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1. Introduction.

Dynamic programming (DP) has been introduced by R. Bellman [2] as an import-
ant technique to solve non-linear programming problems in which a sequence of
decisions has to be chosen in an optimal manner. Bellman, in his book, proposed
“Principle of Optimality” to show that the determination of an optimal policy can be
reduced to the solution of an optimality equation, i.e., a functional equation that
should be satisfied by an optimal return. Although Principle of Optimality is a pro-
position which needs mathematical reasoning, his justification for the principle was
not in a precise mathematical form. For this reason, the scope of cost structure to
which the principle is applicable has been left unexplained.

Afterward, G.L. Nemhauser [9] gave a sufficient condition for the cost structure
in order that an optimality equation holds true. His condition is that the cost func-
tion should have both a separability property and a monotonicity property. Nem-
hauser did not make explicit the relation between the effectiveness of Bellman’'s
principle and the justification for an optimality equation — the relation is no more
trivial under his condition.

In this paper we shall be concerned with the optimization of finite-stage sequential
decision processes. We shall give rigorous proofs for the justification of optimality
equations and for the effectiveness of optimality principles with two meanings, with-
out assuming the existence of maximum values of returns. Our condition is that the
cost function should have a recursiveness property, a monotonicity property and a
Lipschitz condition. Our recursiveness is essentially same as the separability in
Nemhauser sense. QOur monotonicity has two senses: one is a wide sense, and the
other a strict sense. The monotonicity properties in the wide and the strict senses,
together with the recursiveness and the Lipschitz condition, induce optimality prin-
ciples in a weak and a strong senses, respectively. Bellman’s Principle of Optimality
is well to be identified, in our terms, a principle in the strong sense. Our principle
in the weak sense has not been introduced in other literatures as far as the authors
know. If we assume the existence of maximum values of returns like Nemhauser
did, then the Lipschitz condition can be suppressed from hypotheses in our arguments.

In this paper we treat both deterministic and stochastic cases. Section 2 is
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devoted to the former case, and Section 3 to the later case. In Section 3, we anew
introduce a stochastic recursiveness and a stochastic strict monotonicity, and develope
arguments parallel to those in deterministic case.

Section 4 classifies DP problems from the viewpoint of the reward system (RS).
The family of RSs considered in this paper, in both deterministic and stochastic cases,
explicitly covers all types of returns discussed by Nemhauser. Our RSs are, for in-
stance, recursive additive, multiplicative additive, divided additive, logarithmic addi-
tive, and exponential additive. Especially in deterministic case, backward power,
forward power, maximum and minimum RSs are added to those cited above.

The last section sets forth a variety of examples in which optimal policies and
optimal returns are given.

2. Deterministic case.

2.1. Notation and definitions.

In the deterministic case a dynamic programming problem is specified by five
elements S, {A,}, {T.}, {gn} and d. The set of states S of some system is a non-
empty Borel subset of the J-dimensional Euclidean space R’. For each n (1=n=<N),
A, is a mapping from S to the space of nonempty Borel subsets of RX. For s&S,
A,(s) means the set of actions available to us at the state s in the n-th stage. Let
I, denote the set {(s, a)|ac A,(s), s&S}. For each n (1=n<N), T, is a Borel mea-
surable mapping from I, to S. {7T,} means the fransition law of the system: if we
choose an action a= A,(s) after observing the state s of the system in the n-th stage,
then the system moves to a new state $’ uniquely determined by s’=T,(s, a). For
each m and n (1=m=<n=<N+1), gn, is a real-valued Borel measurable function de-
fined on [y X g X -+ XI',.;xSX R In the case when m=n, here, the set
XX -+ XTI, XSXR' is interpreted as SXR'. We assume, for every 7, S
satisfies the relation that g,.(s; ¢)=c for all s€S and all ceR'. The terminal reward
Sfunction d is a real-valued Borel measurable function defined on S. We shall call the
set of functions {g,.} and d a reward system (RS). If starting from an initial state
s, we observe a sequence of states s, S, -+, Sy and terminate at Sy,; by choosing
actions a,, @y, -+, ay in turn, then we receive a total reward gy y.+1 (S, Gy, S, Qs =+,
Ay, Sy+1; d(Sy.1). Given the number N, our problem is then to maximize the total
reward. The maximizing problem is called the N-stage problem. We shall call g, y+1
(S1, @y, Sy, Ay, -+, Sy1; A(Sy+1)) an objective function (OF).

Let H, denote the set I, xXI',X --- xXI',_;XS. H, means the space of partial
histories (i, ay, S,, Ay, -*+, S;) consisting of (2n—1) elements. An element of H, is de-
noted by h,. A finite sequence 7={m,, 7,, -+, Ty} is called a deterministic policy for
the N-stage problem, if 7, is a Borel measurable mapping from H, to RX for each n,
and if for each n, 7,(h,)=A,(s,) for all h,e H, where s, is the last component of A,.
Suppose, throughout Section 2, a policy means a deterministic policy unless otherwise
stated. A policy m={m,, @,, ---, 7y} is called Markov, if for each n =z, depends only
on the last component of h,. A Markov policy is denoted by {f;, fo, -+, f¥}. Let
II% and IT%, denote the set of all policies and the set of all Markov policies, respec-
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tively, for the N-stage problem. For a policy #={m, 7, -+, 7y}, let "z denote the
final subsequence {Tns1, Tnie -+, Ty}. For each n (0En=N-1) let

2.1 [y_n<n”)(hn+1):gn+1,;\’+1(5n+17 a4y, Shsay oy A, Sk d(s%+1)),

where
angrj(hj) j:n‘i_l, n+2, Tt jv!

§y =T _(sh—1, a%-1) k=n-+2,n+3, -, N+1,
0 _
Sp+1=Sa+1-

In the definition (2.1) the upper suffix of / means the number of stages left for us to
take actions. For a Markov policy #={f,, f2, -=*, fx}, (2.1) is interpreted as

(2.2) IV =" frag, Frvzs =5 T)(Sna1)

:gn+1,N+1(Sn+1y %1y Shany oy Ay Shr1s A(S%11)) s
where
ag:f](sg) j:71+11 n+27 Tty ]\’/vy

$y =T, (sh_1, al_) k=n-+2,n+3, -, N+1,
1= Sn41 +

Substituting #=0 into (2.1) we have

(2.3) IY(z)(s)=81,5+1(S1, a1, 3, a3, -+, ka1 ; d(shysr))

that is what we want to maximize with respect to = in the set II¥. A policy =*
for the N-stage problem is said to be optimal, if I"(z*)(s)=I"(z)(s) for all s€S and
all e ll¥,

2.2. Recurrence relations and the principle of optimality.

At first we shall set up two general assumptions which are valid for this sub-
section.

