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§1. Introduction.

This paper is devoted to present the necessary and sufficient conditions for the
optimal solution to nonlinear programming in Banach spaces which are analogous to
those given in the previous papers [8] and [10]. Indeed, we shall treat the following
nonlinear programming problem (P,): Minimize f(x) subject to x€A and g(x)eB,
where f(x) is a real valued function defined over a real Banach space X, A is a quasi-
convex subset of X, g(x) is a function from X into a real Banach space Y, and B is
a closed convex set with non-empty interior in Y. In contrast with the previous paper
[8], the locally relatively convex set is replaced by the quasi-convex set, which is
closely related to that introduced in [2], and the closed convex cone is replaced by
the closed convex set. We also consider the case where the regularity assumption is
set up. We shall apply these arguments to the optimal control problems with
restricted phase coordinates. Then, the necessary and sufficient conditions for an
trajectory to be an optimal solution to the control problem are obtained. There are
many varieties of necessary conditions and sufficient conditions, separately, but there
are only a few necessary and sufficient conditions. In the methods using the theory
of functional analysis, there are necessary conditions, for example, see [5], [6] and
[7], and sufficient conditions, for example, see [4].

In Section 2, we shall give basic definitions and preliminary results, in particular,
the properties of the quasi-convex set. We shall present nonlinear programming
problem (P,) and describe the conditions which the optimal solution must satisfy, in
Section 3. We also discuss about the regularity assumptions, under which necessary
and sufficient conditions are derived in Theorem 3.4. In Section 4, we shall consider
the optimal control problems with restricted phase coordinates, and show that these
control problems fall under the category of nonlinear programming problem (P,)
and that, under some regularity assumptions, necessary and sufficient conditions are
obtained.
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50 S. TAGAWA

§2. Preliminaries.

In this section, we shall introduce the notations, definitions and some preliminary
results. Some notations and definitions are the same as those given in [8].

Let X be a real linear topological space, A a non-empty subset of X and T=A.

DEFINITION 2.1. (Varaiya [12]). The intersection of all closed cones containing
the set A—x={a—Zx|as A} is called the closed cone of A at X. We shall denote it
by C(4, %).

DEFINITION 2.2. The intersection of all closed convex cones containing the set
A—1Z is called the closed convex cone of A at ¥. We shall denote it by CC(4, %).

DEFINITION 2.3. (Varaiya [12]). The set LC(A4, %) defined by

LC(4, D)= E@mC(Ar\N, %,

where R(X) is the class of all neighborhoods of %, is called the local closed cone of A
at x.
DEFINITION 2.4. The set P(4, X) defined by

P(A, f):NQ(E)CC(AnN, x)

is called the local closed convex cone of A at X.
DEFINITION 2.5. The set A is called a pseudo-cone with vertex at % if

x—x=LC(A, %) for all x€A.

DEFINITION 2.6. The set A is called a quasi-convex set if co(A)CA.

LEMMA 2.1. Let X be a topological space, N an open set in X and A an arbitrary
set in X. Then, it is valid that AnNN=ANN.

Proor. Immediate. Q.E.D.

LEMMA 2.2. Let X be a linear topological space, A an arbitrary set in X which
contains %. Then, it is valid that

LC(4, £)=LC(4, %).

ProOOF. This follows from Lemma 2.1. Q. E.D.
LEMMA 23. Let X be a locally convex linear topological space and let A be a set
in X which contains X. If A is convex, then it is true that

P(A4, x)=LC(4, ©)=C(A4, x).
PROOF. Since
cone (ANN—Z%)=cone (A—X%),

for every neighborhood N of %, the assertion of Lemma 2.3 is easily verified.

Q.E.D.
LEMMA 2.4. Let X be a locally convex linear topological space and let A be a
quasi-convex set in X. Then, for each € A, we have

P(A4, x)=LC(A4, £)=C(4, %).
ProoF. This follows from Lemmas 2.2 and 2.3. Q.E.D.
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LEMMA 25. Let X be a linear topological space. If A is a quasi-convex setin X,
then it is a pseudo-cone with vertex at every point in A.
Proor. This follows from Lemma 2.4, Q.E.D.

§ 3. Nonlinear programming in Banach spaces.

In this section, we shall present nonlinear programming in Banach spaces which
is one of generalizations of Theorem 3.3 in [8].

