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   0. Abstract 

   We shall be concerned with the optimization problem of semi-Markov decision 

processes with countable state space and compact action space. Defined is the 

generalized reward function associated with the semi-Markov decision processes 
which include the ordinary discounted Markov decision processes of discrete time 

parameter and also the continuous time Markov decision processes. Main results are 
(a) the existence of an optimal stationary policy and (b) the relation between the 
maximal expected reward and the optimality equation. Also (c) some properties of 

the optimal staionary policy and the principle of optimality are obtained.

   1. Introduction and summary of results 

   Semi-Markov decision processes with countable state space S and compact action 

space A are considered. A policy it is defined as a sequence of mappings f7, from Sn 
into A (n�1) . For each policy 7C, (t) denotes a state of the system generated by 

the policy and A' (t) denotes a stochastic process which signifies the utilizing mapping 

of the policy at time t. These stochastic processes are constructed exactly in section 2. 

In section 3, 4 and 5, we study the problem of maximizing 

              I (r) : = E[S0'') r(t) ,(t)) G (dt)] 
with respect to 7r, where E denotes an expection operator and, (7) is a killing time 
in the process, r a given function on SA and G a measure on [0, 00). The maximal 

expected reward /* means sup / (7) where the supremum is taken over all policies. 

An optimal and an s-optimal policies are defined. We show in section 4 that both of 

the families of optimal and of s-optimal policies can be reduced those of Markov or 
stationary ones.
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   Under some conditions we get the following results : 

( a ) there exists an optimal stationary policy f-, that is, I*----I(p); 

(b) the optimal reward which is a function of the initial state satisfies a non-linear 
   functional equation called the optimality equation, and conversely the solution of 

   the optimality equation is the optimal reward ; 

( c ) the optimal stationary policy maximizes, in the family of stationary policies, 
   a conditional reward 

                 E[‘' r (X' (t) , A' (0) G (d t) g 

   and an expected reward 

                      r (X' (t) , (0) G (d t)]. 

     These results are discussed in section 5 and 6. 

   A simple type of Markov decision process was introduced by Bellman [1]. After-

ward, Howard [11], Blackwell [2], [31, [4], IVIaitra [17], [18], Strauch [22], Veinott 

[231, [24], Hinderer [9] studied more general types of Markov decision processes with 
discrete time parameter extensively. Analogously Markov decision processes with 

continuous time parameter are developed by Howard [11], [12], de Leve [6], MartinlOf 

[191, Miller [20], Veinott [24], Kakumanu [24]. Since semi-Markov processes include 
discrete time Markov processes and continuous time Markov jump processes, if we 

formulate semi-Markov decision processes, the deductive argument implies the both 
study of discrete and continuous time Markov decision processes. The possibility is 

due to the reward structure, particularly the property of a measure G, and it is similar 

to an additive functional in the potentional theory refers to Blumenthal and Getoor 

[5]. Howard [12], Miller [20], Ross [21], Lippman [16] considered average reward 
semi-Markov decision processes but we do not discuss the average case here.

   2. Formulation, construction of stochastic processes 

   In this section we shall develop the construction of stochastic processes X' (t) 

and A'(t) underlying the optimization problem of a semi-Markov decision process. 

   First we give notations frequently used in the subsequent sections. A notation 

:= means a definition distinguished from an equality. Let .1? (X) be the Borel field 

of a topological space X. P(X) denotes the set of all probability measures defined 

on _B (X). For any X, Y, P(Y IX) is the set of all conditional probability measures 
on Y given X, whose element q is written by q (dy I x) or q (x ; dy). M(X) denotes 

the set of all bounded Borel measurable functions, where X is a topological space. 

If u, vEM(X), u=v, u�v means, respectively, u(x)=v(x), u(x)�v(x) for all xEX. 

For any pEP(X), uEM(X), pu:=p(u):=S u(x)p(dx). For any qEP(YIX) and 
any uEM(XY), quEM(X) whose value at xEX is
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 qu  (x)  :=u(x,  q  (x))  , y) q (dy x)• 

Obviously the above notations are extended to a finite or countable sequence. Every 

function uEM(X) has a norm II ull :=sup { I u (x) I ; xGX}. Note that we shall not 

distinguish between the notation of a distribution function and that of the measure 

deduced from it, and vice versa. 

   DEFINITION 2. 1. A semi-Markov decision process consists of seven objects (S, A, 

Po, P, r, F, G) of the following properties : 

   ( i ) the state space S is a non-empty countable set with a discrete topology, 

   (ii) the action space A is a compact metric topological space, 

   (iii) the initial distribution poEP(S), 

   (iv) the transition law pEP(SISA), 

   (v) the reward function rEM(SA), 
   (vi) FE P(R1SR), where R 00) and 

   (vii) G is a distribution function with G(0) =0. 
Moreover we shall require Assumption 1(1) for p, Assumption 2 (1) for r, Assumption 

1(2) and 2(2) for F and Assumption 2(3) for G. 

   DEFINITION 2. 2. We define a policy, a Markov policy and a stationary policy. 

   ( i ) A policy 7 is a sequence of mappings (fn,;n�1):=(f1, f2, •••) where each 
      component fn, is a mapping of a product space Sn into A for n�1. 

   (ii) A Markov policy r := (f„; n 1) is a policy in which each f„ is a mapping 
      of S into A for n�1. 

