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Abstract

Under certain conditions it is shown that uniform continuity of the generalized
failure rate function is necessary and sufficient for strong uniform consistency of
a class of estimators based on the kernel estimates of the probability density and
distribution functions due to Parzen (1962) and Nadaraya (1970). The result is
proved for the univariate generalized failure rate function due to Barlow and Van
Zwet (1970) and for its bivariate extension. Our results contain as special cases
the work of Schuster (1969) for the univariate densities and Samanta (1973) for
the bivariate densities.

1. Introduction

Let X be a random variable (r.v.), with probability density function (p.d.f.) f,
and distribution function (d.f.) F. Let F(x)=1—F(x), and define the failure rate func-
tion 7(x) for all x in the support of F by

r(x)=£(x)/F(x). (1)

Barlow and Van Zwet (1970) extended the above definition as follows; let g(G) be a
known p.d.f. (d.f.) and define the generalized failure rate function (GFRF) by

rra(X)=/(x)/8GF(x), (2)

for all x in the support S of gG'F.
Let X,, ---, X, be a random sample from F. Let k2(z) be a known p.d.f. satisfy-
ing the conditions:

sup k(u)<co and |u|k(u)—0 as |u|—co. 3
Further, let {a,} be a sequence of real numbers such that

a,—0 as n—oo. 4
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The kernel estimate of f(x) using k(u) is given by
FeO=fx; Xy, 0, X)=a;" [ RL(x—w)/ a,JdF(u)

=(na,)"* 3 Wl(x—X)/a,], (5)

where F,(u) denotes the empirical d.f. From (5), the kernel estimate of F(x) may be
given as

F=F(x; X,, -, X)={ fwdu=(na,)* 3 K{(x—X)/a,],
where

Rl(x—X)/a,]=] kl(u—X)/a)du.
Note that
G K(x/a)—Tom(x), as n—oo, ™

where [ .y(x)=1 if x>0, and =0 for x<0. From (5) and (6) the kernel estimate of
the GFRF is given by

P X)=Pre(x, Xy, -+, X )=F(x)/gCF(x), ®)

for all xS. Assume that gG! is uniformly continuous with bounded first derivative.
THEOREM 1. Assume that the following conditions hold:
(i) f is uniformly continuous on S.
(ii) k is a density function of bounded variation and is uniformly continuous on
the real line.
(iii) For any >0, ni)lexp(—c‘inai)<oo.
Then

i}:lgl Pre(x)—rpe(x)|—0 w. p. L., as n—oo, (9)

where the notation X,~X w.p.l means that X, converges to X with probability one.
Conversely, if conditions (ii) and (iii) are satisfied and if for some measurable function
q(x), we have

iggl?m(x)—q(x)lﬂo w.p.l, as n—oo, (10)

Then q(x) is uniformly continuous and q(x)=rzg(x), for all x&S.

Note that if we take g to be uniform [0, 1], Theorem 1 reduces to Theorem 3.11
of Schuster (1969), and if we take it to be exponential, it reduces to a theorem for
the usual failure rate function #(x) given by (1).

Basu (1971), extended the notion of failure rate function to the bivariate case.
Let (X, Y) be a bivariate random vector with (joint) p.d.f. 2 and (joint) d.f. H. Let
H(x, y)=P[X>x,v>y], and define the bivariate failure rate function by

o(x, »)=h(x, y)/H(x, y), (11

for all (x, ) in the support of H Definition (11) can be generalized as in the uni-
variate case to give the generalized bivariate failure rate function (GBFRF) as follows :

pac(x, ¥)=h(x, 3)/eG'H(x, y) (12)
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for all (x, ) in the support S* of gG'H.

Let (X, Y)), -+, (X, Y,) be a random sample from A. Let %;, i=1,2 be known
p.d. f’s satisfying Condition (3). The kernel estimate of A(x, y) using k,(u) and k,(v)
is given by:

R 9)=h(x, 33 Xy, Yo, oo, Xay V)= [ aL(x—w)/a [kl (y—0)/ 0, JdH,(u, v)
=(na}) 3 kL (x—X)/a,JbL(y— Y )/a,], (13)

where H,(u,v) is the bivariate empirical d.f. From (13), the kernel estimate of
H(x, y) may be given as

Az, 3)=Hix, 33 Xy Vi e, Xy Yo)=[ [ "R, v)dudy

=(na})" 3 Ril(x—X)/a )KL~ Y /a,], (14)
where -
KL= X0 /a)=[ "k[(u—X)/a,]du,
and ’

RL(y—Xo/a,)= klv—Y)/a]dv.
From (13) and (14) we may estimate the BGFRF by

‘bHG(x; y):ﬁHG(xy Y, Xlr Yly Tty Xny Yn):ﬁ(x) y)/gé_lﬁ(x, y) ’ (15)

for all (x, y)S*. Again assuming that gG"! in uniformly continuous with bounded
first derivative we state

THEOREM 2. Assume that the following condition hold:

(iv) h is uniformly continuous on S*.

