SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

ON ALGORITHMS TO OBTAIN DIGRAPHS REPRESENTING
DYNAMICAL BEHAVIORS ASSOCIATED WITH A SINGLE
NEURONIC EQUATION

Tagawa, Shojiro
International Institute for Advanced Study of Social Information Science

https://doi.org/10.5109/13106

HERISR - SEETEERFZE. 17 (1/2), pp.85-91, 1976-03. Research Association of Statistical
Sciences
N—=2 3

HEFIBAMR

W2 KYUSHU UNIVERSITY

Q

M
e



ON ALGORITHMS TO OBTAIN DIGRAPHS REPRESENTING
DYNAMICAL BEHAVIORS ASSOCIATED WITH
A SINGLE NEURONIC EQUATION

By

Shojiro TAGAWA*

(Received June 30, 1975)

1. Introduction.

This paper is concerned with digraphs representing dynamical behaviors associated
with a single neuronic equation with time lag (n—1) which is introduced by Caianiello
[1]. In order to investigate digraphs themselves and the transition phenomena of
the digraphs, we shall present the algorithms to obtain the family of digraphs. Our
situation is on the same spirit of Kitagawa’s method [2]. Indeed, we first determine
all possible order relations of 2" terms corresponding to state configurations. Next,
we obtain the family of digraphs by varying the threshold for each order relation.
It is noticed that this family is compared with the family of simultaneously realizable
threshold functions (see Muroga [6]) in threshold logic.

In Section 2, we shall summarize definitions and preliminary results indispensable
in this paper, many of which are stated in [2]. In Section 3, we shall present an
algorithm to obtain all possible order relations of z“”’s concerning with 74, - 1,-; in
terms of notations in [2] on the basis of all possible order relations corresponding to
ioly -** in-2. The problem to determine the above order relation is essentially equivalent
to the problem to check the consistency of the system of inequalities. In particular,
the problem to determine order relation of 2 and 2’ under the condition that some
order relation of z®’s is given, where z® is contained in the set of z™’s but z is
not, is separately discussed in Section 4. In Section 5, we shall present an algorithm
to obtain the family of digraphs by varying the threshold in each order relation
given in Section 4. There are some concepts similar to our arguments, for example,
variable-threshold threshold elements (see [5]), simultaneously realizable threshold
functions and lattice of canonical positive threshold functions (see [6]) in threshold
logic. We shall discuss the relations among those notions and our arguments.

2. Definitions and preliminaries.

We shall consider a single neuronic equation with time lag (n—1):

(2.1) *(tHD=10S, ax(t—k)—0],
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where the variables x(t—#k) and x(t-+1) assume 0 or 1, the coefficients a,, k=0, 1, -,
n—1, and a threshold @ are real numbers and 1[uJ=1 if >0 and =0 if u=0.

Let us set a=(dy, ay, -+, ,-,) and d=(8,, 8,, -+, 6,-,) where 0,=x(t—Fk) for k=0,
1,-,n—1. Let X, denote the set of all possible é’s. We now introduce the types
of subdivisions of the coefficient space:

ioil o in—lz{a|o<aio<ai1< e <ain_1}

Z.Oil o in—IE{alaio<0< ‘ aio' <ai1< <ain-1}

(2.2)
iozl in—xz{alai1<0<aio<|ai1i < e <ain_1}
;o{x g =1{a] a4, <A, <0< a5 | <y, | <o <@y}
Z07'7.1 e i—n415{a1ain_1<ain—z< <ai1<a1'0<0} ’
where i, runs over the set {0, 1, -+, n—1}.

Let us define
Tp if e=1,
ilz :{ _
s if =0,
and

n=1
z2M= 34,0, for all 0eX,.
k=0

Then, each subdivision of (2.2) is rewritten as i, -+ 1" %,
As stated in [2], for n=3 there are more than one types of the ascending orders
of the values of z’s corresponding to the subdivisions of the coefficient space. For

example, let n=3, then

e a; a;
1olils <——O<aio<ai1<[ ma—"— ”:I<aio+ai2<ai1+ai2<aio+ai1+ai2v
12

so that there are two types of the ascending orders of {z®, .-+, z®}. Note that each

1,5%1,54,°2 has just as the same types of the ascending orders as those in 1ol42,. Con-

sequently, we can confine ourselves only to the types corresponding to Toly ot Loy
The set X, is called to be arrayed in an inverse lexical order if it is enumerated

as follows:
L (@) 3) @ &) B (1) (8) (2r-3) (2"-2) (2"-1) (2")
0O 1 0 1 0 1 0 1 - 0 1 0 1
O 0 1 1 0 0 1 1 - 0 0 1 1
(2.3) 0O 0 0 O 1 1 1 1 -ene 11 1 1
0 0 0 0 0 0 0 0 11 1 1

and each vector in X, is numbered as above.
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3. An algorithm to obtain all possible types of the ascending orders of
{zD, - | 2™} corresponding to iy, - i, ;.