   (iii) A stationary policy r :=(fn; n 1) is a Nilarkov policy in which each fn 
      does not depend on n. If f„,=-f for all n, we denote the stationary policy by 

   Let H be the set of all policies and for 7= (fn) EH, nz or (n)is defined by 
n:= (n)7:=(f n+1,(n 1). If p is a transition law and r is a reward func-
tion, then we define pfEP(SIS'), PaEP(SIS), r(f) EM(Sn')as follows ; 

   (i)Pf (xo, •••,xn; dx):=P(xn, f (xo,xn); dx) for amapping f from ST' 
       into A, 

   (ii) pa(xo; dx):=p(x0, a; dx) for a E A, 

    (iii) r(i)(x0,—, x7,):=r(x., f (xo, ••-, xn)) where xo, • •., xn, E S. 

   We now give an intuitive description of a process and reward to be constructed 

in the model (S, A, po, p, r, F, G). An object or some amount of our investment 

starting from a state x0._ES at time 0 remains there for a holding time 71. The distri-

bution of xo is po and that of 71 is F(xo, 0 ; .). At that time it jumps to a new 

position x1 according to our decision which we choose on the basis of an information 
of the previous state xo. The decision means the selection of a mapping f1; A. 

The transition from xo to x1 occurs according to the probability distribution pf1(x.; •). 

The object remains at x1 untill time 72 whose distribution is F(x1, 71 ; .) but con-

ditionary independent of 71. Then it jumps to x2 according to our decision, that is,
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the selection of a mapping f2; S2 A, which we choose on the basis of the first two 
state xo, x1. Generally it jumps to xn+i according to the transition distribution 

Pfn+i (X0, • • •, Xn; •), where f„,, is choosen on the basis of the previous sequence 
(xo, x1, •••, xn). It remains at xn, untill a time rn„ whose distribution is F(xn,i, z-n+1 ; • ) 
but conditionary independent of 7n-F1• Each change of state and each decision generate 

immediate reward r(fi) (xo) r (A) (xo, x1), • • • . Also combining each holding duration 

of costs G (7.+0 —G(rm), the total reward is set up by the policy 7r= (f.), the sequence 

of each decision fn. Our purpose is to select a policy 7= (f.) so that we can make 
the expected total reward 1(7,7) as high as possible. 

   This section is devoted to a rigorous construction of such a process and reward. 

   Let (S, A, po, p, r, F, G) be a semi-Markov decision process. Let N:= {1, 2, •••} 

and a product space Q0 := (SR +) N, a product a-algebra go := (2 (S) B (R+))N where 

  :=-10, co] as usual. Thus (Q0, go) is the usual infinite product measurable space 

over (SR+, 3 (S)3 (R+)). A point w Qo is a sequence {(x n, tn) ; n�0} . Let Y. (w) 
=-(xn ,tn), Zn(w):=xn, and z-n(co):=tn. Thus Y7, is the n-th coordinate map and 
Yn=(Zn, 7n) We invoke a theorem of Ionescue Tulcea which states the following in 

the present situation : for a policy 7=(f,,,) E 11, there exists a probability measure 
137` on (Q0, go) such that 

   ( a ) P'(Y.+1ECI Y0, •-•,                           Yn) pfn+1(Zoy • •1 Zn; dx)F(Z., 7n ; dt) 

      for CE3(S)3(R,), n�0, 

   ( b ) P'(Z0ED)=S po(dx) for DE 3 (S) and 
   ( c ) P'(z-o=0) 

Next we shall consider an infinite product space (Q,:=X,H(Q0, .g7) where 
QC; :=Q0, Yor for all 7rE17. It holds, by the same theorem, that 

   LEMMA 2. 1. For a policy 7r= (fn), there exists a probability measure P on (Q, .Q) 

and random variables 177,= (4,r, v) such that 

   ( a ) P(r,+iEC I 17,7, •., )777,') =f pfn±i(Z0,--,zr; dx) F(Trf, z-7,; dt) 
      for CE.B(S)g(R,), n�0, 

   ( b ) P(4rED)=S po(dx) for D 2(S) and 
   ( c ) P(z1=-0) =1. 

   Throughout the paper the expectation E means the integral operator by the pro-

bability measure P. 

   The following assumption is needed for Definition 2.3. 

   ASSUMPTION 1. For any aEA, xES, tER, 

   (1) pa(x; {x})=-0, 

   ( 2 ) F(x, t; B) =0 if B ((-00, t]. 

   LEMMA  

 ( a ) P(2. 2. Under Assumption 1,             Z1nr+i=4,)=0, 
   ( b ) P(z-7,F1=-z-7,) =0 for all n.
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   PROOF. (a) From Assumption  1(1), it follows that P(Z,741-=Z7iIZO, • • , 4,0 = 

P7: (Z „+i= Z Z0, • • , Zn) p fn,(zo, ••-, z.; {z.}) =0. Hence P (441= = (Z7,+1= 

Z;,' I Z7 0 r, • • •, OD] =0. (b) is proved similarly from Assumption 1(2). 

   Consequently, for each 77 E II, let ,i2;, := {Zinr+,� Z;ti and z-7,+1 > Tint for all n and z'or=0}, 

then Q;rEg and P(Q;,) =1 under Assumption 1. Neglecting a set of the measure zero, 

we can assume that, for each rcEH, D'or be the set of all sequences {(xn, tn); n�0} 

with 0=to< ••• and Xii+i� Xn for all n�0. Let Q :=X7rEHSPor and let g be the 

a-algebra in Q generated by the coordinate mappings {177,; n�0} for each 

The measure P is regarded as a probability measure on this (Q, .g). Hence the follow-

ing is well defined for all coE,Q under Assumption 1. 

   DEFINITION 2. 3. Let C7r(w) :=1im Tn(co) and then define for t�0 

                       z7i(w) if z-';`,(co) �t<z-741(co), 
              X7 (co) := 

                    4sif C' (w) 

                 J .+1(Z70` (w) , Zinr (0))) if 77, (co) �.t <T7,-Fi(w) 
       AT (co) 

         ZIAif C'(0))t 

where 4s, d A is an artificial point added to S, A respectively in the usual convention. 

