
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

THE CALUCULATION OF LIMIT PROBABILITIES FOR
MARKOV JUMP PROCESSES

Yasuda, Masami
Statistical Laboratory, College of General Education, Chiba University

https://doi.org/10.5109/13124

出版情報：統計数理研究. 18 (1/2), pp.69-80, 1978-03. Research Association of Statistical
Sciences
バージョン：
権利関係：



THE CALCULATION OF LIMIT PROBABILITIES FOR 

 MARKOV JUMP PROCESSES

        By 

 Masami YASUDA* 

(Received October 5, 1977)

   1. Introduction 

   In this paper the limit probability and the total deviation are considered by 

introducing an artificial transition matrix in Markov jump processes. Section 2 con-

tains a simultaneous equation which the limit probability satisfies. In a single positive 
recurrent class the simultaneous equation can be reduced to an ordinary one and its 

solution has been given by Ballow [1], Miller [11] and Feller [5]. We note that the 

calculation has relation to summability methods. If the state is finite, then we can 

get an explicit formula of the limit probability for Markov jump processes with 
several classes by solving the simultaneous equation. In section 3 we shall define a 

total deviation from the limit probability. Our results extend that of Kemeny and 

Snell [9] to the denumerable state case. The notion, deviation measure, in [9] is 
utilized for Markov decision processes (Veinott [13]).

   2. Limit probabilities 

   Let P(t) = {pi; (t), i, jE,S}, for each t_� 0, denote the transition probabilities for a 

Markov jump process with a denumerable state S, such that pi; (t) as t 10. 

Then the limit 

 (2.1)Tri j-lim pi, (t) 

exists for for each i, j (Chung [3]). It is also known that the derivative 

(2. 2) (t) —3018 

exists for each i, j. We write II, Q for the matrix whose (i, j)-th element is Trip qij 

respectively. By practical interests, we consider the cases ; all q.t.; is finite, qii�0 and 
Eiqii=0 for all i. So the matrix Q is of the form 

(2.3)Q=C(R—I)
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 where elements of the matrix are 

                                               Puy 

                            [C]ii=ci5i;=qiiaii 

 and [I]i)=5,,. Since qii�0, the diagonal matrix C is non-singular. The (i, i) element 
 of the inverse C-1 is the mean sojourn time at state i. For each i, j, ri; is a transi-

tion law from state i to state j and the trasition matrix R is called jump chain or 
embedded chain. These facts are found in Chung [6], Feller [5]. 

    Now our problem is to calculate the limit probability H by means of matrices 
R and C. 

    ASSUMPTION. We assume, for elements ci of the diagonal matrix C, that 

 (2.4)0<inf ci, 

 (2. 5)sup Ci<co• 

   In the terminology of Chung [6], (2. 4) and (2. 5) imply that all the state is not 
absorbing and stable respectively. By (2. 5) , the infinitesimal transition rate Q is 
bounded and so we can write P(t)--=---exp(Qt), t>0. The assumption (2.5) is a key 
point of our following considerations. But for an example as the birth-and-death 
process of denumerable state (Feller [5]) this fails. On the other hand, the assumption 
(2. 4) is not so important. Because, if ci=0 for a state i, then it is absorbing and 
staying there for ever so the limit becomes trivial. 

   We introduce an artificial transition matrix following Jensen and Kendall [7]. 
By (2. 5) , we are able to define 

 (2.6) 

for 2�_sup ci. In the circumstances of (2. 5) Q is bounded and the transition probability 
is given (Kendall and Reuter [10]) by 

 (2. 7)P(t) =exp (Qt), t=�=0, 

and hence the expansion 

(2.8) (t)nt�0,                                  n! 

is possible (Jensen and Kendall [7]) by (2. 6). The matrix R2 is useful. One is that 
the classification of states of R2 determines that of the above Markov jump process. 
The second is that the limit probability H is a Borel sum of In n �0} . 

