SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

ON THE EXISTENCE OF AN OPTIMAL STATIONARY I-
POLICY IN NON-DISCOUNTED MARKOVIAN DECISION
PROCESSES WITH INCOMPLETE STATE INFORMATION

Kurano, Masami
Department of Mathematics, Faculty of Education, Chiba University

https://doi.org/10.5109/13116

HERIEER : #5HE0EZ2. 17 (3/4), pp.75-81, 1977-03. Research Association of Statistical
Sciences
N—o30:

HEFIBAMR

W2 KYUSHU UNIVERSITY



ON THE EXISTENCE OF AN OPTIMAL STATIONARY
I-POLICY IN NON-DISCOUNTED MARKOVIAN
DECISION PROCESSES WITH INCOMPLETE
STATE INFORMATION

By

Masami KURANO*

(Received October 20, 1976)

1. Introduction

Discrete-time Markovian decisin processes (MDP’s) with incomplete state in-
formation have been investigated by many authors (for example [1], [4], [7]) and
it was shown that MDP’s with incomplete state information could be transformed
to MDP’s with complete state information by turning the state space to the new
one which is the set of all probabilities on the state space and by turning the
transition probability to new one which was constructed by the Bayes theorem.

Sawaragi, Yoshikawa [7] defined the Information policy (/-policy) and showed
that there exists an optimal stationary I-policy in the discounted case when the
action space is finite by making use of the results of Blackwel [2]. In this paper,
we treat MDP’s with incomplete state information, average cost criterion and an
infinite planning horizon. We give sufficient conditions for existence of an optimal
statinary [-policy. We make use of a technique used by Taylor [8] and Ross [5]
for the proof. Also, we discuss the Howard’s policy improvement.

2. Definitions and notations

In this section we develop the definitions and notations on a class of MDP’s
with incomplete state information in a similiar way to [7). A Borel set X is a
Borel subset of a complete separable metric space and the set of all probabilities
on X is denoted by P(X). If X and Y are non-empty Borel sets, the set of all
conditional probabilities on Y given X is denoted by Q(Y/X).

We denote the Cartesian product of X and Y by XY. F(X) denotes the set
of all bounded Baire functions on X. MDP’s with incomplete state information is
defined by S, 4, M, ¢%, ¢» and c¢. S is the set of states, M is the set of observation
signals and A is the set of actions. These sets are all finite and S={1,.--,N},
M={1,---,L} and A={l,---,K}. The law of motion ¢* is an element of Q(S/SA),
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the characteristic of the measuring system ¢ Q(M/S), the cost function ce F(SA).

Assume that the state of the system at time n,n=0,1,2, -, is 5,5, and that we

choose an action g, A, then the system moves to a new state s.+1, Selected ac-

cording to ¢*(s,+1/Ss,a,) and a cost c(s,,a,) is incurred. We cannot observe the

state s, directly. We can only obtain an observation signal m,,,€ M generated
~

according to g™ (mye1/sp+,). We define X=P(S)={(xy, %, ,xx) /%20, x,=1}. A
1

policy w is a sequence {wy,w,, -} where w,eQ(A/D,) and D,=%XAMA---M (2n+1

factors) is the set of possible data concerning the history of the system up to the

n-th stage. Given that we have obtained data d,= (x,,da,,my,d;, ,my)eD,, we

choose the n-th action a, according to w,(a,/d,). 2 is the set of all policies. Let

{S;:1=0,1,2,.--} and {4,: t=0,1,2,.--} denote the sequence of states and of actions.

For any policy we®, 8=(0,1) and any initial information xreXx, let g,(x, B,w)=

n—1 N

2 B3 Eylc(S,,4:)[So=5] x, and let g(x,B,w)=lim g,(x,3,w), where x, is the s-th

=0 §=1 Nn—oo

coordinate of x and 3 is a discounted factor. We define g,(x, 8)=inf,cog.(x, B, w)

and g(x,B)=inf,cpg(x, B,0). Let H,=XAX A% (2n+1 factors). An I-policy n

is a sequence {m;,7;, -}, where each x, is an element of Q(A/H,). With any ac A

and me M, we associate the operater T,, from ¥ to X defined by

2 ¢ (s'[s, @) g (m]s") x,

— _8ES
Tanle =S 55, @y sV,

where [T,nx]y is the s'-th coordinate T,,xe%¥. By X, =Tam¥-1, corresponding to
any d,e D, an element h,= (x,,a,, x;, - , x,) €H, is determined. Therefore, any I-
policy is thought to be an element of 2. An [-policy = is called stationary if each
m, is an element of Q(A/X) and if there is a measurable fuction g from % to A

such that z,({g(x)}/x)=1 for all xex. We need the following lemma.
LemMma 1. ([1] [7D

(1) lim g,(x, 8)=g(x, 8),

{8:(x, B)} and {g(x,B)} satisfy the following functional equation:

(2) gn(X,,B)=meig {c(x,a)+p g}ugn_l(’!"amx, Bpim/x,a)} for dll x€X and
(3) g(x, §=min {c(x,0) +8 T g(Tun, )b (m/x, )}

where p(m/x,a)= Izsqm(m/s’)qs(s’/s,a)xs and c(x,a)zg)ﬁc(s,a)xs.

