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Abstract

The effect of switch-over device on reliability of a 2-dissimilar-
unit redundant system with a warm standby is considered. The
Laplace transform of the availability function and steady state avail-
ability are derived. The Laplace transform of the reliability func-
tion and the mean time to system failure are directly obtained from
the Laplace transform of the availability function by suitable trans.
formations. Therefore, a separate analysis of the reliability of the
system is redundant. The steady state availability of the parallel
and standby system with imperfect switchover are compared.

1. Introduction

Recently Srinivasan and Gopalan [4] carried out a probabilistic analysis of warm
standby system consisting of two similar units and obtained the availability func-
tion as well as the reliability function of the system through the method of re-
generation points. In their model, they assumed that the system consists of two
identical units and switch-over device is perfect. And also they analyzed independ-
ently the availability and reliability by setting different equations respectively.

In this paper we consider a warm redundant system consisting of two dis-
similar units assuming that the switch-over device is imperfect. We obtain the
Laplace tramsform of the availability of the system by supplementary variable
technique. The Laplace transform of the reliability function is directly obtained
from the availability function by suitable transformations. Explicit expressions
for the steady state availability of the system and the mean time to system failure
are obtained. The steady state availability of the parallel and standyby system
are compared. The optimal system on steady state availability of the system is
discussed. Optimal means “maximizing the steady state availability.”
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2. Model

1. The system consists of two dissimilar redundant units A, and A,.

2. There is only one repair facility. The service discipline is first come first
served.

3. Initially unit A4, is switched on and A, is in warm standby.

4. The failure time of unit A; (1=1, 2) while in operation (in standby) is as-
sumed to be exponentially distributed with parameter A; (4}).

5. The probability density function of the repair time of the unit A; (i=1, 2)

when it fails while in operation is g;(t)=p;(t) exp [—-Yyi(v) dv]. The correspond-
0

ing repair density when the unit fails while in standby is gF(¢)= pF(?) exp

t
[ mrwav].

0

6. As soon as the operating unit fails, the switch-over device operates only
when the standby unit is not under repair and it switches the failed unit out and
the good unit in. The probability of successful operation of switch-over is &
(constant), and its failure probability is (1—b). The repair of the failed switch-
over device is started immediately before the repair of the failed unit. The general
probability density function of the repair time of switching device is g;(#)=v(?) exp

[—fu (v) dv].

0

7. The failure and repair processes are assumed to be independent. The repair
is started immediately whenever the server is free and repaired units and switch
behave like new after repair.

8. The system fails if an operating unit fails while the other is still under
repair, or if the switch-over device fails. When the system is failed, the failure
rate of each good unit is zero.

The system can be identified in any one of the state, at any time instant:
E, denotes that A; is in active state and A;-; is in standby state (i=1,2).

E,,; denotes that A; is in active state and A;-; is undergoing repair owing to
failure while in active state (i=1, 2).

E,,; denotes that A; is in active state and A;_; is undergoing repair owing to
failure while in standby state (i=1,2).

F; denotes that A; is undergoing repair with density g;(#) and A,_; is queueing
for repair owing to failure while in active state (i=1, 2).

F,.; denotes that A; is undergoing repair with density g*(¢) and A4,-; is queuing
for repair owing to failure while in active state (i=1, 2).

F,.; denotes that the switch-over device is undergoing repair and A; and A4,-; are
queueing for repair owing to failure while in active state and are in standby,
respectively, (i=1,2).

By noting the assumption 6, the one-step transition between the state are given
by Fig. 1. If we assume that the switch-over device does not fail when a unit is
under repair and the failure of the switch-over device is detected after its opera-
tion, though the meaning of b is different all the results and equations are the
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Fig. 1. The state transition diagram.