We now present the algorithm which generates all possible types of the ascending
orders of z”s corresponding to i, --- i, when the all possible types corresponding to
iy i,-y are given, i e., this algorithm constructs all possible types of z”’s in (n+1)-
dimensional coefficient space from those in n-dimensional coefficient space.

Assume that one orderrelation corresponding to gy -+ i,-4:

2P LB L e L2
is given.
Step 1: Let k=2.
Step 2: Add a new number a, to every z” and define

Z@MN=zM4q, for r=1,2,-,2".
It is then clear that

Z(2n+1)<2(2n+2>< <Z<2ﬂ+1> .

Step 3: Compare the value of z®"*" with each of z®, -+, z%", and enumerate
all possible order relations of numbers z®, ---, 2® and z®"*V,

Step 4: On the basis of order relations given in Step 3, compare z®"** with
2z y=], .-, 2"+k—1, and determine all possible order relations of
numbers 2z, r=1, 2, ---, 2"+k.

Step 5: Execute Step 4 with # replaced by k+1, and repeat until £=2".

Note that =0, z®=aq;,, and z®=a,, whenever we are concerned with s, -+ 15,
Moreover, it suffices to consider only the case that 012--- (n—1), i.e, i,=j, =0, 1,
v, n—1.

Let us number all vectors 6 in X, in an inverse lexical order as in (2.3). Then,

we give the number 7 to 2‘”::2::@5{” for 1=<r<2". Now, the above algorithm
turns out to be as follows:

Assume that the sequence of positive integers j, 7, --- Jo»n where 1=/, =27, r=1, -+, 27,

which corresponds to an order relation of {z, -, z¢™}.

Step 1: Set p=1.

Step 2: Generate numbers j,, 7=2"+1, -+, 2""}, as jyny,=J,+2" for r=1, -+, 2%

Step 3: Since j=1, in any case, we have Jjm,;=2"+1, and construct all the
sequences with the number js».,;=2"+1 in addition to the given sequence.
They are all sequences in which the number 2"+1 is located at the
right of the number 2" '+1.

Step 4: If the sequences {Jj,}y=i,.on4p, LSP=2"—1, are given, then construct all
possible {Jj;},z1,2m+pr1 DY checking the location of Jemspsr.  This step is
discussed in Section 4 in detail.

Step 5: Execute Step 4 with p replaced by p-+1 and repeat it until all possible
sequences {J;}r=,.,sn+1 are obtained.

ExaMPLE. Let n=3, and suppose that the sequence
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is given.
Step 1: Construct the sequence by adding 8 to each number and we have

9 10 11 13 12 14 15 16.

Step 2: Determine all possible locations of the number 9:

1 2 3 5 4 6 7 8 9
1 2 3 5 4 6 7 9 8
1 2 3 5 4 6 9 7 8
1 2 3 5 4 9 6 7 8
1 2 3 5 9 4 6 7 8.

Step 3: Determine all possible locations of the number 10:

1 2 3 5 4 6 7-8 9 10
1 2 3 5 4 6 7 9 8 10
1 2 3 5 4 6 9 10 7 8
1 2 3 5 4 9 6 7 10 8
1 2 3 5 4 9 6 10 7 8
1 2 3 5 9 4 6 7 10 8
1 2 3 5 9 4 6 10 7 8.

Step 4-9: Determine all possible locations of the number j,,; when all possible
sequences of numbers j,, J,, -+, j, are given, where Jj,.; is selected in
the order of 11, 13, 12, 14, 15 and 16.

In the last step, we can obtain eight sequences, i.e.,

1235467 89 10 11 13 12 14 15 16
12354679810 11 13 12 14 15 16
1 235469 7 108 11 13 12 14 15 16
1 235469 107 8 11 13 12 14 15 16
1235496 7 1011 8 13 12 14 15 16
1 235496 107 11 8 13 12 14 15 16
12359467 10 11 13 8 12 14 15 16
1235946 107 11 13 8 12 14 15 16.

This algorithm was executed by the electronic computer F230-60 and we obtained
546 order relations for n=>5 in one minute and thirty seconds. For n=6, it is not a
good method to enumerate all possible order relations since there will be more than
two hundred thousand ones.