(Gl). For each n (1=n<N), I', has a Borel Selector, i.e., there exists a Borel
mapping S to R¥ such that graph¢,C1,.

Let
(2.4) L.,(s)= sup

(@p,sp+1, SN+ DEARO X T py1X X' N XS
| &, w+1(S, Cny Snar, =+ Swar; d(sy+))1.

(G2). For each n (1=n=<N-+1) and each s, L,(s) is finite.

Many authors have worked on the existence of a Borel Selector. We like to pre-
sent here a sufficient condition for the existence of a Borel Selector which is a slight
modification of the result by Arsenin and Ljapunov [1].

PROPOSITION 2.1. Let X=R7 and Y=RE. Let I' be a Borel subset of XXY such
that for each x=X the x-section of I' is a-compact in Y. Then projgl’ is Borel and
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I" has a Borel Selector defined on projyl.
We now prepare two lemmas.

LEMMA 2.1. For any m<lly and any s,€S, there exists a Markov policy # such
that

IN(E)(Sl):IN(ﬁ)(Sl) .
ProOF. The proof is easy by the use of Borel Selectors {¢,} assured in the as-
sumption (G1).
LEMMA 2.2. For any s,€S and any €>0, there exists a Markov policy # such that

IY(#)(s)= sup IM(z)(s,)—e¢.
zEH%

PROOF. The proof is easy from Lemma 2.1.
For each n, let

N-r[[E={N-rg|xcll}} .
That is, ¥-"/I% means the set of all final subpolicies with n components. And let

(2.5) uMhy-pe)= _ sup  I"("7"x),

N N—n N
s HQ

where I™(¥~"r) is given by (2.1). Then we have the following
THEOREM 2.1. Let

(2.6) VM(Sy-n+)= sup IM({fa for ooy Sl (Swonar)

1.f2, - Fp)E T,
Jor n=0,1, -, N, where I"({fy, fo, =+, fa}) is given by (2.2). Then it holds that
(2.7 U Ay -ns ) =V"(Sy_ns1) Sor all hy_n€EHy piq,

where Sy_n., in the right-hand side is the last component of hy_,,, in the left-hand
side.

PrROOF. It suffices to show the equality (2.7) in the case when n=N—1, for we
can show it similarly in general case.
Let

(2.8) a¥(s,)= sup VX (z)(s,),

f:EH‘g)_

then it follows directly from the definitions of #¥~! and #"~! that

(2.9 uV Y hy)=a" - (s,) for all h,eH,,
where s, is the last component of %, in the left-hand side. For h,=(s,, a,, S, -, Sn),
let 'h, denote (s, @, -+, S,). Let (s, a)el’; and n={x,, @, -, wy} = I1Y fix arbitrarily.

By considering 7,(h,) as the function of ‘A, since (s, a,) is fixed, define =, by
n;(lhn):n‘n<sly a,, lhn) for all lhn .
for n=2,3,--,N.

Let n’={mj, m}, ---, %}, then ©’ becomes an element of II¥~%. Since 'r starting from
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(sy, ay, ;) yields the expected reward as much as z’ starting from s, we have
IV Cr)(sy, @y, s2)=_sup IVTHAN(S,).
;E]Ig_l
Then we have
uV sy, ay, $)SAV(s,) .

This holds for all s,eS. Since (s,, a,) is arbitrary, we have
(2.10) uN - hy)<a¥-(s,) for h,eH,.
It follows from (2.9) and (2.10) that

ul " (hy)=a""(s,) for h,eH,,

which implies that #¥-'(h,) is independent of (s,, a,).
We now fix s, arbitrarily. By applying Lemma 2.2 to the (N—1)-stage problem
starting from s,, we have
VN () =@V (s,)—e.
Letting €| 0, we have
vY(s)=al Y (s,) .

Since the converse inequality is trivially true, we get

VY (sy)=u¥ Y (s)=u""(h,) for h,eH,,

which completes the proof.

We now introduce two properties of {g,,} which play a crucial role leading us
to “the principle of optimality”.

DEFINITION 2.1. {gn.} is said to be recursive, if for each m and 7n such that
m=n—2, all (Su, Ap, -+, SR)EL @ X Ly X -+ X', XS and all ceR?Y, it holds that

Znn(Smy Qmy Smets Qmss, =% 5 Spj €)

:gm,m+.1(s7m Uy Sm+1; gm+1,n(sm+1s Am+1y "5 Sns C)) .

DEFINITION 2.2. {gm.} is said to be monotone (strictly monotone), if ¢,<c, implies
Gnnea(S, @, 875 €)S(<)gnpnsa(S, @, 8" ¢,) for all n and all (s, a,s)el,XS.

The following proposition is immediate from Definition 2.2.

PROPOSITION. 2.2. If {gnma} is recursive and monotone (strictly monotone), then
¢, < ¢y tmplies gua(Smy Amy -+, Sn; C)S(<)Gmn(Smy Amy ==+, Sn C2) fOr each m, n such that
m=n—2 and all (Sp, Ap, -, S)EL mw XL i1 X +++ XL 1 XS.

We shall make use of the following condition which means a Lipschitz condition
in a weak sense.

CoNDITION (L). For each n(1<n<N) there exists a positive number K, such
that

gn,n+1(sy a, 5/; C+5)_gn,n+1(s» a, s’ ’ C)éKns
for all (s, a, s")el’',XS, all ce R and for sufficiently small ¢>0.

In Theorem 2.1 we have proved that u™(hy._,,,) depends only on the last com-
ponent of Ay_,.;. Hence we shall write u™(Sy_n4;) or, simply, u"(s) in place of
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U™ hy-y+1), hereafter. The spirit of the following theorem can be found in Theorem

1 of Karp and Held [8].
THEOREM 2.2. Let {gn.} be recursive and monotone. Let Condition (L) be satisfied.

Then {u,} satisfies the recurrence relations:

u™(s)=_ sup I -ni1,5-n+2(S, @, Ty-nia(s, @) ; u {(Ty_pii(s, a)))
AEAN —p+1(8

(2-11) f07’ SES’ n=1, 2’ Tty N!
u’=d.
ProoF. It suffices to show the relation in the case when n=N, for we can show
it similarly in general case.
From Theorem 2.1 we have

W= sap  If fa s fehS)

(f1,f2,~~,fzv)EHim

— 0 0 0 . 0
- sup v g‘I,N+l(Sy (l?’ Soy Q3 *** y Sy+1, d(SN+1)) ’
{112, INIEM g

where
ag':fj(sg ]Zly 21 “'yNy

S% :Tk—1(32—17 a(l)z-l) k‘__zy 3y ) [VJl_]- ’
si=s.