O System Operating.
D System Failed.

same.
We now introduce the following notations:
a;, affirst moment of g;(f) and g¥(¥)
g(s) Laplace transform of g(¢)
@;(s) =s+A;+ 2 Fl—gs-F(s+4,)]
[?1(5) Zéj(s)_gj(s+28—j)
BF(s) =g¥(s)—&}(s+24-))
Bs(s) =b+(1—b)g,(s)
¢(?) denotes the elapsed repair time of the unit currently in service, if any, at

time ¢.
;) =Pr{E;()|E (0)} G=1,--,6)
p4(t) =Pr{at time ¢, the system is functioning|E,(0)}
=§)1pj(t)
p;(t, x)dx+o(dx)=Pr{E;(t) N[x<e(t) <x+dx]| E,(0)} (j=3,-,6)
q; (1) =Pr{F;(H)|E(0)} (j=1,.,6)
gp(t) =Pr{at time ¢, the system is in failed state|E,;(0)}
=1§1 q; (B

g; (¢, x)dx+o(dx)=Pr{F; &) n[x<e(t) <x+dx]|E(0)} (j=1,-,6)
R(t) =Pr{the time of faultless operation of the system will be at least ¢|E;(0)}
MTSF=mean tine to system failure
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3. System Availability

Viewing the nature of the system, the following set of mtegro -differential equa-
tions can easily be set up (see Fig. 1):

(1) {Grr a2k =[ put, 0 ) det [ (0, 0 (o) dx
(2) (4 s+ a)pu(t) = jm(t x)yl(x)dx+jpﬁ<t 0 pF(x)dx
(3) (et 2t it (0 a(t, =0

(4) (Bt Lt et DN ut, 1) =0

(5) (B 2ttt pr (11, ) =0

(6) (B 2ttt (01pa(t, 1) =0

(7) {Fr 2ot m0 ot 0=kt v

(8) (B2t }ault, 0 =2ups(t, 2

(9) (Lot it 0 bt D =2upe(t, )

(10) (Z+ 2t pro}adt, n=2ps(t, 0

() (Bt Zerv(n}gt n=0 (=56

The above equations are to be solved subject to the following boundary and initial
conditions;

(12) £u(t, 00 =268 + [ 1t 0 (D dir+ [ 0a(t, D ¥ (D dt [ g0t Dy (D dx
(13) Put, 0) =651 () +{ sty D p1a(0) dx+ [ at, %) ud (9 dat | "4(t, 1)y (x) dx
(14) e(t, 0)=23p. (1)

(15) De(t, 0) = 2P, (1)

(17) %(tr O) =11(1—b>p1<t)

(18) (Is(t: O) Zzz(l—b)Pz(ﬂ

(19) 2:(0)=0

Taking the Laplace transforms of equations (1)—(6) and (14)--(15) and noting
that pj(t)zjtp](t, x)dx (j=3,---,4), we obtain after some simplification,
0
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148 (s+21) Ps(s, 0)

(20) Du(s)= RO

@) bo(yy =Bl A0

(22) 5a(5) _[1-8(s : +2}>1] Ps(s, 0)

23) b =1=ACERIAG0

(24) By (s)= 2?[1—§?(5+2(1S)J]r£11;;g:fz<(5+,21)133(s, 0)]
and

Zf[1—§3(5+12)]§1(5+22>@ (s, 0
(s+43) @2 (s)

(25) 156 (s)=

Substituting the solution of (3)—(6) into (7)—(11) and taking the Laplace transforms,
wo obtain

(26) G1(s, x) =Dy (s, O){exp [—Sx—j:,ul (2)dz|—exp [— (s+42) X—j:p, (2) dz:[}
(21) 2205, ) =ha(5, 0 {exp[ —sx— () de]—exp[ — (5420 2= [ pa(z) dz]}
(28) 33(s, ) =Pe(s, 0) {exp [— sx—f:yf (2) dz]— exp I:— (s+42) x——f:pi‘ (2) dz]}
(29) 3s(s, x) =p5(s, 0) {exp [-— sx—f:y;* (2) dz]—— exp [— (s+ 1) X——j:y? (2) dz:l}
(30) 3505, 0= A=b)hi(s) exp [ —sx—[ v (2) dz]
and
31 G6(s, 2) = 23 (1—b) By (s) exp [—sx—j:y (2) dz]

Taking the Laplace transforms of (12) and (13) and using (26)—(31) we have
(32) Ba(s, 0)=2oD(5) fa(s) +Bi(s, 0) fi(s) +Do(s, 0) B (5)
and
(33) Bu(s,0)=2u51(5) s (5) +Ds(s, 0) Ba(s) +s (s, 0) 5 (s)

