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1. Introduction

In 1943 Dodge [2] published a sampling inspection plan for a continuous production
line in which the fraction defective is unknown. Liberman and Solmon [5] and Derman,
Littauer and Solmon [1] published the Multi-Level Plan, namely MLP, allowing for
any number of sampling levels, and discussed the three types of MLP; MLP-rx1
Plan, MLP-rxs Plan and MLP-T Plan, and computed the average outgoing quality,
AOQ, and the average outgoing quality limit, AOQL, and tried to obtain the optimal
sampling inspection plan. White [7] presented Markovian Decision Models for deter-
mining the AOQL of Dodge-type continuous sampling inspection plans.

In this paper, we introduce the inspection cost ¢ (>0), the penalty cost d (>0)
and the reward » (>0) which is obtained when finding a defective by the inspection
of the item and we give the stochastic game model by which we can determine the
optimal continuous inspection plan both in the statistical control and in the non-
statistical control.

2. Stochastic game model

In this section, we formulate a stochastic game model, which is investigated in
section 3 and used in section 4 for the determination of the optimal continuous
inspection plan. [1,2,---, N] is a state space, the set of state of a system and for
each state i, A; is the set of actions available to Player 1 (decision maker) at
state i.
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We set

S.VZ[P:(Ibl» Dz ey D)/ ;t:lpi:l: PiZO]-

For any state ¢ and any action a=A,;, S¢ is a subset of Sy, the set of actions avail-
able to Player 2 (state of nature) when the state of a system is ¢ and Player 1 takes
the action a=A;. For each state i, r;, the reward function at state ¢, is a bounded
continuous function on
U U (g).
ac4; peSY
The stochastic game is played in a sequence of steps: at each step the play is
said to be in some state i, Player 1 chooses an action a from A; and then Player 2
chooses an action p from S? after knowing that Player 1 has chosen the action a. As
a consequence of the actions chosen by the Players, two things happen: Player 2 pays
Player 1 r;(a, ) units of money, and the system moves to a new state j according
to the distribution p={(p,, p,, --*, p»), the action chosen by Player 2.
Then, the whole process is repeated from the new state ;. We henceforth assume
that for any state i and any action a= A;, A; is a finite set and S¢ is a compact set.
A pure strategy of Player 1 for such a process is defined by a set of functions

I:Ft];ozo; Ft(XO; AO’ 2‘0) ) X!) EAXt for t:OJ 1: ot

where X, is the state occurring at step ¢, 4, is the action chosen by Player 1 and 2,
is the action chosen by Player 2 at step f. A strategy [ F,] 2, is said to be stationary
if there is a map F such that F(i) € A; for all state i and

FL(XO,' AO: 207 Ty Xt):F(Xt) EAXt for all t:07 1} 2’ s

and in this case, [F,] is denoted by F. A pure strategy of Player 2 is defined by a
set of functions

[Ff]?lo, F;(XOJ AO» ZO} Ty Xt: At) ES%% for t:(), 1; 2} T

where X,, 4, and 2, are defined as before. A strategy [F;] is said to be stationary
if there is a map F’ such that F’(i, a;) €S% for all state i and all g;€ A; and

F;(XO; AO) 20; Ty At} Xt) :F, (Xt) At) €S§§ fOr t:Or 1; 2; e

and, in this case, [F;] is denoted by F’. The set of all behavior strategies of Player
1 is denoted by C and that of Player 2 is denoted by C’.

A pair ([F.],[F{]) of strategies for Players 1 and 2 associates with each initial
state 7 an t-th step expected reward E;(R;) for Player 1 and the payoff for Player 1,

1
T+1

g (LR, P =lim inf- 35 Fu(Ry).

The payoff is therefore the average reward per step.
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If
g([F, ], TFD) g (CF1, LFD) =g ((FA, TFD)
for all [F,]€C, all [F{]=C’ and all state i, then the strategy [ﬁt] is optimal for
Player 1 and the strategy [ﬁ{] is optimal for Player 2. In this case, we shall say
that the stochastic game has a value, G([ﬁtj, [ﬁ .