Hence from the recursiveness and monotonicity we have

uM(s)= sup vg1,2(sy al, s3; gz,N+1<5(2), a3, -, S%ur; d(Sk41)))
U1l fNIET Y,
(2.12) =< sup g,o(s, @, s§; u"N(s))
flenim

= sup g1,2<sy a, T(s, a); uV (T (s, a))).
ac 41(s)

Next, take a= A,(s) arbitrarily. Let ¢>0 be sufficiently small. Applying Lemma
2.2 to the (N—1)-stage problem starting from $§=T(s, a), we find a Markov policy
m*={f¥, 1% -, fA} %" such that

U= IV mH($)+e,
which implies from the monotonicity that
81,5, @, §; UV (=g, @, §; IV H@*)($)+e) .
By making use of Condition (L) and the recursiveness in the right-hand side, we get

g1,2(3y a,$; uN_1<§))§uN(5>+K15 .
Letting €| 0, we have

(2.13) sgrg)g.l,g(s, a, Ti(s, a); u?(Ty(s, a)))Su"(s).
ac A1 (s

From (2.12) and (2.13) finally we get
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W)= sup gils, a To(s, a); w(To(s, a))

This completes the proof.

THEOREM 2.3 (Weak Principle of Optimality). Let {gm.} be same as in Theorem
2.2, and let Condition (L) be satisfied. Then the optimal policy n*={z¥, n¥, ---, 2%} for
the N-stage problem satisfies the relations:

(2149 8, w-nea(Sy, af, sf, a¥, o, S§oper; IV (RE—nen)

:gl,N‘n+1(slv af, s¥, a¥, -+, Skoner; U(SFons1)),
for s,eS8 and n=1,2, .-, N—1,
where
af=r¥ry)  j=1,2,-,N,
SF=T (st aF) k=2,3, -+, N+1,
sf¥=s,.

PROOF. Since 7* is optimal, we have
(2.15) u(s)=1"(z*)
=g1,:(s, a¥, s¥; IV (o) (hE)) for se8S.
By using the monotonicity in the right-hand side of (2.15), we get
uM ()= gu,(s, aff, sF; uV 7 (s¥))

(2.16) < sup 8,45, a, Ty(s, a); u¥ = (T'(s, a)))

as41(8)
=u"(s),
where the last equality is due to Theorem 2.2. Combining (2.15) and (2.16) we have
81,(8, af, s§ ; IV (Ca*)(hE)=g1,4(s, af, sF; u?(sF)) .

Thus it has been shown that (2.14) is true in the case when n=N-—1.

For general case we can prove it in the manner similar to the case when n=N—1
by the repeated use of the recursiveness.

It should be noted that the assertion of Theorem 2.3 is very similar to Bellman’s
principle of optimality, but somewhat weaker than Bellman’s one. Namely, the rela-
tions (2.14) follow from Bellman’s principle; on the contrary, the converse may not
be true. The following theorem shows that Bellman’s principle can be obtained from
our Weak Principle by replacing the monotonicity property with the strict mono-
tonicity property.

THEOREM 2.4 (Principle of Optimality), Let {gn.} be recursive and strictly mono-
tone, and let Condition (L) be satisfied. Let n*={zn¥ =¥, .-, 7%} be optimal. Then
we have

(2.17) u"(SR‘z«nﬂ):I"(N'"%*)(Sffz-nn) for n=1,2 -« N and s,S,

where
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ay=zy(n¥) Jj=.2,--,N,
s;ak:Tk-:l(S;zkvli at*l) k:21 37 ) i)V—I'_l ’
s¥=s,.

PrROOF. The theorem follows directly from Theorem 2.3 by virtue of the assump-
tion that {g.,} is strictly monotone.

COROLLARY 2.1. Let the same assumptions as in Theorem 2.4 be placed. Then
there exists a Markov policy which is equivalent to the optimal policy.

PrROOF. Trivial from (2.17).

THEOREM 2.5. Let the same assumptions as in Theorem 2.2 be placed. Suppose

that we can construct a Markov policy n*={f¥, [¥, ---, f%} in order that the following
relations be satisfied.

Gnyne1(S, FE(S), Ta(s, FX(8)) ; u"™(T (s, FHS)))
(2.18) = SUD Znn+1(S, @, Ta(s, a); u¥™(T,(s, a)))

acsAp(s)
for se8 and n=1,2, ---,N.
Then n* is optimal.

PrOOF. From Theorem 2.2 and (2.18) we have

(2.19) Euyner(S, [3(S), Tr(s, F1(8)) ; uV=™(T (s, F())=u""+(s)
for seS and n=1,2,---, N.

For any fixed sy-, we have, from the recursiveness and the relations (2.19) with

n=N and n=N—1 substituted, that
Er-1,8+1(Sx-1, [ H-1(Sn-1), Sk, FH (%), Tw(sk, F5 (%)) ; d(Tw(sk, £5(s3)))
(2.20) =8n-1,8(Sx-1, FH-1(Sw-1), sk ; (%))
=u*(Sy-1),
where sy=Ty_\(sy_1, fF-:(Sy-1)). Since sy., is arbitrary, (2.20) holds for all sy_,<S.
Inductively we have
IN(W*)(S1):g1,N+1(51y JE(sD, sF, F5(s0), -+, Shu1; d(s¥%+1))
=u”(s,) for s,eS,

where s¥=T,_(sf, f¥.(s¥) for n=2, 3, ---, N, and sf=s,. Thus 7* is optimal. This
completes the proof.
REMARK 1. In the case when L,(s) is bounded on S for each 7, in Theorems
2.2~2.5 Condition (L) can be slightly weakened to the following condition:
ConpITION (L’). For each n (1=n<N) there exists a positive number K, such
that

gn,n+l(s’ ay S,; C+5)_gn,n+1(sr a: Sl; C)éKne

for all (s, a, s")el', XS, all ¢ such that |¢| <M and for sufficiently small >0, where



Dynamic Programming on Recursive Reward Systems 111

M= sup |L,(s)].
1=nsSN+1
seS

REMARK 2. In the practical problems of dynamic programming, it very often
happens to us that for each 7 and s, u"(s) is attained by the maximum rather than
by the supremum, that is, for each n and s, there exists an optimal policy, which
may depend on s, for the n-stage problem starting from s. In those cases Condition
(L) can be suppressed from the hypotheses in each theorem.

3. Stochastic case.

3.1. Nontation and definitions.

A stochastic dynamic programming problem is defined in the manner parallel to
the deterministic case. Namely, a dynamic programming problem in the stochastic
case is specified by five elements S, {A4,}, {¢a}, {&na} and d. Every element is same
as in the deterministic case except for {¢,}. For each 7, ¢, is a regular conditional
probability measure on S given SXRE {g,} means the stochastic transition law of
the system: when the system is in state s at the n-th stage and we take action a,
the system moves to a new state s’ selected according to the probability law g,(- |s, a).