DEFINITION 3.1. (Neustadt [5]). The function f from an open domain D in a
linear topological space X into a linear topological space Y is called differentiable at
ZeD in the sense of Neustadt if to every xX there corresponds a vector fxx)eY
such that

J(x+ey)—f(X) Fa(x).
¢ e—0+
y—x
DEFINIEION 3.2. Let X and Y be linear topological spaces, B a closed convex cone
with vertex at the origin in Y, A a convex set in X, and 4 a function from A into
Y. Then, & is called to be B-convex if

Chax,+Bx)—ah(x,)—Bh(x,)]e B,

whenever 0=a, =1, a4 =1, and x;, x,=A.
LEMMA 3.1. Let Y be a Banach space and B a convex set having a non-empty
interior in Y. Then, it is valid that

3.1 C(B, ¥)=cone (int (B—7%)),
where y=B. Furthermore, we have
(3.2) int C(B, y)=cone (int (B—3%)) .

ProOF. It is clear that
cone (int (B—3))CC(B, 7).
To show the contradiction, assume that there exists a vector z&C(B, ) such that
(3.3) ze cone (int (B—7)) .

By virtue of Lemma 2.1 in [8] and Lemma 2.3, there are a sequence of positive num-
bers {4,} and a sequence of vectors {v,}CB such that

In—>59, Zn(yn_.')-o —>Zz as n—eo.,

There is a vector y,=int B. Since B is convex, and since 1,=1 for sufficiently large
n, there is a positive integer M such that

wnE(l—ga—-)yn-l-—n-lx—yoeintB for all n=M.
We then have
1

ni,
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and
120 =)~ 2] SN0 3= F) = 2+ l3—3al —> 0 as n—co.

Hence, we have
zecone (int (B—5)),

which contradicts to (3.3). Consequently, the equality (3.1) holds.
Next, we shall show that the equality (3.2) holds. It follows from (3.1) that

int C(B, ¥)=int (cone (int (B—3%)))
=int (cone (int (B—3¥)))
=cone (int (B—7%)) . Q.E.D.

Now, we shall consider the following nonlinear programming problem in Banach
spaces. Let X and Y be Banach spaces, A a quasi-convex set in X, B a closed convex
set in Y having a non-empty interior, f a real valued function defined over X, and g
a function from X into Y.

PROBLEM (P,): Find a vector ¥ A which minimizes f(x) subject to x€A and
g(neB.

THEOREM 3.1. Let = A be an optimal solution to the problem (P,). Assume that

(a) A is a quasi-convex set,

(b) f and g are differentiable at % in the sense of Neustadt, the differential fz(x)
is convex continuous in x&X and the differential g:(x) is C(B, g(%))-convex
continuous in xeX.

Then, there exist a real number % and a linear continuous functional y*€Y*, not both
zero, such that

(3.4) 720,

(3.5) F*b)=5*(g(x)) for all beB,

(3.6) g(x)eB,

(3.7 7/:(x)+5*(ge(x))=0  for all xeP(4, %).

PrOOF. Let E be the set in Y X R' defined by
E={(gs(x), fx))—(b, neY X R*|x€P(4, %), be C(B, g(%)), r=0} .
Then, the set E is convex. Let B be the set in Y X R' defined by
B=int C(B, g(0))x {re R"|r<0} .

It is then valid that B is an open convex cone in Y XR'. To show the contradiction,
assume that there is a vector (¥, «)eYXR' such that (y, a) ENB. Then, there
exist a vector b,eint C(B, g(%)), a vector b,=C(B, g(%)) and a vector x&P(A, %) such
that

(3.8) gi(x)=b1+b2 ’
3.9 fr()=Z f:(x)—r=a<0.
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It follows from Lemma 3.1 in [6] and (3.8) that
g:(x)eint C(B, g(%)).

It is true, by virtue of Lemma 3.1, that there exist a positive real number g and a
vector b;=int B such that

gx(x)=p(b,—g(%)).

Since x€P(A4, %), it follows from Lemma 2.2 in [8] that there exist a sequence of
positive numbers {4,}, a sequence of positive integers {m,}, a sequence of vectors
(an1, **, Aam,)EP™ and a sequence of vectors {Xui}i=;,,m,CA such that

Mn
Xpg —> X, 'zn(zam‘xni_x) —>X as n—co,
i=1

For a neighborhood U(b;) of b, satisfying U(b,)Cint B, there is a positive integer M,
such that

g(Batnxa)=4-Ub) +(1—4-)g(2).