   We use the notations X' (t) , A7r(t) or .X7 , AT dropping out the variable (DE Q 
Random variables rnr, XT generate a-algebras ; 

                          {Y1 ; 0�m�n}, 

                          :=c1{X7st ; 0�s�t} 

   DEFINITION 2. 4. Let, for a policy 7E11, a stochastic process {R,(s); s�0} be 

defined by 

                 R x(s) r (X" (t) , .47r (t)) G (dt) 

where (7r) :=C7r. 

   This process means the total reward starting at time s and its expectation 

EER,(s)1, called an expected total reward, will be considered in the next section. 

   ASSUMPTION 2. (1) r (4s, a) :=0 for all aEAUIZIAI. (2) There exists a distri-

bution function F., with a parameter xES such that 

                   u(s)F(x, t; ds) =5 u(s+t) Fx(ds) 
                                                        0 for all tER± and uEM(R+). 

   Let X be the set of zero and increasing points of Fx,* *Fxn with x„,ES(0�m<n) 

for each n�0, where * is a convolution. A point t is an increasing point of a distri-

bution F iff F {I} >0 for every open interval I containing t. We designate the set of 

all increasing points of F by Inc {F} . Hence
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 :=UnENUxiES '•" UxnES Inc IF xi* • • *Fx,JU 101 . 

   (3) There exists a function r on R+ which satisfies ; 

                  G (t+ s) =G (s) +r(s)G(t) s, t E X. 

   Note. (a) If F x(x ES) are unit distributions concentrated at 1, then the decision 
process becomes a discrete time parameter case ; the above I and G (t) are 

                            f= {0, 1, 2, —1, 

                                                           Cti-1 

                       G (t) -= (1— a) E ak, tER+ 
                                                                        k=0 

where a :=7 (1) <1. 

   (b) If Fx (x E S) are expotential distributions with a parameter 2(x) , then the 
decision process becomes a continuous time parameter case ; the above I and G (t) 

are 

                            R 

                           G (t) = 1 —Cat, t R+ 

where a := —log r (1) >0. 

   We can derive the following lemmas in a simple manner by using the definitions 
and assumptions. 

   LEMMA 2. 3. For a policy 71-= (f7,), 

   ( a ) R,(S) =C:r (X" (t) , A' (t))G(dt), sER+, 
   ( b ) R,(z-n)=r(Z7nr, f„,(Z7J, • • • , ZD) {G (77,` 4.) —G (77,) 1 +R, (z-',T+i) for n 

   LEMMA 2. 4. ( a ) F x(G) :-= G (t) F x (d t) = 0{1— F x (t)} G (dt) 

                                    ( b )0G (s+t) F x (d t) —G (s) =r (s) F x (G) for sE E 

       r is a nonincreasing function with for r (0) =1, r (s) >0 for 0<s< and 
      tends to 0 as s T 00 in E. 

   ( d) If s, tmX, then s+t E E and r (s+t)=T (s)r (t). 

   (e)1(t)=1—G(t) for teT. 
   ( f ) For each n, E H, random variables z-7,r, ; I for almost everywhere. 

   Associated with Fx in Assumption 2(2), we use the following notations for a 
transition law p and a reward function r : 

   ( i ) • (x, a) :=r (x, a) F x (G) 
   (ii)a(x, dy):=-pa(x ; dy)F x(r) EP(S(S) for aEA 

       F(f)(x., x.; dy) (f) (x x.)Fxn(G) M(Sn+1) 

   (iv) [51 (x0, x.; dy) :=P f(Xo, • • ',xn ; dy) Fxn(r) P (S sn'+') 

for a mapping f : Sn' A, where pa, r pf are defined in the paragraph below 
Definition 2; 3.
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   3. Definition of an optimal policy 

   For a policy 7-c.m 71 in the semi-Markov decision process (S, A, po, p, r, F, G), 

processes X'7:(t), A' (t), R,(t), tER, are defined in section 2, which designate the 
state of the system, the utilizing mapping of the policy and the total reward res-

pectively. In this section we shall consider the expectation of the total reward R,(0) 
which called the expected total reward for the policy r. 

   Let, for ,EH, 

                        I(;:) :=E[R,(0)1, 

                           1* : =sup ,EHI (7) . 

That is, I(n-) is the expected total reward starting at time 0 and 1* is the maximal 
expected reward. 

   DEFINITION 3. 1. An optimal policy and an s-optimal policy are defined as 
follows ; 

   ( i ) a policy 27.*Ell is an optimal policy iff /(a-*)-=/*, 
   (ii) a policy 77* Ell is an s-optimal policy iff I(7*) �1*—s for s>0. 

   This section deals with the existence of an s-optimal and an equivalent version 
of the optimality. The existence of an s-optimal Markov policy and an s-optimal 
stationary policy for any s>0 are argued in section 4 and that of an optimal 
stationary policy is in section 5. In section 6 we shall show the properties of the 
optimal stationary policy. 

   THEOREM 3. 1. For any s>0, there exists an s-optimal policy. 

   PROOF. Since r is bounded and G is a measure on [0, Doi /(7,) 11 for any 
rcEH. Hence I*=sup I(7) < oo . This follows immediately, for any s>0, there is a 

policy n-E17 such that (2-c) �I*—s, that is, an s-optimal policy. 

   In order to state the equivalent version of the optimality, we prepare some 
notations and lemmas of which subsequent sections are in need. 

