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1. Introduction

This paper is a continuation of our papers [12] and [13] and is concerned with
a continuous time non-cooperative n-person Markov game in which the state space is
a finite set and the action spaces of all players are compact metric spaces. In the
game, all players continuously observe the state of the system and then choose
actions independently without collaboration with any of the others. As this result,
each player gains a reward and the system moves to a new state which is governed
by the known transition rates. Then, we consider the optimization problems to
maximize the total expected discounted gain and the long-run expected average gain
of each player. And, we show that the game has an equilibrium point and all players
have the equilibrium stationary strategies under these criterions and some conditions.

2. The formulations of the games

The concept of a discrete time Markov game was first formulated by Shapley
in [9]. And, by introducing a discount factor and using the results in dynamic pro-
gramming, Maitra and Parthasarathy investigated a Markov game with infinite
horizon in [5] and [8]. Further, in our paper [13], a continuous time Markov game
with a discount factor was investigated by using the results of continuous time
Markov decision process given in, mainly, [2]. At the same time, we investigated a
continuous time Markov game with the expected average reward criterion in [12] by
using the results in [3] and [4]. In this paper, we consider a continuous time non-
cooperative n-person Markov game with a discount factor and a game with expected
average reward criterion, respectively, by introducing the notion of an equilibrium
point in [7].
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So, at first, we define “continuous time non-cooperative n-person Markov game
with a discount factor” by a set of 2(n+1)-+1 objects

(S’ Al) AZ’ ) An; q; r(l); 7,(2), ) 7’(")) a>

Here, S is a finite set labeled 1, 2, ---, m, the set of states of a system; each A; is a
non-empty Borel subset of a Polish space, the set of actions available to player i,
1=1,2,--,n,; q is a transition rate which governs the law of motion of the system

and is a finite valued function g¢;,.(a,, @,, -+, az) on S for each
n
(S; al, as, ) an) ESX k]:*[IAk);
7, a reward function of player 7, is a bounded Borel measurable function on
n
H Ak’ J
k=1

a, a discount factor, is a positive real number. And, “continuous time non-cooperative
n-person Markov game with the expected average reward criterion” is deéfined by a
set of 2(n-+1) objects

(S; Al} A?) ) An’ q, T(l): 7,(2), ) r(n)>-

In these games, all players continuously observe the state of the system and
classify it into one of the possible states s&S. Then, according to the present state s,
each player : chooses independently an action a;€A;, 1=1, 2, ---, n, without collabora-
tion with any of the others. As this result, each player i gains a reward " (a;, a,, -+,
a,) unit of money and the system moves to a new state s'<S, which is governed by
the transition rate ¢,y (a, @s, -+, @,). Then, our optimization problems are to maximize
the total expected discounted gain and the expected average gain of each player,
respectively, as the games proceed to the infinite future.

We assume that strategies for each player are independent of the past history of
the system and depend only on the present state of the system. Such a strategy
7®@=r®(t) for each player ¢ is specified by a family {g{®}, where 1" is a probability
measure #(-|s) on a Borel measurable space (4;, B(4,)) in which B(A4,) is the
o-fleld generated by the metric on A;, for each s=S and t[0, ), and 4? is a
Lebesgue measurable function g% (M]s) on [0, c0) for each MeB(A;) and s=8S.
Then, we call such a strategy a Markov strategy. Moreover, such a Markov strategy
aP=rO(t) is said to be stationary if z® () is independent of ¢, that is, there exists
a mapping g from S into P(A4;) such that p®=y for all [0, o), where P(4;) is a
set of all probability measures on (A;, B(4,)). IT‘9 denotes the class of all Markov
strategies for each player i Markov strategies and stationary strategies for other
players are defined analogously.

Throughout the paper, we assume, for the transition rate matrix

Q(ay, ay, -+, an) ={gs,s (ay, @y, -+, a,); s, s’ €S}
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corresponding to
(al» dsyy " an) S kl;.[lAk;
the following :

AssUMPTION 1. For each s,s'€S, ¢, (ay, a, -+, a,) is a continuous function on
n
II A,
k=1
and, for all
n
(ay, as, =+, a) € II Ay,
QS,S’ (aly ag, ) an) %0) S#SIJ
; Gs,s (ah as,y vy an) =0

and
|43,8(a1y a2) ) an) Ié*w

for all s and some positive number M< oo,

For a set of the Markov strategies {7V, z‘®, ---, #®} in which each 7=‘® is used
by player i, the transition rates are defined as follows: for each =0,

n
Qoo (67,70, o 2= (g (0, 0 o, @) T dp(aals),

where each strategy =® is specified by the family {g”}. It is clear that each
gs,s &, w0, -+, #™) is measurable in t. And, from Assumption 1, ¢, (¢, =¥, -, 7®)
satisfies also the following conditions: for all s, s’=S and each =0,