Moreover, there is a positive integer M,=M, such that 2,>p for all n=M,. Since B
is convex, we have

mn
S anixp s co(A)Nint g74(B) for all n=M,.
=1

Therefore, it is valid that
xeLC(co(A)Nint g7 '(B), %).
Since A is quasi-convex, it follows from Lemma 2.1 that we have
LC(co(A)Nint g7'(B), £)=LC(ANint g ¥(B), %).

It is then true, on the basis of Theorem 3.2 in [8], that f;(x)=0, which contradicts
to (3.9).

Consequently, we conclude that the sets £ and B are disjoint, and hence it follows
from the separation theorem (see [17]) that there exist a real number 7 and a linear
continuous functional 7*€Y*, not both zero, such that

(3.10) F¥()+7e, 20= *(g2(x)—b)+7(F5(x)—7)
for all y,cint C(B, g(%)), all a,<0, all x€P(A4, %),
all beC(B, g(%)) and all r=0.

If we set x=0 and b=0 in (3.10), it is clear that (3.4) holds. By setting x=0 and r=0,
we have
FHb)<0  for all b=(C(B, g(x)),

which immediately implies (3.5). At last, by setting =0 and =0, we obtain (3.7).
Q.E.D.
DEFINITION 3.3. Let f be a real valued function defined on a linear topological
space X. Then, for a subset A of X, f is called to be pseudo-convex over A at ¥ (€A)
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if f is differentiable at % in the sense of Neustadt and if
xcA and f(x—%=0 imply f(x)—f(%)=0.

If f is pseudo-convex over A at each point in A, the f is called to be pseudo-convex
on A.

REGULARITY ASSUMPTION: Let X and Y be linear topological spaces, A a subset
of X which containes a vector X, B a closed convex set with non-empty interior and
g a function from X into Y whic his differentiable at X in the sense of Neustadt.
Then, there is a vector x,=P(A4, %) such that

g(x)+gs(x,)int B.

THEOREM 3.2. Let all notations and hypotheses be the same as those in Theorem
3.1. Suppose that Regularity Assumption holds. If XA is an optimal solution to the
problem (P,), then there is a linear continuous functional 3*Y* such that

(3.11) F*b)=*(g(X)) for all beB,
(3.12) g(x)eB,
(3.13) F(x)+7%(g:(x)=0  for all x=P(A4, ).

Proor. It follows from Theorem 3.1 that there are a real number 7 and a linear
continuous functional 7*<Y* not both zero, such that conditions (3.4)-(3.7) hold. It
suffices to show that 7+#0. To show the contradiction, suppose that 7=0. Let the
vector x, satisfy Regularity Assumption. By virtue of (3.5), we have

F*(&a(x))=0.
On the other hand, (3.7) with 7=0 implies
F*(8a(x))20.
Hence, we have 5*(g;(x,))=0 and so
(3.19) T (®)+2:(x0)=5*(g(%)) .

Let ¥,=g(%)+gs(x,) and note that y,=int B. Then, for every yeY there exists a
small positive number ¢ such that

(3.15) yo+eyeB and y,—eyeB.
By virtue of (3.5), (3.14) and (3.15), we have

(=0  for all yeVY.

This is a contradiction. Q.E.D.
LEMMA 3.2. Let X be a linear topological space, G a closed convex set with non-
empty interiorin X and A a quasi-convex set in X. If Anint G#0, then the set ANG
is non-empty and quasi-convex.
Proor. We first show that

ANG=AnintG.

It is clear that Anint GCANG. By the assumption, there is a vector yeAnintG.
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Then, for each x€ ANG, we have
1—Ay+ixednint G for 0=<A<1,

so that x€ANint G.
Therefore, we obtain

co(ANG)Cco(A)Nco(G)CANG=ANint G
=Anint G (by Lemma 2.1)
CANInt G=ANG. Q.E.D.

THEOREM 3.3. Consider the problem (P,). Suppose that A is a quasi-convex Sset,
that g is differentiable on X in the sense of Neustadt, that f is pseudo-convex on A,
that the set G={xcX|g(x)eB} is convex and that Anint G#9. Then, if the vector
Xe€ A satisfies the conditions (3.4)-(3.7) for some 7+0 and some linear continuous func-
tional y*€Y*, then the vector X is an optimal solution to (P,).