Ds(s, 0) and p,(s,0) can be obtained explicitly from the Laplace transforms of (14)
and (15) and equations (20), (21), (32) and (33):

34 5,05, 0) = LB +EBE()1{82(5) 51(9) +[2:(9) + A5 (918 (s+ )}
@;(8) = T1{85(5) Bomy (9) +12:85(9) + 4755, 5(9)1 855 (s+27)}

j=

j=1

(35) Dils, 0)=— . CAYz(f) [21ﬁ3(5> +}?}§3& ()] .
r:] a;(s) _]_rzll{&j<5) Bs-;(5) +2;B5(5) + 255585 75(5)1 85-;(s+2;) }
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The system availability p,(#) and gp(¢), the probability that the system is in
down state at time ¢, are obtained from (20)—(25). Hence we obtain the following
theorem.

THEOREM 3.1 The Laplace transforms of p,(t) and qp(t) are given by

s 1 Ps(s,0) | (s, 0)
(36) P = ot r e,

37) A () == pa(s)

where py(s,0) and p,(s, 0) are given as (34) and (35), and the mean down time of the
system E[D(t)] is given by

(39) ELDW)={ ap(t)dt .

By applying Tauberian theorem to (36) we obtain the following theorem.
THEOREM 3.2 The steady state availability of the system p,(oo) is given by

(39) pA(°°)=llif2pA(t)=lsgl 5pa(s)

1 1
= Tlﬁ?i A
2 6 (A1) [A+4fa) As-;,(1=D)a
B S
The Laplace transform R(s) of the reliabiliiy of the system R(#), can be ob-

tained from pH(s) by making suitable transformations which are equivalent to the
assertion that the probability of the system moving from down state to up state
is zero. For example, if we substitute Z?j(s)zo, @f(s)=o (j=1,2), and g;(s)=0 in
(36), we have the reliability transform of the system. Because from (26)—(31) we
have

(40) Q={0:(5, 0 (D dx=py (s, 0) 5y (5)

(41) Q= 0205, 1) () dx=py 5, 0) fuls)

(42) Q= 2als, pr (1) de=po(s, 0) B (5

(43) Qi={"au(s, ) () dx=py (s, 0) B (s)

(44) Qs=[, 055 0¥ (1) dx=21-0)A ()4 (5)
(45) Q=] a5, Vv (1) dx=(1=0)po(5) ()

where p;(s,0)#0, (j=3,--,6) p;(s)#0, (j=1,2) b=1, therefore
we obtain ‘@j(s)z‘é}‘(s)zo, (j=1,2), and g (s)=0 from Q;=0 (j=1,---,6).

For example, ‘Zal(s)=o means that in transition E,—FE,—F,;, the Laplace-Stieltjes
transform of distribution function of the time of stay in E, and F, is zero. Our
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result may be sumarized in the following theorems.
THEOREM 3.3 The R(s) of the system is given by

N | Ab[(s+25) 2208, (s+23) + (s+ A1) @ ()]
42 RO= 30 G 2 (54 20180 (9) a(5) — b2 dadh (5 20) 2o ST AT
THEOREM 3.4 The MTSF of the system is given by
(47) MTSF =lim R ()
$—0
1 b [43b8,(Rs) +415(0)]

=t TTa:(0) @5 (0) — bAiRe2, (o) &2 (AT

We give below the availability functions, reliability functions and MTSF of
some special case.

(i) Cold standby system with dissimilar units

(48) PA(S)—" {1+ A ‘éa(s) 5+1 +22,é3(8)g1(5+72) +(5+22)B1(S)]
sty n (s+2,) ] T [(52,) -5 (9) 2,55 () 85-5(s+ 2]

B A2
(49) Pa() = g aFan) T8 G L F A (=) el A A L 2, Ty ]

1 {l+ Zlb[s+21+lzb§1(5+zzu ) )}
s+2; (s+4y) (s+22) — A, A:0°8, (s+42) £ (s + A1)

L. b AbE )]
®b) MTSF = {1+ 2t o]

(50) and (51) in =1 agree with the expression of Osaki [3].