   For a policy n---=(fn; n�1), set R,,(t), t�0 be the total reward and random 
variables 77„r, a-algebras n, notations 1-(f,,),15fTh are defined for the reward function r 
and the transition law p in section 2. Let define In (7), J,,, such that 

                    In (27):=E[R,(77,) (n , 

                          xn-1):=F(fn,)(Xo,'", xn-1) 

                           0fn.—fifn+k7(fit+k+1)} (x.,x.-1) (n 

Clearly In (7r) is a random variable which is L''„-measurable and has a finite expecta-
tion for each n. Since r is bounded, J„„M(Sn) for all 7C. Moreover let
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                        Jn (X0, • Xn-1) :—SUP 7E1 1.1 n27(X 0, • • , Xn-1), 

               To :=To- {x0ES ; Polx01=P(X'(0)=xo)>01, 

                   T {(x 0, x7,) Sn+1 ; (x0, • • *, xn_1) Tn 1,r, and 

                   pfn(xo, • •-, xn-i; {x.}) >0} for n 1. 

If a policy 27 is Markov or stationary, we write J„ instead of J1,. 

   LEMMA 3. 2. Let v k, be bounded functions with v (Sk+1), k�0. For a policy 

 r= ; n�1), it holds that 

   (a) ED k + (ZO , • ••, Zk9 {G (rrif +1) — G (r7)} -12= (7k) k+1(Z7 Z3f) 

    (b) for k�_n+1, n�0, 

             k + (ro,•, Zk) {G (z-7k,) —G(77/DI I g72=7.(7;2) f n+1 • ••fk-F1(Z 
where V k+1(X, X k)k+1(x0, '•', X k)Fxk(r) 

    PROOF. (a) From the definition of a-algebra g7,f, Z'or,••.,Z7„r, v are g7,-measur-

able. Hence 

             E [Vn+1 (Z70, • •., z;,r) (r7nr+1) —G ern } IZII 

                    =v 7,,(ZO , • • , Z77) {ECG (rn-F1) I -g72—G ern 1. 

The conditional expectation equals 

         EEG (zn41) 1-g772= (t) F (Z z-7„`; dt) = G (t+z-7,) F z7n., (dt) 

by lemma 2.1 and Assumption 1. Using lemma 2. 4 (b) and (f), (a) is proved easily . 
   (b) At first we show that (b) holds for k=n+1. We have 

                 Eli n+ 2 (Z707, • • •, Z71+1) (G (rii71+2) —G (r774 3.) I -Q77411 

                     =r(771+1)n+ 2 (Z70, Zn7+1) 

replacing k with n in the equality (a). Since L'7741DLT, lemma 2. 1 (a), Assumption 2 (2) 

and lemma 2.4 (d) follow that 

              n+2(Z0 , • - , Z;41) {G(Z-7742) —G(r"41)} 

                 =ELT(r71+1)1)n+2 (Z0 ,• •",2.7741)Zi 

                 =1 
sr (OD.,(Z0, • • •,Zn,Y) Pfn+i(Zo, • ••ZInc; d y) F (Zn, 7;2dt) 

                = (z- ,7f) pf n+iDn+2(z0, • •-, z,2) F4, (7) 

                 =r (z-7„) f n+1.1n+2 (Z0, • 

So we have proved (b) for k=n+1. 

   For a general k�n+1, the fact g71,-1D-Of-2D ••• D leads to similar calculations . 
The details are omitted.
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   LEMMA 3. 3.  ( a) J •••, Xn-1) =7(fn)(Xo, Xn-1) 

                            o,n-1, Y)13.1n(Xo, • , xn-1, dy) 

   ( b) I0(70 =J1-(X-(0)), 
       in (7)=7 (77Nn+1,,(X" (0) , X' (77)) (n �_i) 

   (c) 1(7)=1)J,, 

   PROOF. ( a) It is clear because of the definition of J. 

   ( b ) Lemma 2. 3 yields that 

           In (rc) : =ECK', (77t) 

                  E E Cr (z7„ f k+i(z70,• •• , z7,))1G(77+1) —G (7D} I g7,]                                    k =n 

for n�0. If we apply Lemma 3.2 for bounded functions; 

                         V k+I(Xo, "•*, X k) :=r(fk+i)(xo, ••-, X k), 

(a) and (b) imply that 

               E Er (fii+i) (Zo, •-, Z7) {G(77+1) —G(77)} 

                       =1 (7D F(fn+1)(Z0, •", Z7) 

and 
               ED-(fk+i) (Z7, • •., Zk){G(77+1)—G (77)1 I.67,1 

             =r (77D{Trn+i ••• ThF(f k+1)} (ZO, Z7) (k�n+1) 

respectively. Hence 

           In (70 =1 (77,) 7 (fn+i) (z7 0 r, • • • 

               + r (77) E {/3/n+i "' -fifk 7(f k+i) } (Z0, •••, Z77ri). 
                                         k=n+1 

Noting that X"er7k9=Z7kr, k�0, we obtain 

                  (70 =7' (VD J n+i, 7: (X (0), ••-, X' (77)) (n�-0)• 

Particularly, if we set n=0, Io(r) =Ji..(X' (0)) follows from r7=-0 and r (0) =1. For 

(c), observe that I (7r) = E [Rn(0)]=E[EIR7,-. (0) I .6'70`11= E C/0 (z) 1= E (X' (0))1= poL,. 
and so the proof of the lemma is complete. 

   Now we prove that 

   THEOREM 3. 4. The following three statement are equivalent under Assumption 1-2 : 

   (a) 7r* is optimal, 

   (b) J ir,*(X) =.1.1(X) for any xET0, 
    (c) J (X • , X n-i) =.1.(xo, xn_1) for any (x0, xn_1) n>=1. 