Qs,s' (t’ 7f<1), ) ﬂtn)) 20) S;\FS,, ( 1 )
2 @o,e 0, e, ) =0, (2)

and
iQs,s(t’ ﬂn); Tty ﬂ(m) | <M. (3)

We write the transition rate matrix corresponding to z‘®, -+, z® ™ and =™ as
Q, =0, e, ™) ={gs, s @, 7P, -+, 7)) ; 5, s’ES} and, if all = are stationary strate-
gies, we write Q (zV, z®, ---, z™) instead of Q (¢, z¥, z®, -, ). Under (1), (2), (3),
Miller showed in [6] that there exists a unique stochastic matrix F(, ¢/, =V, ---, z®)=
{fo,s @, , 70, -, 2™ s, s’=8} corresponding to Q (¢, xV, -+, #™) which satisfies the
Kolmogorov forward differential equations

0

_a_t/—F(t; t,' 77:(1); ) n(n))

=F 1, 7%, -, &) Q¥ 7%, -, 7™) (4)
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with F(t,t, z, -, z™) =] for almost all #'<[f, o), where [ is the identity matrix.
Then, a measurable Markov process {X({', z‘V, ---, ‘™), t’=t} corresponding to the
stochastic matrix F(t, ¢/, z¥, ---, #'™) exists and is well-behaved. Throughout our dis-
cussion, the game starts from 7=0. In this view, we write F{, z'0, z®, ..., ™)
instead of F(0,¢t, n'¥, z'®, -, ™),

Now, we define the total expected discounted gain of each player. When a set of
the Markov strategies {z¥, z‘®, ---, z™} is used, at any time ¢, the expected gain
rate of each player 7 out of state s€S is given by

. n
T (t, T, e, W) = S ---Sr.i“ (ay, -, an) gldﬂﬁk) (ails).

Clearly, r{®(t, #, ---, #®) is measurable in f. Thus, when the system starts in a state
s€S and a set of Markov strategies {z®, z®, --- '™} 1is used, the total expected
discounted gain for each player ¢ is defined to be

éi) (a’ 71'(1), IR 71'("))
)
= SO e-az ? fS;S' (t’ TE(D; R n(n>) r.'g’l) (ty ﬂ(l)’ ] Tl'(")) di

We say that a set of Markov strategies {z‘V, ---, z'®} is an equilibrium point if, for
all 7 and s,

gb;i) (a’, n.(l), . n.(n)): sup ¢§i) (a, 71.(1), - O.(i), e ﬂ(n))'
#(Dem (i)
When the game has an equilibrium point {z®, ¥, ---, '™}, each =¥, i=1,2, -, n,
is called an equilibrium strategy for player i respectively.
Next, we define the expected average gain and an equilibrium strategy of each
player. When the system starts in a state s€S and a set of Markov strategies
{z®, 7, ..., z'™} ig used, the total expected gain for each player 7 up to the time T

) T )
GO (T, 72, e, 7= B f0 (7, ™) P (€, 7, o, ™) df
and the expected average gain for each player i is defined by

. — ¢(i)(T ﬂ'(l) e 7Z.(n))
¢§z) (7['(1), IR n.(n)) — ITIE}O s > T’ > .

Then, a set of Markov strategies {7z, z®, ---, 7™} is called an equilibrium point if,
for all i and s<S,

@ ( 2 )y — @ (2 (1) « ¢
¢3’L) (zV, ¢ Vo RIES sup ¢81 (m e, 0, e, )
o(Ven ()

and each =, i=1, 2, ---, n, is called an equilibrium strategy for player i, respectively.
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3. Existence of equilibrium stationary strategies in the Markov game
with a discount factor
In this section, we show the existence of equilibrium stationary strategies for the
game with a discount factor. Firstly, for a set of the stationary strategies {u, p®,
o, 1™}, we assume the following notations:

hri— [€)) @) .. (n) il P A o
A={p®, u®, - p }ekl;l (A49)) ,

1

n S
ﬁ(i)E{#(l)’ e #(1}41)’ ‘u(i+1), ey ﬂ(n)} E(g P(Ak>) ,

k+i

(‘L_l ; J(i))E{#Q)’ -, #(i—l)) O'(i), #(i+1), “ee, #(n)}

for
oPe (P(A))5,
ré”(ﬂ)zg-"gré“(al, @y, ) Gn) ﬁldy””(am),
and
s, s (/'_‘)ES"'S‘]S,S’ (ay, as, -+, an) klid;ﬁ“(ak!S),
where

n S
(fLPcan)
k=1
denotes a set of all mappings from S into
n
II P(As).
k=1
Secondly, throughout the paper, we assume the following :
AssuMPTION 2. Each A;, 1=1,2,---,n, is a compact metric space, respectively,
and, for each 7 and s€S§S, ¥ (a,, a,, -**, a,) is a continuous function on

11 A..
k=

1

Then, since by Assumption 2 each P(A;) endowed with weak topology is a
compact metric space, P(A;) is a compact metric space and, for each s,s’eS and i,
r@® (@) and ¢, (@) are bounded continuous functions on

r"[1 P(A)).

Throughout the paper, we assume that each P(A;) is endowed with weak topology.
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LEMMA 3. 1. For each i, s and
ae(J1PAn),
o (7) =9i° (a, )
1S the unique solution to
av? () =77 (A) + 23 s, (D0 (A), (5)
where « is the discount factor.
The proof of this lemma is given in our paper [13].
Let X™ be a m-dimensional vector space. For v=(v,, v, -+, ) € X™, we define
lvll=max]v,|-
(X™,d) is a complete metric space, where d (v, u) =|v—u| for each v and usX™.

Now, for a set of stationary strategies g={p‘®, u®, -, p'»}, we define a new
one-step stochastic matrix P(fZ) with relation to Q (7)) as follows:

P(@)=I+M"1Q (@),
whose (s, s’)th element is given by

bs,s 1) :5s, s’ +"M_1qS,s' (7,

where M is the positive number in Assumption 1.
Then, since

11 P(Az)
k=1
is a compact metric space and () and p, ¢ () are continuous functions on
H P(Ak)y
k=1

for each i and s, we can define a mapping T : X™ — X™ as follows: for each ¢ and
veX™,

(TPv)(s)= max {(a+M)7'r?(@;07)

alepayp
‘}"IW(a—i_Al) -t E' ps, s’ (ﬂ ; G(i)) vs'} .

This mapping is a contraction mapping on X™ because 0<M (a+M)~'<1. Hence,
T has a unique fixed point in X™ by the Banach’s fixed point theorem.

Let v®(2) be the unique fixed point of 7. For v (), the following
lemma holds.

LEMMA 3. 2. For each i, there exists a v'P(AP)eX™ such that, for each s and f,

()= max (0 (F;0P)+ T aue (7 0O (B0, (6)

olPdep4)

where v® (AD) is the s-th element of v (AP).
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The proof of this lemma is given in our paper [13].
Moreover, we can prove that the fixed point v‘®(£%) is continuous in f.

LEmMaA 3. 3. If
fu(s) s TLP (A
for all I and
A6 [LPA)  as =,
it holds that, for each 1,
v ® (2”) —v @ (A°) | =0 as [ —oco,
where the notation = denotes weak convergence in

11 P(4p).

PRrROOF. Since v®(2®) is the fixed point of T, we have, for all i and s,

|00 () —vi® (29 | = @+ M)~ max |r® (; o)

a(DeFp
— 1P (fly; 0P) |+ M(a+M)™" max |2 ps,s(F; 0P)
oepidp
XvP () = 3 boyw (o5 0 )0 (B)]. (7

Further, we can rewrite (7) as follows:

|0 (A1)~ () | = (@ M) ™ max |7 (i 0°0) =71 (fo 00|

(VP4

+A{<a+}\4> ! _rnax Z | p.hs‘ (‘u—l H o(i)) ‘1‘33, s’ (,L_lo ; O'(i)) l

oDepap $

K[ (P9 |+ M@ M) max 3 p (; 00

oDepiay ¢
X vl (857) —v@ (26°) |. (8)
Since 7{(f;;0?) and p,,» (fy; 09) converge to 7{"(fy;0”) and ps,.(fo; o)

uniformly in ¢‘® respectively, the first term and second term in right-hand side of (8)
become zere as [ — co. And, by using X p, s (2) =1 for all Z(s) € P(A,), we obtain
~

fim [o© (%) v (24) |

= M(a+M) ‘11}; lot® (2i7) —v @ (2P) [ (9)
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From (9), it holds that, for each 1,
v (@) —v @ (Af) | -~ 0 as [— oo,

because 0<M(a+ M) *<1. Thus, the lemma is proved.

