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Abstract

   The effect of switch-over device on reliability of a 2-dissimilar-

unit redundant system with a warm standby is considered. The 

Laplace transform of the availability function and steady state avail-

ability are derived. The Laplace transform of the reliability func-

tion and the mean time to system failure are directly obtained from 

the Laplace transform of the availability function by suitable trans-

formations. Therefore, a separate analysis of the reliability of the 

system is redundant. The steady state availability of the parallel 

and standby system with imperfect switchover are compared.

1. Introduction

   Recently Srinivasan and Gopalan [4] carried out a probabilistic analysis of warm 

standby system consisting of two similar units and obtained the availability func-

tion as well as the reliability function of the system through the method of re-

generation points. In their model, they assumed that the system consists of two 
identical units and switch-over device is perfect. And also they analyzed independ-

ently the availability and reliability by setting different equations respectively. 

   In this paper we consider a warm redundant system consisting of two dis-

similar units assuming that the switch-over device is imperfect. We obtain the 

Laplace tramsform of the availability of the system by supplementary variable 
technique. The Laplace transform of the reliability function is directly obtained 

from the availability function by suitable transformations. Explicit expressions 

for the steady state availability of the system and the mean time to system failure 

are obtained. The steady state availability of the parallel and standyby system 
are compared. The optimal system on steady state availability of the system is 

discussed. Optimal means "maximizing the steady state availability."
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   2. Model 

   1. The system consists of two dissimilar redundant units Al and A2. 

   2. There is only one repair facility. The service discipline is first come first 

served. 

   3. Initially unit Al is switched on and A2 is in warm standby. 

   4. The failure time of unit Ai (i= 1, 2) while in operation (in standby) is as-

sumed to be exponentially distributed with parameter Ai (Ar). 
   5. The probability density function of the repair time of the unit Ai (i=1, 2) 

when it fails while in operation is gi (t) = pi (t) exp [—ftpi (v) dv]. The correspond-
ing repair density when the unit fails while in standby is e (t) = p: (t) exp 

[—f0(v) dv]. 
   6. As soon as the operating unit fails, the switch-over device operates only 

when the standby unit is not under repair and it switches the failed unit out and 
the good unit in. The probability of successful operation of switch-over is b 

(constant), and its failure probability is (1—b). The repair of the failed switch-
over device is started immediately before the repair of the failed unit. The general 

probability density function of the repair time of switching device is g3(t)=1)(t) exp 

[—ftv (v) dv]. 

     0 

   7. The failure and repair processes are assumed to be independent. The repair 

is started immediately whenever the server is free and repaired units and switch 

behave like new after repair. 

   8. The system fails if an operating unit fails while the other is still under 
repair, or if the switch-over device fails. When the system is failed, the failure 

rate of each good unit is zero. 

   The system can be identified in any one of the state, at any time instant : 

Ei denotes that Ai is in active state and A3-1 is in standby state (1=1, 2). 

E2,1 denotes that Ai is in active state and A3-1 is undergoing repair owing to 
    failure while in active state (i=1, 2). 

E„i denotes that Ai is in active state and A3_1 is undergoing repair owing to 

    failure while in standby state (i=1, 2). 
Fi denotes that Ai is undergoing repair with density gi(t) and 213_1 is queueing 

    for repair owing to failure while in active state (i=1, 2). 

F2÷i denotes that Ai is undergoing repair with density e (t) and A3_i is queuing 

    for repair owing to failure while in active state (i=1, 2). 

F„i denotes that the switch-over device is undergoing repair and Ai and A,_i are 

    queueing for repair owing to failure while in active state and are in standby, 
     respectively, (i=1, 2). 

   By noting the assumption 6, the one-step transition between the state are given 
by Fig. 1. If we assume that the switch-over device does not fail when a unit is 

under repair and the failure of the switch-over device is detected after its opera-

tion, though the meaning of b is different all the results and equations are the



The Effect of Switch-Over Device on Availability41

   (1-b)2,  F,F, 

 if 
    (1-OA, 

                                               62, 

    14(t)pi(t) 111(0p,.(1) 

 0000 
        2i 

/// 2 i\i2i\N 
     /1\/N                      \N 

    //\/\N 

 //\\N               \N 
                                  N 

                                    N 
z///\\N 
 y(t)pt(t)I / Pi(t)p 2(0\4(0v(t) 

F,F,F,                  riF, 
                 Fig. 1. The state transition diagram. 