   In a Markov jump process or equivalently a continuous time parameter Markov 
chain the classification of states (Chung [3]) are follows. A state i is recurrent if 

                         3. pii (t) dt= 00
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and is non-recurrent  if 

                             Jopii(t)dt<c>o. 

A possitive recurrent is recurrent and rrii>0. 

   PROPOSITION 2. 1. A state of a Markov jump process is recurrent or non-recurrent 

according as the same properties in the discrete time Markov chain RA defined in (2. 6). 

   PROOF. This is straight forward from 

 (2. 9) .C:P(t)dt=-2-' E 
and the definition of the classification of states. 

   Without (2. 5), Miller [11] remarked that if the Markov jump process is recurrent 
so is the jump chain of discrete parameter and vice versa but it does not extend to 
the possitiveness of the recurrence. Under the assumption (2. 5), we will prove later 
the positiveness is extended. 

   The next lemma come from Jensen and Kendall [7]. Our proof is slightly simple. 

   LEMMA 2. 2. For 2> sup ci, 

(2.10)H=RT 

where the matrix R? is 

 (2.11)10=lim(n+1)-'1I+RA± ••• +R11. 

We say that R,r is a Cesaro sum of a sequence {M, n�0}. 

   PROOF. Since (2. 1) and (2. 8), 

                         (2t)
!                            e-At E ERnli; 

                                       n has a limit as t 00 for each i, j. It holds for each element so we drop indices 

denoting elements. Hence wo obtain, by the definition of the summability method, 

that the sequence of {R7,1} is Borel summable to H. The limit H is the same value 

for any 2�_sup ci. On the other hand, since R7,1=o(n112) is satisfied, it is also Cesaro 

summable by Hardy-Littlewood theorem (Hardy [6]). Thus a consistence of the sum-
mability proves (2. 10). 

   In lemma 2. 2, we also proved that the limit probability H is a Borel sum of the 

sequence of powers of the transition matrix RA. 

   To calculate the limit probability H, we derive simultaneous equations for H. 

   THEOREM 2. 3. Under (2.4), (2.5) ,H satisfies the following equations: 

 (2.12)C(I—R)11=HC(I—R)=-0, 

 (2. 13)R*C-1 11-= R*C' 

where the martix R* is a Cesaro sum of {Rn, n�0}.
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 If, in addition, all state is possitive recurrent, then 

 (2. 14)1 1 R*C-1= R* 

   PROOF. We note that all the products of above matrices are associate. It is 
sufficient to prove the equation for la in stead of 11 because of lemma 2. 2. Let 
R*, Rt be Cesaro sum of and {R} respectively. By a well known formula 

(Kemeny, Snell and Knapp [91), 

 (2. 15)RR*=R*R=R*R*=R*, 

 (2. 16)R = R2= R ,t R:r 

hold. If (2. 6) is muliplied by R,t from the right hand side, (2. 16) implies [C (I— R)]Rt=-0. 
Since C is diagonal, the associability holds. Hence C (I— R) Similary we have 
RtC(I—R) =0. This proves (2. 12). Next we show 

 (2. 17)R*C-1122-= R*C-1=- R AR*C-1. 

Since C is non-singular by (2. 4), 

 (2. 18)R-=I+ 2C' (RA— I) . 

Multiplication of (2. 18) by R* from the left and the right hand side give R*C-1 (I? A— I)=0 
and (R A— I) 0 respectively. By (2. 4) and (2. 5), R*C', R*C-1 R 2 and R AR* are 
finite and so (2. 17) holds clearly. Define 

                 R(An)= RkA.                                                                   k =0 

From (2. 11), note that lim RP)= Rt. Iterative applications of (2. 17) imply R*C-i R(An) 
 R*C' . We obtain that, by dominated convergence theorem, 

                    lim R* RP.= R*C-1(lim RP)) 
and 
                               R*C-1= R*C-1 RP'. 