Next, for Z and »*?(2°”) in lemma 3. 2, we introduce the following notation:
for each ¢ and s€S,

K (500 =705 00) + 3 gy (75 09)080 (3°9)
2

for
oV (s)eP(Ay),
and
G(i) (ﬁ(i)) = {Z(i) ; Kéi) (ﬂ ; Z(i)) — ) lI;naX Kéu (ﬁ ’ o.(i)) for all SES}.
clVePU4p
Then,
I P(A)
k=1

is a compact convex set of locally convex space and G‘”(2°) is a non-empty, closed
and convex subset. So we define a mapping G:

n s n N
(1,700 = (fi o)
as follows: for each f,
G(ﬁ) E{(l(l)’ 2(2)' S Z(n)) ; Z(iJEG(i) (ﬁ(i}) for all 1}.

Hence, in order to apply the fixed point theorem in [1], the following lemma is
important.

LEMMA 3. 4. The mapping G is upper semi-continuous.

Proor. It will be sufficient to show that, if i, > Z,, ;> Z, as [— oo and
2,€G(g,) for all I, then 1,=G(d,). In fact, from Lemma 3. 2, we have for each s
and 1,= (A", 22, -+, A) G (@)

av? (AP) = max K (f,; o) =K@ (@ ; AP), (10)

s(Depp)

and, for any ¢ (s) € P(A,),
av® (A) ZKP (fy 5 69). (11

So passing to the limit and using Lemma 3. 3, (10) and (11) can be written as
av? (87) =K (@ 5 A°)

and for any ‘¥ (s) € P(A4;)
av? (80 ZK P (fo; 00),

respectively. Thus, the lemma is proved.
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Then, we can conclude from Fan’s theorem that there exists fx=(u{, p¥, -, p¥)
such that Zx<G(fy), that is, for each i and sES,

av? () =70 () + 2 0 (E) 0 (29), (12)
and, for any ‘¥ (s) e P(A4),
av® (29) 27 (fx; 0) + 2 g5, (Fs; 00 0P (2F) . (13)
<
Then, we can prove the following theorem.

THEOREM 3. 1. The game has an equilibrium point and all players have the
equilibrium stationary strategies.

PROOF. By using Lemma 3. 1 to (12), we have for each ¢ and s,
vP (89) =¢F (a, ). (14)

From (13), for a set of the stationary strategies 2¥ and any Markov strategy =¥
for player i, we have for each t=0

av? (B9) 21" @, fixe; 70) + 2 o, (U B s TO)VP (2. (15)

Multiplying both sides of (15) by e *'f,,;({, fix; ‘) and summing over all s€S, we
get for each /&S

Qe 5 s, s 70 ()
$
22_0“ E fl,s (t7 ﬂ* H n'(i)) Uéi) (t; ﬂ* ; 7r<i)>
$
T DX frys (U s TP) Gy (U s TO) 0P (B (16)

We interchange the summation signs in the second term of the right-hand side of (16).
And, using the Kolmogorov forward differential equation, we obtain for each (€S

ae 3 fi s, Ay TP) 0P (29)
8

Zae ™ X fi,s b Aa s w010, flx; 70)
e S D fyl, e w0 (B) a7
By integrating on both sides of (17) with respect to t=[0, ), we have for each /€S
o () 2 e S fuu s 7O @ o ) dt

=¢" (a, fis; T0). (18)
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From (14) and (18), a set of stationary strategies fs= (g, ¢, -, ¢&) is an equilib-
rium point and each i-th element of 4 is an equilibrium stationary strategy for each
player 1. Thus, the theorem is proved.

4. Existence of equilibrium stationary strategies in the Markov game

with the expected average reward criterion

In this section, we show the existence of equilibrium stationary strategies for the
game with the expected average reward criterion. First, in addition to Assumption 1
and Assumption 2, we impose, in particular, on ¢ the following assumption in this
section.

AssuMmPTION 3. There exist some state k=S and a positive number 3 such that,
for all s=k and

n
(aly aZx ) an) € LII Ai,

s, £ (ay, Ay, -+, an) Z5>0.

Now, under this assumption, we define new transition rates as follows: for each
s and s’'S,
ds, s (ay, as, -+, an) ={s,s (a,, Agy *ry an) +5s,s',3, s'xk
and
s, (s, Qo+, ) =qs,1(ay, @y, -+, an) +305,:8—P,
where d;,, denotes the Kronecker delta.