A finite sequence m={m,, 7, -+, wy} is called a random policy for the N-stage
problem, if z,, for each n, is a regular conditional probability measure on RX given
H, such that

To(An(Sa)lha)=1  for all h,€H,,

where s, is the last component of h,. Suppose, throughout Section 3, a policy means
a random policy unless otherwise stated. Let I7% denote the set of all (random)
policies for the N-stage problem. A Markov policy and the set 7% are defined in
the same way as in the deterministic case. For any policy n={x,, w,, ---, x}, "
denotes the final subsequence {7 41, Tnss, -+, Tx} as stated in Section 2.1. Let E™(h,,,)
denote the integral operator with respect to the probability measure induced from
"7 and {@n+1, *, gy} Over the space of (@ni1, Smiz =, Swas) given Fgyg. Viewing
E™(hy.,) as a function of A,,,, we shall denote it by E™. For each n (0=n=N-1), let

3.1 JN_n(n”)(hnﬂ):Enn(hn+.1)[gn+1,N+1(5n+1, Qns1y Snazs , Swaer; d(Sys))],

or as a function of A,., let

(3.2) JN—n(n”):En"[gn+1,N+1(3n+1y Qnigy Snezr =y Sw+1; A(Sy+1))] .
Substituting n=0 into (3.1) we have
(3.3) JN(”)(S1)=E"(Sl)[gl,lvﬂ(sn Ay, Sy o+, Syars A(Swe1))] .

Our optimizing problem is to maximize J¥(x)(s,) with respect to = in the set I74. A
policy m#*II'} is said to be optimal, if IV (x*)(s)=I"(x)(s) for all s€S and all relly.

3.2. Recurrence relations and the principle of optimality.
In addition to the general assumption (G1) we shall impose the following assump-
tions throughout this subsection.
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(G3). d is bounded on S.

(G4). For each n (1=n=<N) and for every bounded function w on S, g, »+:(s, a, s ;
w(s’)) is bounded on [',xS. Note that (G2) is taken its place by the joint use of
(G3) and (G4).

Next we shall give stochastic versions of the recursiveness property and of the
strict monotonicity property.

DEFINITION 3.1. {g..} is said to be stochastically recursive, if for any =<,
any m, n such that m=<n—2 and any bounded Borel measurable function w on H,, it
holds that

Emn[gm,n(smy Amy Sm+1y ***y S s w<hn))]
:gm,m+1(smy Amy Sm+1s Emﬂ[gm+1,n(sm+h Ay =ty Sas w(hn»j) a.s. (P");

where P” denotes the probability measure induced from =.

Let H$ be the s;-section of H, for s;=S. Let e.(s;) denote the probability
measure on Hjit induced from 7 and {g¢,}.

DEFINITION 3.2. {gn.} is said to be stochastically strictly monotone, if it is mone-
tone in the sense of definition 2.2, and if for any n (1=<n<N), any z<Il¥ and any
s;&S it holds that if there exist a Borel set BCHiL; and Borel functions %, v on H,,,
such that u<v on B and e.(s;)(B)>0, then we have

[ gnmeasn @ Sness ulhne))den(s:)

< gn,n+1<sm Any Sn+1; V(Ages))des(s,).
B

In this subsection we shall frequently use “monotone” and Condition (L) which
have been both given in Section 2.2, besides “stochastically recursive” and ‘“stochasti-
cally strictly monotone” just given above.

LEMMA 3.1. Let {gn.} be stochastically recursive and monotone in the sense of
Definition 2.2. Let Condition (L) be satisfied. Then for any s,€S, any ¢>0 and any
nell¥, there exists a Markov policy % such that IY(2)(s)=I¥(x)(s,)—e.

Proor. We can show the lemma in the same way as in authors’ previous theorem
(Theorem 5.1 in [3] and its correction [4]), and so the details are omitted.

For each n, let

N-r[[f={""x|xcll}} .

Define the conditional expectation of reward in parallel with (2.5) by the following :

(3.4) UMhy-nsD=_ sup I¥¥"r).
1 '"EEN7"II;
Then we have
THEOREM 3.1. Let

(3.5 V*(Sy-ns)= sup IS for s Ja} ) (Sw—ns)
ufa o fpledly

for n=0,1, ---, N. Then under the same assumptions as in Lemma 3.1 it holds that
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(3.6) UMhy-ne1)=V™(Sx_n+1) for hy_pi€Hy ni,

where Sy_,., 1S the last component of hy_p.,.

PrOOF. Follow the same line as in Theorem 2.1 by the use of Lemma 3.1.

By virtue of the above theorem we shall anew express U™Ay_nsi) by U™(Sy-ns+1)
or by U™(s) for short, hereafter.

The following lemma is a slight modification of Theorem 7.1 of Strauch [10].

LEMMA 3.2. For each n, U™ is universally measurable.

GosScinski and Jakubowski gave, in Theorem of [5], a stochastic version of the
recurrence relations given by Karp and Held [8]. The following theorem is a refine-
ment of the result by the former authors, but is not written in terms of stochastic
automaton as they did.

THEOREM 3.2. Let {gn.} be stochastically recursive and monotone in the sense of
Definition 2.2. Let Condition (L) be satisfied. Then the following recurrence relations
hold :

Uns)=,_sup | gy-nesw-nsals, @, 8 U (N dyonin(s']5, @)

AEAN —p+1(8)

GD for s€S and n=1,2,---,N.
U=d,

or symbolically
UYs)= sup E[Gy-ni,v-n+4S @, §; U*(s)]

AEAN —n+1(
(3.8) for seS and n=1,2,---,N,
U'=d.

REMARK. It should be noted that the integrals in (3.7) and (3.8) are well defined
by virtue of Lemma 3.2 and the measurability of gns.
PROOF. Since U"=V" for each n from Theorem 3.1, we have

U"(s)= sup E(fl’fz’m’fN)[gl,N+1(31y ay, Sz, 5 Sya1; A(Sy41))]
U r2 SNy

= sup vEf1[g1,2(sly ayy Sz; E(fz'""fN}[:gz,NH](Sz))]
(LT I NIETY

= S}lp Efl[g1,2<31; ay, Sz, UN_1(52)>]
1
by the use of the stochastic recursiveness and the monotonicity. Thus we have

(3.9 UN<51)§ sup Eal:gl,z(su a, s;; UV (sp)].
acA1(sp

To show the converse inequality, we need the following lemma.

LEMMA. For any probability measure p on S and any >0, there exists a Markov
policy # such that p{g¥(2)=U¥—¢}=1.

It is noted that the assertion of this lemma is more strengthened than that of
Lemma 3.1, but the proof follows the line of it.

