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   1. Introduction 

   In 1943 Dodge  [2] published a sampling inspection plan for a continuous production 

line in which the fraction defective is unknown. Liberman and Solmon [5] and Derman, 

Littauer and Solmon [1] published the Multi-Level Plan, namely MLP, allowing for 

any number of sampling levels, and discussed the three types of MLP ; MLP-r X 1 

Plan, MLP-r x s Plan and MLP-T Plan, and computed the average outgoing quality, 
AOQ, and the average outgoing quality limit, AOQL, and tried to obtain the optimal 

sampling inspection plan. White [7] presented Markovian Decision Models for deter-
mining the AOQL of Dodge-type continuous sampling inspection plans. 

   In this paper, we introduce the inspection cost c (> 0), the penalty cost d (> 0) 

and the reward r (>0) which is obtained when finding a defective by the inspection 

of the item and we give the stochastic game model by which we can determine the 

optimal continuous inspection plan both in the statistical control and in the non-

statistical control.

   2. Stochastic game model 

   In this section, we formulate a stochastic game model, which is investigated in 

section 3 and used in section 4 for the determination of the optimal continuous 
inspection plan. [1, 2, • • •, N] is a state space, the set of state of a system and for 

each state i, Ai is the set of actions available to Player 1 (decision maker) at 

state i.
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   We set 

               s,=[p=(Pi, p2, PN)/ E p,=1, pi�o]. 

For any state i and any action aE Ai, Sa is a subset of SN, the set of actions avail-
able to Player 2 (state of nature) when the state of a system is i and Player 1 takes 

the action aE Ai. For each state i, ri, the reward function at state i, is a bounded 

continuous function on 

                        U U (a, p). 
                                      aEAi pESt 

   The stochastic game is played in a sequence of steps : at each step the play is 

said to be in some state i, Player 1 chooses an action a from Ai and then Player 2 

chooses an action p from Scl' after knowing that Player 1 has chosen the action a. As 

a consequence of the actions chosen by the Players, two things happen : Player 2 pays 
Player 1 ri (a, p) units of money, and the system moves to a new state j according 

to the distribution p=( bh                  —p2, '•.,PN), the action chosen by Player 2. 

   Then, the whole process is repeated from the new state j. We henceforth assume 

that for any state i and any action aE Ai, Al is a finite set and Sct is a compact set. 

A pure strategy of Player 1 for such a process is defined by a set of functions 

                Ytir=0, Ft(X0, Jo, fo, •••, Xt) E Axt for t=----0,1,••• 

where Xt is the state occurring at step t, jt is the action chosen by Player 1 and 27, 

is the action chosen by Player 2 at step t. A strategy [Ft]r=o is said to be stationary 

if there is a map F such that F(i) E Ai for all state i and 

           Ft(X0, 4o, fo, Xt)=F(Xt) E Axt for all t=0, 1, 2, ; 

and in this case, [Ft] is denoted by F. A pure strategy of Player 2 is defined by a 

set of functions 

                  F;(Xo, fo, Xt, Jt) ES"y1 for t=0, 1, 2, -- 

where Xt, jt and It are defined as before. A strategy [F2 is said to be stationary 
if there is a map F' such that F' (i, ai) ES`ti for all state i and all aiEA.i and 

           Ft(X0, Jo, fOy • • 'y4t, Xt)=F'' Jt) for t=0, 1, 2, ••• ; 

and, in this case, [F2 is denoted by F'. The set of all behavior strategies of Player 

1 is denoted by C and that of Player 2 is denoted by C'. 