   PROOF. (a) (b) : Assume rc*= (f1) to be optimal, but Ji::-*M <JIM for some 
i'ETo, i.e. for some x such that po(i) >0. Then there is some policy 7r/ H for 

which Ji7r, (.)>J17.,*(i). Define a policy rc---= (fm) by



44Masami  YAsu  DA

                                 fin, xi,• , xn-1) if 
      fn(x, •••xn-1)1 

                                     11( (x0, x1, , x7,_1) if 

Obviously 7r= (in) is a policy with 

                       r J ("X')if                    J
i,(Y)= 
                      J i,(Y) if 3 

We get 

                     < •C Po (d y) (7) I* 
which is a contradiction. 

   (b) (c) : The proof goes by induction on n. Statement (c) is true for n=1, 
because this is exactly statement (b). Now we assume 7C*= (fn) to be 

                               [n;-:-. (xo, • X n-i) n(X 0, • X n-i) 

for any (xo, xn-1) E but 

                                   n) <J n+i(=Zo, • •• , 

for some (xo, •••, :Zn) 
It follows that 

                       J (x0, • , n,,, • • • , 

for some policy rci= (f72). Now we construct a policy 7:-= (in) by 

       f k(X0, k--1) := ft (xo, • •• , k_i) for any (xo, •••, x (1�kn), 

                       (-Z3, i'k-1) if (xo, ••• , x = • •• , k-1) 

                      ft (x0, • • •, X k -1) otherwise 
                                               (k�n+1). 

Obviously 7C is a policy with 

                               Jn+,,,(io,--,i'n) if (x0, x7i)=(xo,•••,i'n)              J
n+1,7:(Xo, ••, xn) — 

                                Jn+1,7.- (X 0, • • *, 71) otherwise. 

From lemma 3. 3 (a) we obtain 

                •••,2zn-1) (30, • • •, 

          =F (j. n go, • ;Z" n-i, Y)tTf;,(-,i, • •• , .Z72-1 ; dy) 

         <1(fn) (-0, ••• , n-1, Y)15f,(5Co, ***, dy) 

           J (i • , xn J n (x0, ,Xn-1) 

 which contradicts our assumption that (c) is true for n.
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   (c)  (a)  : The definition of J1(x) yields poji-�PoJi;? for any it. Hence (c) implies 

                       r(z*)=poji,---poJi_poJici=I(=) 

for any Since there is an s-optimal policy, say, TC= (1.0 for any s>0 by Theorem 
3. 1, 

                        I (n-*) I (7r) 

Therefore I(7,*) holds for arbitrary s>0. Thus we obtain /(7*)�/*. The as-

sertion (a) is now immediate because the alternative inequality holds trivially. This 
completes the proof of Theorem 3. 2. 

   4. Policy reduction 

   In this section we are going to show that an 6-optimal Markov policy exists and 
moreover an s-optimal stationary policy exists for any s >0. These results are con-
tained by the following Theorem 5. 6 which states that an optimal stationary policy 
exists, but these are useful to prove the theorem. 

   ASSUMPTION 3. Assume that 

                           :=suP xEs F x (r) <1. 

   This behaves as the so-called discounted factor in the ordinary Markov decision 

process. 

   LEMMA 4. 1. For policies 7-.7' ; n�1) and 7r2 := (f;., ; n>_1) with fk=fk 

(1�k�.N), it holds that 

                       1.1(71) —1(772) I -�2i17-11  i _p  . 

   PROOF. Indeed lemma 3. 3 (c) follows 

                i(7)=p0F(f0+ E Pol3f1 Tfm7(fn+i) 
                                                              n=i 

for any policy 7C= (1.7, ; n�1) and so 

            I (7r1) —I (7c2) 

                =P.T .f113f •-• 13fiNEF-(fiNi-i) ( • ) —F(f2N+1)(• ) 

         + E 
                              n=N+2 

                E Ii5f2 —15f2F(fD1(.)1. 
           n=N+2n-1
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Observe that, for any x, xo, ••-, x„ E S and a policy 7-= f 7i) 

                        Fx(G)5 _ ,sFx (d y) = 1 ,                     

I r (fn) (xo, xn-1) I I I r I I                 

I F(f.)(xo, xn_i) I II r II Fs7, (G) 117-11, 

               Of„-111F111 (xo, ••-, x.-2) (n 2) , 

               N+1 • " f n_ilIF-111 (xo, • • , x N) �. 3n-1-NilrII (n�-N+2). 

Hence we obtain the result ; 

               /(71) --/(72) I {POPfl pf3IT} [2 
nE+1II rIll 

                                                                     = 

                        =211r11 
                                1-13 

   Firstly we improve Theorem 3. 1 by showing that s-optimal Markov policy 
exists in Theorem 4. 4. The assumptions for a transition law p and a reward function 
r are necessary. 

   ASSUMPTION 4. ( 1 ) The function 

                   pu (x, a) :=Lu(y) p(x, a; dy) 
      is upper semi-continuous in aEA for each xES and uEM(S). 

   ( 2 ) The reward function r=r(x, a) is also upper semi-continuous in aEA for 
       each x E S. 

   Let 7r= (in) E H be an arbitrary Markov policy. For a E A, let (a, 7r) := (a, f1, f2, • •-) 
and so (a, n-) E H is Markov. Using the Markov policy (a, n-) let 

               K7,(x, , x ES, aEA. 

Then K. is a function defined on SA with a Markov policy 7r. 

   Since 

               K,(x, a) =77-(x, a) + E {Tabiri•••15.,-„F(f.,)} (x) 
                                                            n=1 

and it converge uniformly by Assumption 3. 

   LEMMA 4. 2. The function K,-(x, .) is upper semi-continuous for each x and a 

Markov policy 7r. 

   The next lemma is a policy improvement by a Markov policy. 