               0 System Operating. 
                        System Failed.

same. 
   We now introduce the following notations : 
ai, cric first moment of g1(t) and 4(0 

 (s) Laplace transform of g(t) 
tii(s) =s+2;+234[1—g34(s+AA 
Q;(s) =4(s) —4(s+ 23_;) 
131(s) = (s) — (s+ 23_ ;) 
:93(s) =b+(1—b)4(s) 
s(t) denotes the elapsed repair time of the unit currently in service, if any, at 

     time t. 
p1(t) =Pr{E;(t)IE,(0)}(j=1, • • • , 6) 
PA (t) = Pr tat time t, the system is functioning I E1(0)} 

    = pi (t) 

pi(t, x)dx+o(dx)= Pr fEJ(t) n [x<e(t) <x+clx]jE1(0)} ( j=3, ••• , 6) 
q1(t) = Pr {F;(01E,(0)}(j=1, • • • , 6) 
qi,(t) = Pr {at time t, the system is in failed state 1E1(0)) 

    = qi(t) 
           J=1 

qi(t, dx+o(dx)= Pr {F;(t) n [x<s (0<x+dx]lE,(0)} (j=1, ••• , 6) 
R(t) = Pr {the time of faultless operation of the system will be at least tj E,(0)} 

MTSF=mean tine to system failure
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   3. System Availability 

   Viewing the nature of the system, the following set of integro-differential equa-

tions can easily be set up (see Fig. 1): 

( 1 ) ddt +21+2:}P1(t) = ft P3 (t,p2(x)dx+f p5 (t,(x) dx 
     00 

( 2 ){  ddt +Ar+22}P2(t) =ft P4 (t, x)Pi(x)dx+ p,(t, x)pr(x)dx 
     00 

( 3 )  +[21-1-p2(x)qp3(t, x) 

( 4 )-{1-+L+[22+pi(x)]}p4(t, x) =0 

( 5 )Ii--4+[21-Fttim-(x)qp,(t, x) =0 

( 6 ){—day +-x.+[22 + pr(x)j}p6(t, x) =0 

( 7 ){ L.+  ix +pi (x)}qi (t, x)=22P4(t, x) 

( 8 ) +-1—x--I-p2(x)}q2(t, x)=Aip,(t, 

( 9 ){-aaj+ ±p4(x)}q3(t, x) =22p6(t, x) 

(10){1± ax +14-(x)}q4(t, x)= Aip,(t, x) 

(11) gt±aax±v(x)}qi(t, x)=0 (1=5,6) 
The above equations are to be solved subject to the following boundary and initial 

conditions; 

(12) p3(t, 0) =22bP2(t) + f qi(t, x),ui(x)dx+f qa(t, x)pr(x)dx+r q6(t, x)v(x)dx 
    000 

(13)Mt, 0) =211V1(t) + f 0q2(t, x),c22(x) dx+0q4(t, x) pi*(x) dx+C0q5(t, x)v(x)dx 
(14)p5(t, 0) =Arp,(t) 

(15) p6 (t, 0) = ArP2 (t) 

(16)qi(t, 0)=0 (j=1, ••• , 4) 

(17)q6(t, 0)= 21(1— b)Pi(t) 

(18)q6(t, 0) =22(1 —b)P2(t) 

(19)pi (0) =0 

   Taking the Laplace transforms of equations (1)—(6) and (14)— (15) and noting 

that pi(t)= mt, x)dx (j=3, ••• , 4), we obtain after some simplification,
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(20)fii(s)=  1+k2 (s- F 214)3(s, 0)   a 1(s) 

(21)/32(s) = i(s+ 22)134(s, 0)                      a 2(s) 

(22)133(s) —[1-- k2(s + AO] fi3(s , 0)                         s+ Ai 

(23)134(s) =  [1— gi(s+ 22)]1)4(s, 0)                       s+ A, 

(24)1),(s)=  — (s + 21)] [1 + ,g2(s + 2143(s, 0)1                          (s+Ai)ai(s) 

and 

(25) Ani—e (s+ 22)] ki(s+ 22)134(s, 0)                         (s+2 2)a2(s) 

Substituting the solution of (3)—(6) into (7)—(11) and taking the Laplace transforms, 
wo obtain 

(26)41(s, x) =1)4 0){exp [—sx— f0 (z) dd— exp [— (s+ 22) x— ropl(z) ddl 

(27)42 (s, x) =133 (s, 0) {exp [— sx—fx 0112(z) dz]— exp [— (s+ Ai) x—$op2(z)dzil 

(28)43(s, X) =136 (s, 0) {exp [— sx— (z) dd— exp [— (s+ 22) x— fxotilf (z) d 

(29)44(s, x) =p5 (s, 0) {exp xopt (z) dz]— exp [— (s+ 2,) x— fxopt (z) dz]} 

(30)45(s, = (1— b) i(s) exp [— sx—f 0(z) dz] 
and 

(31)46(sy x)= 22(1— b)/32(s) exp[—sx— Co))(z) dz] 
   Taking the Laplace transforms of (12) and (13) and using (26)—(31) we have 

