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                          Abstract 

   Under certain conditions it is shown that uniform continuity of the generalized 

failure rate function is necessary and sufficient for strong uniform consistency of 

a  class of estimators based on the kernel estimates of the probability density and 
distribution functions due to Parzen (1962) and Nadaraya (1970). The result is 

proved for the univariate generalized failure rate function due to Barlow and Van 
Zwet (1970) and for its bivariate extension. Our results contain as special cases 

the work of Schuster (1969) for the univariate densities and Samanta (1973) for 

the bivariate densities.

                            1. Introduction 

   Let X be a random variable (r. v.), with probability density function (p. d. f.) f, 
and distribution function (d. f.) F. Let P(x)=1—F(x), and define the failure rate func-

tion r(x) for all x in the support of F by 

              r(x)=f(x)/F(x) .(1) 

Barlow and Van Zwet (1970) extended the above definition as follows ; let g(G) be a 

known p. d. f. (d. f.) and define the generalized failure rate function (GFRF) by 

                 r,G(x)=f(x)/ g6-1P(x) ,(2) 

for all x in the support S of g6-1P. 

   Let X1, • • • , X7, be a random sample from F. Let k(u) be a known p. d. f. satisfy-

ing the conditions : 

               sup k(u) < co and I ujk(u)---4)as I u I --<>0 •(3) 

Further, let {an} be a sequence of real numbers such that 

             an-0as n--,00 .(4)
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The kernel estimate of f(x) using k(u) is given by 

               f(x)=f(x ; X1, ••• , X„,)=a,715 k[(x—u)/ an]dFn(u) 
                                                                                                      n. 

             =(na,,)-1 E k[(x— Xi )lan] ,(5) 
                                                         1=1 

where Fn(u) denotes the empirical d. f. From (5), the kernel estimate of F(x) may be 

given as 

          P(x)=P(x; X1, ••• , X,,)=f 7(u)du=(na,,)-1 R[(x—X,)lan] , 
                                                                                                 t=i 

where 

                                             - 

                  k[(x—Xj)/a7,]=fk[(u — Xi)lan]du • 
Note that 

                aVK(xlar,)--4(0„)(x), as n--÷oo ,(7) 

where .1"(0„)(x)=1 if x> 0, and =0 for x�0. From (5) and (6) the kernel estimate of 
the GFRF is given by 

                  i'FG(x)=I'FG(x,X1, ••• , Xn)=./(x)/gO-1P(x) ,(8) 

for all S. Assume that is uniformly continuous with bounded first derivative. 

   THEOREM 1. Assume that the following conditions hold: 

   (i) f is uniformly continuous on S. 

   (ii) k is a density function of bounded variation and is uniformly continuous on 
the real line. 

   (iii) For any 5>0, E exp (—OnaD< 00. 
                                           n=-1 

Then 

               sup I 1-FG(x)—rFc(x) I w. p. 1. as n--,00(9) 
                          xES 

where the notation w. p. 1 means that X„ converges to X with probability one . 
Conversely, if conditions (ii) and (iii) are satisfied and if for some measurable function 

q(x), we have 
               sup I kFG(x)—q(x) I w.p.l, as n—>oo(10) 

                             xES 

Then q(x) is uniformly continuous and q(x)=rFG(x), for all xES. 
   Note that if we take g to be uniform [0, 1], Theorem 1 reduces to Theorem 3.11 

of Schuster (1969), and if we take it to be exponential, it reduces to a theorem for 
the usual failure rate function r(x) given by (1). 

   Basu (1971), extended the notion of failure rate function to the bivariate case. 
Let (X, Y) be a bivariate random vector with (joint) p. d. f. h and (joint) d. f. H. Let 
17(x, y)-=P[X>x,r>y], and define the bivariate failure rate function by 

                    P(x, y)=h(x, Y)/17(x, y),(11) 

for all (x, y) in the support of Fl. Definition (11) can be generalized as in the uni-
variate case to give the generalized bivariate failure rate function (GBFRF) as follows : 

                   PHG(x, y)=h(x, y)10-41-1(x, y),(12)
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for all (x, y) in the support  S* of gG-11-1. 