3. The solution of stochastic game
In this section, we discuss the stochastic game defined in section 2. For two row
vectors, x=(xy, %, =, Xn), ¥={(¥1, ¥, **, ¥»), the inner product of x and y is denoted
N
by (x,%); (x,9)= > xy;. A method due to Howard [4] will be used to prove the
i=1

following.
LEMMA 1. For each state i, there exists some a;EA; satisfying the conditions that
there are two row vectors, h="(hy, hs, =, hn), y=(¥1, ¥, ***, Yn), Such that

(1) (p, W)=h; for all peS¥ and all i and,
(2) ri(as, p)+(p, ¥) Zhi+y: for all i and all psSti,

then, if we define the stationary strategy F* of Player 1 by setting F*(i)=a; for all 1,
it holds that
gi(F*, [F.D)=h; for all [F{1eC' and all 1.

PrOOF. Let [F/] be any strategy in C’ and let p¥ denote the #-th step action
chosen by [F/]. The expectation E(+) is made for the stochastic process obtained by
the use of the pair (F* [F/]).

We prove the following assertion at first.
(A) E(hy,/Xo=1)=h; for all state i

We will prove (A) by induction. Assume that (A) is true for ¢={—1. From (1)
and the assumption of induction,

E(hg,/Xo=1)=E(E((pEy, h) [/ Xs-1, Xo=1))
ZE(hy,1/ Xo=1)
=h;.
From (2), we have, at the t-th step,
7, (F*(X0), p¥) + (05 y) Zhe +yx,-

By taking the expectation and summing up,
T T
2 E(rx, (F*(X0), p)/ Xo=1) + 2 E((pF, y)/Xo=1)
T . T .
= 3 E(hx/ Xo=i+ 3 E(vx/ Xo=0).

Since E((pits, ¥)/Xo=1) =E(yx¢\,/Xo=1),
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we get, from (A),
T .
tE()E(YXt(F*(X:), PO/ Xoe=1) +E(yxp,,/ Xe=1) Z(T+1) hy+ ;.

Therefore,

hm 1nf T—H LZ_] E(ry, (F*(X,), p¥)/Xo=i)=h; for all state i Q.E.D.

We shall investigate the following mathematical programming problem in order
to solve the stochastic game.

PROBLEM 1:
Maximize min LAy, As, -+, Ay
subject to the conditions of Lemma 1.
By setting H=min[hy, h,, -**, hy], it is easy to show that Problem 1 is equivalent to
the following Problem 2.
PROBLEM 2:
Maximize H
subject to that, for each state i, there exists some a;€A;
satisfying the conditions that there is a row vector
y=(y1, ¥ -, yy) such that

(3) ri(a;, p)+(p, y)=H+y; for all i and all p=S¢:.
We henceforth assume the following irreducibility property: For any stationary
b
strategy pair (F, F’) of Players 1 and 2, stochastic matrix P(F, F’):[ 51] is ir-
bw

reducible; ie for any : and j, the probability that state ; will be reached from the
initial state 7 in some 7 steps is positive, where p;=F’'(i, F(:)) for all i. On this
assumption, for any stationary F, F’, the payoff g;(F, F’) is independent of 7 and is
given by

57575 (PG, F G FG)),

where (zy, 7wy, -+, Ty) i the unique positive vector of stationary probabilities. Assum-
ing the irreducibility property, we can put Lemma 1 in the following Lemma 2.

LEMMA 2. If there exists a stationary strategy F of Player 1 satisfying the con-
ditions that there are a constant H and a row vector y={(yy, s, ---, ¥x) Such that

(4) min [r;(F@), p)+(p, )I=H+y: for all i,
FGS
then,
H= inf G(F LFD)  with strict inequality if (4) is with strict inequality for some
trjec’

i, where G(F, [F{])=min g(F, [F{]).
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The inequality (3) in Problem 2 is changed to equality by proving the following
Lemma 3.

