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0. Abstract

We shall be concerned with the optimization problem of semi-Markov decision
processes with countable state space and compact action space. Defined is the
generalized reward function associated with the semi-Markov decision processes
which include the ordinary discounted Markov decision processes of discrete time
parameter and also the continuous time Markov decision processes. Main results are
(a) the existence of an optimal stationary policy and (b) the relation between the
maximal expected reward and the optimality equation. Also (c) some properties of
the optimal staionary policy and the principle of optimality are obtained.

1. Introduction and summary of results

Semi-Markov decision processes with countable state space S and compact action
space A are considered. A policy = is defined as a sequence of mappings f, from S™
into A(n=1). For each policy =, X*(¢) denotes a state of the system generated by
the policy and A™(#) denotes a stochastic process which signifies the utilizing mapping
of the policy at time ¢. These stochastic processes are constructed exactly in section 2.
In section 3, 4 and 5, we study the problem of maximizing

I(x): :E[gimr(}(“ o, A”(t))G(dt)]

with respect to z, where E denotes an expection operator and, {(z) is a Killing time
in the process, » a given function on SA and G a measure on [0, o©). The maximal
expected reward I* means sup /(x) where the supremum is taken over all policies.
An optimal and an e-optimal policies are defined. We show in section 4 that both of
the families of optimal and of e-optimal policies can be reduced those of Markov or
stationary ones.
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Under some conditions we get the following results:

(a) there exists an optimal stationary policy f=, that is, I*=I1(f/>);

(b) the optimal reward which is a function of the initial state satisfies a non-linear
functional equation called the optimality equation, and conversely the solution of
the optimality equation is the optimal reward;

(c¢) the optimal stationary policy maximizes, in the family of stationary policies,
a conditional reward

B[ [T rew, e can 197

3

and an expected reward

E[SE(:)r(X”(t), Az(z))G(dr)]

These results are discussed in section 5 and 6.

A simple type of Markov decision process was introduced by Bellman [1]. After-
ward, Howard [11], Blackwell [2], [3], [4], Maitra [17], [18], Strauch [22], Veinott
[23], [24], Hinderer [9] studied more general types of Markov decision processes with
discrete time parameter extensively. Analogously Markov decision processes with
continuous time parameter are developed by Howard [117], [12], de Leve [6], Martinlof
£19], Miller [20], Veinott [24], Kakumanu [24]. Since semi-Markov processes include
discrete time Markov processes and continuous time Markov jump processes, if we
formulate semi-Markov decision processes, the deductive argument implies the both
study of discrete and continuous time Markov decision processes. The possibility is
due to the reward structure, particularly the property of a measure G, and it is similar
to an additive functional in the potentional theory refers to Blumenthal and Getoor
[5]. Howard [12], Miller [20], Ross [21], Lippman [16] considered average reward
semi-Markov decision processes but we do not discuss the average case here.

2. Formulation, construction of stochastic processes

In this section we shall develop the construction of stochastic processes X~(#)
and A”(t) underlying the optimization problem of a semi-Markov decision process.

First we give notations frequently used in the subsequent sections. A notation
:= means a definition distinguished from an equality. Let $(X) be the Borel field
of a topological space X. P(X) denotes the set of all probability measures defined
on #(X). For any X, Y, P(Y|X) is the set of all conditional probability measures
on Y given X, whose element ¢ is written by g¢g(dy|x) or g¢g(x;dy). M(X) denotes
the set of all bounded Borel measurable functions, where X is a topological space.
If u, veM(X), u=v, u=v means, respectively, u(x)=v(x), u(x)=v(x) for all xeX.
For any peP(X), ueM(X), pu::p(u)::'qu(x)p(dx). For any ¢g=P(Y|X) and
any uEM(XY), que M(X) whose value at x€ X is



Semi-Markov Decision Processes with Countable State Space 37

qu(0) i =u(x,q(0) =\ u(x, y)g(dy|x).

Obviously the above notations are extended to a finite or countable sequence. Every
function u€M(X) has a norm |ull :=sup{ju(x)|; xX}. Note that we shall not
distinguish between the notation of a distribution function and that of the measure
deduced from it, and vice versa.

DEFINITION 2. 1. A semi-Markov decision process consists of seven objects (S, A,
be, D, ¥, F, G) of the following properties :

(i) the state space S is a non-empty countable set with a discrete topology,

(ii) the action space A is a compact metric topological space,

(iii) the initial distribution p,<= P(S),

(iv) the transition law p= P(S|SA),

(v) the reward function re M(SA),

(vi) FeP(R|SR), where R:=(—co,co) and

(vii) G is a distribution function with G (0)=90.
Moreover we shall require Assumption 1(1) for p, Assumption 2(1) for », Assumption
1(2) and 2(2) for F and Assumption 2(3) for G.

DEFINITION 2. 2. We define a policy, a Markov policy and a stationary policy.

(i) A policy = is a sequence of mappings (f,;n=1):=(fy, f5, -*) where each
component f, is a mapping of a product space S into A for n=1.

(ii) A Markov policy m:=(f,;n=1) is a policy in which each f, is a mapping
of S into A for n=1.