   Let (X1, KO, ••• , (X., Y.) be a random sample from h. Let lei, i=1, 2 be known 

p. d. f.'s satisfying Condition (3). The kernel estimate of h(x, y) using I z,(u) and I e2(v) 
is given by : 

    h(x, y)=ii(x, y; X1, Yi, X., YO=ctiTISk1ax—u)/anik2E(Y—v)lan1dH7,(u, v) 
        =(non)-' k1ax—Xi)lonik2E(Y—Yi)/ ani ,(13) 

                              i= 1 

where Hn(u, v) is the bivariate empirical d. f. From (13), the kernel estimate of 
H(x, y) may be given as 

                                                    )H(x, y)=H(x,; X1,Y1,•-•, X.,Yn)=1h(u,vdudv 
                                                                   -^ 

                                        X.fY 
                 =(na0-1 1C1ax—Xi)/a.]1?2[01— YiVan](14) 

                                                  = 1 

where 

          kiE(x—Xi)lani , 

and 

From (13) and (14) we may estimate the BGFRF by 
          '

,OHG(x, Y)=-PHG(x, y; X1, Y1, X., Y.)=11(x, y)/ g-111(x, y),(15) 
for all (x, y)ES*. Again assuming that g6-1 in uniformly continuous with bounded 
first derivative we state 

   THEOREM 2. Assume that the following condition hold: 
   (iv) h is uniformly continuous on Si'. 

   (v) ki, i=1, 2, are density functions of bounded variation and are uniformly con-
tinous on the real line, and 

   (vi) For any r>0, E exp (— rna;',)< co. 
                                     n=1 

Then 
               sup I ;0HG(x, y)—PHG(x, w. p. 1, as n--->co .(16) 

                      (x,v)Es-

Conversely, if conditions (v) and (vi) are satisfied and if for some measurable function 

p(x, y), we have 
               sup I PHG(x, y)—p(x, y)I-->0 w. p. 1, as n—<K) .(17) 

                      (x,v)es-

Then p(x, y) is uniformly continuous and p(x, Y)=PHo(x, y) for all (x, y)ES*. 

   Note that taking g to be uniform [0, 1], Theorem 2 reduces to a Theorem of 

Samanta (1973), and if g is taken to be exponential, it reduces to a theorem concern-

ing Basu's bivariate failure rate function p(x, y) as defined in (11).
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                          2. Proofs of theorems 

   PROOF OF THEOREM 1 : Sufficiency. Let sup (inf) denote the supremum (infemum) 

over S, any sup denote the supremum over the entire real line. It is easy to see that 

                   sup I i'FG(x)—rFG(x) I , say 

where 

               /in=sup If(x)—Ef(x)I / , 

                 1,,,= sup Ef(x) I CAZ-1P(x)1-1—Eg-IP(x)1-1I , 
and 

                /3.=sup I Ef(x)— f(x)I g-1P(x) . 

It suffices to show that w. p. 1, as n-00 , j =1, 2, 3. Let a, a1, a2, and j31 be 
defined by : 

            2Z-1P(a)=infgO-T(x) ,gC-1P(ai)=inf , 

        g -1-(Efr(a2))=inf g0-1(EP(x)) , and g -1F(Pi)=sup g-iP(x) 

Then gC-1P(a)> 0, and since a7711?(x/ an)—> I0,-)(x), it can be shown that sup I EP(x)—P(x)1 

    thusgO'EP(a2)--g--1P(a)> 0, as n—'co, since gG 1 is uniformly continuous. 
Furthermore, we claim that g-.1P (a i)--,gG-1P(a) w. p. 1 as n--'o 0 . First we show 
that sup I P(x)— EP (x)I-0 w.p.1 as n—)0 0 , 

        

I P(x)— EP(x)I fl?1(x—u)/anidFn(u)—fr(1(x—u)lanldF(u) 

                      sup I F.(x)— F(x)If kE(x—u)1 anidu 
                    �a771 sup I F7a(x)— F (x) I . 

Thus it follows from Lemma 2.1 of Schuster (1969), that for any 5>0 

             P[sup I P(x)— EP (x)I > 5] PCsuP I F.(x)— F(x)1> Oa.] 

                                            exp (--Oina) 

Hence from (iii) we have sup I P(x)—EP(x) HO, w. p.1 as n—'co, thus since g6-' is 

uniformly continuous our claim is proved. Now Iln follows from the above discussion, 
the fact that g--1P(a)> 0, and the inequality 

                 L.„�[dO-q(a1)]-1 suP1./(x)—Ei(x) I 

by using Theorem 1 of Nadaraya (1965). Next, we show that /27,—>0 w. p.1, as n--'co. 

         /27,_ sup Ef(x) sup I [g-iP(x)]-1—[gO-1P(x)]-1 

           <Ig-O-1P(ai)g-1P(a)]-1 sup Ef(x) sup I gC-1P(x)— g-4P(x) . 

Since from (3), sup Ef(x)<00, and g-11-"(a.,)—>g' F(a) w. p. 1, as n—›00 , if we show 

that 4 n=supl dC-1P(x)— g6-T(x)I —>0 w. p.1, as n--'co, then hn,—>0 w. p.1, as n—'oo.
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But using Taylor expansion, uniform boundedness of  (gG-1)', we have 

                4.�C2 sup I P(x)—P(x) I—0 w. p.1 as n---co . 