(v) ki, i=1,2, are density functions of bounded variation and are uniformly con-
linous on the real line, and

(vi) For any r>0, iexp(—rnaﬁ,)<oo.
n=1
Then
sup | puo(%, ¥)—pre(x, V)| =0 w.p.1, a5 n—co. (16)

@9
Conversely, if conditions (v) and (vi) are satisfied and if for some measurable function
px, y), we have

Sup 1 Pae(x, 9)=p(x, )| =0 w.p.l,  as n—oo. (17)

Then p(x,y) is uniformly continuous and p(x, ¥)=pue(x, ¥) for all (x, y)S*,

Note that taking g to be uniform [0, 1], Theorem 2 reduces to a Theorem of
Samanta (1973), and if g is taken to be exponential, it reduces to a theorem concern-
ing Basu’s bivariate failure rate function p(x, ¥) as defined in (11).
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2. Proofs of theorems

PROOF OF THEOREM 1: Sufficiency. Let sup (inf) denote the supremum (infemum)
over S, any sup denote the supremum over the entire real line. It is easy to see that

sup|Pre(X)—rre(0)| ELn+ L+ 1, say
where

L,=sup|f(x)—Ef(x)| /gCF(x),
Ln=sup Ef(x)|[gGF(x)] —[gG'F(x)77,
Lin=sup| Ef(x)—f(x)| gGF(x).

It suffices to show that [;,—0 w.p.l, as n—oo, j=1,2,3. Let a, a,, a,, and B3, be
defined by :

and

gGF(a)=inf gGC'F(x), gG'F(a)=infgC'F(x),
gGYEF(a,)=inf gG-(EF(x)), and gG'F(B,)=sup gGF(x).
Then gG-'F(a)>0, and since a;'K(x/a,)— Ly (%), it can be shown that sup| EF(x)—F(x)|

—0, thus gGEF(a,)—gGF(a)>0, as n—oo, since gG! is uniformly continuous.
Furthermore, we claim that gG-'F(a,)—gG 'F(a) w.p.l as n—oo. First we show
that sup|F(x)—EF(x)|—0 w.p.l as n—oo,

| F(0)—EF (0)] 26| [RL(x—u)/a,1dF,(w) — [RT(x—u)/a,JdF )

=a,” sup| Fn(X)—F(x)Ifk[(x—u)/an]du
<a;* sup| Fy(x)—F(x)].
Thus it follows from Lemma 2.1 of Schuster (1969), that for any 6>0
PLsup| F(x)—EF(x)| > 61= PLsup| Fy(x)— F(x)| >da,]
=C,exp(—ona).

Hence from (ili) we have sup| F(x)—EF(x)|—0, w.p.1 as n—oo, thus since gG1is

uniformly continuous our claim is proved. Now I, follows from the above discussion,
the fact that gG-'F(a)>0, and the inequality

Ly=[gG"F(a)]™ sup f(x)—Ef(x)],
by using Theorem 1 of Nadaraya (1965). Next, we show that I,,—0 w.p.l, as n—oco.
L.<sup Ef(x) sup|[ gGF(x)]*—[gG*F(x)]™|
=[gGF(a)gGF(a)1™ sup Ef(x) sup| gG~F(x)—g G F(x)] .

Since from (3), sup Ef(x)<00, and g@‘lﬁ(al)ﬁgC”F(a) w.p.l, as n—oo, if we show
that 4,=sup|gGEF(x)—gG'F(x)|—0 w.p.l, as n—oo, then I,,—0 w.p.l, as n—oo.
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But using Taylor expansion, uniform boundedness of (gG™'), we have
4,<C,sup| F(x)—F(x)]—0 w.p.1 as n—oo.

Finally,
L=[gG ' F(a)] ' sup| Ef(x)—f(x)| =0 as n—oo,

by equation (3.11) of Parzen (1962) and the fact that gG'F(a)>0. This terminates
the proof of sufficiency.

