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Abstract

Berry-Esseen type bound for the distribution function of a density
estimator of kernel type is obtained when the observations are from
a stationary Markov process. It is shown that the bound is of the
order O(n~t/8*r) for any r>0 under some conditions.

1. Introduction

Estimators of the density function of a population based on a sample of in-
dependent observations have been considered by several authors. An excellent
survey of the results in this area is given in Rosenblatt (1971). Rosenblatt (1970)
and Roussas (1967, 1969) considered kernel type of density estimators when the
observations are assumed to be sampled from a stationary Markov process.
Rosenblatt (1970) has shown that these estimators have the same character as in
the case of independence. He proved that the kernel type estimators are asymp-
totically normal under some regularity conditions. Our aim in this paper is to
obtain Berry-Esseen type bound for the density estimator after proper norming.
Result obtained here generalizes a similar result of Wertz (1971) in the independent
case. Order of the bound obtained here is the same as in the independent case.

2. Preliminaries

Consider a probability space (R, %, P) and let {X,, n>1} be a Markov process
taking values in (R, 8, P) with stationary transition measure p(&,A)=P(X,,, €Al X,
=¢&). Assume that p(&,A) is a measurable fuuction of & for fixed A and a proba-
bility measure on @ for fixed & Such a transition measure gives rise to a Markov
process by Doob (1953). Assume that the process {X,,n>1} satisfies a Doeblin’s
condition (D) as given by Doob (1953), p. 221 viz. there is a finite-valued measure
A on @ with 2(R)>0, an integer v>1 and ¢>0 such that
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(2.1) PP (€, A)<l—c if 2(A)<e

and there is only one ergodic set E in R with A(E)>0 and this set contains no
cyclically moving subsets. (Here p™(-,.) is the n-step transition measure.) Under
(Dy), it can be shown that there exist positive constants r,>1, 0<p,<1 and a
unique stationary probability distribution /7(-) such that

(2.2) Ip™ (&, E)—=II(E)| <70}

for n>1. The distribution I7(-) taken as the initial distribution together with the
stochastic transition function determines a stationary Markov Process. We shall
assume that the initial distribution is always the stationary distribution. Suppose
that p(-,+) and II(-) are absolutely continuous with respect to a ¢-finite measure
p. Let f(-,+) and f(-) be densities of p(.,.) and I7(-) with respect to x. The
problem which we consider in this paper is to find the rate of convergence of dis-
tribution of kernel type density estimators of f(.). Let P, be the probability
measure on (R~, $~) corresponding to f(-,-) and f(-). Here after, we shall suppose
that R is the real line and @ the o-fleld of Borel sets of R, x Lebesgue measure.

We shall now state a Berry-Esseen type theorem for random variables defined
on a Markov process satisfying the above conditions.

THEOREM 2.1. Let Zj,=a,M(b, Xi+c,), 1<j<n, n>1 be a double sequence of random
variables defined on a stationary Markov process {X,, n>1} as given above where {a,},
{6} and {c,} are sequences of nom-negative constants such that a,—0 and M(:) is a
bounded real valued function. Further suppose that E(Z,,)=0 for all j and n. Define

(2.3) Bin=E|Z,|},n=1
0 _1 n
(2.4) gl=n Var[j;1 Zjn].

Suppose that ¢2>0. Let
(2.5) Snzn‘manljg1 Z;

Then there exist absolute constants C;, 1=1,2,3 such that for every n,

(2.6) sup |P(S,<u)—@(u)|

—ooul+o0

= _1’2'83"{”[1 ]}

+C n-irin ‘Bln [lifpf

+4/2rs 1" Bin0n 77
MERE Al S e ae

where @ is the standard normal distribution.

Lemma 3.4 of Prakasa Rao (1973) is similar to this theorem and it is based on
a result of Aleskevicus (1966). We omit the oroof this result. We shall now state
a lemma due to Wertz (1971) which will be used in the sequel.