Finally, 
             Is< [gC-4P(a)]-1 sup I Ef(x)—f(x) —*0 as 77,-00 , 

by equation (3.11) of Parzen (1962) and the fact that g6-1F(a)>0. This terminates 
the proof of sufficiency. 

   Necessity. The proof will follow from the following four lemmas. 
   LEMMA 1. Let C,,(x)=Ef(x)/gC-1(EP(x)). Then 

                 suy I F-FG(x)—C.(x) I --*0 w. p. 1, as n—,00(18) 

   PROOF. It is easy to see that 

       sup I F-FG(x)—C.(x) I _5_ sup EiC-1P(x)1-11.1.(x)—Ef(x) 

             +sup Ef(x)[g-1P(x)• g-1EP(x)]-1 I g-4P(x)-16-4(EP(x)) 

            _5_[g-4P(a1)]-1 sup I.Ax)—Ef(x) I +Eg-C-1P(aog-1(EP(a2))1-' 

                      sup Ef(x) sup I g6-1P (x)—g-1(EP(x)) I , 

where 

                  gC-1(EP(a2))—,i6-1P(a)>0 as n—>co 

Now, the first term in the above upper bound converges to 0 w. p. 1, as n—÷00, from 
Theorem 1 of Nadaraya (1965), while the second term, upon using Taylor expansion 
and the boundedness of (g-')/, is bounded above by 

          C3[0-1P(a1)g--1(EP(a2))1-1 sup Ef(x)• sup I P(x)—EP(x) I , 

and thus converges to 0 w. p. 1 as n-400. 
   LEMMA 2. The function C7,(x) defined in Lemma 1 is uniformly continuous on, for 

all n sufficiently large. 
   PROOF. Given s> 0, we wish to show that there exists a 5>0, such that for all 

x, y, I x—y I <5 implies that I C.(x)--C.(Y) I <s for n sufficiently large. 

       C.(x)--C.(y) I � TEP(x))]-1I Ef(x)—Ef(Y) I 

                   H-Ef(y)I [gG-1(EF(x))]-1—[gG-1F(y)]-1I 

                �EgL-1EP(a2)1-1 I Ef(x)—Ef(y) I 

                +Ef(y)[gC-1[E(P(a2))1' I g6-1(EP(x))—g6-1(EP(y))1 

               5[g-1EP(a2)]-1 I Ef(x)—Ef(Y) I 

                  -I-C4Ef(y)[g-1(EP(a2))1-2 EP(x)—EP(Y) I . 

Since g-lEP(a2)> 0 for n sufficiently large, it suffices to show that for all sufficiently 
large n, and
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 s1=sgG-1(EF(a2))/2, and s2=---e[gG-1(EF(a2))]21C4 suP Ef(x) 

             Ef(x)—ERY)I <Si and I EP(x)—EP(Y) I <62 , 

whenever (x—y I <5. Using Condition (ii) on k(u), implies that I k(x)—k(y) I <s, when-
ever I x—y I <31. Define 3-=31a„, so that where I x—yl <31 we have 

          Ef(x)—E.AY)I a771j. I kax—u)I a,21—k[(y—u)/ an] I dF(u)<ei. 

Since EP(x)= s Et(u)du, the second part follows from the continuity and boundedness 
of EF(x). 

   LEMMA 3. The function q(x) satisfying Condition (10) is uniformly Continuous 
on S. 

   PROOF. Let x, yS with ix—y1 <3 and let s> 0 be given. Then, 

       q(x)—q(y) I Ig(x)--C.(x)I + ICTi(x)--Cm(y) I+ I q(Y)--Cm(Y)I 

                            + I f-FG(x)—C.(x)+ 

                +IPFG(Y)—q(Y)1+IPFG(Y)—C.(y)I , 

                 2 sup I rFG(x)--q(x) 1+2 sup I PFG(x)—C.(x) I 

                 + I C.(x)--C.(y) I • 

It follows from Lemma 1 with Condition (10), and Lemma 2, that the last expression 
is less e for all n sufficiently large. 

   LEMMA 4. If Condition (10) is satisfied, then q(x)=rFG(x) for all xES. 
   PROOF. Since for any distribution function F(x), F'(x) exists almost everywhere, 

and since is uniformly continuous then rFG(x)=(O-1P(x))' exists almost every-
where. Let xES be such that rFG(x) exists. 