(iii) A stationary policy =:=(f,;n=1) is a Markov policy in which each f,
does not depend on n. If f,=f for all n, we denote the stationary policy by

fw::(f}f:"')'

Let II be the set of all policies and for 7= (f,) €ll, "= or (n)x is defined by
rri= ()7 1= (fpir, fnse, -=0) (n=1). If p is a transition law and r is a reward func-
tion, then we define p,=P(S|S™*"), p,=P(S|S), r(f) €M(S**") as follows;

(1) pr(xo, -, X dx):=p(xn, f(Xo, =+, x4); dx) for a mapping f from S"*

into A,
(i)  palxy; dx):=p(x, a; dx) for a4,
(i) () (xe, -, xp) =7 (x,, [ (xo, =+, x,)) where x,, -+, x,€S.

We now give an intuitive description of a process and reward to be constructed
in the model (S, 4, p,, p, 7, F, G). An object or some amount of our investment
starting from a state x,=S at time 0 remains there for a holding time z,. The distri-
bution of x, is p, and that of z; is F(x,0;.). At that time it jumps to a new
position x, according to our decision which we choose on the basis of an information
of the previous state x,. The decision means the selection of a mapping f;; S— A.
The transition from x, to x, occurs according to the probability distribution py (xo;.).
The object remains at x, untill time 7z, whose distribution is F(x;, 7;;.) but con-
ditionary independent of z,. Then it jumps to x, according to our decision, that is,



38 Masami YASUDA

the selection of a mapping f,; S*— A, which we choose on the basis of the first two
state x,, x;. Generally it jumps to x,,, according to the transition distribution
DPraes(Xo, "5, X0 3 .), where f,.; is choosen on the basis of the previous sequence
(x9, X4, ==+, X5). It remains at x,,, untill a time 7,., whose distribution is F (X411, Tns1; )
but conditionary independent of z,.;. Each change of state and each decision generate
immediate reward r(f;)(xo), r(fs)(xo, x1), -*-. Also combining each holding duration
of costs G(z,41) —G(z,), the total reward is set up by the policy #=(f,), the sequence
of each decision f,. Our purpose is to select a policy z=={(f,) so that we can make
the expected total reward J(x) as high as possible.

This section is devoted to a rigorous construction of such a process and reward.

Let (S, A4, po, p, ¥, F, G) be a semi-Markov decision process. Let N:={1,2, ---}
and a product space 2,:=(SR,)", a product o-algebra &,:=(B(S)B(R.))Y where
R,:=[0,c] as usual. Thus (£, G, is the usual infinite product measurable space
over (SR,, 3(S)8B(R,)). A point w2, is a sequence {(x,,t,) ; n=0}. Let Y, (w) :
=(xn, 1), Zn(w) :=x, and 7,(w) :=t,. Thus Y, is the n-th coordinate map and
Y,=(Z,, t,). We invoke a theorem of lonescue Tulcea which states the following in
the present situation: for a policy n=(f,) €I/, there exists a probability measure
P~ on (£2,, ¢,) such that

(a) P (Van€ClYa - Y =[ prpes(Zo, -, Zn; d0) F (Zo, 7 )
for Ce38(S) 8(R,), n=0,
(b) P“(ZOED):ijO(dx) for De®(S) and
(¢) P (ry=0)=1.
Next we shall consider an infinite product space (£2,9):=X.cp(927, ¢F) where
Qr =0, gF:=g, for all r<ll. It holds, by the same theorem, that
LEMMA 2. 1. For a policy n=(f,), there exists a probability measure P on (2, 2)

and random variables Yi=(Z7, «%) such that
(a) PYESCIYE, -, YD=( pr (25, -, 25; d)F(Z5, <5 d)
for Ce8(S)38(R,;), n=0,
(b) P(ZzeD)=[ pi(dx) for DES(S) and
(¢) P(i=0)=L

Throughout the paper the expectation £ means the integral operator by the pro-
bability measure P.
The following assumption is needed for Definition 2.3.

ASSUMPTION 1. For any a€ A, x€S, t€R,
(1) palx; {x})=0,
(2) F(x,t;B)=0 if BC(—oo,1].

LEMMA 2. 2. Under Assumption 1,
(a) P(ZF.,=29=0,
(b) P(zF =77 =0 for all n.
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PrOOF. (a) From Assumption 1(1), it follows that P(Z%,,=Z%|ZF, - Z5)=
Po(Zpr=Z4| Zo, -+, Z3) =Prpsy(Zoy =y Zy 3 {Z,})=0. Hence P(Z},,=Z5)=E[P(Z7.,=
2t ZE, -+, Z5)]=0. (b) is proved similarly from Assumption 1(2).

Consequently, for each 71, let 2, :={Z7,,+Z% and t%,,><} for all n and «f=0},
then ;¢ and P(£2})=1 under Assumption 1. Neglecting a set of the measure zero,
we can assume that, for each z<=Il, 27 be the set of all sequences {(x,,1t,); n=0}
with 0=t,<t;< - and xp..#x, for all n=0. Let £2:=X.cpff and let ¢ be the
g-algebra in 2 generated by the coordinate mappings {Y7;n=0} for each wm<ll.
The measure P is regarded as a probability measure on this (2, ¢). Hence the follow-
ing is well defined for all w=£ under Assumption 1.