LEMMA 2.1. Let a, b and c¢ be positive real numbers, (2,,8,,P,), n>1 be a se-
quence of probability spaces, and suppose that {{,} and {n,} are sequences of real valued
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random variables defined on (2,,8,,P,). Further suppose that there exists positive
constants C,C' such that for every ye R and for every n>1,

2.8) Pn<|cn|zn-a>sc' nt.
Then there exists C*>0 such that for every ye R and for every n>1
(2.9) [ Pp(Catna<y) =@ (M| K C7 prmint@ner,

We shall state few more lemmas which give upper and lower bounds for the
variance ot sums of random variables f(X;) when {X;} is a stationary Markov
process satisfying Doeblin’s condition (D).

LEMMA 2.2. (Doob (1953), p. 222). Let g(-) be B-measurable with E[g(X,)]?<oo.
Then

(2.10) lE(g<X1)g<Xk+l>>_E(g(X1)>E(g<Xk+l>)|
<2l Eg (X))

LEMMA 2.3. (Prakasa Rao (1973), p. 144). Let g(-) be B-measurable with o*=
Elg(X)P<o. Then

(2.11) Var[iiz1 g(X) |<not L +4rA—py 1)
LEMMA 2.4. Let g(+) be B-measurable with E[g(X,)]=0, 6?=E[g(X,)]?< 0. Then
(2.12) Var[z g(X) |zna® (1—pir(1+4r1)} (L—pi) .
PROOF: By the stationarity of the process {X;} and the fact that E[g(X;)]=0,
n a 2
var[ £ a(X0]=E[ £ g(x0]
=n0*+2'S (1= HE[G(X) g( Xye1)]

>no?—4rfc 22 (n—Fk)p%* (By Lemma 2.2)

£ oy}

R T
=no*{1—4r* 3
k=1

n—1
2ng{1—4r¥ 3 o}?}

=no {l 4rl/2—Pp’ (11 ,0‘?{7 >}

2710'2{1 }/2P}/2}

1/2

o
=no? {l—pP*(1+4r)} (1—py5)
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3. Main Result

Let {X,,n>1} be a stationary Markov process satisfying Doeblin’s condition
{D,) and other assumptions at the begining of section 2. Let f denote the density
of X; and r; and p, be the Doeblin’s constants in (2.2).

Let [ be any interval on R and 0<e;<e, A>0, r=1, 0<p,h,q<1l. Let F,=F,
(A,p,h,q,7; I,64,e;) be the class of all stationary Markov processes with marginal
density f and the Doeblin’s constants », and p, satisfynig the following conditions:

(3.1 (1) 0<slgir61£f(x)gsu1?f(x)gez )

(i) f”(x) exists for every xR and sup{|f”(x)|: xe R} <A<,
(iii) 1<r;<r<eo, 0<p,<p<1,
0< (422" (14227 1< h<1, and
0<pP(1+4rY <g<1.
Let K(-) be any bounded continuous symmetric density function such that
¢ <oo for 0<i<3, 0<k<L2 where
(3.2) ci,k:f tKi(1)dt .
R

Let k,—oo as n—oo such that nk,—oco as n—oo. Define

n

h, (X7 x)— XR.

Rosenblatt (1970) proved that
(3.3) N 1kn [Py (X" %) —E (R, (X*; x))]

is asymptotically normal with mean 0 and variance

(3.4) Fof T Kxbdi=f(x)co

under some conditions. Let 42(f; x)=Var (h,(X"; x)).

We shall now state and prove the main theorem of this paper.

THEOREM 3.1. Let k,=n"Y3. Given any 0<t<3}, there exists n, depending on F,
such that

h, (X" x)—

(3.5) SUp SUp Sup Sup ni-s |P Y RGEE) f(x) gy]—@(y)’ <oo,

Fo xel nzno YR

PrOOF: Let

1
(36) Nin= nkn

Since {Xj} is stationary, 7;,, 1<j<n are identically distributed. Let
3.7 or=0,(f; x)=Var [n;.] .

Lemma 2.3 implies that

3.8 Var,[ £ np]<notli+arp1—pp) -1
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Hence

(3.9) Var [h,(X"; 0)1=45(F; x)
=0(no})

uniformly in F,. Let v,,(f; x) =E|7;,— E(%;,)|* and

(3.10) Zip=m—EMm), 1=j=n.