3. The existence of an optimal stationary I-policy in the average cost criterion

For any wef, let

G(x,w)=lim sup (n+1)-1g:0§1 Eo[e(S,,4,) /Sy=s] x,.

n—oo

Thus G(x,w) is the expected average cost per unit time when the process starts
in the initial information x on S and policy w is used. The problem is to minimize
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G(x,w) with respect o for all xe 2. We need the following results given by Taylor
[3] and Ross [5].
THEOREM 1. If there exist an f(x,y) € F(XX) and a y(y) & F(X) such that

(4) S0 +r =r§1€i§ [e(x,a) +m§"f(’1“amx,,v)p(m/a, x0)]

for all xeX and some ye¥,
then there exists a statinary I-policy n* such that y(y)=G(x, z*):mig G(x,w) for all
2153

xeX and zm* is any policy which, for each x, prescribes an actin which minimizes the
right side of (4).
We shall obtain the sufficient conditions satisfying the assumption of Theorm 1.
LEMMA 2. (Satia and Lave [6], Proposition 4)
&.(+, B) is concave, that is,

k4 B ¥4 .
ENORENI P IREN
for any 2,20, Zp]/?l:l, any x*ex and $p=2,3,--
1

Let fa(x,»)=g(x,8)—g(», 8. Then, we get, from (3),
( 5 ) .fﬁ(x’ y) +rﬁ (y) :Hgn [C<x7 a) +|Bm§”.fﬁ(Tamx’y)p<nl/x’ a)] »

where y;(0)=01-8) g, p).
We shall set A=max ¢°(s'/s, a), B:rpin ¢*(s'[s,a), C=max g™ (m/s) and D=min g™(m/s).

Then, we can state the following Theorem.

THEOREM 2. Let 2:%. IfZ max|g*(s'/s,a) —A¢*(s' /5, @)|=a <2, then {f5(x,),

0<B8<1} is a uniformly bounded family of functions.
Proor. Choose E such that max|c(s,a))<E and let F be such that

(6) 2ES2E/(A—a)<F.
Define f7(x,¥)=g,(x,8)~—g.(»,8). By (2), there are a* and «** such that
(7) T3, ) =c(x,a**) —c(y,a*) + B gno1(Taren, B (m/ x, a**)

—ﬂ%gn—l(Ta*mJ',ﬁ)p(m/y,a*) i

Let 2, (m)=[Tpn¥ly— AT smx)y. For any ac A, xex and me M, we have B<p(s'/
a,x)<A for all s’ and D<p(m/a,x)<C.
Therefore,

o) = gm (/s (PG, ) ps!]a**, x)
A )= gn(mfs )<P(m/a*,yji_ Cp(mfa**, x)

m A B A
=g (m/s") ‘C"ﬁj))

From 2:%1%, we get A, (m) =0 for all s’=S.

Thus, we can write
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( 8) [Ta’my]zx[Ta“mx]—'_g 'Zx(m> ]s
where I, is the unit probability distribution having one measure at s and 3 4,(m)

=1-2.
That is to say, [Ten)] is a mixture of [Tye,x] and {/;,s€S}.
We shall show by induction tor n that

(9) [fE(x, NISF.

By the definitin, |f}(x,)|<F
Assume that (9) is true for n=n—1
From (7), (8) and Lemma 2,

(2, 3) Selx, a**) —c(y, ) + B g1 (Tarm, Fp(m/ 1, a%%)
—ﬁ%ﬁ[gn-l(Ta-cmx,ﬁ)UJ(m/y,a*)+§gn-1<ls,ﬁ)ls(mM(M/.v, a*)]
2B+ B3 gn-1(Taem*, B) (p(m/x, a**) —2p(m]y, a*))

B2 ga-1 (L, B) (=4 (m)p(m/y, a*))
=2E+ B2 ([8n-1(Tomn, B) = &n-1(3, B)]
X[p(mlx,a**) —2p(mly,a*)])
B2 (g1, B) — 8u-1 (0, B)) (= A(m)p O]y, a¥)) .
Thus, by the assumption of induction,
f§(x, ) S2E+BFIZ (p(mix, a**) =2p(m/y, a*))
+ZAmpim[y, a¥)]
S2E+FIZ[plm/x,a**) —2p(m[y,a*)[+(A=D].

