P(P)=I+M-1Q (P) , 

whose (s, s')th element is given by 

                           ps,s' (P)=-3s,,,±M-1q8,8,(/ ), 

where M is the positive number in Assumption 1. 

   Then, since 

                       IIp (AO 
                                                   k =1 

is a compact metric space and 7,,,i) (fc) and p,,,,,(p) are continuous functions on 

                         II p(Ak), 
                                                      k =1 

for each i and s, we can define a mapping Ti) : —> X' as follows : for each i and 

v 

                 (T(i)v)(s)= max {(a+M)-11T)(p;a(i)) 
                                        a(i)EP(Ai) 

                    +M(a+M) E Ps, s, (re ; cf(i))vel. 

This mapping is a contraction mapping on X' because O<M(a+M)-1.<1. Hence, 

T(1) has a unique fixed point in X' by the Banach's fixed point theorem. 

   Let v(i)0")) be the unique fixed point of ri). For v(i)(P)), the following 

lemma holds. 

   LEMMA 3. 2. For each i, there exists a v(i)(12(i))EXm such that, for each s and p, 

         avT (p(i)) = max Mi)(p; u(i))+ E qs,,,(p;u(i))o)(P(i))},( 6 ) 
              a(i)EP(Ai)3' 

where 0)(11(i)) is the s-th element of v(1) (ft")).
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   The proof of this lemma is given in our paper  [13]. 

   Moreover, we can prove that the fixed point v(" 00) is continuous in 

   LEMMA 3. 3. If 

                        Tti (s) EiP (A k) 

for all l and 

                  17 (s) (s)E1P (A k) as00, 
                                                             k= 

it holds that, for each i,                    

ilv")(1q) —v(i) — 0 as c0, 

                                                                                                        , where the notation denotes weak convergence in 

                        11 p(Ak)• 
                                                      k =1 

   PROOF. Since v") OM is the fixed point of T"), we have, for all i and s, 

            (fti)) On I � (a+ 111) -1 max I ili)(re ; o.(1)) 

            —r;i) (Po ; di)) I -FM(a+M)-1 max I E (pi ; di)) 
                                                       a(i)EF(Ai) 

          X vTE ps,s, (Flo ;di))OD(P-T)( 7 ) 

Further, we can rewrite (7) as follows : 

              —esi) Yin I < (a+M) -1 max I r(si) (Pi ; u(i))-0)(rto; a(i)) I 
                                                a(i)EP(Ai) 

           +M(a+M)-1 max E I Ps, (Pr ; 0-(i)) —ps,s,(po; di)) I 
                                 6(i)Ep(Ai) 

           X 10) Voi)) M(a+M) -1 max E ps,s, (po ; a")) 
                                                    a(i)EP(Ai) s' 

      X 10) (Pr) —le An) I.( 8 ) 

Since 7T) 0/ di)) and (p, ; a(i)) converge to r(si) (r-to ; a")) and ps,s, (Flo; a(i)) 
uniformly in cf(i) respectively, the first term and second term in right-hand side of (8) 
become zere as l —÷ 00. And, by using E ps,, (A) =1 for all i (s) G P(Ak) we obtain 

                 lirn IIv(i)(0)) —v") (P) II 

                    < M(a+M)-11im Ilv") (Pr) —v(i) On II.( 9 )
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From (9), it holds that, for each i,                     

Ilv") (Pi1)) —v") 0 as oc), 

because 0<M(a+M)-1<1. Thus, the lemma is proved. 

   Next, for /7 and v(i)(P(i)) in lemma 3. 2, we introduce the following notation : 
for each i and s E S, 

                 (/ ; 0.(i)) (rt ; di)) + (rt ; 6(1)) (p(i))                                                                 .̀77' 

for 

                           (s) E P (Ai) , 
and 

        G") (fi(i)).{2(i); KT) (/;2(i))= max KT) ; d.")) for all s 
                                                  aCi)EP(Ai) 

Then, 

                       IIp (A k) 
                                                      k =1 

is a compact convex set of locally convex space and G") (ft")) is a non-empty, closed 

and convex subset. So we define a mapping G: 

                   p (A k))s p (Aos 
                                                                  k =1 

as follows : for each 

             G o) = 1(2"), 2"), •-• , 2(n)) ; 2") E c(i) (p(i)) for all i} 

   Hence, in order to apply the fixed point theorem in [11, the following lemma is 
important. 

   LEMMA 3. 4. The mapping G is upper semi-continuous. 