   LEMMA 4. 3. Suppose that a policy 7r= (ft; nl.) itself is not necessary Markov 
but N7r (f.; n�.N+1) is Markov for some N<00. Then we can construct a Markov 

policy 7r* such that I (7*) �_1(7r).
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   PROOF. For a policy  7r= (fn; n�1) which n+17r is Markov, we shall construct a 

policy 7r*=(fn with properties ; 
   ( a ) ne is Markov, 

   ( b ) /(7*),?=/(7)• 

This shows lemma 4. 3. Indeed, repeating this procedure from n=N-1 to 0, finally 
we attain the seeking Markov policy. 

   We now expose the above construction. Let ft_i be a mapping S into A with 

                     K(n+1)7r(Xy ftFi(x)) =max KOz+1)7r (X, a) 

for all yES where (n+1)7r := (fn. fn+2, -.)• The maximum is taken all a 
in the action space A and it exists because of lemma 4. 2. If we set 7r* := (ft, fn, 

f:+1, f:+2, ••) for a given policy 7r (f1,                                      •••, fit, ft-1, f:+2, • •) this policy 7r* satisfies 
the required properties (a) and (b). Because '7r*=n+17r and that ftFi is a mapping 
from S into A and so ne = (fit+1) f:+2) is Markov. (b) is proved since 

             IC(n+1).-(ft-i)(xn):-=K(n+1)r*(xn, (xn)) 

                    =-K(n+i)r(xn, ft-i(xn))>- .,_.-Koz-F1)7r(xn, fn+i(xo, •", xn)) 

                  = :IC(n+1):7(fn+1)(xo, •••, x,) for xo,••., xnES and 

           I (7r*) —I (7r) 

                  =PoPf,••• P f 7,11f(n+1),T*(f :+1) ( • ) —1((n+1),r(fn+1) ( • ) 

   THEOREM 4. 4. For any r>0, there exists an s-optimal Markov policy under 
Assumption 1-4. 

   PROOF. Let 7r= (fm) be an y-optimal policy, that is, 1*�I(70+-2, which exists 

                                                                         6 

                                                                                                                                                                                            • by Theorem 3. 1. Let N represents an integer which satisfies 211r1I1i3 <—2As13<1                       3 

by Assumption 3, it is sufficient to select N so that 132v is small. 

   Define a policy 7-e= (In), using the -optimal policy x and N, as follows : 

for any xo, •••, xn_iES, 

                               fn(xo,xn_i) if                 in(xo,xn-1):={ 
                             gn (x71-1)if n�N+1 

where (gn; n�N-1-1) is an arbitrary sequence of mappings from S into A. 

   Since NF'C= (g n n�N-1-1) is a Markov policy, there is a Markov policy 7r* with 

I (n*) >_I (7r) by lemma 4. 3. Also it holds I (7r) <I(2r) +1. because that lemma 4.1 
follows 

                                   PN  <-6                   I I (7) — I (Fc) I.=.-211r11                                    1-132 •
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Hence /(7) �I(7*)±-2. It now follows immediately 

                         I* <I (::-)(7,7*)+E.                           2 

The proof of Theorem 4. 4 is complete. 

   Secondarily we improve Theorem 4. 4 by showing in Theorem 4. 10 that an 
s-optimal stationary policy exists. Two operators Lf, U are defined for the preparation. 

   DEFINITION 4. 1. Let f ;S—, A be a mapping. For uEM(S), let Lfu be an ele-
ment of M(S) whose value at xES is 

                     Lfu(x):=F(f)(x)+Tfu(x). 

If f(x) equals a for all xES then we write La:=Lf. 

   Let U be an operator on M(S) whose value at xES is 

                          Uu(x) :=max „EALa u(x) 

for u M(S). Note that, for each xES and uEM(S), Lau(x) is upper semi-continu-
ous in aEA and so the operator is well defined. 

   Associated with each mapping f ;S—, A is a corresponding operator Lf, mapping 
M(S) into M (S) L fu is our expected income, as a function of the initial state, if 
we start using decision f but are terminated at the beginning of the second jump 
with a final reward u(x), where x is the state at termination. L73. : =L f (L71-1) has a 
similar interpretation, replacing "second" by "n+1"". The following interpretation of 
U will be justified later. Unu, a function of the initial state, is our optimal expected 
retern over all Markov policies if we start using an optimal policy but are ter-
minated at the beginning of the n+1" jump with a final reward u(x) where x is 
the state at termination. 

   Here are some properties of Lf and U as the following two lemmas. 

   LEMMA 4. 5. Let f be a mapping from S into A. 

   ( a ) Lff„=.11(f,,) for 7rEll (7r may not be Markov) 
   ( b ) Lf(u+c)(x)=Lfu(x)-1-cF,(r) where c is a constant and uEM(S) 

   ( c ) Lf is monotone, that is, if then Lfu-�Lfv 
   ( d ) For any Markov policy 7r= (Li) and uEM(S), 

                        LfnU(X):=Lfi(Lf,(••• (LfnU)))(x) 

      converge to J-(x) uniformly in x as n co. 

   PROOF. We shall prove only (d). If we set un(x):=J(n),(x),f1Lfnum and 

 un < 1—13from (a). Since 

               Lfv (x)—L fw (x) I _Ilv—wIlFx(r) 1311v —14 

for a mapping f : A and v, wEM(S), it now follows as
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 supxILf1••• L fnil(X) —J..(x) I 

                        �sup,Lf, ••• L fThlu—unl (x) 

                    151i-111u—u,211�,in-'{ {110+ 1Ilrll13 
that L11 ••L fnu (x) J- (x) uniformly in x E S. 

   LEMMA 4. 6. (a) U is monotone. 