LEMMA 3. If the conditions of Lemma 2 is satisfied, there exist a constant H and
a row vector ¥=(3,, ¥,, --+, ¥5) such that

(5) min [r(F@), p)+(p, 5)I=H+5, for all i and,
pesf@
(6) H=H with strict inequality if (4) is with strict inequality for some 1.
ProOF. We set
inf G(F, F)=G(F, F")=H.
Fec
Fr. stationary

Then, from Lemma 2, we have H=<H, where the strict inequality holds when (4) is
with strict inequality for some 1.

Setting p¥=F"(i, F(i)) €SF®, by Howard [6], there exists a vector j= (7, 7, -
¥x) such that

’

r(F(1), p) +(p¥, 5)=H+7; for all i.
If, for each state i, there exists p,=SF® such that
(7) ri(F@), po)+(ps, ) <H+F, for all i

and (7) is with strict inequality for some i, by the same discussion as Lemma 2,
we get

G(F, F'")<H, where F'’ is any stationary strategy satisfying F'’ (i, F(i))=p;.
This is the contradiction. Therefore,

min [r;(F(), p)+(p, »1=H+5, for all i. Q.E.D.
pesf®

The following Lemma is a version of Theorem 4 of Hoffman and Karp [3] and
necessary to prove the theorem.
LeMMA 4. If both (H,y) and (H, %) satisfy the following equations
(8) max min [7;(a;, p)+(p, y)I=H+y; for all i,
ai€dy PeSt

there, H=H and there is a constant C such that v;—5,=C for all i.

ProoF. For each 7, choose af and p¥ such that

max min [»;(a;, p)+(p, D)1= min [r;(a¥, p)+(p, ¥)]
pesi

a;€4; pesH
and
min [7,(af, p) +(p, ¥)I=ri(af, p¥) +(p}, 7).

pesti
Then, we have
ri(a¥, p¥)+(p¥, y)=H+y;

ri(a¥, ;Di") + (Pi*, » §H+y-i-
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Therefore,
H—H+(3i—y) = (p¥, 5—y) for all i.

If H—H is negative, (F;—y;)>(p¥, §—») for all i. This means that each component
of the vector '

F—y=Fi—yy, " Fv—I5)
exceeds a convex combination of components. Since this is impossible, H—H=0.

We can establish similarly that H—H=0. Therefore, H=H, and setting H—H
equal to zero, we have

(9) J—yzP(i—y),
where
¥
P=| |

By the irreducibility assumption, P is an irreducible Markov matrix, so that the only
solution to (9) are those in which all component of y—y are equal. Q.E.D.
The above lemma will now be used to prove Theorem.

THEOREM : Let the irreducibility assumption be satisfied.

(a) (H, ) is an optimal solution of Problem 2 if and only if (H,») is a solution
of the equations (8),

(b) and then, H is a game value and a stationary strategy pair (K Fn attaining
the left side of (8) is an optimal strategy pair of Players 1 and 2.

Proor. For (a), let (H, y) be an optimal solution of Problem 2. If, for each i,
there exists ;< A; such that
min [7;(a;, p)+(p, y)I1=H+y; for all ¢
pesti

and with strict inequality for some i, from Lemma 3, there exist a constant Z and a
row vector ¥ such that A>H and

min [r;(a;, p)+(p, y)I=H+F, for all i.

Pesd

This is the contradiction. The converse is obvious from Lemma 4.

For (b), setting p(J, a;)=F'(, a;), from the definition,

ri(ay, p(i, a))+(p(i, a), ) SH+y; for all a;,€A; and all i.
By the same discussion as Lemma 1, we can show that
2:([FJ, F)Y<H for all [F,]=C.
On the other hand, we can show by the similar way that
g (B [F)=H for all [FleC’ and all 5.