Proor. It follows from Lemma 3.2 that the set ANG is quasi-convex and hence
ANG is a pseudo-cone with vertex at £ (by Lemma 2.5). Then, by virtue of Theorem
3.4 in [8], the vector % is an optimal solution to (P,). Q.E.D.

THEOREM 3.4. Under the same circumstances as in Theorem 3.1, suppose that the
set G={x=X|g(x)eB} is convex, that f is pseudo-convex on ANG and that Anint G
+0. If Regularity Assumption holds, then for the vector X A to be an optimal solution
to the problem (P,), it is necessary and sufficient that there exists a linear continuous
Sfunctional ¥*€Y* which satisfies the conditions (3.11)-(3.13).

PRrROOF. It is true, on the basis of Theorems 3.2 and 3.3, that the assertion of
Theorem 3.4 holds. Q.E.D.

LEMMA 3.3. Let X and Y be Banach spaces, A a quasi-convex set in X, B a closed
convex cone with non-empty interior in Y and g a B-convex function from X into Y.
Then, the condition (*): There is a vector x, A such that g(x,)€int B, implies Regularity

Assumption,
Proor. We first show that
(3.16) int C(B, g(%))+B=int C(B, g(x)) .

It is evident that int C(B, g(%))+BDint C(B, g(%)). For each vector y=intC(B, g(%))+B,
there exist vectors y,<int C(B, g(%)) and y,€B such that y=y,+y,. It follows from
(3.2) in Lemma 3.1 that there are a positive number 7, and a vector y,;€int B such
that y,=7,(y,;—g(%)). Then, we have

_ 1 _
y'—7]1((3’11+ 7 yz)‘_g(x)) .
Since (see Lemma 3.1 in [6])
y11+_“‘ﬂl y,€int B+B=int B,
1

it is valid that
yecone (int (B—g(%)))=int C(B, g(%)) .

Now, it is true that
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g:(xo—x)—[g(x)—g(x)]eB,
since g is a B-convex function. By virtue of (3.16), we have
8a(x—%)=g(x,)—g(X)+{ g2(x— %) —[g(x,)—g(Z)]} €int C(B, g(X)) .

Then, there are a positive number { and a vector b,€int B snch that g:(x,— %)=
L(by—g(X)). If we set x{):%(xo—f), then x;€P(A, ¥) and g(X)+gxx))=b,<int B.
Q.E.D.

REMARK: The number { in the proof of Lemma 3.3 can be taken as {>1.

§4. Applications to optimal control problems.

In this section, we shall describe optimal control problems as applications of
Theorem 3.4. We shall derive necessary and sufficient conditions for the optimal
solution.

We first consider the following optimal control problem with restricted phase
coordinates in case of continuous time. Let / be a compact interval [#, ¢, ], U an
arbitrary set in Euclidian space R™, and 1 an admissible control class consisting of all
m-vector valued functions defined on I which are measurable and essentially bounded
on I, and satisfy u(#)eU for all t€l. The dynamical system is described by

(4.1) (=AM x()+b(u(t), t) for almost all tel,

where x(f) is an absolutely continuous n-vector valued function on I, A(f) is a con-
tinuous n X7 matrix valued function on I, b(u, t) is a continuous n-vector valued func-
tionon UX I, and u€ll. Let f°(x, t) and g°x, t) be continuously differentiable functions
on R™X [ which are convex in x, and moreover, g° is of class C* in x. Let B, and B,
be closed convex set with non-empty interior in R™. Then, consider the following

t
problem (CP): Minimize _ft 1f"(x(t), t)dt subject to x satisfies (4.1) for some u&cli,
0

x(t)€ By, x(t,)€B,, and g%x(t), )=0 for all tel.
Let X be a Banach space of all continuous n-vector valued functions on I with
the uniform norm. Define a subset H of X by

(4.2) H={x=X|x satisfies (4.1) for some ucll, x({,)eR"}.

t
Let f(x):j't 1f‘)(x(z‘), hdt for all x X, then f is a continuous convex function from X
0

into R'. Let Z be a Banach space of all continuous real valued functions on I with
the uniform norm and D a closed convex cone in Z defined by

D={zeZ|z(t)<0 for all tel}.
Let Y=R"XR"XZ, and set
g(x):(x(to): x(tl)y go(x(t>) t)) ’

then g is a continuous convex function from X into Y. The control problem (CP) is
now reformulated as follows: Minimize f(x) subject to x=H and g(x)eB, where
B=B,XB,xD.
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In order to apply Theorem 3.4 to the problem (CP), we must prove that the set
H is quasi-convex.