DEFINITION 2. 3. Let {*(w):=lim 7z, (w) and then define for {=0

Z% (w) if h(w) =t<tni (W),

XF () =1 _
AS if Cﬂ (CD) gt’

frs1(Z5 (@), -, Z7(®)) if f(w) St (o),
Ar )= .
N if o) =t
where /s, 44 is an artificial point added to S, A respectively in the usual convention.
We use the notations X7(f), A*(¥) or X7, AF dropping out the variable w&£.

Random variables Y7, XT generate o-algebras;
gt =g (Y% ; 0<m=n},
FT =0 {XT; 0=s=t}.

DEFINITION 2. 4. Let, for a policy w=II, a stochastic process {R:(s);s=0} be
defined by

1R8]
Re(9):=|""r (X7, 4°1) G(d1)

where {(x):=(".
This process means the total reward starting at time s and its expectation
E[R-(s)], called an expected total reward, will be considered in the next section.

AsSUMPTION 2. (1) 7(4s, @) =0 for all ac AU{44}. (2) There exists a distri-
bution function F, with a parameter x<S such that

Smmu(S)F(x, t; d5)=gju(s+t) F.(ds)

for all t€R, and usM(R,).

Let X be the set of zero and increasing points of F,*--- *F, with InESO=m=n)
for each n=0, where * is a convolution. A point ¢ is an increasing point of a distri-
bution F iff F{I} >0 for every open interval I containing f. We designate the set of
all increasing points of F by Inc{F}. Hence
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Y :=UneyUses -+ Uspes Inc{Fz * -+ *F, }U{0}.
(3) There exists a function y on R, which satisfies;
GU+)=GE)+r(HGE) s tel.
Note. (a) If F,(xeS) are unit distributions concentrated at 1, then the decision
process becomes a discrete time parameter case; the above 2 and G(¢) are

2=10,1,2 -,
[e3-1
GCH=10—a) kzz‘,oak, teR.

where «:=y(1)<1.

(by If F, (x&S) are expotential distributions with a parameter A(x), then the
decision process becomes a continuous time parameter case; the above & and G(¢)
are

2=R,
G)y=1—e*, teR,
where «:=—logy(1)>0.
We can derive the following lemmas in a simple manner by using the definitions
and assumptions.
LEMMA 2. 3. For a policy = (f),
(a) RA=| r(X"), A"®)GD, s=R.,

(b) R:(zn)=r(Z%, fou(ZF, -+, ZI){G(z70) —G(h) } +R=(7hs1)  for n=0.
Levya 2. 4. (a) FZ(G)::KG(t)FI(dt):g?{l—Fz(t)}G(dt)

(b) S:G(S+t)F”(dt)AG(S):?’(S)FJE(G) for s 2.

(c) 7 is a nonincreasing function with for y(0)=1, y(s)>0 for 0=s<oo and
tends to 0 as s oo in 3.

(d) If s,te, then s+t and y(s+)=r()r®).

(e) y(O)=1-G@) for te2.

(f) For each n, mll, random variables =7 ; 2 — X for almost everywhere.

Associated with F, in Assumption 2(2), we use the following notations for a
transition law p and a reward function 7:

(i) 7(x, a):=r(x,a) F,(G)eM(SA)

(i) Palx, dy):=pa(x; dy) F.(y) €P(S|S) for acA

(D)  7(f)(xo, =+, Xn 5 dY) :=r (f) ko, =, X3) Fopy (G) EM(S™Y)

(iv)  Dr(xo, -, X5 dy) :=pys(xo, =, X dY) o () EP(S|S™Y)
for a mapping f :S**'— A, where p,, r(f), pr are defined in the paragraph below
Definition 2- 3.
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3. Definition of an optimal policy

For a policy w</l in the semi-Markov decision process (S, 4, ps, p, 7, F, G),
processes X7 (), A7(t), R.(t), tER, are defined in section 2, which designate the
state of the system, the utilizing mapping of the policy and the total reward res-
pectively. In this section we shall consider the expectation of the total reward R-(0)
which called the expected total reward for the policy =.

Let, for n<ll,

I(z):=E[R-(0)],
I*:=sup el (7).

That is, [(z) is the expected total reward starting at time 0 and I* is the maximal
expected reward.

DEFINITION 3. 1. An op:imal policy and an e-optimal policy are defined as
follows ;

(i) a policy =*<Il 1is an optimal policy iff [(z*)=I%,

(ii) a policy =*<Il 1is an e-optimal policy iff I(x*)=I*—e for e>0.

This section deals with the existence of an e¢-optimal and an equivalent version
of the optimality. The existence of an e-optimal Markov policy and an e-optimal
stationary policy for any e>0 are argued in section 4 and that of an optimal
stationary policy is in section 5. In section 6 we shall show the properties of the
optimal stationary policy.

THEOREM 3. 1. For any ¢>0, there exists an e-optimal policy.

ProoF. Since r is bounded and G is a measure on [0, co], I(z)=|r| for any
rwell. Hence I*=sup [(x) <co. This follows immediately, for any ¢>0, there is a
policy =<1l such that I(z) =I*—s¢, that is, an e-optimal policy.

In order to state the equivalent version of the optimality, we prepare some
notations and lemmas of which subsequent sections are in need.