   PROOF. It will be sufficient to show that, if ;ft 'T OP 4e7 / Ft 0 as CO and 
21E G(fiz) for all 1, then L G (rio) . In fact, from Lemma 3. 2, we have for each s 
and .711.=-- (2i1), 2i2) , • •., Ain)) e G(M) 

             av;i) on= max KY (P1; cr"))=Ki)(pi;(10) 
                                    cr(i)EP(A0 

and, for any u(i)(s)P(Ai), 

                   ale([49 -�K.V)(Ti1;di)).(11) 

So passing to the limit and using Lemma 3. 3, (10) and (11) can be written as 

                    crieOn=1U)(Tio ; 2T) 

and for any a(i) (s) EP(Ai) 

                                     (Po; a(i)), 

respectively. Thus, the lemma is proved.
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   Then, we can conclude from Fan's theorem that there exists  P*=(ii,), 4), • • , pr) 

such that ri*EG (N), that is, for each i and sES, 

                 av;i)(N)) -=•-rri)([-,*) + E qs,e(P*)VSP ([4),(12) 
                                                                                  8, 

and, for any a(i) (s) E P(Ai), 

                az)i)(ci*i)) (a* ; 0.(i)) v n_,_, (R* ; a(i))(440)(13) 

                               " 

   Then, we can prove the following theorem. 

   THEOREM 3. 1. The game has an equilibrium point and all players have the 

equilibrium stationary strategies. 

   PROOF. By using Lemma 3. 1 to (12), we have for each i and s, 

                    v.V)(14))-"=•Cbi) (a, P*).(14) 

From (13), for a set of the stationary strategies*) and any Markov strategy 7r(i) 

for player i, we hal, e for each t�0 

            av;i) (g))(t, /2* ; 77(i))E q(t,Te*; 7r(i))0)•(15) 
                                                                                          8, 

Multiplying both sides of (15) by Catft,s(t, P*; 7(i)) and summing over all sES, we 

get for each lES 

        ae—at E fl, s (t, Ft* ; rc') v (N)) 

                E As (t, P*; 7u(i))2);1)(t, P*; 7")) 

            +e-at E E (t, ; 7r(i)) s, (t, AR* ; )) 0,) (IV)(16) 
                                             s' 

We interchange the summation signs in the second term of the right-hand side of (16). 
And, using the Kolmogorov forward differential equation, we obtain for each lES 

           acat E P* ; 7r(i)) v,° (P-(.4)) 

                  E As (t, ; 7r') (t, P* ; 7")) 

              e-at Eas (t, P*•Ir(i))vSi) (IV).(17) 
                sat 

By integrating on both sides of (17) with respect to tE [0, co), we have for each lES 

               v(si) (11(=k))=�-Cat Eft,s(t, P*;r(1))r,V)(t,; 7r(i))dt 

                                   0 

              =cb.V) (a, /2* ;7r(i)).(18)
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From (14) and (18), a set of stationary strategies ft"*= (1,!), p‘4:).), S.- , ,c47(?)) is an equilib-

rium point and each i-th element of ft- * is an equilibrium stationary strategy for each 

player i. Thus, the theorem is proved.

   4. Existence of equilibrium stationary strategies in the Markov game 

     with the expected average reward criterion 

   In this section, we show the existence of equilibrium stationary strategies for the 

game with the expected average reward criterion. First, in addition to Assumption 1 

and Assumption 2, we impose, in particular, on q the following assumption in this 

section. 

   ASSUMPTION 3. There exist some state kE S and a positive number /3 such that, 

for all s#k and 

                         (a1, a2,a.) E 11 Ai, 
                                                                      i=i 

                          qs, k (a 1, a2, an) �15>0. 

   Now, under this assumption, we define new transition rates as follows : for each 
s and s' ES, 

                q8,8, (a1, a2, ••., a.) =q8,8, (a1, a2, • •., an) +58,8,13, Si #k 
and 

                  gs,k(al, a2, a.) =qs,k(ai, a2, ••., an)+58,k3-13, 

where 5s, k denotes the Kronecker delta. 
   Clearly, the new transition rate matrix Q(aly a2y ••., a 7,) satisfies Assumption 1. 

Hence, there exists a unique stochastic matrix P(t, t', 7(1), 7.(2), • 7r(n))for any set of 
Markov strategies 17('), 7r"), •••,r(n)}. By using this transition ratematrix, we con-
sider a new continuous time Markov game (S, A1, •••, An, g, r(1), r(n), (3) with the 
same state space, the same action spaces and the same rewards as the original game 
and with a discount factor 13 > 0. Since this new game satisfies Assumption 1 and 
Assumption 2, from Theorem 3. 1, there exists an equilibrium point (A), ••-, ) . 