   A pair ([Fe], [F2) of strategies for Players 1 and 2 associates with each initial 

state i an t-th step expected reward Ei(Rt) for Player 1 and the payoff for Player 1, 

                         1 T 
                gi([F t], CF2) =lim inf 7+1 t=0                                      EEi(Rt)-                                                T-- 

The payoff is therefore the average reward per step.
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  If 

 gi(1Ftl, CP2) [P2) CF2) 

for all [Ft] EC, all [Ft] EC' and all state i, then the strategy [Pt] is optimal for 
Player 1 and the strategy [P;1 is optimal for Player 2. In this case, we shall say 
that the stochastic game has a value, G(EPti,EP2)•

   3. The solution of stochastic game 

   In this section, we discuss the stochastic game defined in section 2. For two row 

vectors, x= (x1, x2, • , xN) (Y11 Y2y • • •Y YN) the inner product of x and y is denoted 

by (x, y) ; (x, y) = xiyi. A method due to Howard [4] will be used to prove the 
                                  2=1 

following. 

   LEMMA 1. For each state i, there exists some aiEAi satisfying the conditions that 
there are two row vectors, h= (h1, h2, •••, hN), y= (Yly Y2, •••Y YN), such that 

 (1)(p, for all pEsc,ti and all i and, 

 ( 2 )ri (ai, p) + (p, y)�_hid-yi for all i and all pES.cl'i , 

then, if we define the stationary strategy F* of Player 1 by setting F*(i)=ai for all i, 
it holds that 

             gi(F*,[FD�hi for all EF2EC' and all i. 

   PROOF. Let [Ft] be any strategy in C' and let pt denote the t-th step action 
chosen by [Fa The expectation E(•) is made for the stochastic process obtained by 
the use of the pair (F*, 1F2)• 

   We prove the following assertion at first. 

 (A)E(hx,IXo=i)�hi for all state i. 

   We will prove (A) by induction. Assume that (A) is true for t=t-1. From (1) 
and the assumption of induction, 

                E(hxil Xo=i)=E(E((0-1, h)IXt-i, Xo=i)) 

                            �E(hx, _11X0=i) 

From (2), we have, at the t-th step, 

                  r x t(F* (X t), Pt) + (PP, y)ahxt+yxt• 

By taking the expectation and summing up, 

            E E(rxt(F*(Xt), E E((PP, .Y)/Xo=i) 
   t=ot=o 

                EE(hx,/x0=i)+EE(YXo=i).        Et=0 

Since E((l)t+i, Y)1X0=i)=E(Yxt+i/X0=i),
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we get, from (A), 

        E E(rx,(F*(Xt), Yt) I X0=--i)+E(YxT+,1X0=i)                                         �(T+1)hi+yi.        E=0 

Therefore, 

             1  T       li
m infE E(rx,(F*(Xt),14)1X0=-0�hi for all state i Q. E. D. 

                        

, ,      T 1t =0 

   We shall investigate the following mathematical programming problem in order 

to solve the stochastic game. 

   PROBLEM 1: 

     Maximize min [121, h2, 

    subject to the conditions of Lemma 1. 

By setting H=min [h1, h2, •••, hA, it is easy to show that Problem 1 is equivalent to 

the following Problem 2. 

   PROBLEM 2: 

    Maximize H 

     subject to that, for each state i, there exists some a1EA1 

    satisfying the conditions that there is a row vector 

      y= (Y1, Y2, •••, Y N) such that 

 (3) ri(ai, p)+(p, y)_Hd-yi for all i and all p,Scti 

   We henceforth assume the following irreducibility property : For any stationary 

                                                          pl strategy pair (F, F') of Players 1 and 2, stochastic matrix P(F, F')=[is ir- 
                                                                PN 

reducible ; ie for any i and j, the probability that state j will be reached from the 

initial state i in some n steps is positive, where (i, F(i)) for all i. On this 

assumption, for any stationary F, F', the payoff gi(F, F') is independent of i and is 

given by 

                    E Th.; ri(F(/), F(j))), 
                                                    .7 -1 

where ( 7r7r         1,2, • • , 7rN) is the unique positive vector of stationary probabilities. Assum-
ing the irreducibility property, we can put Lemma 1 in the following Lemma 2. 