For a policy n=(f,; n=1), set R (), =0 be the total reward and random
variables 7%, o-algebras &7, notations 7(f,), py, are defined for the reward function
and the transition law p in section 2. Let define I,(x), J.- such that

I, (@) :=E[R (=) |a7] (nz0),
]nr(xo,v Ty xn~1) ::?(fn)(xl): S xn—l)

- 1:2:0 {ﬁfn“'p—fn+kf<fn+k+l)} (xﬁy ) xn—l) (7121)

Clearly I,(x) is a random variable which is @7-measurable and has a finite expecta-
tion for each n. Since 7 is bounded, J,.€M(S™) for all z. Moreover let
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Jn(xo, 2y Xno) :=8UP zeq Jaz (X0, =+, Xn-1),
To:=Toz:={x0ES; po{xo} =P(X7(0) =x,) >0},
Toz:={(xq, -+, x2) €S (x0, ***, Xp-1) ET-y,= and
Draxo, ooy Xaoy; {x21) >0 for nz=l.
If a policy = is Markov or stationary, we write J. instead of J;-.

LEMMA 3. 2. Let vy, be bounded functions with v, €M(S*™Y), k=0. For a policy
= (fn;n=1), it holds that

(a) Elve(ZF, -, ZD{G(25) =GR} | GF =y D) 040 (ZF, -+, Z5)  (R20),
(b) for k=zn+1, n=0,
E[ve (ZF, -, ZD {G(z511) — G (D) } IQZ]:T(TIDZ;)‘,,H ﬁszjkﬂ(zg, VA
where Dyyy (Xo, 0, X)L =05 (X, =0, X4) Fop (7).

PrOOF. (a) From the definition of ¢-algebra &%, Z7, ---, ZZ T are G%-measur-
able. Hence

Elva (ZF, -, ZD{G (5) —G(eD Y |45
=Vn41 (28, -, ZDAELG (z740) |Gi1—G (D)},

The conditional expectation equals
ELG (D [90=\"_GWFZz f; an={ G(t+e0) Fux (an
by lemma 2.1 and Assumption 1. Using lemma 2. 4 (b) and (f), (a) is proved easily.
(b) At first we show that (b) holds for k=n-+1. We have
E[Un+2(Zg; e, Zhe) {G(2h40) —G(T?H-l)} E—Cl);nrﬂ]
:T(T;lr+1) 17"+2(ZS‘, e, L)

replacing 2 with n in the equality (a). Since ¢%,,0¢%, lemma 2. 1 (a), Assumption 2 (2)
and lemma 2.4 (d) follow that

EL0ass (25, -, 25 (G (ehe) =G (5} |47]
=El7 (7 Bnea (25, -, Z5:0) | 451
= T O0s @8, 25 3) b (28, -, 255 dy) F25, <55 d)
=) DrprPusa (25, ) ZD P ()
=7 @) DrpsiPnsa(Z5, -+, Z7).

So we have proved (b) for k=n-+1.

For a general k=n-+1, the fact ¢7_, D&%, - DGT leads to similar calculations.
The details are omitted.
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LEMMA 3. 3. (a) Jaz(xo, =) Xnor) =F(f2) (X0, =%y Xn-1)
+Ssjn*1,r:(-x0; oy Xeny W) Pry (X, o0, X dY)

(b) Lo(=)=]:=(X7(0)),
I (@) =7 (€D Jns1,=(X7(0), -+, X7(z1))  (n=1)
(¢) I@=poi=

Proor. (a) It is clear because of the definition of [,-.
(b) Lemma 2.3 yields that

I.(z): =E[R.(z}) |47]

= 3 E[r(Z5, funs (25, -+, ZD) (G(ED) G (D} |4

for n=0. If we apply Lemma 3.2 for bounded functions;
Visr (Xoy =y X2) 1=7 (frr) (%o, *+7, XK,
(a) and (b) imply that
E[r (fred(ZF, -+, ZD G (2741) —G (D) } | 7]

=y (P (for) (ZF, -+, Z7)
and
Elr(fas)(ZF, -+, Z5) {G(cF4)) —G (zD) } | G7]

=7 @) {Prpey - Prilt Fre)V(ZE, -, Z27)  (R=n+1)
respectively. Hence
L(m) =y (e 7 (fn: ) (ZF, -, Z2)

F7ED B Brpes B Faad} (25, -, Z5).

Noting that X~(z%)=Z7%, k=0, we obtain

I (0) =7 (@) Jna1, = (X7(0), -+, X7(z0))  (n=0).

43

Particularly, if we set n=0, [,(z) =/,=(X7(0)) follows from zf=0 and y(0)=1. For
(c), observe that I(z)=E[R.(0)]J=ELE[R:(0)|gf11=E[I(x)]=E[J:=(X"(0))I=p0]1=

and so the proof of the lemma is complete.