Now take a= A,(s;) arbitrarily. By the use of above lemma applied to the pro-
bability measure ¢,(-|s;, @), we find a Markov policy # such that
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IV-YR)y=UV 1 —¢ a.e. (g-]sg,a).
From the monotonicity and Condition (L) then we have
(3.10) ELg1,(sy, @, 355 UY () IS EL 81,51, @, 825 IV H(R)(s5)+¢)]
SEY 81,81, @, $23 IV #)(8:)) ]+ Kie
Let n*={a, #}, then =* is a policy in reality and the first term in the last side of
(3.10) is equal to the expectation of reward received from #*, Hence (3.10) leads us

to
Ea[g1,z(51y a, S, UV W(s,)1SUY(s)+Ke.

By letting ¢ | 0, we have
(3.11) sup E[ g8y, @, S35 UNH(s:))IZUY(sy).

asA1(s1)

It can be seen from (3.9) and (3.11) that the recurrence relation holds in the case
when n=N.

For general case, follow the line of the above.

THEOREM 3.3 (Weak Principle of Optimality). Let {gn,} be same as in Theorem
3.2. Let Condition (L) be satisfied. Then the optimal policy n* satisfies the following
relations:

(3.12) Eml:g.l,zv—nﬂ(hN—nH; EN-r l:gN—n+1,N+1(SN—n+1r Ay-n+r s Swe1 G(Sx+1))1)]
:Ew[gl,N—n+1(hN-n+1; U™(Sy-n+1))] for n=1,2,-,N.

ProOF. Follow the same line as in Theorem 2.3 by the use of (3.8).

THEOREM 3.4 (Principle of Optimality). Let {gn,} be stochastically recursive and
stochastically strictly monotone. Let Conditon (L) be satisfied. Then the optimal policy
7* satisfies the following relations:

EN-nm[gN-nH:Nﬂ(sN—nﬂy AN-n+15 ~"* ) SN+15 d<3N+1))]
=U™Sy-n+1) a.s. (P™), Sor n=1,2,---,N.

Proor. Easy from Theorem 3.3 and from the stochastic strict monotonicity.

The following theorem supplies us an algorithm for finding an optimal policy.

THEOREM 3.5. Let the assumptions be same as in Theorem 3.3. Take a Markov
policy m*={f¥, f¥ -, f%} in order that the following relations be satisfied:

'L ga (s, SH(), '3 UV (5)]= sup E%Lgnnas(s, @, 85 U¥(s)]

for seS and n=1,2, -+, N.
Then w* is optimal.
Proor. Follow the same line as in Theorem 2.5.

4. Reward systems.

We classify the DPs according to the reward system (RS). The corresponding
objective function (OF) of each RS is explicitly written down. We give sufficient
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conditions for the {g..} to satisfy the monotonicity, strict monotonicity, stochastic
monotonicity, recursiveness, stochastic recursiveness, and Condition (L) (or (L")).
Throughout this section each DP is assumed to have the fixed elements, S, {A,}iz2=m,
{@n} 1znsw (or {Th}isnsy) except for the element {gna}ism<nzy+1, and B(X) (resp. £(X))
denotes the set of all real-valued Borel measurable (resp. continuous) functions on X.
The following § 4.1-4.16 correspond to § 6.1-6.16 in [6], respectively, which have treated
the game version of our DP.

4.1. Non-stationary recursive DP.
A DP has a non-stationary recursive RS {{g,},sn=n, d} if each g,, is expressed
as follows:

Gnn(Smy Ay Smsr, 5 1(S3)=8n(Smy Gy Sms1 3 Eme1(Smars Cmssy Smazs
Gn-1(Sp-1, Qu-y, Su; 1(82)) -+)),
where g,€ B(SXAXSXR). Then the OF is
Ry(h)=g(sy, ay, S5 ; 8:(Ss, Gy, S35 -+ Ex(Sy, Gy, Swe1; ASye)) -++)) .
4.2, Stationary recursive DP.

A DP has a stationary recursive RS {g, d} if g,=g, 1<n=N in the non-stationary
recursive RS.

4.3. Stationary recursive DP with stage-wise reward {r,}.
A DP has a stationary recursive RS with stage-wise reward {r,} if in the stationary
recursive RS

8(Sn, @y Spays U(Sps))=8(Tn(Sn, Qny Sns1) 5 USper))  1=n=N,
where geC(RXR) and r,€ B8(SXAXS). Then the OF is
Ry(h)=g(r(sy, ay, $5); 8(ra(Ss, s, Sg) 5 -+ G(ru(Sy, aw, Syr1); d(Swe1)) =) .

The DPs in §4.4-4.16 can be viewed as the finite harizontal version of MDPs in
[3].

4.4. Non-stationary recursive additive DP.
A DP has a non-stationary recursive additive RS {{rp} 120w, {Ba}iznsn, {tn}12n=n+1, d}
if in the non-stationary recursive RS

<41> gn<3, a, s l(S')):fn<7"n(S, a, s/))+‘8n(s7 a, S/)tn+1(l(sl)) y

where ¢,€C(R) and 8, B(SXAXS), B,=0. We call t, and §, n-th translator of the
stage-wise reward and n-th accmulator of the RS, respectively. Then the OF is

Ry(h)y=t(r(s,, a, 32)>+ﬁ1(31; ay, Sp)ta(7o(Ss, g, S3))
+B1(sy, a4, 8)Bs(Ss, @z, Sy)ts(r3(ss, Ay, 5))+ o
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+B8:(81, @y, 82)Bo(Ss, sy S5) -+ Byv—i(Syy, Aw-y, SW)EN(Ty, (Sy, Ay, Sy+1))
+481(sly a,, 52)52(52» Ay, S3) ++ ,BN(SNy Ay, Sy Ever(d(Sxir)) .

Of course this RS is stochastically recursive (therefore, recursive). Note that 5,>0
implies strict monotonicity and stochastically strict monotonicity and that 8,=0 implies
monotonicity. Condition (L) is satisfled provided that 0=8,<K,<oo, t,(c+e)—t, ()<
Kre for ceR', sufficiently small ¢>0, where K,, K,>0 are constant.

4.5. Stationary recursive additive DP.
A DP has a stationary recursive additive RS {{r,}, {B.}, t, &} if t,=t, 1<n<N+1
in the non-stationary recursive additive RS.

4.6. Additive DP.
A DP has an additive RS {{r,}, d} if 8,=1, t(r)=r in the stationary recursive
additive RS. Then the OF is

Ry(Ry=r(s,, a;, s;)+ -+ +ry(sy, aw, Swan)Fd(Swsy) .

The additive RS, which is typical and important in DP problems, is stochastically
recursive, stochastically strictly monotone, and strictly monotone, and satisfies Con-
dition (L).