   Then, by the theory of a Markov game with a discount factor, we can prove the 
following lemma. 

   LEMMA 4. 1. There exists a number g")(g1D), a in-dimensional vector v") (fq) E X' 
and the set of stationary strategies 

                  re*E(IIP(Ak))s 
such that, for each i and sES, 

         g")(ft4))-= max fr;i)(p*; a")) + Eqs,(R* ;cf`i))7);f) (11`,0 
                           a(i)EP(Ai)S' 

                = r *) E qs,s,0)00) (4q))
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   PROOF. Since  rt, is an equilibrium point in the new Markov game, from (12), 

we have for each i and s E S, 

        isle (4) = max Mt) (-2,,; a")) + E qs,s,(P.; a")) 0) (4)) } 
            a(i)EP(Ai)s' 

           =7-,v) + qs, 8, (P.)0) (4)).(19) 

Substituting qs,s, (Ft* ; 6(i)) and qs,s,(P*) for qs,s' (rt* ; a(1)) and qs,s' (14) in (19) res-

pectively, we obtain, after some simplification, for each i and sES, 

        Igvii)(4,))= max {7T)(p*; a")) + E qs,s, (/2* ; u(i))0) (14) } 
             a(i)EP(Ai)s' 

              =7T) (re*)+ 0402g (4)) . 

Thus, the lemma is proved. 
   In order to main theorem in this section, the following lemma is important. 

   LEMMA 4. 2. For a set of the stationary strategies re= I1(1), p(n)}, if there 
exists a number g(i)(p"))and a m-dimensional vector v(i)(fts")) EX'"such that, for each 
i and sES, 

                 g(i)(/(0) =ri) (ft-) + qs,s,(P)v,V)(P")),(20) 

then, it holds that, for each i and sES, 

                                ;.7s(T,  =95(
si) 

   PROOF. Let Ift,s (t, re) ; 1, s E S} be the stochastic matrix corresponding to Q = 

   (ii); s, si Es} . Multiplying both sides of (20) by ft, s (t, /2) and summing over all 
s E S, we have, for each 1 E S, 

       g") con (t, iT)(p) +E E J 1, s (t, re) (/2) (fi(o)(21) 

                                                       s By interchanging the order of the double sum in the second term of the right-hand 

side of (21) and, then, by using the Kolmogorov forward differential equation, we get 
for each ies 

                         a  
       g")(ill(i))fE1,s (t,p)r.v)(22)                          (/2)atAs (t,re) v;i) (/2(i)) 

By integrating on both sides of (22) with respect to t from 0 to T<00, we have 

            Tg(i) (1(0) =(t,(p)dt 

                     + E 1 1, s (T, P) v;i) (it")) — (P")).
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Dividing by T and taking the limit as T co, we get 

                              cYs"(Tft)                         g(i) ((i)) =Iim 
                                                                           T—>oo 

Thus, the lemma is proved. 

   Then, we can prove the following theorem. 

   THEOREM 4. 1. The game has an equilibrium point and all players have the 

equilibrium stationary strategies. 

   PROOF. From Lemma 4. 1, for a set of the stationary strategies 14) and any 

Markov strategy um for player i, we have for each t�0 

            g(i) (in)) >7T) (t, /4; a")) qs,s,(t, P*; a(i))0)(14)).(23) 

Multiplying both sides of (23) by fi,s(t, Te*; cr(i)) and summing over all sES, and then, 

using the Kolmogorov forward differential equation, we get for each lES 

             g(i)(4)) E ft,„ (t,ft* ;cf(i))7-;'(t,re*;0-(i)) 

          a
t"               +E,(t,[4- a(i))W)(ft)).(24) 

     E Next, integrating on both sides of (24) with respect to t from 0 to T<oo, and then, 
dividing by T and taking the superior limit as T 00, we get 

  Si) (T,fi*;0.(i))                 g(i)(*)) � 1. (re
* ; 6"))(25) 

   On the other hand, from Lemma 4. 1 and Lemma 4. 2, we get, for each i and 
sES, 

                      0)(T,P*)               g(i)(c4)) =urn=0(N) •(26) 

From (25) and (26), it holds that, for each i and 

                        (/*) = sup gYsi)(P*;a(i)). 
                                          0(i)EF(A0 

Thus, the theorem is proved. 

   REMARK. The equilibrium point p* in the new Markov game is the equilibrium 

point in the original Markov game.
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