Now we prove that

THEOREM 3. 4. The following three statement are equivalent under Assumption 1—2:

(a) =* 1is optimal,
(b)) Jim(x)=J1(x) for any xET,,
(€) Jnw(xo, ooty Xpor) =Jn (Ko, =, Xno)) for any (xo, =+, Xp1) €Ty,

ProOOF. (a)— (b): Assume r*=(f¥) to be optimal, but [~ (%) <J;(X¥) for some
#eT,, i.e. for some % such that p,(%) >0. Then there is some policy #'=(f7) €1l for

which Jiz (%) > /], (%). Define a policy == (f,) by
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f ( ) f7/1 (i; ST xn—l) lf xOZ%)
n Xy = Xy ::{

.fl)'zF (XOJ X1 ) xn-]) if xO"-L_'%'

Obviously z=(f,) is a policy with
Ji= (%) it y=%,

S :{]m(y) it y=¥.

We get

=19 < | (3 pold ) =1(@) <I*
which is a contradiction.

(b)—(c): The proof goes by induction on n. Statement (¢) is true for n=1,
because this is exactly statement (b). Now we assume z*=(f*) to be

[n::‘(xo,' ) xn—l) :]n (-XO; ) xn—l)
for any (xO; T xn—l) ETn«l,:‘ but
jn+1,7:* (fo; ) fn) <]n+1 (7?07 ) '%n)

for some (X, -+, X,) €T s
It follows that

]n+1,:* (%07 Y fn) <]n+1,7.’ (7?0: ) '%n)
for some policy z'=(f,). Now we construct a policy == (f,) by

Felxg, oo, xpoy) i =fF(xo, -+, xp-y) for any (&, -, Xp-)  (L=k=n),

{ﬁ Koy s Xp-1) if (xo, ==, Koot =&, o, Xicy)
F¥(xo, -+, xpoy)  otherwise
(k=zn-+1).
Obviously = is a policy with
]n‘l,:' (7?0; ) '%n) if (XO: ) xn>: (20; ) in)

.]n+1,:(«’fo, ttty, xn) .
Jnrr, = (%o, =, Xxz)  otherwise.

From lemma 3.3 (a) we obtain

]n (%O; ) xn—-l) :.]nr:‘(go, R in—l)

=F(f?f) @0; Yy 51;—1)+Ss]n+1,r*(f%o; v Xy, J’)ﬁf; ()Nfo; e Xy dy)

<F(fn) ('%0; ) fn—l) +gsjn41,z(£0y Ty fn—l’ y)ﬁfn(io; ) xvnrl; d}')

:jn:()?Oy ) }?n—l) g]n (%o; T ‘%n—l)

which contradicts our assumption that (c) is true for z.
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(¢) = (a): The definition of J,(x) yields poJ,=poJ:2 for any #. Hence (¢) implies
I(@*) =poJi==po/siZ poS1z=1(%)

for any 2. Since there is an e-optimal policy, say, #=(f,) for any ¢>0 by Theorem
3.1,

[(n*) =1 (%) =[*—e.

Therefore I(x*)=I*—e¢ holds for arbitrary ¢>0. Thus we obtain I(z*)=I*. The as-
sertion (a) is now immediate because the alternative inequality holds trivially. This
completes the proof of Theorem 3. 2.

4. Policy reduction

In this section we are going to show that an e-optimal Markov policy exists and
moreover an e-optimal stationary policy exists for any ¢>0. These results are con-
tained by the following Theorem 5. 6 which states that an optimal stationary policy
exists, but these are useful to prove the theorem.

ASSUMPTION 3. Assume that

B i=sup zes Fo (1) <L

This behaves as the so-called discounted factor in the ordinary Markov decision
process.

LEMMA 4. 1. For policies =':=(fL;n=1) and =r*:=(f%;n=l) with fi=fi
(1=Ek=ZN), it holds that

N

i—g "

(@) —I(=®) | =2|ir]

Proor. Indeed lemma 3. 3 (c) follows
[@=pF )+ B pobr, = BraP(Fand)

for any policy 7= (f,; n=1) and so
I(zY) —1(x?)

=pobst Bry -+ Py [ (e () =P (50 (L)

+ 3
=N

n

By, B P

+2

)

— X by, P FUDI)DL

n=N+2
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Observe that, for any x, x,, --*, x,€S and a policy == (f,),
FQ)=( Folan =1,
[7 (f2) (xo, =+, Xn-) | Zll7,
[7(fn) (xo, =, Xp-n) | S|P Fay_  (G) =7,
{Pra- 17N} (xo, oy Xpoo) S Fop, () Sl (n22),

{p—fNﬂ 5fn-1”7H} (%0, =+, X ) §,3n—1_N||7’H (n=N-+2).

Hence we obtain the result;

G =1 | (poprt -~ pM2 3 B ¥l
=2l

Firstly we improve Theorem 3.1 by showing that e-optimal Markov policy
exists in Theorem 4.4. The assumptions for a transition law p and a reward function
¥ are necessary.

AssUMPTION 4. (1) The function

pute, 0)=| u(p(x,a;dy)

is upper semi-continuous in a= A for each xS and ueM(S).

(2) The reward function r=r(x, a) is also upper semi-continuous in a= A for
each x€S.

Let #=(f,) €Il be an arbitrary Markov policy. For a€ A4, let (q, 7) :=(q, fi, fo, -~
and so (a, m) Il is Markov. Using the Markov policy (a, 7) let

K:(x,0):=]i0,»(x), xS, acA.
Then K. is a function defined on SA with a Markov policy =.
Since
K-(x,a)=7(x, a) + 21 {Pabr,  PruT (fasd)} (x)
and it converge uniformly by Assumption 3.