   LEMMA 2. If there exists a stationary strategy F of Player 1 satisfying the con-

ditions that there are a constant H and a row vector y= (yi, y,, •••, yN) such that 

  ( 4 )min [ri(F(i), p)+ (p, y)]>=H+ yi for all i, 
                   Fesrm 

then, 
      inf G(F,EF2) with strict inequality if (4) is with strict inequality for some 

        CF;JEC/ 
i, where G(F, [F2) =min gi(F, [Fa).
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   The inequality (3) in Problem 2 is changed to equality by proving the following 
Lemma 3. 

   LEMMA 3. If the conditions of Lemma 2 is satisfied, there exist a constant H and 
a row vector  y= (5'1, y2, YN) such that 

 ( 5 ) min Iri(F(i), p)+(p, y)]=H+91 for all i and, 
       pEsr(i) 

 (6) FL�H with strict inequality if (4) is with strict inequality for some i. 

   PROOF. We set 
                      inf G(F, F')=G(F,P')=17. 

                                        F' EC'                          

: stationary 

Then, from Lemma 2, we have H�11, where the strict inequality holds when (4) is 
with strict inequality for some i. 

   Setting (i, F(i)) E Sr"), by Howard [6], there exists a vector 57= (yl, y2, • •., 

 N) such that 
               ri (F(i), pP)+(pt, y)=F1+57i for all i. 

If, for each state i, there exists piESP' such that 

 ( 7 )ri (F(i), pi)+ (pi, 9) �H+yi for all i 

and (7) is with strict inequality for some i, by the same discussion as Lemma 2, 

we get 

   G(F, F") <H, where F" is any stationary strategy satisfying F" (i, F(i))=pi. 
This is the contradiction. Therefore, 

            min Er, (F(i), p)± (p, 57)] =1-1+yi for all i. Q. E. D. 
               pesf (i) 

The following Lemma is a version of Theorem 4 of Hoffman and Karp [3] and 
necessary to prove the theorem. 

   LEMMA 4. If both (H, y) and (H, 9) satisfy the following equations 

   8 )max min Er, (a, p)+(p, y)]=--H-k yi for all i, 

there, H=1-1- and there is a constant C such that yi —yi=C for all i. 

   PROOF. For each i, choose aP and pP such that 

          max min [ri (ai, p)+(p, y) ]= min Eri (0, p)+ (p, y)] 
      ajEAi PESPpesp 

and 

              min Cri (aP, p)+(p, 9)]=ri (aP, PP) ± (PP, 9). 
                    FES7i 

Then, we have 
                   ri (aP, PP) + (PP, Y)Ild-Yi 

                  ri (aP, 0) + (0, 9)
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Therefore, 
 H—H+  (37i—  Yi)  9—y) for all i. 

If H—H is negative, (yi-y1)> (pr, y) for all i. This means that each component 

of the vector 

                          Y—Y= (511—Y1, YN—YN) 

exceeds a convex combination of components. Since this is impossible, H—H�O. 

   We can establish similarly that Fl —H�O. Therefore, H=H, and setting H—H 

equal to zero, we have 

( 9 )Y—Y 

where 

                            P=I 
                                        yN 

                                     pi* 

By the irreducibility assumption, P is an irreducible Markov matrix, so that the only 
solution to (9) are those in which all component of 9- y are equal. Q. E. D. 

   The above lemma will now be used to prove Theorem. 

   THEOREM : Let the irreducibility assumption be satisfied. 

   ( a ) (H, y) is an optimal solution of Problem 2 if and only if (H, y) is a solution 
of the equations (8), 

   ( b ) and then, H is a game value and a stationary strategy pair (P,P') attaining 
the left side of (8) is an optimal strategy pair of Players 1 and 2. 

   PROOF. For (a), let (H, y) be an optimal solution of Problem 2. If, for each i, 
there exists aiE Ai such that 

                min [ri(ai, P) + (P, Y)1>=H+ yi for all i 
                       PEScti 

and with strict inequality for some i, from Lemma 3, there exist a constant H and a 
row vector y such that 17>H and 

                 min [ri(ai, p)+(p, 3)1=-1---THYi for all i. 
                            pesciti 

This is the contradiction. The converse is obvious from Lemma 4. 