So (2. 11) is proved. We also have from (2. 17) that 

                           10) R*C-1= R*C' 
By Fatou's theorem, 

                    (lim RP)) R*C-1 lim RPR*C-1 
and thus 

 (2. 19)Rr R*C-1� 

If a state i is positive recurrent, that is, rcii>0, then 

                           E 7ij= E ER *1i2=-1 

                              3 by the result of Chung [6]. So a convergence theorem of measures implies the 

equality of (2. 19) for i. All states are positive recurrent and thus (2. 19) holds with 

equality. This complete the proof.
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   If we know that the limit probability H dose not depend on a initial state, 

letting 

 (2.  20) 

and a vector 7C= {7ri, jE S}, only an equation ; 

 (2. 21)n-C(I—R) =0 

is significant among simultaneous equations. This is called a steady state equation or 

equilibrium equation in applications. Miller [11] and Feller [6] are studied the equation. 

Barlow [1] calculated the explicit solution of (2. 21) as a Markov renewal process. 

In general case, Kendall and Reuter [10] determined a form of H according as a 

classification of states. A finite approximation for H is given by Tweedie [12] when 

states are possitive recurrent. 

   COROLLARY 2. 4. If a Cesaro sum R* is 

 (2.22)CR*iii=r;L�_.0 

for each i, j and 

(2.23)E 

Then H takes the form of (2. 20) and given by 

 (2. 24)H=6-1R*c-1 

where a is a trace of the matrix R*C-1. 

   PROOF. Since H satisfies a simultaneous equation (2. 12), we have 11,-----RH and 

so H=---R(n)H where 

                             Rcn)=(n+1)-1 I Rk. 
                                                                          k=0 

Thus, from 

                      lim R(n)--= R* and E 1?;'"; =1 

for each i, 

 (2. 25)H=lim R(n)H=R*H. 

Therfore it is clear that 

                                            E 7-1;ir k j 

is independent of a state i. Now it is immediate that H is given by (2. 24) from 

(2. 13). Because a trace of the matrix R*C' equals 

                                       0"-= E 

                                           k and it is finite by (2. 4), (2. 5).
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   From this corollary we obtain that if the jump chain is possitive recurrent, then 

the Markov jump process is so. We see the converse also holds by a similar treatment 

of RA and simultaneous equations concerning with R*. Therfore the positive recurrence 
between the process and the chain is extended under (2. 4) and (2. 5). Refer to Miller [11]. 

   COROLLARY 2. 5. The limit probability H is given by 

(2.26)H=R* 

whenever the diagonal matrix is of from 

(2. 27)C=cI 

for a scaler c>0. 

   PROOF. Since C is of (2. 27), it is commutable. Hence R*11=R* by (2. 13). By 

(2. 25), R*11 equals H. Thus (2. 26) holds clearly and independent of a scaler. 

   The result (2. 26) is interesting. It is intuitively probable that the limit probability 

H will consist with that of Rn tending n co. Because each state has same mean 

sojourn time and the motion law obeys R. A limit of Rn does not always exists but 

the Markov process always has the limit H which equals the Cesaro sum of Rn. 

With the aid of a terminology of summability methods calculating H from the jump 
chain R is seen as follows. 

   Let be 2>c, then 

                          RA=pR-d-qI, 0<p< 1, 

where and q=1—p. By the binomial expansion, 

                           =(n)pk qn-k Rk. 
                                        k=0 k 

We can prove that each transition matrix with denumerable states is Euler summable 

for any parameter except a trivial case. Hence Rn as co has a limit and this is 

a limit probability 11 by (2. 8). Since an Euler sum equals a Cesero sum (Hardy [6]), 

(2. 26) are obtained. If 2=c, then 

                                         RA= R. 