LEMMA 4. 2. The function Kr(x,.) is upper semi-continuous for each x and a
Markov policy .

The next lemma is a policy improvement by a Markov policy.
LEMMA 4. 3. Suppose that a policy m=(f,;n=1) itself is not necessary Markov

but Yr:=(fn; n=N+1) s Markov for some N<oo. Then we can construct a Markov
policy n* such that I(z*)=I(x).
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Proor. For a policy m=(f,; n=1) which "*'z is Markov, we shall construct a
policy =*=(f¥) with properties;

(a) ™z* is Markov,

(b)Y I(@*)zI(n).

This shows lemma 4.3. Indeed, repeating this procedure from n=N-—1 to 0, finally

we attain the seeking Markov policy.
We now expose the above construction. Let fi,; be a mapping S into A with

Kenrn=(x, f31(x)) =max Kcps=(x, @)

for all yeS where (n+1)z:=""'m:=(fri1, fr+e ). The maximum is taken all a
in the action space A and it exists because of lemma 4.2. If we set n*:=(fy, -**, fa,
f¥., [k, ) for a given policy m=(f1, -**, fn, fa+1, fa+s, =), this policy =* satisfies
the required properties (a) and (b). Because *"'z*="*!'z and that f%, is a mapping
from S into A and so "n*=(f¥., /¥, -+) is Markov. (b) is proved since
Knsyyer (f;!:+1) (x2) 7= Knsnn (X, f::+1(xn))
=Kns1x(Xn, f:+1<xn)) ZKnin=(xq, fn+1(x0; e, X))
- :K(nﬂ)n(fnﬂ) (-’fo, Tty xn) for Xoy, **°y JCnES and
I(z*) —1I(x)
=P0Pf1 an{K(nn):‘(f:(»H) ( . ) —K(n+l)?t(fn+l) ( )};0

THEOREM 4. 4. For any e>0, there exists an e-optimal Markov policy under
Assumption 1—A4.

Proor. Let r=(f,) be an %—optimal policy, that is, I*§I(7r)+%, which exists

N
by Theorem 3. 1. Let N represents an integer which satisfies 2||r]]1—f?_—‘8 <%. As <1

by Assumption 3, it is sufficient to select N so that SV is small

Define a policy Fz:(fn), using the %—optimal policy = and N, as follows:

for any x, **, x5 €S,

~ fn(xO;"'; xn—l) if néN)

fn(xo; ) xn—l) ::{
8n(Xp-1) if n=N+1

where (g,; n=N-+1) is an arbitrary sequence of mappings from S into A.
Since ¥F=(g,;n=N-+1) is a Markov policy, there is a Markov policy =* with
I(z*) =I(z) by lemma 4. 3. Also it holds I(x) é[(:’f)—l—% because that lemma 4.1

follows

N
1@ -1 52l < 5.
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Hence ](ﬂ)é[(ﬂ'*)"‘%. It now follows immediately

The proof of Theorem 4.4 is complete.

Secondarily we improve Theorem 4.4 by showing in Theorem 4.10 that an
e-optimal stationary policy exists. Two operators L;, U are defined for the preparation.

DEFINITION 4. 1. Let f;S— A be a mapping. For usM(S), let L,u be an ele-
ment of M(S) whose value at xS is

Lou(x) :=7(f)(x) +pru(x).
If f(x) equals a for all xS then we write L,:=L;.

Let U be an operator on M(S) whose value at xS is
Uu(x) :=max sealqu(x)

for usM(S). Note that, for each xS and ueM(S), L,u(x) is upper semi-continu-
ous in ¢ A and so the operator is well defined.

Associated with each mapping f; S— A is a corresponding operator L;, mapping
M(S) into M(S). L;u is our expected income, as a function of the initial state, if
we start using decision f but are terminated at the beginning of the second jump
with a final reward u(x), where x is the state at termination. L} : =L,(L}!) has a
similar interpretation, replacing “second” by “n+41%%”. The following interpretation of
U will be justified later. U™u, a function of the initial state, is our optimal expected
retern over all Markov policies if we start using an optimal policy but are ter-
minated at the beginning of the n-+1° jump with a final reward u(x) where x is
the state at termination.

Here are some properties of Ly and U as the following two lemmas.

LEMMA 4. 5. Let f be a mapping from S into A.
(a) LiJiz=Jiy,» for el (z may not be Markov)
(b) Ly(uto)(x)=Lsu(x)+cF,(y) where ¢ is a constant and u=M(S)
(¢) Ly is monotone, that is, if u=v, then Lju=<Lv
(d) For any Markov policy == (f,) and usM(S),
Ly Lygu(x) i= Ly, (Ly, (o (L) ) (1)

converge to J.(x) uniformly in x as n— oo,
ProoF. We shall prove only (d). If we set u,(x):=Jn=(x), J==Lys, -+ L;u, and

||unl|§Ml— from (a). Since

1-8
| Lyv(x)—Law(x) | Slv—wlF: () =plv—wl

for a mapping f:S— A and v, weM(S), it now follows as
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supz|Ly, =+ Lyu(x) —J=(x) |

=supzLy, -+ Ly, [u—u,| (x)

< g =l 6 {Ulul+ 0 )

that Ly, - Lyu(x) — J=(x) uniformly in x<S.