   For (b), setting p(i, a1) =F' (i, ai), from the definition, 

         ri(ai, p(i, ai))+(p(i, ai), y)-�H±yi for all ajEAi and all i. 

By the same discussion as Lemma 1, we can show that 

                  giEFt],P')                              .5H for all [Ft] E C. 

On the other hand, we can show by the similar way that 

              gi(P, [Ft]) for all [F] EC' and all i. 

Thus, H is a game value and (F.P') is an optimal pair of Player 1 and 2. Q. E. D.



Stochastic Game Models for the Determination15

   4. Optimal continuous sampling inspection plan (n,  f, N) 

   In this section, we consider an optimal continuous sampling inspection plan. We 
assume the items are classified, after measurement, as "defective" or "non-defective". 
The two most common methods of partial inspection are block sampling and pro-
bability sampling. 

   Block sampling at rate A is that one item is chosen at random for inspection 
from consecutive blocks of length A, and Probability sampling at rate A is that suc-
cessive items are inspected with probability A. For any given (n, f, N), where n and 
N are positive integers and 0< f <1, the levels are as follows : 

 level ( 0 ) Inspect 100% of the out-put 

                                  1  level ( 1 ) Inspect by block sampling at rate (1) or by probability sampling at 
              rate f 

 level ( k ) Inspect by block sampling at rate (1-)k or by probability sampling at 
             rate (f)k 

 level (N) Inspect by block sampling at rate (1-)N or by probability sampling at 
             rate (f )N 

The MLP-r x 1 Plan published by Derman, Littauer and Solmon [1] is as follows : 
We say we are in level (j). If n successively inspected items are found clear of 
defects, begin sampling at the level (1+1). On the other hand, if a defective item is 
found before this is accomplished, revert immediately to the level (j—r), if j>r, or 
to the level (0), this is, one hundred percent inspection if j�r. If a non-defective is 
found in level (N), we remain in level (N). Let us obtain an optimal sampling in-
spection plan. We set the state space =[E00, E01, E0,.-1, E1,0, ••-, ENO] where Elk is 
the state that k non-defectives have been observed successively in the level (1). 

   AElm, the set of actions available to Player 1 (decision maker] in state Elm, is 

                Cay.,,o�ii<1,0-�ini�n —1 or l' =l, 

where ay., is the action that we immediately revert to state Evm, when a defective 
is found and go to state Ei,.+1 when a non-defective is found. 

   The inspection cost is c(c>0), the penalty cost d(d>0), and the reward is r (r >0) 
which is obtained when finding a defective by the inspection of the item. 

   ( I ) UNCONTROLABLE CASE. If the manifacturing process is not statistically 
controlled so that the probability of producing a defective unit may vary from step 
to step, S , the set of actions available to Player 2 (state of nature) when Player 

1 choose the action ay.,EAEini, is
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 Erni, 

        V V 
                 Cp= (0, ••, 0, p, 0, •••, 0, i—p, 0, ••, 0)/0�p<11 and 

                  E vENO 

         VV 
                    =[p=(0, • •-, 0, p, 0, 0, 1—p)/0�p�11, 

where Ein=E1+1,0• If, for any k, the partial observation in level (k) is block sampling 
      1 at rate (f) k,the reward function is 

  (10)rEini(avne, P)-=P(fi-1)d-HP- ft.r— (1—p) c fi. 

   If the partial observation in level (k) is probability sampling at rate (f) k, the 
reward function is 

 (11)r E im(a 1, 1)) f I Ep• r —(1—p) • ci+ (1— f I) pd 

We shall consider the optimal inspection plan in the case of block sampling. The 

methods in the case of probability sampling is similar to those in the case of block 

sampling. By Theorem in section 3, it is sufficient to solve the equation (8) to obtain 

the optimal inspection plan. Since the reward function is linear of p, the equation (8) 

is the following : 

 (12) min EYt,.+1—cft, [max (Yv.,)] V [max Y inei+ 2(1)]=11+ Y 

                                          1 

                         for 1=0, •••, N-1 m=0, n-1 

                  min DINO- CfN, max(Y1'.,)+2(N)1=-11- y No 

where a V b=max[a, b] and 2(1)=(P d±r P. It is easy to prove the following 
two propositions. 