(50 Ris)=

(i) Warm standby system with similar units

) 1 2By (s) +2%B* (s5)
(52) bals)= s+2{1+ & (s)[1—B(5)]—[AB5(5) +2*B*(s)] §(s+ ) }
- A+2A*¥(1-g*(2))

Pal) = DT Fa* T A0~ by ag + A+ FF T—* (D))

(54) R(g) 5+2{1+ a(s)— lbg(s+2)}

b
(55) MTSF=7{1+ 2*[1_g*(2)]+2[1—b§'(1)]}

(52) and (54) in b=1 coincide with the expressions obtained by Srinivasan and
Gopalan {4].

(iii) Hot standby system with dissimilar units
We can obtained the results by putting 1,=2¥ in warm standby system. Espe-
cially when g;(f)=g¥ () (i=1,2), the reliability is given by
(56) R(s)=1/(s+4y) +21b{<s+)‘1+22)[5+21+()‘Zb—"zl)g-l<S+;~2>]+2122§1(5+22)(b_1>}
[+ A1) (s+25) « {5+ 2+ ) [s+ A+ — 2,81 (s +4s) — A8 (s+2p]
+ (1= 2148 (s+A) & (s+ 1) }}
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and then the MTSF by

b{Qu+2) [+ Rob—2) 81 (A) 1+ 4,481 () (b—1) }
Ao A+ 2) [ (1= 21 (42)) + 2 (1= g2 (2))]+ (1 =0 214281 (42) &2 (A1) }

(56) and (57) in b=1 agree with expressions obtained by Gaver [1].

57 MTSF:ZLJF
1

4. Comparison of models

If the repair time distributions and failure rates are given, we can select the
optimal model in parallel and standby model by using some special relationships
without calculating the availability for each model. Optimal is used in the sense
of maximizing the steady state availability. Let p§(eo) and p4(eo) denote the avail-
ability for parallel and standby model respectively. Noting that we obtain the
availability for parallel model by putting A¥=2,, a;=af and b=1 in (39), we have
the following theorem from immediate comparison between pf(o) and py(e).

THEOREM 4.1

(58) pu(e0) Eph(eo)

= =B A5-i8i(Zs-) =< 5 1+2a;
= A=t S S0 R e Ui, 02 G

1+ 2 af
P& ),}

~ A A (g (e
and, for special case we have
i) identical units with warm standby (A4-;=2;=21, AF=* a,=a, aj=a*);
(59) pia(o0) Eph(e0)

- = [A+A¥A—-g* ()] (1+2a) R

i) identical units with cold standby (A4-;=2;=2, AF=4i*=0, a*=0;
(60) FACHES G
(=> A-biazg12% 1

=250
If the repair time distribution of units are exponential, i.e., p(t)=p, we have
1
61) PA(%) =T 1525y (207
. _ 1

(62) o) =TT Ry (T )
(63) Pi(0) Eph(e0)

_ 1 1

(=) KEg—3a32,y

where K=(1—b)pa,, p=2A/p

Table 1 shows the numerical examples of the steady state availability (61) and (62)
and Fig. 2 shows the numerical results of (63).
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\fu(w) 5 (o) a0

0 \\K 0.01 0.1 0.3

0.01 0. 9998 0.9998 0.9989 0.9969
0.05 0.9955 0.9972 0.9929 0.9836
0.1 0. 9836 0. 9901 0.9821 0.9649
0.2 0.9459 0.9662 0.9524 0.9231
0.3 0.8989 0.9332 0.9155 0.8784
0.4 0.8491 0.8951 0. 8750 0.8333
0.5 0. 8000 0. 8547 0.8333 0.7895
0.6 0.7534 0. 8138 0.7921 0.7477
0.7 0.7101 0.7738 0.7522 0.7083
0.8 0.6701 0.7353 0.7143 0.6716
0.9 0.6335 0.7457 0.6786 0.6376
1.0 0.6000 0. 6645 0.6452 0. 6061

K

[11]

[4]
[5]

12
05— —— — — xi_ﬁ____
Pu(00) < phi(e0)

P(00)> ph(o0)

!

Fig. 2. Comparison of parallel and cold standby model
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