   Then 

        f(x)—q(x)g-1P(x) I gO-1P(13.01)"FG(x)—q(x)gO-1F(x)Ig-1P(x)I 

                      <gC-1P(31){11-FG(x)—q(x)1 

                      +g(x) I 1—g6-1P(x)/g-1fr(x)I } 

                      �g0-1P(131){ I rFG(x)—q(x)I 

Thus 
      sup I f(x)—q(x)g-1F,(x)1 g-C-1P(131)Isup I rFG(x)—q(x) I +10-1P(a1)1-1 

                        sup q(x) sup I IO-1P(x)—iC-1P(x) I 1 • 

The first term of the above upper bound converges to 0 w. p.1, as n—>00 by Con-
dition (10), and since (g-1)1 is bounded, the second term is bounded above by 
C5[g-U-1P(a0]-1 sup q(x) sup I F(x)—F(x)I w. p.1, as n—,00. Thus Lemma 3.4 of
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Schuster (1969) applies and  Fi(x)=g(x)gG'F(x) almost everywhere (with respect to 
the Lebesgue measure u, i. e., rFG(x)=q(x) a. e. (u). This and the fact that I 7,(x)—q(x)i 
—>0 a. e. (,u) implies that C„(x)—>rFG(x) a. e. (p). Since C7,(x)-___[gO-1(EP(a2)i-lEf(x) 
which is integrable with respect to Au and convergence to [g--1F(a)]-4.1(x) which is 
also integrable. Thus by the Lebesgue Dominated Convergence theorem, we have 

            rFG(x)dx(19) 

On the other hand from Lemma 1 and Condition (10) we have 

                       sup I Cri(x)—q(x) I as n—>co . 
Thus 

                     C.(x)dx-4 q(x)dx , as n--›o•• .(20) 

Therefore from (19) and (20), we have 

             q(x)dx= rFG(x)dx ,(21) 

in the Lebesgue sense. Since q(x) is uniformly continuous on S, equation (21) also 

hold in Rieman sense. Hence by the fundamental theorem of Calculus, we conclude 

that rFG(x)=q(x) everywhere for all xES. This finishes the proof of necessity and 
the Theorem. 

   For the proof of Theorem 2, we shall only show how the proof of Theorem 1 

can be modified, and thus will be brief whenever possible. 

   PROOF OF THEOREM 2. Sufficiency. The crucial steps in its proof are the fol-

lowing 

                sup If(x, y)—f(x, y)I—>0 w. p. 1, as n—,00(22) 
and 

                sup I P(x, 3))—P(x, w. p. 1, as n-->co ,(23) 

after defining 

                    inf y) , 
                                                 (x, y)ES* 

                   gC-1P(at, a1)= inf y) , 
                                                   y)ES* 

                 g-1(EP(a2, a2))— inf dO'(EP(x, y)) ,                                                     (x,y)Es-
and 

                              i1)= sup g--1F(x, y) , 
                                                     (s,y)Es. 

and noting that gO-1P(a` a)> 0, dO-1P(ai, w. p.1 as n--,00, and 

g-1.EP(a2, a2)—R6-1P(a, a), as n--,00. Using (22) and (23) with the above quantities 
the proof of sufficiency proceed as that of Theorem 1. Since (22) is given by 
Nadaraya (1970), we shall only show (23). Since it can be easily seen that 
sup I EP(x, y)—P(x, Y)I -->0, as n—co, and
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   sup I  P(x, y)—EP(x, y) I =an' sup ffgEx—Y)lanigEg—v)lanldHn(u, v) 

                    —ffkiax—Y)/anig2[(3)-01an]dH(u, v) 

                     =aTi4 [Hn(u , v)—H(u, v)11?1[(x—Y)1 an]kEY—v)1 an]dudv 

                    �a72 sup I Hn(x, y)-11(x, y)I. 

Hence using a result of Kiefer and Wolfowitz (1958), we have 

         PrsuP I P(x, y)—EF(x, y)I �31�-P[suP I 11.(x, y)-11(x, 

                                  �exp (—CinaD . 

The result follows in view of Boel-Cantelli lemma and Condition (vi). 
   Necessity. Will be given in four lemmas analogous to those of Theorem 1. 

   LEMMA 5. Let 
                   72.(x, y)=Ef(x, Y)/ g-1(EP(x, y)) , 

then 
                sup I PHG(x, y)-- vn(x, y)I—>0 w. p. 1 as n—>co .(24) 

   PROOF. Proceed analogous to this of Lemma 1 except we use Theorem 2 of 
Nadaraya (1970) for this case. 

   LEMMA 6. The function 777,(x, y) defined in Lemma 5 is uniformly continuous on 
S*, for all n sufficiently large. 

   PROOF. Proceeds exactly as the analogous Lemma 2. 
   LEMMA 7. The function p(x, y) satisfying Condition (17) is uniformly continuous 

on S. 

   PROOF. Again analogous to this of Lemma 3. 
   LEMMA 8. If Condition (17) is satisfied, then p(x, y)=pHG(x, y) for all x, yES*. 

   PROOF. Proceeds as Lemma 4 except we use the result of Samanta (1973) to 
conclude that (a2F(x, y)laxay)=p(x, y)g--1P(x, y) almost everywhere.
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