LEMMA 4. 6. (a) U is monotone.

(b) Uluto)(x)=Uulx)+cFy(y) where ¢ is constant and ueM(S).

(¢) Lau(x)sUu(x) for any mapping . S— A.

(d) U is a contraction with modulus f3, that is,
WOu—Uvl = Blu—v| for u,veM(S).

(e) U has a unique fixed point u* in M(S), that is,
Uu*=u* and ||UMu—u*|< B |u—u*|

for any ueM(S), n=1 where U™:=UU™Y) iteratively.

ProoF. (d) [Uu—Uvl=sup,|Uu—Uv|(x)=lu—vlisup.F(y) =Blu—vl. (&) M(S)
is a complete metric space. Hence, from the fixed point theorem of Banach, the con-
traction mapping U has a unique fixed point.

A relation between the operator L; and U is that
LEMMA 4. 7. For each usM(S), there is a mapping f . S— A such that Lyu=Uu.

PROOF. L,u(x) is upper semi-continuous in a=A for each x&S. The fact that
the action space A is compact yields that it attains its maximum. Let f(x) be one of
the point in A which attains the maximum. Then f is a mapping from S into A and
satisfies the property.

DEFINITION 4. 2. We say that u*=M(S) satisfies the optimality equation (abbrev.
OF) if it is a fixed point of U, that is, u*(x) =Uu*(x) for each x&S.

LEMMA 4. 8. If u*eM(S) satisfies the OE, then there is a stationary policy f=
such that Jy~(x)=u*(x) for each x€S. Hence I(f*)=pou*.

PrROOF. Indeed lemma 4.7 follows that there is a mapping f:S— A which
satisfies Lu*(x)=Uu*(x) for each xS. The fact that Liu*=u* and Liu*— [~ as
n—co by lemma 4.5 (d), implies Jr~=u*. The later equality is immediate because
I(f™) :Poj Faas

LeMMA 4. 9. If w*<M(S) satisfies the OF, then, for any Markov policy x,
(a) uw*(x)=J.(x), x&S,
(b) pu*=I(r).

ProoF. (a) Let 7=(f,) be any Markov policy. For each element f, of =,
Ly u*(x) 2Uu*(x)=u*(x), xS by lemma 4.6 (¢) and so Ly -+ Lyu*(x) Su*(x),
xE€S. Letting n— oo we obtain the assertion (a). (b) is clear if we integrate the both
side of (a) by the distribution p,.

Now we state the following theorem but will be improved in Theorem 5. 6.
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THEOREM 4. 10. For any ¢>0, there exists an e-optimal stalionary policy under
Assumption 1—4.

PROOF. Since there is u* satisfying the OE, we have from lemma 4.8 and 4.9
that there exists an stationary policy /= with I(f*)=pu*=I(z) for any Markov =.
Let =* be the e-optimal Markov policy in Theorem 4.4. Then

ISy z=I(@*) =+ —e.
This completes the proof.

5. Optimality equation and optimal stationary policy

We shall state the existance of an optimal stationary policy and the relation
between the optimality equation and the optimal reward in Theorem 5.6 and 5.7.

LEMMA 5. 1. Let >0 and usM(S).
(a) If Lyu(x)—e=u(x), xS for some mapping f, then

]foo(x)-—m:u(x) xS and so [(f"")——‘-g_pou
(b) If Lyu(x)+tezu(x), xS for some mapping f, then

J= (x)-f-——g_u(x), =S  and so I(f°°)—|—1 3 = pou
(c) If Lou(x) —e=u(x), xS for all ac A, then
].r(x)——‘BSu(x), xS for any Markov and so I(ﬂ)—~——ﬁ = pold.

(d) If Lau(x)+e=u(x), xS for all ac A. then

]r(x)-i——ﬁZu(x) x€S for any Markov and so I(yr)—l—ﬁgpou.
ProoF. Only (c) is proved and others are omitted. Let 7=1(f,) be an arbitraly
Markov policy. The condition yields that Lsu(x)—e=u(x), xS for all n. By induc-
tion on n we obtain Ly -+ Ly u(x) Su(x)+e(l+p+ -+ +5""Y). Letting n— oo and
the integration of both side by p, completes the proof.

The following lemma is useful as the policy improvement.

LEMMA 5. 2. If L;J.=]- on T, for some policy w, then J=]. on T, and so
I(f*) zI(x).

LEMMA 5. 3. If a Markov policy =* satisfies LoJ~=<]J~ for all acA, that is,
U= Jm, then Jo=]: for any Markov =.

ProOF. It is clear from lemm 5. 1 (¢) with letting u(x) =J.(x), xS and ¢=0.

LEMMA 5. 4. A function usM(S) satisfies Lyu(x)=u(x), xS for a mapping
FiS—=Aiff u(x)=]r(x) with f=:=(f, f, ).
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Proor. If Lau(x)=u(x), xS then |Lmu(x)—u(x)|=e, xS for any &>0.
Lemma 5.1 (a), (b) imply that I]fw(x)—u(x)léTj—ﬁ, xS for any ¢>0. Letting
¢—0, it must be that Jr(x)=u(x), x<S. The converse is immediate because
u(x) =Jm(x)=L;Jm(x)=Lsu(x).