LEMMA 4.1. The set H defined in (4.2) is quasi-convex.

PrOOF. It sufficies to show that for arbitrary two vectors x and y in H and for
any 4, 0<A=1,

(43) Ax+(1—-yeH.

Let the corresponding controllers to x and ¥y be u and v in U, respectively. To see
(4.3), we shall show that for any positive number ¢, there exists a vector z& H with
the corresponding controller w such that

[Ax(D+A—Dy(t)—z(t)| <e  for all tel.
If we set z(t,)=A4x(t,)+(1—2)y(t,), then we have

|2x(0-+1=2()— 20| =[ || A 2x(1+A— D)~ ()| ds

|, Rbtu(s), 9+ 1=b0(5), —bla(s), ).
It follows from Gronwall’s inequality that
|25+ D30 —2(0)] Zp(0+ [ 1 A9l () exp (f 1 A(o) do)ds
where
o(D=| [ (b(us), 9+1= DBV, 9—bCas), )ds|.
It is true, on the basis of Lemma 4.1 in [2], that we can take well such as

¢
o) <e/exp ([ |A(o)|da)  for all tel.
0

Then, we can conclude that

[Ax(t)+(1—)¥(t)—2(8) |

<(e/exp (f:|A(a)| da))(1+j;|A(s)|exp (f:IA(a)Ida)ds)§s

for all t<=1. Q.E.D.

We shall suppose the following assumption :

AssUMPTION (A): There is at least one trajectory x,=H such that x,(t,)€int B,,
x(ty)int B, and g°x,(1), 1)<0 for all tel.

By virtue of Lemma 3.3, it is valid that Regularity Assumption holds if we set
up Assumption (A). Now, we can apply Theorem 3.4 to this control problem.

Let ¥=H be a solution to the problem (CP), then there exists a linear continuous
functional 7*€Y* such that the conditions (3.11)-(3.13) hold. Since ¥*=(a, §, z%),
where @, feR™, and z*<Z*, and since

aw=[ ALEDD ar,

2:0=(x(t), x(ty), 2EEDD 1)),
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it is valid, by (3.11) and (3.13), that
(4.4) az4-fu-+zX(2) S @x(t)+pr(t)+24(g"(x(), +))

for all z€B,, all p=B, and all zeD,
(45) j: —af%g)’—”x(z)dt+dx(to)+Bx(t1)+§*(&(§§'>’_')_x(.)) >0,

for all xeC(H, %).

If we set z=g°%%(-), +) in (4.4), then we have
(4.6) ar=ax(ty) for all z€B,,
4.7 BuspBx(t) for all peB,.

It follows from the representation theorem for the space Z* that there is a real
valued function v(¢) of bounded variation on [ which satisfies

t
Z*(z):J' 1z(t)dv(t) for all zeZ.
to
Moreover, we can suppose that

(4.8) v(t) is continuous from right in (¢, #;) and v(¢,)=0.
Since 0D and 2g%x(-), -)€D, we have (by (4.4))

[ gz, navi=0,
and

t
f 2(dv()<0  whenever z(t)<0 for all t].
to

It is then valid that

(4.9) dsgt) =0  for almost all te/,
and
(4.10) v(t) is constant on subinterval of I on which g%Xx(?), 1)<0.

It is easy to verify that

CH, £)={Ax(t; 5, u)|4>0,§eR", ucll} ,
where

t
x(t; & W=0OE+OD] D) Tb(uls), 5)—b(ats), 5)]ds,
0
for all tel &é=R", usll,
and @(f) is the nXn matrix valued function which satisfies

do(t)
dt

=ANO() for almost all te],

@(t,)=identity .

Therefore, by setting #=# in (4.5), we have
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(4.11) j: —aflg(x”’—t) @(t)dt—}—d—l—,{?@(tl)%—f:iﬂ—gf#)— O(1)dv(H)=0.

Furthermore, if we set £=0 in (4.5), we obtain

@iz [ 2LEDD gy poce oty 2T 001))0s) Tou(S), )
—b(a(s), )ds— [ "o { FEELL At +ba, )
+-ZELEDD A g (1)t (9) To(u(s), 9)—bla(s), 91ds
[ o) 28O0 Ay0(1d10(s) Tu(), 9 —bCE(S), s

_f:v(t)_a_g_"%)_,t_)_ Co(u(t), Hy—ba(t), t)]dt=0  for all uell.