So we consider a Borel sum of a sequence Rn. A Borel sum also equals a Cesaro 

one by Proposition 2. 1. In conclusion, if (2. 27) holds, that is, if each state has same 

mean sojourn time, the calculation of H means to seek an Euler sum or a Borel one 

of the jump chain, which are consisted with the Cesaro one R*. 

   The remainder of this section we restrict to consider a finite state Markov jump 

process. Therefore the assumptions (2. 4) and (2. 5) become only 

                            min ci > 0 

and thus we do not require anything in a finite state except a trivial case. 

   Next lemma is proved by Blackwell [2] in case of C=I using a discount factor.
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   LEMMA 2. 6. The matrix 

 (2. 28) C  (I—  R) + R*C-1 

is non-singular. 

   PROOF. First we show that the following matrix is non-singular (Blackwell [2]). 

 (2. 29)I — Rd - R* 

For any finite matrix A, 

                  (I—A) {I+ A+ A2-1-- ••• ± An} =I— An+ 1 , n > O. 

Therefore if a sequence {An} converges to a zero matrix in a summability method, 

then I—A is non-singular and equals a sum of the same summability of the sequence 

{I+ Ad - A2+ ••• +An} . Let A=R—R*. So An=Rn—R* converges to a zero matrix in 
a Cesaro summability. Thus I — A=I — Rd - R* is non-singular. 

   Let matrices denote a linear mapping on a N-dimensional vector space EN where 

N is a number of states of Markov chain. Define subspaces 

           W.=- IC (I— R) x ; x E EN} and W2= {R*C-1 x ; x E EN} . 

It is sufficient to prove 

 (2. 30)W1 11 W2= 101. 

Because this implies dim (Wi+ W2)=clim (WO +dim (W2) for a dimension of a subspace 

and so 

   rank IC (I— R) + R*C-1} =rank IC (I— R) 1 +rank IR*C-11 -=rank {I—R} +rank IR*1 . 

This equals N by (2. 29). Thus (2. 28) is non-singular. To prove (2. 29), we show that 

 (2. 31)C (I— R) z=0, 

 (2. 32)R*C-1z=0 

imply z=0. Suppose, without loss of generality, the transition matrix R is classified as 

                    R= [" 0 1 
                      U T 

where M and T are corresponding a recurrent and a transient class repectively. 

M* is a Cesaro sum of a sequence of powers of M and its element is strictly positive. 

Let CM, zm and else denote the component of corresponding classes of matrices or 

vectors. By (2. 32), 

                                  M*Cill zm=0. 

Since coefficients are strictively positive, we have zm=0. By (2. 31), 

                     —CTUZM+CT(IT—T) ZT=-CT(IT—T) Zr=- O. 

Since CT (IT —T) is non-singuler, it must zT-=0. Thus we obtain z=0 and this com-

pletes the proof.
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   THEOREM 2. 7. The limit probability H in a finite state is given by 

 (2.  33)H= R*C'[C (I - R) + R*C-i]-1=-EC (I - R) + R*C- '1' R*C-1. 

   PROOF. The commutative property R*C' and C (I - R) + R*C" implies the right 

hand side equality in (2. 33). By Lemma 2. 6, a solution of (2. 12) and (2. 13) in Theo-
rem 2. 3 is uniquely solved and so (2. 33) is immediate.

   3. A total deviation from the limit probability 

   Let P(t) and H are a transition probability and its limit probability as the 
section 2. A total deviation from the limit probability is defined by 

 (3. 1)H=J o[P(t)dt. 

This quantity exists for a Markov jump process with a finite state space. But it fails 

in denumerable cases. Kemeny and Snell [8] utilized the quality, in a finite case, for 

expressing a second moment of the recurrent time. Concerning recurrent events of 

denumerable states in a discrete time parameter, Feller [4] studied a similar deviation 
measure and it is expressed by the second moment of a recurrent time. Therefore 

the existence of H will be connected with the second moment of a recurrence time. 