   ( b ) U(u+c)(x)=Uu(x)-1-cFx(r) where c is constant and ueM(S). 
   (c) Lfu(x)-�Uu(x) for any mapping f : A. 

   ( d ) U is a contraction with modulus 13, that is, 

                                   for u, vEM(S). 

   ( e ) U has a unique fixed point u* in M(S), that is, 

                  Uu*=u* and IlUnu—u*II�13ndu—u*II 

      for any uEM(S), n�1 where tin :=U(Un') iteratively. 

   PROOF. (d) II Uu—Uv =sup„ Uu— Uv I (x) <IIu—vII suPxFx (r) giu—v . (e) M(S) 
is a complete metric space. Hence, from the fixed point theorem of Banach, the con-
traction mapping U has a unique fixed point. 

   A relation between the operator Lf and U is that 

   LEMMA 4. 7. For each uEM(S), there is a mapping f : A such that Lfu=Uu. 

   PROOF. Lau(x) is upper semi-continuous in aEA for each xES. The fact that 
the action space A is compact yields that it attains its maximum. Let f(x) be one of 
the point in A which attains the maximum. Then f is a mapping from S into A and 
satisfies the property. 

   DEFINITION 4. 2. We say that u*EM(S) satisfies the optimality equation (abbrev. 
OE) if it is a fixed point of U, that is, u*(x)=Uu*(x) for each x S. 

   LEMMA 4. 8. If u*EM(S) satisfies the OE, then there is a stationary policy f-
such that Jf-(x)---,--u*(x) for each xES. Hence I(P)=pou*. 

   PROOF. Indeed lemma 4. 7 follows that there is a mapping f : S A which 
satisfies Lfu*(x)=Uu*(x) for each x S. The fact that L.5.u*-=u* and 1471* as 
n -, co by lemma 4. 5 (d), implies Jf-=-0. The later equality is immediate because 

'Cr') Pof 

   LEMMA 4. 9. If u*EM(S) satisfies the OE, then, for any Markov policy 7r, 

   ( a ) u*(x)>__J,;(x), xES, 
   ( b ) poo�i(7). 

   PROOF. (a) Let 7c= (fn) be any Markov policy. For each element fa of 7r, 
L fnu* (x) �Uu* (x) =u* (x) , xES  by lemma 4. 6 (c) and so Lf1L fnu* (x) �u* (x) , 
xES. Letting n----, 00 we obtain the assertion (a). (b) is clear if we integrate the both 
side of (a) by the distribution po. 

   Now we state the following theorem but will be improved in Theorem 5. 6.
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   THEOREM 4. 10. For any s>0, there exists an s-optimal stationary policy under 
Assumption 1-4. 

   PROOF. Since there is  u* satisfying the OE, we have from lemma 4. 8 and 4. 9 
that there exists an stationary policy f- with I(f-)==pou*�I(7-c) for any Markov 

Let TC* be the s-optimal Markov policy in Theorem 4. 4. Then 

                      I (P) I (7r*) >I* —E. 

This completes the proof.

   5. Optimality equation and optimal stationary policy 

   We shall state the existance of an optimal stationary policy and the relation 
between the optimality equation and the optimal reward in Theorem 5. 6 and 5. 7. 

   LEMMA 5. 1. Let s>0 and uEM(S). 

   ( a ) If Lfu(x)—s�u(x), xES for some mapping f, then 

         Jr(x)1 —13�u(x),xES and so I(f-)1—13�Pou 

                                               ( b ) If Lfu(x)-Fs�u(x), xES for some mapping f, then 

         Jf-(x)d-1 —13�u(x),xES and so I(f-)± -�-pou                                 1p 

   ( c) If Lau(x)—s<u(x), xES for all aEA, then 

  J,(x)1 —1-13  �u(x), xES for any Markov and so I(7r)— Poit. 

                                                           ( d) If Lau(x)-1-s�u(x), xES for all aEA. then 

         J,(x)-1-1 —13?u (x),xES for any Markov and so I(71P�-)+ Pou. 

   PROOF. Only (c) is proved and others are omitted. Let 7r= (f.) be an arbitraly 
Markov policy. The condition yields that Lf nu(x)—s�u(x), xES for all n. By induc-
tion on n we obtain L11••• Lfnu(x)�u(x) +6 (1+P+ ••• H-P'). Letting n co and 
the integration of both side by Po completes the proof. 

   The following lemma is useful as the policy improvement. 

   LEMMA 5. 2. If Lfjz,�17r on To for some policy v, then Jr�- .1-7, on To and so 
I(r) 

   LEMMA 5. 3. If a Markov policy 7U* satisfies L„,J,.�1,-. for all aEA, that is, 
1.1J,-�J,., then Je�17, for any Markov 7r. 

   PROOF. It is clear from lemm 5. 1 (c) with letting u(x),J,(x), xES and s:=0. 

   LEMMA 5. 4. A function uEM(S) satisfies Lfu(x)=u(x), xES for a mapping 

f : A iff u(x)=Jr(x) with f- :
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    PROOF. If Lfu(x)-=u(x), x ES then Lfu(x)—u(x) �s, xES for any s>0. 

Lemma 5. I (a), (b) imply that (X) —71(4 I �1 -13E S for any s> O. Letting                          — ' 

s 0, it must be that Jr(x)=u(x), xES. The converse is immediate because 

u (x) =jr ( X) =Lil' (X) = Lfu (x) . 

   LEMMA 5. 5. If u*(x), xES satisfies the OE, then I*=pou*, that is pou* equals 

the maximum expected reward. 