   PROPOSITION 1. In equation (12), if 

                            Yo0=0, Yton+i—cit--11+yi. 

              for l< L, m=0, •••, n-1 and for 1= L, m=0, 

then 

                   Y L, m+i—CfL=H+ y for m=1, 2, •••, 

   PROPOSITION 2. For any 1 and m, 

              [max (Yvne)i V [max Yzni,1=Cmax (Yvo)] V Yi.• 
               5/-1C,7YL'7n051' g/ 

                            05m' 5n-1 

   From the above propositions, the solution of (12), setting yo0=0, is the follows : 
We set v(1, 1—k)=c(fk+ ••• P-1), and set 

                             2(1) —flv(1, 1—k)  
                      gt,k(c, r, d)=                                (1—k) n+1 '
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 if 
                            —[(1—k)n±1]• c• fk-l+n• c- v(1, 1—k) .,___2(1) 

                            �—[(1—k)n±1]• c- fk+n• c•v(1, 1—k) 

                    + 00 otherwise 
for 

                                k=1, •••, 1-1, 1=1, •••, N-1. 

Set 

                        2(1)—n• v(1, 1)                            d) -=                         /
n+1 ' 

                       if 

                                   A(1) �—[1• n+1]• c+nv(1, 1) 

                                 =+00, otherwise 

for 

                                     1=0, 1, •••, N, 

and set 
                      d)=2(1), 

                       if 

                                       2(1)> —c • fi' 

                                       --=+-00, otherwise 

for 
                                   1=0, 1, • ••, N-1, 

and 

                                g'N-=—cfN 
                       if 

                                        2(N)>—c•fN 

                                    -=+00, otherwise, 

We set 

                           d)=maxigt,k(c, r, d)1 
                                                OleV 

                                g1,14(C r, d). 

Then, the value of the stochastic game is 

                    G(c, r, d)=min[G1(c, r, d)] Ag'N 

where 
                            aAb=min [a, b]. 

And the optimal stationary strategy F* of Player 1 is the following

state ••• Eco, ••• Elm, ..• E1+1,0, ••• 

 F*•••aklo,•-• aktm,•.* ak*1-1-1,0,•••
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where 

 akim, if G(c, r, d)> —c P 
                       aktm— 

ak*,,,, if G(c,r, d)�—cfl 

   NUMERICAL EXAMPLE. n=2, f=0. 5, N=6. 

 Example 1. d=2, c=1. 
   Optimal strategy of Player 1 is given by the following transition diagram.

   In this diagram 0—, 0 shows we revert immediately to the level 0 when a 
defective is found in the level 0, and value of game is —0.708 

 Example 2. d=10, r=1.5, c=1. 

   Optimal strategy of Player 1 is given by the following transition diagram.

 In this example, the MLP-T plan is optimal and value of game is —2 .083. 

Example 3. d=1. 5, r=15, c=1. 

 Optimal strategy of Player 1 is given by the following diagram .

   The value of game is —0.279. 

   (II) CONTROLABLE CASE. 
   If the manufacturing process is statistically controlled so that the probability of 

producing a defective unit is constant and equal to p, where the true value of p is 
unknown, we set
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 neEt, m+1 
          VV 

 (13)S =10, ••-, p, 0 0, 1—p, 0 ••• 0)1, 

the set consisting of one element. We can get the game value, G(c, r, d), in a same 

way as the uncontrolable case. Since G(c, r, d) is a function of p, we write G(c, r, d) 

     r, d, p). 

   Let 

                     G(c, r, d, p*)-- min G(c, r, d, p). 

Then, G(c, r, d, p*) is the stochastic game value in the controlable case and optimal 

stationary strategy of Player 1 is obtained in the same way as the uncontrolable 
case by setting p— - -p* in (13).
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