(32)1,3(s, 0) --=22fi2(s),a3(s) (s, 0) (s) +1,6(s, (s) 

and 

(33)134 (S3 0) = 2ifii(s) S'3(s) ±/,/,0)je;(s) +L'5 (S,0))4;* (s) 

133(s, 0) and j),(s, 0) can be obtained explicitly from the Laplace transforms of (14) 
and (15) and equations (20), (21), (32) and (33): 

(34)p3(s, 0) =  (s) +22* (s)] -(a2(s)gi (s) + [22g3(s) +21*(s)Jg1(s+22)}  
                  a; (s) —Hiaj(s)[33_,(s) +[kig3(s) +23;33_I(s)]k-3_1(s+25))- 

              1=17=1 

(35)/54 (s, 0) =  2a2 (S) [2113(S)21*(S)  
                 FI(s) —{a, (s) 3,_;(s) +[2ig,(s)23_,,i§3_*;(s)] k2_;(s+ Ai)} 

              3=11=1
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   The system availability PA(t) and qp(t), the probability that the system is in 
down state at time t, are obtained from (20)—(25). Hence we obtain the following 
theorem. 
   THEOREM 3.1 The Laplace transforms of pA(t) and qD(t) are given by 

(36)(s)=                  1 +3(s0)4(s0)          A .3+ s+21 s+22 

(37)4D(S)=—s —1,A(s) 

where 133(s,0) and 134(s,0) are given as (34) and (35), and the mean down time of the 
system E[D(t)] is given by 

(38)E[D(t)]=- oqp(t)dt 

   By applying Tauberian theorem to (36) we obtain the following theorem . 
   THEOREM 3.2 The steady state availability of the system p,(°°) is given by 

(39)PA(°°) =lim p A(t) =Hai spA(s) 
                             t-

                     11 
                  W+  

  = 

                 E .fai+ki(23)[(1cr.73._.;(1b)                     3=123—i+27 [1—g7(23_i)] 
   The Laplace transform P (s) of the reliabiliiy of the system R(t) , can be ob-

tained from 1)(s) by making suitable transformations which are equivalent to the 
assertion that the probability of the system moving from down state to up state 
is zero. For example, if we substitute Ai(s) =0, 3 (s)=0 (j=1, 2), and ka (S) =0 in 
(36), we have the reliability transform of the system. Because from (26)—(31) we 
have 

(40)(21=-141(s, x) Pi(x)dx= fi4(s, 0) N1 (s) 

                        0 (41)Q2a= 0 
              -42 (S, X)P2(x) dx-43(s, 0)A(S) 

                               ree (42)j43 (S, x) pi* (x)dx=136(s, 0) ME• (s) 

                       0 (43)(24=7=144 (Sy x)(x)dx=135(s, 0)T3.2*(s) 

                        0 (44)Q5=--45 (s, x) v (x) dx= 21(1— b)11(s)g-3(s) 

                        0 (45)Q6=-- j 46(5, x) v (x) dx= 22 (1— b)i)2(s)g-3(s) 

                       0 where fii(s, 0) +0, ( j=3, •• • , 6) Ai (s) +0, (j=1, 2) b�1, therefore 

we obtain bi(s)=T37 (s) =0, (j=1, 2), and h(s) =0 from Q3=0 (j=1, • • • , 6). 

For example, ,ai(s) =0 means that in transition E1- Fi, the Laplace-Stieltjes 
transform of distribution function of the time of stay in E4 and F1 is zero . Our
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result may be sumarized in the following theorems. 

   THEOREM  3.3 The P(s) of the system is given by 

                 1 2ibrs+222(2+s+21)62(s)1 (45)R(s)=
s+A1 + (s+21)(s-1-22)161)2(s)b62i(ss+2)—b2)2122(ki(s+224.2(s+21)] 

   THEOREM 3. 4 The MTSF of the system is given by 

(47)MTSF=lim P (s) 
                                        3-4) 

                 1 bWki (22) +21a2(0)]                    ± 
22[61(0) 62(0) —1)2122k1(22)g2(21)] 

   We give below the availability functions, reliability functions and MTSF of 

some special case.

  ( i ) Cold standby system with dissimilar units 

(48)          1).A(s)= fi+ 2A1ie3(s)[s+ Ai+ 22A(s)ki(s+ 22) + (s + 22)[31(s)]  I.                 s+ AiH(s+A
J)— H[(s+2.01§3--J(s) +2J733(s)k3_j(s+2.0]' 

                   3=1.,=i 

(49)                                                Aid-22           I)A(C°) =Aid-22Al22 +214'1(22) [1+22(1 —b)a3]+242(21) [1+ 21(1 —b) a3] 

              ,1 ri,  A1b[s+21+22bk1(s+22)]  (50)           P (s)=s+211'(s+2,)(s+22)-2122b2k,(s+2242(s+21)} 

(51)MTSF= 1 {1+ "21+ 22b kJ (22)1 1                  Al 22[1—b2k1(22)g2(21)] i 

(50) and (51) in b=1 agree with the expression of Osaki [3].