Thus, H is a game value and (F, F’) is an optimal pair of Player 1 and 2. Q.E.D.
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4. Optimal continuous sampling inspection plan (n, f, N)

In this section, we consider an optimal continuous sampling inspection plan. We
assume the items are classified, after measurement, as “defective” or “non-defective”.
The two most common methods of partial inspection are block sampling and pro-
bability sampling.

Block sampling at rate A is that one item is chosen at random for inspection
from consecutive blocks of length A, and Probability sampling at rate A is that suc-
cessive items are inspected with probability A. For any given (n, f, N), where n and
N are positive integers and 0< f <1, the levels are as follows:

level (0) Inspect 1002 of the out-put

level (1) Inspect by block sampling at rate (]1;) or by probability sampling at
: rate f

level (k) Inspect by block sampling at rate (jz)k or by probability sampling at
: rate (f)*

level (N) Inspect by block sampling at rate (;;)N or by probability sampling at
rate (f)¥

The MLP-rX1 Plan published by Derman, Littauer and Solmon [1] is as follows:
We say we are in level (j). If n successively inspected items are found clear of
defects, begin sampling at the level (j+1). On the other hand, if a defective item is
found before this is accomplished, revert immediately to the level (j—r), if j>r, or
to the level (0), this is, one hundred percent inspection if j=r. If a non-defective is
found in level (N), we remain in level (N). Let us obtain an optimal sampling in-
spection plan. We set the state space =[E,, Eo, ***, Eo,n-1, E1,0, =, Exo] where E;, is
the state that k2 non-defectives have been observed successively in the level (I).

Ar,,,» the set of actions available to Player 1 (decision maker] in state E;n, is
Laym, 0=l'<,0=m'En—1 or I'=1,0=m’' <m]],

where a;, is the action that we immediately revert to state FE,, when a defective
is found and go to state E;, ,,; when a non-defective is found.

The inspection cost is ¢(¢>0), the penalty cost d(d>0), and the reward is »(r>0)
which is obtained when finding a defective by the inspection of the item.

(I) UNCONTROLABLE CASE. If the manifacturing process is not statistically
controlled so that the probability of producing a defective unit may vary from step
to step, Sfm, the set of actions available to Player 2 (state of nature) when Player

1 choose the action a;m €Az, is
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Epm B m+1
Vv vV
Ep:(o: ) 0) p) 0: ) O; 1"‘17; 07 ) 0)/O§p§l] and
Epme Eno

\4 \Y%
S gm ':[p:(oy Ty 0’ p; O) T 0; 1“17)/0§p§1];

Eng

where E;,=E.,,,. If, for any k, the partial observation in level (k) is block sampling
at rate (jlz) ¥ the reward function is

(10) Y (Qum, P)=p(f'=1)d+p-fl-r—(—p)cft.

If the partial observation in level (k) is probability sampling at rate (f)* the

reward function is

(11) 7B (Qvm, P)=F L0 r—(1—p)-c]+(1—/") pd.
We shall consider the optimal inspection plan in the case of block sampling. The
methods in the case of probability sampling is similar to those in the case of block
sampling. By Theorem in section 3, it is sufficient to solve the equation (8) to obtain

the optimal inspection plan. Since the reward function is linear of p, the equation (8)
is the following :

12 minlygpma—cr’ [max (ew)]V [max 1420 I=H+3in

0sm' sn—1

for [=0, .-, N—1 m=0,--,n—1

min[yyo—cf", {Pﬁ?((yz'm') +2(N)I=H+ywo

where aVb=max[a, b] and A()=(f'—1)d-+rf’. It is easy to prove the following
two propositions.

ProprosSITION 1. In equation (12), if

Yoo=0, yl,m+1—cfl:H+ylm

for I<L,m=0, -, n—1 and for [=L, m=0,

then
yL,m+1—CfL:H+J’L,m for m=1,2, -, n—1.