However,
Sip(mlx, a**) —Ap(m/]y, a*)|

=3 qmm[s)|p(s"[a**, x) —ap(s'/a*, ¥)]

= 3 gnim/s)lg (s s, a**) —2¢*(s'[5, a*) [ x,;

m,s',s,s

=X max g (s'/s,a)—2¢*(s'a,3)]

=a.
Therefore, we obtain
F3(x, ) =2E+Fla+(1-2].
From the definition of F, f3(x,=F.
By the similar way, we also get
fia, ) 2—2E—Fla+(1-2]z~F.
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That is to say, we obtain [f7(x,y)|<F.

Thus, the theorem is proved from (1). Q.E.D.

COROLLARY. If %>Wg—£—3, then {f5(x,9),0<8<1} is a uniformly bounded
Sfamily.

PROOF.

X max [¢'(s' /s, @) —2¢('[3,8)| SN(A—2B) .

D NA?

N(A—AB)>2 is equivalent to T>NB+B -

This completes the proof of the corollary.
REMARK. For example, N=2, S={s;,s,}, M={m,, m} and A={ay, a;}.
Suppose

[q”‘(ml Is1), q’"(mz/sl)]: [‘/g, 5/9]

g™ (my[sy), g (my!sy) 59, %q
and
[(05(51/51,‘11) L @ (81/81,a5)), (¢°(saf 51, a0) , ¢ (2] 1, az))jl_[(s/uvm), (4/9,8/15>]
(g*(s1/s2,a1), ¢°(51/52,a2)) (g°(s2/ 52, @), G* (52755, a5)) (#,%15), (g, "/ 15) .
D 4 NA? 50
Then, *C‘=*5‘ and m:@,
D NA?
Thus, =>Npirp

LEMMA 3. Under the assumption of Theorem 2, {f;(x,y),0<B8<1} is an equicon-
tinuous family of functions.
PROOF.

(10 (fC, ) —F5(x', )N Fa (e, x4+ F5 (v, )]
From (1) and Lemma 2, g(., ) is concave.

Now, let, for any A', 2"y, (M) =[Tnxly— A Tomx'ly X' (x, x')=max {A' /2", (m) =0 for
all s’,m,a} and when A'=2"(x,x') we set Z"(x,x’)=rpax Ag.o(m). Then A'(x,x")—1

and A" (x,x')—0 as x—x'. In a similar way to the proof of Theorm 2, we get

If,g(x,x’);’gma;f le(x,a)—c(x', )|+ Fmax 3| p(m/x,a)—p(m[x', a)|

+F1-A(x, X))+ FXNA"(x,x) .
However, 3[p(m/x,a)—p(m/x',a)|SABX|x,—¥}].

Hence, by (10), |fs(x,3)—fs(x’,3")|—0, independently of 3, as x—x' and y—y'.
We can state the following theorem. Q.E.D.
THEOREM 3. Under the condition of Theorem 2 or Corollary,

(@) there exist {f(x,y}, {y(»)} satisfving the equation (4)

(b) there exists an optimal stationary I-policy in the average cost criterion and

(©) 73(y)—7y for all y=x as 5-1.
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PrROOF. From Theorem 2 and Lemma 3, {f3(x,y)} is a uniformly bounded
equicontinuous family of functions.

Now {rs(»} is uniformly bounded.

Therefore, by the Ascoli-Arzela theorem, the bounded convergence theorem
and (5), the theorem is easily proved. Q.E.D.

4. Policy improvement

We now discuss the problem of finding the optimal policy under the assump-
tion of Theorem 2.

The following lemma can be proved in a similar way to the theorem. By
any stationary I-policy = and any initial information xe ¢, the stationary Markov
process on ¥ is induced.

We denote by Q*(-,x,n) the limiting state probability of the induced Markov
process.

LEMMA 3. Under the assumption of Theorem 2, for any stationary I-policy =,
there exist an f~(x)e F(X¥) and a constant y* such that

() +rr=c(x,m(x)) +m§Mf”(Tz<x>mx)p(m/x, z(x))

where 7 (x) is the action chosen by =.

Define
&, a)=f=(x) +y7=le(x, ) + B f*(Tonx) p(mlx, a)].
Let
(1) &e-(x) =max &:(x,0)
and

X.={x/&.(x)=0,xx}.
We define the new stationary I-policy z’ such that if xex_, z/(x)=r(x) and if
xeX_, n(x) prescribes the action that maximizes the right hand side of (11).
We can state an extension of the improvement routines given by Howard [3].
THEOREM 4. Under the assumption of Theorem 2,

(@) G(x,n")EG(x,m) for all x&x
and

(b)) if Q*(xe/x,7)>0, then G(x,z")<G(x,7).
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