  (ii) Warm standby system with similar units 

(52) PA(s)s, 1 fi+ Ale, (s)-1-2)*(s)               )_—s+21a (s) [1--(s)]—[21§3(s) -1-2*13*(s)1k(s+ 2)} 
                    A +2*(1 —e(2))  (53)           P

A(°°)= 2 -4-(2) [1 +2*a*+2 (1 —b)aj +12 +2*(1 —g-*(2))1} 

            Ab  (54)P (s) = s +12 {1+                     a (s) — At) k(s+ 2)} 
           21,  (55)MTSF=1Ttl +,A,,,,-,_                     Lik*(2)]+2 [1 —WA)] 1 

(52) and (54) in b=1 coincide with the expressions obtained by Srinivasan and 
Gopalan [4].

  (iii) Hot standby system with dissimilar units 
   We can obtained the results by putting Ai= 27 in warm standby system. Espe-

cially when gi(0=g7(t) (i=1, 2), the reliability is given by 

(56) R(s)=1/ (s+A1) + {(s + Ai+ 22)[s+ Ai+ (22b---21)gr1(s+22)1+2122gri(s+22)(b-1)} 

          1{(s+21)(s+22)•{(s-1-21-1-22)[s+21+22—Aiki(s+22)-22k2(s+21)1 

         +(1—b2)21241(s+21)g2(s+)1)}}
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and then the MTSF by 

(57) MTSF=           1 b (Ai+ 21)[21+ (22b—ki(22)l+ 2122ki(22) (b-1)}            AA 2{ (21+22) [21(22)) +22 (1 — g2 (20)1+ (1 — )2122gi(22)g2(2i)}                                                              i) 

(56) and (57) in b=1 agree with expressions obtained by Gayer [1].

   4. Comparison of models 

   If the repair time distributions and failure rates are given, we can select the 
optimal model in parallel and standby model by using some special relationships 
without calculating the availability for each model. Optimal is used in the sense 
of maximizing the steady state availability. Let pil(co) and yA(.0) denote the avail-
ability for parallel and standby model respectively. Noting that we obtain the 
availability for parallel model by putting A7=4 ai=a7 and b=1 in (39), we have 
the following theorem from immediate comparison between p2,1 (co) and yA(00). 

   THEOREM 4.1 

(58) (.0) .-P11(00) 

                23-41;(23-i) 21 +2cri        <=> (1—b)a3•i                     1{23-j+ 27(1-g7 (234)}1,41.•(23-.7 23-j+2/(1 -Rj(23-1)) 
 1+44  

                                    23_i+21 (1—el(2,_i))} 
and, for special case we have 

i) identical units with warm standby (23_f=Ai=2, 27=2* a j= a, al = ce*) ; 

(59) YA(c°) 

                [2+2*(1A1*(2))1(1+2a)      <=> (1—b)2a3—(1 +2*a*)                     2
+2(1 - (A)) 

ii) identical units with cold standby (23_i=2j=2, 27=.1*=0, a*=0 ; 

(60)Psit(°°) 

      <—> (1— b)2 a 3 (21±g.2(a)1))1 

If the repair time distribution of units are exponential, i.e., p(t)=,u, we have 

     1  (61)          pal = 1
+ (1+2p)/ (2p2) 

      1  (62)          P
A(°°) l+p(1+K)/(1+p) 

(63)YA(c°) (°0) 

       1 1         <=>Kz —             22(1
+2p) 

where K= (1 — b)ita3, p=2/le 

Table 1 shows the numerical examples of the steady state availability (61) and (62) 
and Fig. 2 shows the numerical results of (63).
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           Table 1. Numerical examples for the steady state availability 

 -,_,PAOm)Pil(c°)YA(°°)          -__ ____ ______
_ 

 P  K0.010.10.3 

 0.010.99980.99980 .99890.9969 

 0.050.99550.99720 .99290.9836 

 0.10.98360 .99010.98210.9649 

 0.20.94590 .96620.95240.9231 

 0.30.89890 .93320.91550.8784 

 0.40.84910.89510 .87500.8333 

 0.50.80000.85470 .83330.7895 

 0.60.75340.81380 .79210.7477 

 0.70.71010 .77380.75220.7083 

 0.80.67010 .73530.71430.6716 

 0.90.63350.74570 .67860.6376 

 1.00.60000.66450 .64520.6061

      K=                    1+2
p 0

.5  

       PVc>0)<P11(00) 

                    PA(39)>P1(0) 

         0.51.0 

Fig. 2. Comparison of parallel and cold standby model
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