Also it is a refinement of (2. 1). We consider the existence of H and an expression in 
Theorem 3. 4. Markov decision processe with a discount factor (Blackwell [6] and 

Veinott [13]) refers to the deviation. 

   Let define Ha for a > 0 by 

 (3. 2)IL= .0                         0cat [P(t) -H] dt. 

Clearly (3. 2) is always finite and is given as follows. 

   LEMMA 3. 1. Uuder (2.4) and (2. 5), 

 (3. 3)Ha= (a+ 2)-1[4 „-H] 

where 

 (3. 4)ZA, a=lim E  2  )k                                      ERA-111k                            n h=02+a 

and RA is defined by (2. 6). The right hand side of (3. 3) does not depend on A. 

   PROOF. It is clear from (2. 8) and Lemma 2. 2 that 

                    Ha= f e-(a+A)t E  (At) n [R",i -H] dt.             on n! 

The dominated convergence theorem implies (3. 3). Since it does not depend on a 

choice of parameters in (2. 8) and Lemma 2. 2, Ha is also independent of A.
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   THEOREM 3. 2. {Ha, a>0} satisfies that 

 (3.5)[a'  -FC  (I  -  R)]  Ha=  Ha[aI  +C  (I  -  R)]=I-11, 

 (3.6) 1-la= Hall= O. 

   PROOF. For (3. 6) we have 

                              Z 2,, R'Ai'-= RA Z2,a=Rt 

from (2. 10) and (2. 11). Hence 

                      [Z2, a-]= [Z A, a- 111= O. 

Thus (3. 6) is proved by (3. 3). For (3. 5) the definition of z,,a implies 

          z,,a[r 2+a (R2-11)]=[I2-Fa (R2-11)]Z2,,=I. 
If we substitute ZA,a for (2+a) Ha+II which is derived from (3. 3), then 

                  (2+a) 11,,,-2H,,R2=- (2+a) Ha-ARAI-L=1-H 

are obtained by (3. 6). Therefore the definition of R2 in (2. 6) yields (3. 6). 

   COROLLARY 3. 3. {I-1„, a>0} satisfies a resolvent equation 

 (3.7)11,3- Ha+ (p-a) HiglIa=0, a, (3>0. 

    PROOF. 

       11,9=-Hpf[aI+C(1-R)]Hce+111 =H/3{(a- 13)I+ PI+C(I-R)} Ha 

         =- (a-13) 1-1Had-I Ias[PI + C (I - R)] Ha= (a-13) 11,3 Had-[l - 11]Ha 

          = (a-13) Hp Ha+ Ha. 

   Now we consider the total deviation H. It is seen from (3. 3) in Lemma 3. 1 that 
if Z2,0 with a=0 is finite, then H= Ho is finite-valued. Let Z2 be a Cesaro sum of a 
sequence 

 (3. 8) ino[122-11]kn01. 
For 2> sup Ci, RA is aperiodic and so it need no Cesaro sum but a usual sum, that is, 

                                           Z2= Z2,0• 

   THEOREM 3. 4. If R2 defined by (2. 6) contains only strong ergodic classes and a 

transient class, then ZA is finite-valued and the total deviation H is given by 

 (3. 9)H= 2-1[Z A- 11]. 

   PROOF. Without loss of a generality we assume the matrix of the jump chain R 

is classified as 

           M 0M* 0 -1             R=[ and R*=[ 
        U TU* 0
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is a Cesaro sum of a sequence {Rn} . Let, corresponding classes in RA, 

                 MA=I+2-1Cm(I—M), TA=I+2-1CT(I—T) 

and 

                                  U2= —2-1CTU 

where a unit matrix I has suitable states and CM, CT are components of C corres-

ponding M and T. Thus, by the condition of the theorem, M2 is a recurrent class 
which is strong ergodic and TA is a transient class. Further, let ZM(2), ZT(A) and ZUG° 

are components of Z2 corresponding M, T and U respectively. For ZMC2), if 2> sup ci, 

then M2 is aperiodic and strong ergodic. Hence ZM(A) is finite by Kemeny, Snell and 

Knapp [9]. If 2= sup ci, it may be periodic but a Cesaro sum exists and is finite. 