Necessity. The proof will follow from the following four lemmas.

LEMMA 1. Let £ (x)=Ef(x)/gGC- (EF(x)). Then

suy|7re(2)—Ca(x)|—0 w.p.l, as n—oo. (18)
PrOOF. It is easy to see that
sup| #pa(x)—alx)| <sup [ gGF(x)]17 | f(x)—Ef(x)]
+sup Ef(x)[gG*F(x)- gGEF ()17 | gGF(x)—gG Y EF ()|
<[gG~F(a)]™ suplf(x)—Ef(x)| +[ 4G~ Fla)gG(EF ()]
sup Ef(x) sup| gG*F(x)—gGEF (x)1,

where
gGYEF(a,))—gG F(a)>0 as n—oo.

Now, the first term in the above upper bound converges to 0 w.p.l, as n-—co, from
Theorem 1 of Nadaraya (1965), while the second term, upon using Taylor expansion
and the boundedness of (gG-'), is bounded above by

CL 4G F(a)gG ™ (EF (a,)]™ sup Ef(x)-sup| F(x)—EF(x)],

and thus converges to 0 w.p.l as n—oo,

LEMMA 2. The function {,(x) defined in Lemma 1 is uniformly continuous on, for
all n sufficiently large.

PrROOF. Given ¢>0, we wish to show that there exists a >0, such that for all
x, ¥, |x—y| <0 implies that |, (x)—(y)| <e for n sufficiently large.

| Cal0)—Cn(3)| SLGLEF ()17 | Ef (x)— Ef(3)]
+Ef ()| [gGHEF(x))]'—[8GF(3)]"}
<[ G EF(a,)]"'| Ef(x)—E/(3)]
+Ef(y)[gG ' [E(F (a,))17*| 8GHEF (x))—gGY(EF ()|
<[ 4G EF (a1 | Eft)—Ef(»)|
+C.Ef(y)[gGEF(a.))1* | EF(x)—EF(3)|.

Since g@"Eﬁ(a2)>O for n sufficiently large, it suffices to show that for all sufficiently
large n, and
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&=cgG " EF(a,))/2, and e,=¢[ gG (EF(a,)))*/Cysup Ef(x),

|Ef(x)—Ef(y)| <&, and |EE(x)—EE(y)|<e,,

whenever |x—y|<d. Using Condition (i) on k(u), implies that [k(x)—k(y)| <e, when-
ever |x—y|<d,. Define 6=6,a,, so that where |x—y|<d,; we have

| Ef(0)— Bf )| S a1 | Fl(x—w)/a, )= RL(y—w)/ @, ]| dF (w)<e, .

Since Eﬁ(x):fx Ef(u)du, the second part follows from the continuity and boundedness
of EF(x). -

LEMMA 3. The function q(x) satisfying Condition (10) is uniformly Continuous
on S.

PrROOF. Let x,yeS with |x—y| <0 and let ¢>0 be given. Then,

lg(x)—q(¥)| = [9(x) = Cu() | + [ La(0) = a0+ 9(3)—Lu( D)
= | Pre(x) = ()] + [ Pre(2)—La(2) + [ La(2) = L D)
+17re(2)—a(D) |+ 7re(3)— Ll W],
=2 sup|?re(x)—q(x)| +2 sup| Pre(x)—Lalx)|
+ G0 —Ca(D)1.

It follows from Lemma 1 with Condition (10), and Lemma 2, that the last expression
is less ¢ for all n sufficiently large.

LEMMA 4. If Condition (10) is satisfied, then g(x)=rpg(x) for all xES.

PRrROOF. Since for any distribution function F(x), F’(x) exists almost everywhere,
and since gG~! is uniformly continuous then 7ze(x)=(G 'F(x)) exists almost every-
where. Let xS be such that 7pg(x) exists.

Then
| f(x)—a(x)gG~*F(x)| < gGF ()| Pro(x)—q(x)gGF(x)/ 8GF ()]
<gG F(B){ 1 Pra(x)—q(x)]
+g(x)|1—gGF(x)/gGF (%)}
<gGF(p){l ra(x)—q(x)|
+[8G F(a)]7 | gG F(x)—gGF(x)|} .
Thus

sup| f(x)—q(x)gG ' F(x)| <gG*F(8,){sup| #re(x)—q(x)| +[ G F(a,)]™
sup q(x) sup| gG-'F(x)—gG-'F(%)|} .