Clearly, the new transition rate matrix Q(a,, a,, -, a,) satisfies Assumption 1.
Hence, there exists a unique stochastic matrix F(t, ¢/, 0, z®, .-, #») for any set of
Markov strategies {z‘V’, z‘®, .-, z'®}. By using this transition rate matrix, we con-
sider a new continuous time Markov game (S, A,, -, An, g, 7P, ---, ™, ) with the
same state space, the same action spaces and the same rewards as the original game
and with a discount factor §8>0. Since this new game satisfies Assumption 1 and
Assumption 2, from Theorem 3.1, there exists an equilibrium point Zs= (g, ---, £¥).

Then, by the theory of a Markov game with a discount factor, we can prove the
following lemma.

LEMMA 4. 1. There exists a number g'P(4¥), a m-dimensional vector v® (@) e X™
and the set of stationary strategies

such that, for each i and s€S,

g0 = max P (fa; 0)+ T o (B 000 (D))
(Deruy) ¥

=7 () + 20 g5, () v (220).-
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PROOF. Since fx is an equilibrium point in the new Markov game, from (12),
we have for each 7 and s,

Bu (i) = max (i (Fx; o)+ T e(fn; 02) 0 (20))
s(Depdp

=10 () + 2 G5, () 0P (22) - (19)

Substituting g,y (@x; 0°°) and ¢,y (Fx) for Gs,¢(fx;0®) and g, (Zx) in (19) res-
pectively, we obtain, after some simplification, for each i and s S,

Bl () = max {r0 (e 00)+ 3 guv (B s 0 )0 (A9))

o(Depuy

=r{® (@) + DI (fie) v (89).

Thus, the lemma is proved.
In order to main theorem in this section, the following lemma is important.

LEMMA 4. 2. For a set of the stationary sirategies fi={u®, p®, -, '™}, if there
exists a number g®(AP) and a m-dimensional vector v'¥(2P) € X™ such that, for each
1 and s€S,

£O(ED) =r (B + 3 e (D0 (B9, (20)
then, it holds that, for each 1 and sE€S,

(T D
D) (7D — $ ’ — A
gr(a )_;1132 T =¢P(@).

PrROOF. Let {f,,;(t, @); [, s€S} be the stochastic matrix corresponding to Q ()=
{gs,s () ; 5, s’=S}. Multiplying both sides of (20) by f,,:(t, #) and summing over all
s&S, we have, for each /S,

g0V = fist, DO @R T fis D s, (D0 (29). 21)

By interchanging the order of the double sum in the second term of the right-hand
side of (21) and, then, by using the Kolmogorov forward differential equation, we get
for each [eS

o o 0 P
g (p») = 2 S AP (@) + = —a‘t-fz,s (t, D@ (p). (22)
By integrating on both sides of (22) with respect to ¢t from 0 to T<co, we have
. o T -
Tg® (@)= S fu,o, 7@ dt

+ 2 f1,s(T, Hu? (2D) —pP (D),
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Dividing by T and taking the limit as T — oo, we get

) i7
g® (AP =lim b gl‘" i) )

T'>c0
Thus, the lemma is proved.

Then, we can prove the following theorem.

THEOREM 4. 1. The game has an equilibrium point and all players have the
equilibrium stationary strategies.

PrROOF. From Lemma 4. 1, for a set of the stationary strategies £¥ and any
Markov strategy ¢® for player 7, we have for each =0

gD ZO, s 00)+ S G (& o 00) 8 (250). 23)

Multiplying both sides of (23) by f,;(t, fix; 0‘”) and summing over all s€S, and then,
using the Kolmogorov forward differential equation, we get for each /S

gV 2 D fiyat, fix; 0DV 10, s 00)
3

3D b, e 000 (0. @

Next, integrating on both sides of (24) with respect to ¢ from 0 to T<oo, and then,
dividing by 7 and taking the superior limit as T — <o, we get

N — GO(T, fix; 6P o )
e (@) =lim T2 0D o a,;g0). @)

On the other hand, from Lemma 4. 1 and Lemma 4. 2, we get, for each 7 and
seS,

(2) 7
@ ( gy — 13y 25 (Lo )
gv (7)) =lim ==

=0 (#x). (26)
From (25) and (26), it holds that, for each ¢ and s<S,
@7 ()= sup P (fx;0?).
a(Depp

Thus, the theorem is proved.

REMARK. The equilibrium point /s in the new Markov game is the equilibrium
point in the original Markov game.
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