Let us define

o)=([ [2LGLD ot —o oy [ LEGE cawztr+ocat), )

1+ 286D D 1) —u(r) P8 EOD. atyp(1yJar-+poct,)

() P8I L) o1 ao) for an sel.

Then, the (row) n-vector valued absolutely continuous function ¢(s) satisfies

(413) glt)=—a,
(414) ¢(t1):B+v(t1>’ag—o<%(;1),—t1);
(415) (== () A(s)—-2LED D ) T2 D (g(5)5(s)

Tb(a(s), )+ OB DY) 089 4

for almost all sel.

Now, the inequality (4.12) is restated as follows:

[o—vo 22500 qrpcun, n-bat, 120 for all uet,
which is equivalent to the pointwise minimum principle (see [10]):
416)  [9(—u(y 28 E 0D Yoy, 1= min [ pc)— (-2 ELD Joca, 1

for almost all tel.

Thus, we can conclude the following result:
THEOREM 4.1. Consider the linear optimal control problem (CP) with restricted
phase coordinates. Suppose that the Assumption (A) holds. Then, for the trajectory
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X(8) with the corresponding controller a(t) to be an optimal solution to (CP), it is neces-
sary and sufficient that there exist (row) n-vectors @& and J, which satisfy (4.6) and
(4.7), a real valued function v(t) of bounded variation on I, which satisfies (4.8)-(4.10),
and a (row) n-vector valued, absolutely continuous function ¢(s), which satisfies (4.13)-
(4.15) and the pointwise minimum principle (4.16).

We next consider the optimal control problem with restricted phase coordi-
nates where the dynamical system is described by the difference equation. Let U be
an arbitrary set in R™, J a set of integers {1, 2, ---, k—1}, b(», 7)) a function from
Ux]J into R, U,, ---, U,-, subsets of U such that each set b(U;, i), i< ], is convex in
R™ and U, a set of functions u(?) from J into R™ such that u(i)e U, for all i=]. The
dynamical system is given by

(4.17) x(+1D)=AG)x @)+ b(u@), 1) for all ie],

where A(i) and x(i) are nXn matrix and n-vector, respectively. Let B, and B, be
closed convex sets with non-empty interior, f%x) a function from R” into R', which
is convex and of class C', and g°(x, i) a function from R"X {1, -, b} into R, which
is convex and of class C' in x. Then, consider the control problem (CP’): Minimize
J(x(k)) subject to x(i) satisfies (4.17) for some ull,, x(1)eB,, x(k)e B, and g%x(i), 1)
=0 for =1, 2, -+, k. We also suppose the following regularity assumption (A").

ASSUMPTION (A’): There is at least one trajectory x(i), i€/, which satisfies
(4.17) for some uell,, x(1)int B, x(k)eint B,, and g°x(i), 1)<0, for i=1, -+, k.

Let us define

F={x=(x(1), ---, x(k))= R™*| x satisfies (4.17) for some ucll,
and some x(1)eR"} ,
8(x)=(x(1), x(k), g°(x(1), 1), -+, g%x(k), k)),
F(x)=7%x(k))  for all x=(x(1), -, x(R))eR"*,
G={(ry, -+, r)ER¥r; <0 for 1=1,2, -,k .

Then, the problem (CP’) is restated as follows: Minimize f(x) subject to x=F and
g(x)eB,X B, XG.

Since the set F is convex, we can apply Theorem 3.4 to the problem (CP"), and
we obtain the following results.

THEOREM 4.2. Consider the optimal control problem (CP’) with restricted phase
coordinates where the dynamical system is described by the difference equation (4.17).
Suppose that the assumption (A’). Then, for the trajectory X to be an optimal solution
to (CP’), it is necessary and sufficient that there exist real numbers 7, i=1,---, k, (row)
n-vectors @ and B such that

7,20 for i=1, -, b, and 7,20 if g(%(i), <0,
ab,=ax(l)  for all b,eB,,
Bb,<px(k)  for all b,eB,,

and (row) n-vector valued function ¢(i) defined on {1, 2, -, k} such that



and
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Y)=—a,
gb(k):ﬁ—i- afo(ai(k)) +7k ag%’ggf): k) ,

SN=g( DA +7, 28 EDD for o2, k1,

GU+DB@(), )= min p(j+Db(v, §)  for j=1, -, k—1.
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