4.7. Non-stationary multiplicative additive DP.

A DP has a non-stationary multiplicative additive RS {{r,}, {t,}, d} if B,=r,
1=n=<N in the non-stationary recursive additive RS, where 7, B(SXAXS), r,=0.
Then the OF is

Ry(h)y=t,(r\(s,, ay, s +ri(sy, ay, St(7(s,, S3))
+ e sy, ay, 5p)7o(Sg, Ay, Sy)
o ryoi(Sx-1, @y, SN (Sw, Gy, Syer))

Fri(sy, @y, $)75(Ss, Gy, S5) -+ xSy, ay, Swa )t (d(Syey)) .

4.8. Stationary multiplicative DP.
A DP has a stationary multiplicative additive RS {{r,}, t, d} if t,=t, 1<n<N-+1
in the non-stationary multiplicative additive RS.

4.9. Non-stationary divided additive DP.

A DP has a non-stationary divided additive RS {{r,}, {t.}, d} if B,=1/r,, 1=n<N
in the non-stationary recursive additive RS, where 7, 8(SX AXS), inf ,(-)>0. Then
the OF is
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Ry(Ry=t,(r,(s,, ay, s,))+—20olo G2 80)

7:(Sy, @y, Sp)

+ In(rn(Sn, Ay, Sy+1))
(S, a1, S2)75(S,, Ay, $3) -+ ¥y_i(Sy-1, Qx-1, Sy)

tyvs1(d(Sy+1))

+ :
(s, a,, $2)7a(S2y @y, Sg) -+ 7a(Sy, Ay, Sy+1)

4.10. Stationary divided additive DP.
A DP has a stationary divided additive RS {{r,}, t, d} if t,=t, I<n<N+1 in the
non-stationary divided additive RS.

4.11. Non-stationary logarithmic additive DP.

A DP has a non-stationary logarithmic additive RS {{r,}, {t,}, d} if B.=log r,,
1=n=N in the non-stationary recursive additive RS, where T EB(SXAXS), r,=e.
Then the OF is

Ry(h)y=t(r,(s,, ay, 5))+og 7,(sy, ay, $2))tr(S,, Gy, So))
+ oo Hlog ri(sy, ay, 55))(log 7:(sy, as, S5))
o (log ry-i(Sy-1, aw-y, SW)EN(rx(Sy, Ay, Swar))
+(log 7,(sy, ay, $,))(10g 7Sy, @y, S3))

- (log ry(sy, ay, Sva))bwvi(d(Sys1)) .

4.12. Stationary logarithmic additive DP.
A DP has a stationary logarithmic additive RS {{r,}, t, d} if t,=t, 1<n<N-+1 in
the non-stationary logarithmic additive RS.

4.13. Non-stationary exponential additive DP.
A DP has a non-stationary exponential additive RS {{r,}, {t,}, d} if B,=e™, 1<n<N
in the non-stationary recursive additive RS, where r,€ 8(SXAXS). Then the OF is

Ry(R)=1(r\(sy, @y, $2))+eT 10080521 (1,(s,, @, S5))
+ .- +e7‘1<81,ab32>+Tz<52,ﬂz,83)+-~+TN—1(8‘\'—1,‘1.\7—1,SN>1‘N(,«N(3N’ Qx, Sy+1))

71(81,01,52)+72(89,89,S Y+t TN (S ay,SN
4 @T1081,81,82)+72(52,5,53 NGN,ay, \+1>tN+1(d(sN+l))_

4.14. Stationary exponential aditive DP.
A DP has a stationary exponential additive RS {{r,},t, d} if t,=t, 1=<n<N+1 in
the non-stationary exponential additive RS.

4.15. Multiplicative DP.
A DP has a multiplicative RS {{r,}, d} if

(4.2) &(ra(s, a, s7); (s ))=ru(s, a, s')xX(s")
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in the stationary recursive RS with stage-wise reward 7,, where r,€ B(SXAXS),
7,20, d=0. Then the OF is
RN<h):rl(sly a, 52)7’2(52, Ay, S) -+ *a(Sy, Ay, Sn+1)d(Sys1) -

Clearly the RS is stochastically recursive and monotone. Further 7,>0, 1<n<N im-
plies stochastically strict monotonicity and strict monotonicity. Condition (L) is
satisfied provided 0=r,<K,, where K, is constant.

4.16. Terminal DP.
A DP has a terminal RS{d} if r,=0, 1<n<N in the additive RS. Then the ter-
minal OF is
RN(h):d(SNH) .

It is natural that this RS satisfies all the conditions stated in the additive DP. Note
that this OF is also the case where r,=1, 1=n=<N in the multiplicative OF.

The DPs in §4.17-4.21 are restricted only to the deterministic case, because they
do not, in general, satisfy the stochastic recursiveness.

4.17(18). Maximum (Minimum) DP.
A DP has a maximum (minimum) RS{{r,}, d} if

8(ra(s, a, 8); I(s"))=max (r,(s, a, §'), I(s"))
(=min (r,(s, a, ), I(s')))

in the stationary recursive RS with stage-wise reward r,, where 7,€ 3(SXAXS).
Then the OF is

Ry(h)=max (r,(s;, ay, S5), 75(Ss, @y, Ss), -+, rx(sy, ay, Sw+r)y d(Sy+1))
(=min (,(s;, ay, Sp), 7a(S, Ay, Sy), =, *a(Sn, Awy Swe1)y A(Sx41))) .

(see [2, p. 571, [9, p. 56, p. 89]). The RS is recursive and monotone. It is easily
shown that the maximum (minimum) RS satisfies Condition (L).

4.19. Backward power DP.
A DP has a backward power RS{{r,}, d} if
g(ra(s, a, ) ; (s"))=ry(s, a, s)1
in the stationary recursive RS with stage-wise reward r,, where r,€ B(SxAXS).
Then the OF is
d(Sy+q)

ra(Sx, Ax, Syu;

75(Sq, @, 53>.
RN(h):rl(slv ay, 52)

)
y-‘ J]. ..

where x =\x . This RS is recursive. Note that minr,(-)>1
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implies strict monotonicity. Furthermore, 1<7, <K, 1=n=N, K constant implies Con-
dition (L") (see Remark 1 in §2.2).

4.20. Forward power DP.
A DP has a forward power RS{{r,}, d} if
r'ﬂ(s! a! s/)
8(rals, a, s"); l(s")=IU(s")
in the stationary recursive RS with stage-wise reward r,, where 7,€ B(SXAXS).
Then the OF is
7’l(slv al’ 52)
_7’2(52, as, S3)
rn(Sy, Qn, SN-H).
RN(h):d(sN+1)

X
x

Yy ¥y

where in this case w® = (wz> . This RS is recursive. Note that
min 7,(-)>0 implies strict monotonicity. Furthermore, min#,(:)>1and r,=K, 1=n=N,
K constant Condition (L’) (see Remark 1 in §2.2).