LEMMA 5. 5. If u*(x), x€S satisfies the OF, then I*=p.u*, that is pu* equals
the maximum expected reward.

Proor. 1) First we show pu*=I*. Theorem 4.4 implies that for any &>0,
there is an Markov policy =* with I(z*) =I*—e¢. Since u* satisfies the OF and =* is
Markov, it follows pu*=I1(z*) by lemma 4.9 (b). Therefore pu*=I*—e. Letting
e — 0, we obtain pu*r=TI*.

2) By lemma 4.8, there is a stationary policy f* such that I(f*)=peu*. It is
immediate that p,u*=I* because

pou*=sup,I(f*) Ssup-I(x)=1I*%,

where the supremum of f is taken over those mapping f:S— A and that of « is
over all policies.
Combining 1) and 2) completes the proof.

Now we assert our main results. The first is the existence of an optimal stationary
policy and the second is the relation between the OE and the optimal reward.

THEOREM 5. 6. There exists an optimal stationary policy under Assumption 1—4.

PrOOF. Let u*(x), x&S be the solution of the OE. Since there is a stationary
policy f such that I(f*)=peu* by lemma 4.8 and peu* is the maximum expected
reward by lemma 5.5, consequently /(f*)=I*. This is nothing but to say that f= is
the optimal stationary policy. Hence the theorem is proved.

THEOREM 5. 7. (a) If Ji=(x), x&S with some policy =* satisfies the OF, then
the policy =* is optimal.

(b) Conversely if w* is the optimal policy and if T,=S, then J,=(x), xS satis-
fies the OE.

PrOOF. (a) is immediate consequence of lemma 5.5. (b) Let u*(x), x<S be the
solution of the OE. There is a stationary policy 7~ such that u*=J, by lemma 4.8
and the proof of Theorem 5.6 implies that the stationary policy 7= is optimal. Hence
Jr=(x)=]1(x) and so u*(x)=J~(x) for xS. This completes the proof.

6. Properties of optimal stationary policy

Suppose the following Assumption 5 holds with Assumption 1—4. Then the
optimal stationary policy in section 5 has the properties stated in Theorem 6. 2.
Specially the implication (a) of Theorem 6.2 represents the principle of optimality in
the semi-Markov decision process.
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ASSUMPTION 5. For the distribution function F,, x&S, there are a subset 2, of
2 and a right continuous function ¢, such that

(i) F,(s+D)=¢, () F.(s)+F, 1), st

(ii) for each =0, ¢@.()=¢,(t), xS where ¢, =inf [seX,; t<s}.

Under Assumption 5 the next lemma holds, which is the basic recursive relation.

LEMMA 6. 1. If a policy = is stationary, then
E[R-() |FTl=y OJ=(XD) for (ER,.
PROOF. If A= 97, then for each n there is a set 4,45 such that
AN g st<gay =4, N (i<}
Therefore it is sufficient to calculate

E[R-(t); Ay N {t<77s1}]
in place of E[R.(1); A4].

First we show three assertions;

(a) EML;ern>tlon)=|" , Fur (@9 =g =D,

(b) E[[" (X7, A0) G@dn); Au N (1 <R} |

=E[r(25, 12D | G- Fa(d9); 4], Aue
() E[[27r(x7(s), 476D G(@s); Aut< e |

‘k

=E[r@ | 1O F23(d9) (pryBres = B0} (ZD); o]

for k=n-+1, where a policy #=(f,) is stationary with f,=f for all n.
Indeed (a) is from Assumption 5 (ii). (b) follows according to the calculation;
ffﬂ ~ -
[ r (02, 406 @9); AN (1<t |
=E[r(Z%, [ ZN (G5 ) =G} Ax N {t<tra}]
=E[r@5 £,@ | Fara; 4]

=
t-

—GWE|r 5 £ || G- Faps); 4,).
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For (¢), noting
An M {t<TZ+1} Eggﬁl)

lemma 3.2 (b) and lemma 2.1 (a) imply that
Ely(cie) Prpey - Prao TN (2000 5 An N {E<zhii} ]

=E[r 1) || 7O P39 (pruBrmes =+ s P (2D 4.
It is now immediate because of the definition /. and above (a), (b) and (c) that

E[R.(O; 4. N {t< 7t ]
=Ely () ¢zr(t—tn) F(Z7, [2(Z7)

FrO¢at—eD) 3 s Fr, P EZD; Aa]

=7 E[gzr(t—t)J=(Z7); 4a]
=7 ELJ-(X?); AN {t<ziii}].

This proves the lemma.

THEOREM 6. 2. Let ©* be the optimal stationary policy obtained in séction 5.
Then we have
(a) for any stationary m<Il and t=0,

PE[R-~) |FT1ZE[R-(O | FTII XT=XD) =1.

(b) If X%, XT have the same distribution and T,=S, then for any stationary
policy = and t=0,

E[R~(H1zZELR-(1)].

PrROOF. Both of (a) and (b) are proved by applying lemma 6.1 and the results
of Thorem 3. 4 (a), (b).
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