The first term of the above upper bound converges to 0 w.p.l, as n—oo by Con-
dition (10), and since (gG') is bounded, the second term is bounded above by
C,LgG ' F(a)] ' sup q(x)sup | F'(x)—F(x)]—0 w.p.l, as n—oco. Thus Lemma 3.4 of
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Schuster (1969) applies and F'(x)=g(x)gG *F(x) almost everywhere (with respect to
the Lebesgue measure g, i.e., rpe(x)=q(x) a.e. (#). This and the fact that |&,(x)—g(x)]
—0 a.e. (y) implies that Cu(x)—rre(x) a.e. (z). Since Cn(0)=[gG (EF(a,)1Ef(x)
which is integrable with respect to ¢ and convergence to [gG'F(a)]}f(x) which is
also integrable. Thus by the Lebesgue Dominated Convergence theorem, we have

[euds—[rra(xdx . (19)
On the other hand from Lemma 1 and Condition (10) we have

sup| L (x)—g(x)|—=0 as n—oo,
Thus

[ cuwdzf gdx, as n—oo. (20)
Therefore from (19) and (20), we have
[ adx={ ree(x)dx, (21)

in the Lebesgue sense. Since ¢(x) is uniformly continuous on S, equation (21) also
hold in Rieman sense. Hence by the fundamental theorem of Calculus, we conclude
that 7ze(x)=¢(x) everywhere for all x&S. This finishes the proof of necessity and

the Theorem.
For the proof of Theorem 2, we shall only show how the proof of Theorem 1

can be modified, and thus will be brief whenever possible.
PrROOF OF THEOREM 2. Sufficiency. The crucial steps in its proof are the fol-
lowing
sup|f(x, ¥)—f(x, »)|—0 w.p.l, as n—oo. (22)
and
sup| F'(x, »)—F(x, )| =0 w.p.l, as n—oco, (23)

after defining
gGF(a, @)= inf gG'F(x,v),
(x,yp)eS*

gG'F(a, &)= inf gG'F(x, ),
(x,y)E8*

G (EF(ay, ay))=_inf gG(EF(x, ),

and
8GF(By, B)= sup G F(x, ),

and noting that gG'F(a‘@)>0, gG'Fla,, a;)—gG'F(a,d@) w.p.l as n—oco, and
gGEF(a,, a,)—gG ' F(a, &), as n—oo. Using (22) and (23) with the above quantities
the proof of sufficiency proceed as that of Theorem 1. Since (22) is given by
Nadaraya (1970), we shall only show (23). Since it can be easily seen that
sup| EF(x, y)—F(x, ¥)|—0, as n—co, and
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sup | F(x, y)—EF(x, )| =as" sup| [ [ RiL(x—3)/a, R (g—v)/a,JdH,(u, v)
— [ [EL(—)/ @R L(y—v)/a,]dH(u, v)

([eHa, v)—H, v)IRL(x—3)/ a,]RL(y—v)/a,]dudv

=az?sup| Hy(x, y)—H(x, ¥)|.

:a;‘1

Hence using a result of Kiefer and Wolfowitz (1958), we have

plsup| F(x, y)—EF(x, y)| 261=< PLsup| H,(x, ¥)— H(x, )| Zea]
<exp(—Cna?).

The result follows in view of Boel-Cantelli lemma and Condition (vi).
Necessity. Will be given in four lemmas analogous to those of Theorem 1.
LEMMA 5. Let
7al%, Y)=Ef(x, 5)/8GEF (x, %)),
then
sup| pue(x, ¥)—na(x, ¥)| =0 w.p.1 as n—oo, (24)

PROOF. Proceed analogous to this of Lemma 1 except we use Theorem 2 of
Nadaraya (1970) for this case.

LEMMA 6. The function 5.(x, y) defined in Lemma 5 is uniformly continuous on
S*, for all n sufficiently large.

PROOF. Proceeds exactly as the analogous Lemma 2.

LEMMA 7. The function p(x,y) satisfying Condition (17) is uniformly continuous
on S*,

PROOF. Again analogous to this of Lemma 3.

LEmMMA 8. If Condition (17) is satisfied, then p(x, ¥)=pue(x, ) for all x, yES*,

PROOF. Proceeds as Lemma 4 except we use the result of Samanta (1973) to
conclude that (9°F(x, ¥)/0x0y)=p(x, y)gG 'F(x, ¥) almost everywhere.
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