5. Examples.

5.1. Deterministic case.

The mathematical programming problems in Examples 1-4 may be reduced to our
DPs and analytically solved by calculating and using the corresponding optimal
policies and optimal returns. They have continuous state and action spaces. Note
that u™(s) or U™(s) is attained by the maximum or minimum in each examples (see
Remark 2 in §2.2).

EXAMPLE 1. Minimize (»;—1+2xf)><(max(x2, X3))

subject to (i) x,(x,+x5)=c (>0)
(11) xl, ny x3>0 .

This reduces to a non-stationary recursive DP (S, {4.} 1snss, {Tn}1snss, {&n}1snss 4),

where
N:31 S:C, a:xy S:(Oy OO), A.l(c):(oy OO); A2(6>:(01 C:] ’

Ae=1d, Tie, =", Tde, D=Ti(¢, )=c—x,

ale, x, ¢ e)=(Lt2x?)xUe), mle, x, ¢ ; (e)=max (x, Le)
8¢, x, ¢ ; d(¢")=x+d(c"), d(c)=0.
Then by solving the recursive equations

u(c)= Min gulc, xa, Thlc, ) ; " (Talc, 1)) 1=n=3,

rnEAn(e)
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u’(¢)=d(¢)=0,

2

we have the optimal policy {fF¥, /¥, f¥} and optimal returns u° u', u® u® as follows:

Ho=1, [Ho==, [Ho=¢
3

u(c)=0, u'(c)=c, uz(c):—g—, udc)y=—-c.

3

Therefore, when

wF=fHO=1, xF=/HT\c, )=,

xE=/HTATi(e, 28, xD)=-5,

the given problem attains the minimum ua(c):—g—c.
ExaMPLE 2. Maximize max (x;, X;~+x;-x,)
subject to (i) x+x.+x+x,=c (=0)
(ii) x,=0 1=n=4.

This reduces to a non-stationary recursive DP whose elements are specified as follows:

N=4, s=¢, a=x, S=[0,00), A )=[0,¢c] 1=n=3, Alo)={c,

T.(c, x)=c—x 1=n=4, gle, x, ¢ ; Kc))=max (x, [(¢')),

&lc, x, ¢/ ; l())=x+UKc"), glc, x,¢"; U ))=xxUc"),

glc, x, ¢’ ; d(c"))=x+d(c¢"), d(c)=0.
We have the optimal policy
0Oorc 0=c=4
0 >4,
K==, [io=c,

and the optimal returns

c 0=c=4

o] oy

sHo=| s

¢ 0=c=4

u’(c)=0, u'(c)=c, uz(c):-%, u3(c):u“(c):[ C4z .

CZ
4
point (x¥, x¥, x¥, x¥)=(0, ¢, 0, 0) or (c, 0, 0, 0) (resp, <0, 0, %, —g—)) This completes
Example 2.

Before we proceed to discuss the further examples, it should be noted that any

[E 1}

function composed recursively by virtue of the operations “addition”, “multiplication”,
“multiplicative addition”, “maximum” --- may, in some appropriate condition, be used
as both objective and constraint functions in such problems as Examples 1, 2. More-

over, note that the constraint consisting of p (=2) inequalities whose left hand sides

Hence, if 0=c¢=4 (resp. ¢>4) the problem yields the maximum c¢ (resp.

) at the
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are such functions composed above is also expressed as our state transformation [7].
For example, the constraint
KT XX =0 (z0)

XXt a=c, (=0)
is expressed as follows:

N=3, s=(c, ¢,), a=x, S=Ri, Ac,, ¢;)=[0, min (¢, ¢,)],
Aylcy, 6)=(0, ¢, Ay, c)=A1(cy, ), Ti(cy, ¢5), x)=(c1—x, C,—x),

Tul(ey ) 0=, c=x), Toley €2, )=(e—1, c—1).

ExaMPLE 3. Let's now consider the unconditional maximum problem stated in
[2, p. 102]:
Maximize (1—x;)e"1+(1—x,)e"17%24 oo 4 (1—xy)e™1t 72t +2y

This, however, reduces to a stationary exponential additive DP whose elements are
specified as follows: N, s=c¢, a=x, S={c,}, i. e., one point set, A,(co)=R?, Ty(cy, x)=¢,,
ralCo, X, c)=x 1Zn<N, t(r)=(1—e)e", d(c,)=1. Then the optimal policy is
fik(c()):e?:v—-Z)-factorsy Tty fN—S(CO):ee; fN—Z(CO):e ’ fN—l(CO>:l, fN(CO)ZO 3
and the optimal returns are ,
uo(co):O, ul(c()):l’ u2<CO)_—‘€, us(co):ee, Tty 1lAV(CD)=efI.\;—1)-factors .
e

Hence the problem attains the maximum u”(co):ee" ((N—1)-factors) at the point

o )

(x;k» x‘l*, Ty x:’t’):(eﬁ;\’—m-factors, efN—S)-factorsr 8 1: O)- Here, xy =X
ExaMpLE 4. We find the problem:

Minimize g(al)—l——g(a%z)—i-%+ _f__#‘imgm_l_

subject to (i) a;=1, i=1,2, -, m
(i) a,a, - ap=x
in [2, p. 58]. This is rather extended to

Minimize g(xl)+-g—(x’:“> +——i€§f + +——x1xf(_fm;m_l

subject to (i) x,>0, 1=n=<m
(i) xx, - x,=c (>0).
Then the latter reduces to a stationary divided additive DP such that

N=m, s=c¢, a=x, S=A,(0)=(0, ») l=n=m—1, An(c)={c},

Tule, )=—=, rale, x, ¢)=x 1=n=m, d)=0, r)=g(r).
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The following Examples 5-11 have, on the turn, finite state and action spaces.
EXAMPLE 5. Maximize max {r(s;, a, Su), 7(Ss, @s, S3), *** , "(S100y G100, S1o1)y d(S101)} SUD-
ject to the following stationary state transformation 7,

al
Pt EE L I B S A
l
1 01 2 2 s=1,2,3
2 l 3 1 3
3 1 1 1 1
T(s, a)
where d(s)=0 and (s, q, ) is
s ‘ a ‘ r(s, a, 1) r(s, a, 2) r(s, a, 3)
1 10 4 8
1 2 8 2 4
3 4 6 4
1 13 0 18
2 2 6 16 8
3 -5 -5 —5
1 10 2 8
3 2 6 4 2
3 4 0 8

This is the maximum DP whose elements are specified above. We have the optimal
pOliCY {f;k’ f;k, Ty fﬁ)()}y Where

1 2or3 2o0r3
fi*=|:li|, fé‘Z[ 1 } f§‘=[1 or 2 ]
1 1 1,2 or 3

1,2 or 3
fi=fr=- Zf%oz{l,Z or 3]
1,2 0r 3

100

and the optimal returns u'—u’— .-+ —-u'’ where

10 18 18 18 18
[18}——{18}—{181—{18} —_— —>[18}.
10 10 18- 18 18
Here (resp. thereafter) we have used (resp. will use) the conventional notations,

Fx) u™(1)
f,",‘:[f,’f(Z)} and u"={ u™(2) jl For example, /¥(1)=2 or 3, #*3)=10.
F¥3) u™(3)

EXAMPLE 6. Maximize (x%®) subject to (i) x+y+2z=9, (i) x, y, 2=2, integers.
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This reduces to a backward power DP whose elements are as follows:
N=3, s=c¢, a=x,yorz S={2,3 - ,9, Afc)=1{23, -, c—4}
¢=6,7,89, Ayc)=1{2,3,--,c—2} ¢=4,5 -,9, Alc)={c
c=2,3,:,9, Tuc, a)=c—a, ryc, a, c)=a 1=nZ3, do)=1.