For ZT(A) it holds that 

                               ZT(2)=1im T,11 
                                            n k=0 

is finite because T2 is transient. From ZU(2)=ZT(2)(U—U*)ZDI(A)) it is also finite. 

Thus we have Z2 is finite for every class and so the total deviation H is finite-valued. 

Letting a=0 in (3. 3), (3. 9) is given and this completes the proof. 

   COROLLARY 3. 5. For a finite state the total deviation H is always finite-valued 
and 

 (3. 10)H=[C(I—R)+R*C-1]-1(I — H) 

 (3. 11)= EC (I—R)+R*C-1]-2C(I—R). 

The matrices [C(I—R)+R*C'], I-11 and C(I—R) are commutable and so H has 

other forms of products of these matrices. 

   PROOF. Since all finite recurrent chain are strong ergodic (Kemeny, Snell and 

Knapp [9]), the condition of Theorem 3. 3 is satisfied. Hence H is finite-valued. Now 

by letting a=0 in (3. 5) and (3. 6) we have 

 (3. 12)C (I — R) H= HC (I — R) = I — , 

 (3. 13)II H= H11 =O. 

Further, from (2. 13) and (3. 13), 

 (3. 14)R*C-1.11= R*C-111 H=0. 

Hence (3. 10) is obtained by the simultaneous equation (3. 12) and (3. 14) using Lemma 
2. 2. Since the limit probability is calculated by (2. 33), 

                   I —H .= EC (I — R) R*C-11-1 C (I — R). 

Thus (3. 11) is derived. 

   We note here that if C=cI same as (2. 27), then 

                        H=c-1{ [/ — R- R*]' — R*} .
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Veinott  [13] considered processes which jump chain is R=I+Q. In this case it is 

trivially c=1, so 

                          H=U—R±R*1-1—R*. 

This is a quite same form as the discrete time parameter Markov chain (Blackwell 

[21). 
   The following measure is fundamental to Markov decision processes with dis-

count factors. 

 (3. 15)Va= .re-at P(t)dt 
                                                    0 It is finite for a>0 and we will consider relations with H. 

   LEMMA 3. 6. For a, i3>0 and an integer N<00, 

  (3.16)[a/-F C (I—R)]Va=Va[cd+C(I—R)]--=I 

 (3. 17)Va=a-11I+Ha, 

  (3. 18)Va=a-1-11+E (P—a)n14+1(R—a)a)Hri Ha 
                                                 n=0 

where _Ts', n�1 are powers of H. 

   PROOF. The second statement (3.17) is immediate from the definition of (3. 15) 
and (3. 2). For (3.16), it is proved directly or by (3.17), (3. 5) and (2.12). The third 
follows from the resolvent equation (3.7). 

   Next theorem gives a relation between Va and H. It is a approximate Laurant 
expansion of Va about a-=0. 

   THEOREM 3. 7. If HN" exists for some N, then 

  (3.19)Va=-a-'17+E (—a)nHn+1+ (—a) N+1HN+111c, 
                                                    n=0 

for any a>0. 

   PROOF. By the condition of the theorem, 1--b is defined for 13=0 and so (3.18) 
implies (3.19). 

   If (—aH) satisfies that (—aH)N--, 0 as N co, then it is possible to obtain a 
Laurant expansion of Va about a=0. Veinott [9] gave this result in a finite state 
case. To utilize Va for a discounted Markov decision process, the approximate form 

(3.19) is sufficient. From (2. 8) and (3.10), we have 

            Hn= J
o nn! [P(t) —II] dt=[C(I —R)R*C-1]-n [I —II] 

for an integer n.
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