Equations (10) and (11) of Wertz (1971) show that there exists an integer N, depend-
ing only on F, such that

(3 11) n—3/20-7—13 (f" x) =O< (nkn) 3/2)
and
(3.12) o (f: )<t Do G

nek2 + ndk,

for every n> N,, uniformly for F, and xeI where C, is again a constant depending
only on F,. Applying Theorem 2.1, we obtain that there exists absolute constants
C;, 1<:<3 such that

5z
(3.13) sup Pf{ (f x)jl -0 (y)

et o (e s, T

+ Gy 2m(f3 0 h_f%

n 4, (f; x)
el vu (f; %) (0724, (f; X))zrpf+~/2rf]
vps(f; %) l+'\/2rf (1 Pf)2
(3.14) <cnfLL %ﬁéru W HE 0 (L4 A=)

—|—C2{f(ri?kg“ ok, nsk } 4 (f; 0 {rA-p)™
s b B rea-or

The last inequality follows from the fact that uilgyns. Equation (13) of Wertz (1971)
shows that there exists N, depending on F, and a constant C; depending on F,
such that

(3.15) et (f; x) S Cs(nky) 2

for all n> N,, uniformly for F, and xeI. Lemma 2.4 implies that
(3.16) 4(f; x) =2Cenay (f; x)
=2 CeCs(nk,) 1

for some Cg depending on F,. (3.12), (3.14) and (3.16) together prove that R.H.S.
of (3.14) is less than or equal to



20 B.L.S. Prakasa Rao

3.17) Ci(nk,) 172
+ Co (k) V2R
+ Cy(nky) " V2n=32p 6 e 42 (f - x)v7i (f; %)
where C;, Cs and C, are constants depending only on F,. Note that, by Lemma 2.3,

(3.18) L(f5 0) = Coonos (f; x)
where Cj, depends only on F, and

(3.19) an(f; ) S Cun2k;?.
Hence

(3.20) A(f; ) = CyoCoyn k2.
Furthermore

(3.21) vas (/5 %) 2[0%(f; 0)7*

g[c-ﬁ—2n-—2k;1]3/2: C1271_3k;3/2
where C;, depends only on F, by (3.15)° Combining (3.20) and (3.21), it follows that

(3.22) 4 (f; 0yws(f; %)
= CyoCri Citntle)?
= Cpanth; 1

wwhere C;; depends only on F,. Observe that the last term in (3.17) is still
0((nk,)-1?) since h* with 0<h<1 is involved in it. (3.17) proves that there exists
a constant C;, depending only on F, such that

E Zin
(3.23) sup P, A (f )_y —@ ()| ZCyy(nk,) 12

uniformly for F, and x=[ and n> N, depending only on F,. Note that i Zn
J=1
=h,(X"; x) =E [h,(X*; x)]. Hence

hn(X";x) —E [h,(X"; x)] , /
(3.24) iggle[ YRCIES <J] @(J)’<Cn(nkn> e
uniformly for F,, x=I and n> N, depending only on F,.
Let
(3.25) gn= (X xzjﬂ—(?{[;t;()("; E9)
and
(3.26) Gum B DI () PR
Note that

|E [h, (X7 2)]—F(2)]
:URK(z‘) FCer kot di—£(x)
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=128 /" Newcre
where [|/"fl.=sup {|/”(x)|: x€ R} and

4, (f; %) 2 (CCs) 2 (nky) ~12
by (3.16). Hence
(3.27) |8l = Cys (nke5) 2

for n> N, depending on F, and for some constant C;; depending on F,. Hence, by
Tchebyshev’s inequality, for any a>0 and p>0 and k,=n"¢,

(3.28) Pf (&) =n"?) énapEfICn[p
=< CEno? (nks) 2

= Clzgn—p(.’;u—m,—l)/z
uniformly for F, and xel. (3.24) shows that for »> N; depending on F,
(3.29) Sup sup sup [P, (7, =y) =@ (y)| S Cn~ -2,
0 & ye

(3.28) and (3.29) hold for > N depending on F,. Let a=a, b=%(5a—2a—l), p>§1;-—1
and ¢=(l—a)/2 and choose a such that 5¢—2a—1>0 and 0<a<l. In particular,
choosing a::l,)——z' for any r<%, and applying Lemma 2.1, we obtain (3.5).

REMARK: The result can be extended to estimators of two-dimensional density
of the stationary Markov process in an analogous manner.
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