Then we have

|

¢l oue,  wl e, wo R, W e

2 1 2 2

3 1 3 3

4 1 4 4 2 2

5 1 5 5 3 3

6 | 1 6 9 3 3 2t 2
7 0 1 7 7 3 3 28 2
8 1 8 8 4 4 22 2
9 1 9 9 4 4 28 2

Therefore, the problem attains the maximum #*(9)=2% at the point (x*, y*, 2%)=(2, 3, 4).

EXAMPLE 7. Maximize (2¥)® subject to (i) x-+y-+z=9, (i) x, v, z=2, integers.
This reduces to a forward power DP whose elements are the same as those of Ex-
ample 6 except for d(c)=0. We have

¢ | we, wo e, wo e, wo e

2 0 2 2

3 0 3 3

4 0 4 4 2! 2

5 0 5 5 3 2

6 0 6 6 3 3 2! 2
7 0 7 7 3¢ 4 3! 2
8 0 8 8 4t 4 3° 2
9 0 9 9 4 5 3 3

Therefore, the problem attains the maximum %*(9)=3° at the point (x*, y*, z*)=(3, 3, 3).

5.2. Stochastic case.
5

ExAMPLE 8. Maximize E”(kl'[ 7(Sk Qr Si+1)) Subject to the following stationary
=1

transition law ¢, where S=A,(s)={1, 2, 3} s=1, 2,3, n=1, 2, -+, 5, and the stationary
stage-wise reward r is also given as follows:
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s oa | gqls,a) q2ls,@) qBls,a) | r(s,a,1) r(s,4,2) r(s,a3)
1 ‘ 0.5 0.25 0.25 0.5 0.75 15

1 2 0.0625 0.75 0.1875 1.5 2.0 0.33--
3 l 0.25 0.125 0.625 2.0 1.5 0.5
1 | 05 0.0 05 1.0 2.0 15

2 2 0.0625 0.875 0.0625 0.5 15 2.0
3 0.33--- 0.33--- 0.33--- 2.0 1.0 0.5
1 0.25 0.25 0.5 2.0 0.5 1.0

3 2 0.125 0.75 0.125 1.0 2.5 0.5
3 0.75 0.0625 0.1875 0.333--- 0.5 2.0

This problem reduces to a multiplicative DP with the terminal reward function d(s)=1
s=1,2,3. Then we have the optimal policy {f¥, ¥, ---, ¥} and the sequence of
optimal returns U'—U?--- -U?* as follows:

2 2
fi“=f§‘={2} f%“ZfZ":fé‘=[l}

2 2
1. 656 2. 487 3.989 6. 055 9. 606
l:l. 469J—>|:2. 375}%[3.581}—){5,712}—9{ 8. 670}.
2.063 3.090 4. 957 7.523 11.937

ExAMPLE 9. Further consider the problem:
Maximize E™(~/r, +7r, 41, +1irs VFs+ o 117y - Voo V100 1iFs - T1oo VA )
subject to the same transition law ¢ in Example 8, where S=A,(s)=1{1, 2, 3} s=1, 2, 3,
Yn=r (S, Qp, Sps1) 1=0=100, d=d(sy,). In this case,  and d are given as follows:

s a(s) a 1 r(s, a, 1) r(s, a, 2) r(s, a, 3)
1 1.5 0.5 0.8
1 1.0 2 0.8 1.2 2.0
3 1.2 15 0.6
1 1.0 2.0 15
2 1.0 2 2.4 0.6 0.8
3 1.0 0.8 0.5
1 0.5 1.0 0.8
3 0.8 2 2.0 0.8 0.5
3 0.75 2.0 2.0

This is a stationary multiplicative additive DP with #(r)=+/r. The optimal policy is
2

stationary one specified by f*:[l} and the sequence of optimal returns U!—U?
3

e S 00 g
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2.51 4.09 6.16 4,382 <108 5.25x10°
{ 2. 28}%{ 3.90 }—{ 5. 76} — = { 4,088x10° }—{ 490x 108 } .
2.04 3. 47 5.09 3.613x 108 4.33x10°

ExaMPLE 10. Maximize E™[d(s;)] subject to the same transition law as ¢ in
Example 8, where S=A,(s)={1, 2,3} and d(1)=0.5, d(2)=0.0, d(3)=—0.2. This is a
terminal DP. Then we have the optimal policy {ff, /¥, -+, f¥} and the sequence of
optimal returns U'—U?%*— .-- —-U® as follows :

1 3
fi"—f%":f;“ZP}, fé‘ZfZ“:[l},
3 1

0. 200 0. 280 0.271 0.273 0.273
‘:O. 150}—>[O. 269}—>[O. 269}—>[0. 273}——){0.273]
0. 338 0. 256 0.274 0.272 0.273

ExaMPLE 11. Finally we consider the problem : Maximize E™[r,+r,7y+7yrsry+7ar:d ]

subject to the following stationary transition law ¢, where S=A,(s)={1, 2}, 7=
7(Sn, @, Spe1) $=1, 2, n=1, 2,3, d=d(s;), and » and d are also given as follows:

s d(s) a qg(1ls, a) q(2|s, a) r(s,a,1) (s, a,2)
N T S S :
2 3 -+ 4 2
1 0 1 1 1
2 1.0
2 1 <+ 2 0
We have

s | v | U0 1) | U 19 | U 1 | U e

1 1 4 2 13 2 31 2 —832— 1
2 1 2 1or?2 5 2 13 2 23 2

Note that this is a non-stationary recursive DP such that
&i(s, a, s"; [(s")=rs, a, s)+I(s")
(s, a, s"; I(s))=rys, a, s"I(s")
gi(s, a, s"; l(s"))=r(s, a, s')+ry(s, a, sHI(s)

&ds, a, s ; I(s)=r(s, a, s)+U(s).
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