PROPOSITION 2. For any [/ and m,

[max (yum)]V[max yym]=[max (yr0)]V yin.
Ooéﬁrrlﬂséln——ll 0sm'sm osl'sl

From the above propositions, the solution of (12), setting y,=0, is the follows:
We set v(l,[—k)=c(f*+ -« + 1), and set

2D —nv(l, I—k)
gile, 7, d)—-————(l__k)n_H ,
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if

—LU—R)n+1T-c- f*¥ +n-c-v(l, I—k)=2()

<—[(—B)n+1]-c- fr+n-c-v(l, I—k)

=-4oo otherwise

for
k=1, -, -1, [=1,:+, N—1.
Set
gu,0(c, 1, dh%ﬁ,
if
ADN=—[l-n+1]-c+nv(l, )

=-co, otherwise
for

1=0,1, ---, N,
and set

gi,i(c, 7, d)=2(D),
if
A >—c- fi?

=-Foco, otherwise

for
1=0,1,-+, N—1,
and
gyv=—cf",
if
A(N)>—c-f¥

=-o0, otherwise,

We set

Gi(c,r,d)=max[g;,:(c, 7, d)]
0sk=sl

Then, the value of the stochastic

=g,5(c, 7, d).

game is

Gle,r, d)=min[G,(c, 7, d)IN g

where

aAb=min [aq, b].

And the optimal stationary strategy F* of Player 1 is the following

state

"'EZO; "'Elm, "'El+1,o,

F*

“ee s * coe
ot ak;ﬂ; akﬂn) akl+1y0)

17
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where
Qiym if G(e,r,d)>—cf!

Qg0 it Glc,r,d)=—cf?

aklm:
NUMERICAL EXAMPLE. n=2, f=0.5, N=6.

Example 1. d=2, r=1.5 c¢=1.
Optimal strategy of Player 1 is given by the following transition diagram.

©\ ] /®

®

@

I

In this diagram ({)—(7) shows we revert immediately to the level (@ when a
defective is found in the level @, and value of game is —0.708

@

Example 2. d=10, r=1.5, c¢=1.
Optimal strategy of Player 1 is given by the following transition diagram.

"~
1™

In this example, the MLP-T plan is optimal and value of game is —2.083.

@

Example 3. d=1.5, r=15, c¢=1.
Optimal strategy of Player 1 is given by the following diagram.

56 ¥ 5

The value of game is —0.279.

(I) CONTROLABLE CASE.

If the manufacturing process is statistically controlled so that the probability of
producing a defective unit is constant and equal to p, where the true value of p is
unknown, we set
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Ep El,m+1

% Y%
(13) Sgpm =[0,, ,0---0,1—=p,0--0)],

the set consisting of one element. We can get the game value, G(c¢,7,d), in a same
way as the uncontrolable case. Since G(c, r, d) is a function of p, we write G(c,r, d)
=G(c, 1, d, p).

Let

Gle,r, d, p*)zomian(c, r,d, p).
<ps

Then, G(c,r,d, p*) is the stochastic game value in the controlable case and optimal
stationary strategy of Player 1 is obtained in the same way as the uncontrolable
case by setting p=p* in (13).

[1]
£2]
[3]

[4]
£5]

L6l
£7]

References

DErMAN, C., LITTAUER, S. and SoLoMmoN, H., Tightened-Multi-level continuous sampling
plans. Ann. Math. Statist. 28 (1957), 395-404.

DobGE, H.F., A sampling Inspection plan for continuous production. Ann. Math. Statist.
14 (1943), 264-279.

HorrMmaN, A.J. and Karp, R.M., On non-terminating stochastic games. Magi. Sci. 12,
no 5 (1966).

HowaRrpD, R., Dynamic Programming and Markov Processes. Wiley, New York, (1960).
LiBERMAN, G.J. and SoLomoN, H., Multi-level continuous sampling plans. Ann. Math.
Statist. 26 (1955), 686-704.

SaTia, J.K. and Love, R.E., Markovian Decision Processes with uncertain transition
probabilities. Oper. Research. 21 (1973), 728-740.

WHITE, L.S., Markovian Decision Models for evaluation of a large doss of continuous
sampling inspection plans. Ann. Math. Statist. (1966), 1408-1420.