   PROOF. 1) First we show pou*�/*. Theorem 4. 4 implies that for any s>0, 

there is an Markov policy 77* with I (e) I* —s. Since u* satisfies the OE and 7r* is 

Markov, it follows pou*�/(7:*) by lemma 4. 9 (b). Therefore pou*_�P—s. Letting 

s 0, we obtain pou*�/*. 

   2) By lemma 4. 8, there is a stationary policy f- such that I(f-)=pou*. It is 

immediate that pou* <I* because 

                      Po u*.suPf /(f sup,/(7) =/*, 

where the supremum of f is taken over those mapping f : S A and that of 7r is 
over all policies. 

   Combining 1) and 2) completes the proof. 

   Now we assert our main results. The first is the existence of an optimal stationary 

policy and the second is the relation between the OE and the optimal reward. 

   THEOREM 5. 6. There exists an optimal stationary policy under Assumption 1-4. 

   PROOF. Let u*(x), xES be the solution of the OE. Since there is a stationary 

policy f such that 1(7) =pou* by lemma 4. 8 and pou* is the maximum expected 
reward by lemma 5. 5, consequently /(7) =/*. This is nothing but to say that 7 is 

the optimal stationary policy. Hence the theorem is proved. 

   THEOREM 5. 7. ( a ) If Jie(x), xES with some policy 7E* satisfies the OE, then 

      the policy 7C* is optimal. 

   ( b ) Conversely if 7E* is the optimal policy and if To=S, then J17,*(x), xES satis-

      fies the OE. 

   PROOF. (a) is immediate consequence of lemma 5.5. (b) Let u*(x), xES be the 

solution of the OE. There is a stationary policy 7 such that u*:=Jf- by lemma 4. 8 

and the proof of Theorem 5. 6 implies that the stationary policy 7 is optimal. Hence 

Jf~ (X) -=.1-1(X) and so u*(x)=1„.(x) for xES. This completes the proof.

   6. Properties of optimal stationary policy 

   Suppose the following Assumption 5 holds with Assumption 1-4. Then the 

optimal stationary policy in section 5 has the properties stated in Theorem 6. 2. 

Specially the implication (a) of Theorem 6. 2 represents the principle of optimality in 

the semi-Markov decision process.
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   ASSUMPTION 5. For the distribution function  Fx,  x S, there are a subset Ex of 
I and a right continuous function O., such that 

   ( i ) F x(s+t) =g5x(t) Fx(s) F x , s, tE Ix/ 
   (ii) for each t�0, Cbx(t)=0x(to), xES where to : =inf {sE Ex ; t<s}. 

   Under Assumption 5 the next lemma holds, which is the basic recursive relation. 

   LEMMA 6. 1. If a policy 7 is stationary, then 

                E[R,.-(t) I gitri=r (t)J (X7) for t E R +. 

   PROOF. If A E 97, then for each n there is a set /LE _Q77 such that 

                   A n <,-77±1} = It<77,+11 

Therefore it is sufficient to calculate 

                          (t) ; An 11 < 

in place of E[R,(t) ; All. 

   First we show three assertions ; 

   ( a) E [1 ; r77+1> t I L'7,1=C'sF Z (ds) =04(t—TDy 
                                           t-7.;; 

  ( b ) E[ri r (X' (s), (s))G(d x) ; Ann ft<1-',,1] 

           E[r (Z;,r,(Z7,))(t)G(s+z-17,r—t) F4,(ds) ; An], An E 
                                                         t-7777.f 

  ( c ) ELC1+' r (X7: (s), (s)) G (d s) ; An n < 

                k 

           E[r (z-inr)4                     r(s)F(ds) {P.f.i3fn+i -••fk F(f k)} (ZT) ;An] 

for k�n±1, where a policy 7t= (fn) is stationary with fn=f for all n. 

   Indeed (a) is from Assumption 5 (ii). (b) follows according to the calculation ; 

       E [Ctikr+1r(s),(s)) G (d; An11{t < 
           E Er (Z7,, f (ZD) {G (7,+1) —G (t) 1 ; An n 

         = E[rfn(Z7,))C°F(d; An] 
                                                                t-177, 

            — G (t) E[r (Z7,, fn(Z7,))CG(s+z-7,—t) F Z7nt(d s) ; Ad. 
                                                                       t-71nt



Semi-Markov Decision Processes with Countable State Space53

   For (c), noting 
 n  It  <,7nr+,} 

lemma 3. 2 (b) and lemma 2. 1 (a) implythat 

       E Er (zi,+i) {15f7„, •••/5f,_,F-(f(z+i);A.n ft < 

         = E[r (zif+,) 5- 7, r (s) Fzinr(ds) IP .05f., •-• 15fk-1F(f (zD ; Ad. 
   It is now immediate because of the definition Jr and above (a), (b) and (c) that 

       EER,(t) ; ntt<T7nv+1ll 

           = EL?, (t) — z-7,) r (Z7nr, f 7,(Z7T)) 

            +r (t) ¢z7,(t—z;,) k 1 {p fn• 13fk-IF(f k)}(Zn); A n] 

            r (t) Erc z;it(t— z-a2,-(Z. 9) ; An] 

          =-- r EC J (XF) ; A 7, n ft<7;,+ill • 

This proves the lemma. 

   THEOREM 6. 2. Let 7C* be the optimal stationary policy obtained in section 5. 
Then we have 

   ( a ) for any stationary rrE II and t�0, 

             P (E [I? (t) I g7tr*] ER (t) I 9711 X7tr* = = 1. 

   ( b ) If Xitr* , XT have the same distribution and T S, then for any stationary 

      policy 7C and t�0, 

                      EER,.(01a:EIR:r(t)1• 

   PROOF. Both of (a) and (b) are proved by applying lemma 6. 1 and the results 
of Thorem 3. 4 (a), (b).
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