4. An algorithm to determine all possible locations of Jentpere

Given an order relation
z(l)<2(2)< <Z(2n+p) ,

we need to know that the value z*"*#*V is greater or less than some z™, 1<r<2"+p,
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This problem is equivalent to the following problem: Determine whether the system
of inequalities

zW 2Dl <Z(T)<Z(2”+p+l)<z(r+l)< <2(2n+p)

is consistent or not, for given 7, 1=r=<2"+p.
For the problem of this type, there are known some methods such as (i) simplex
method, (ii) Fourier-Motskin elimination method. But, since the system of inequalities
is of the special form, we adopt the different and very simple method.
Assume that the sequence of positive integers JiJ, --- jansp 1S given as in Section 3.
Step 1: Set k=0 and u=2"4+p+1.
Step 2: Compare the number Jsnip+; With Jjsmip-p, and construct the vectors
g =B and §U2PHD corresponding to jynsp-px and Janipes, respectively
(see (2.3)). If i-th components of two vectors §9U2"+2-® gang §U2"+p+d
have the same value 1, then replace those components by 0 for 7, 1=i<n.
These two vectors are denoted by §72"*?=® and §2"*P*V respectively.

Step 3: Find the two numbers lyni,-; and lynyps; corresponding to two vectors
§U2mtp=B and §Y"+PD regpectively, in (2.3).

Step 4: Search the sequence J,j, - jonip and determine which case (a) -+ lonip_s
 lynypeg =on OF (D) - Lynyprq o Lanyp-y -+ arises. If the case (a) arises, then
go to Step 6. If the case (b) arises, then go to Step 5. If neither (a)
nor (b) arises, then go to Step 2 with 2 replaced by k-+1.

Step 5: Let n=2"+p—k and go to Step 2 with % replaced by k1.

Step 6: Construct all sequences in which the number jun.p.; is placed between

Jemip-r and J,. Consequently, we can obtain

Jide j2n+p—k ju—1j2"+p+1ju j2ﬂ+p
Juds e j2’7-+p-k ].u—~2j2ﬂ+p+1ju—1ju jzn+p

Janap .

J1da ot Joensp-klonspiilontp-r+1 " Ju

It is easy to verify that the system of inequalities corresponding to the sequences
obtained by the above algorithm is necessarily consistent and that all possible order
relations are exhausted.

5. An algorithm to obtain digraphs associated with a

single neuronic equation.

The digraphs associated with a single neuronic equation (2.1) are derived as fol-
lows (see [2] for the detail description): Define the operator L from X, into X, by

n—1
0, 1L ¥ a.0,—0]
k=0
i %)= o,
Bas Gus

and we write
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3, 3, 1
(5.1) 0 | | % = %
o ol Voo,
3, 3, 0
(5.2) O Jem | O |=| O
b b o

We number all state configurations in X, in an inverse lexical order as (2.3).
For n=4, we have Fig. 2.

n=3, we draw the digraphs as Fig. 1.

We shall investigate how digraphs change as 6 varies.

if 1[Eak6k_0]=1y

lf 1[Eak5k—0]:0

For

Fig. 2.

It is then sufficient that we

make & vary for each order relation obtained by the algorithm introduced in Section 3.

Assume that the sequence J,j, - Jon is given.

Step 1: Let £=0.

Step 2: Classify the sequence into two subsets {1/ *** Ja} {Jzs1 * Jen} Which cor-
respond to the set of z less than the threshold @ and the set of z”
greater than 6, respectively.

Step 3:

Draw the digraph in which the operator corresponding to the number

in {jiJs -+ J&} is of the type (5.2) and the operator corresponding to the

number in {Jz; -+ Jor} is of the type (5.1).

by k+1.

Go to Step 3 with % replaced
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6. Discussions.

There are several arguments in threshold logic similar to those described in the
preceding sections. For example, there are theories of variable-threshold threshold
elements, see [5], and the lattice of canonical positive functions L, in Muroga [6].
We shall compare these concepts with our arguments.

If we introduce the ordering relation > stated in [6, p. 113] and the canonical
functions, then the fact that we confine ourselves to the subdivision iy, «+* i,_, corre-
sponds to the fact that only the canonical positive functions come into question. The
lattice L, given in [6, p. 237] is compared with the set of digraphs obtained by
Section 5 from the one sequence Jj;j,--* j.n. The number of lattices in L,® with
Xn 5 Xn-125 -+ 25X, corresponds to the number of all possible sequences j,7, -+ jon.

In comparison with the arguments of Meisel [5], the set of digraphs obtained
in Section 5 corresponds to the case where “S-partition introduced by F” [5, p. 661]
is S={S,, S,, -+, Sun} and each S,, 1=<r=2" consists of a single element. Furthermore,
the backtrack programming stated in [5, p. 665] is contrasted with the algorithm
introduced in Section 4.
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