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   § 1. Introduction. 

   This paper is devoted to present the necessary and sufficient conditions for the 

optimal solution to nonlinear programming in Banach spaces which are analogous to 

those given in the previous papers [8] and [10]. Indeed, we shall treat the following 
nonlinear programming problem (PO: Minimize f(x) subject to xA and g(x)EB, 

where f(x) is a real valued function defined over a real Banach space X, A is a quasi-
convex subset of X, g(x) is a function from X into a real Banach space Y, and B is 

a closed convex set with non-empty interior in Y. In contrast with the previous paper 

[8], the locally relatively convex set is replaced by the quasi-convex set, which is 
closely related to that introduced in [2], and the closed convex cone is replaced by 

the closed convex set. We also consider the case where the regularity assumption is 

set up. We shall apply these arguments to the optimal control problems with 
restricted phase coordinates. Then, the necessary and sufficient conditions for an 

trajectory to be an optimal solution to the control problem are obtained. There are 

many varieties of necessary conditions and sufficient conditions, separately, but there 

are only a few necessary and sufficient conditions. In the methods using the theory 

of functional analysis, there are necessary conditions, for example, see [5], [6] and 

[7], and sufficient conditions, for example, see [4]. 
   In Section 2, we shall give basic definitions and preliminary results, in particular, 

the properties of the quasi-convex set. We shall present nonlinear programming 

problem (P0) and describe the conditions which the optimal solution must satisfy, in 
Section 3. We also discuss about the regularity assumptions, under which necessary 

and sufficient conditions are derived in Theorem 3.4. In Section 4, we shall consider 

the optimal control problems with restricted phase coordinates, and show that these 

control problems fall under the category of nonlinear programming problem WO 

and that, under some regularity assumptions, necessary and sufficient conditions are 
obtained.

   * International Institute for Advanced Study of Social Information Science , Fujitsu Limited, 
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   § 2. Preliminaries. 

   In this section, we shall introduce the notations, definitions and some preliminary 

results. Some notations and definitions are the same as those given in  [8]. 

   Let X be a real linear topological space, A a non-empty subset of X and 2E A. 

   DEFINITION 2.1. (Varaiya [12]). The intersection of all closed cones containing 

the set A-2=-{a-21aEA} is called the closed cone of A at 2. We shall denote it 

by C(A, 2). 

   DEFINITION 2.2. The intersection of all closed convex cones containing the set 
A-2 is called the closed convex cone of A at 2. We shall denote it by CC(A, 2). 

   DEFINITION 2.3. (Varaiya [12]). The set LC(A, 2) defined by 

                    LC(A, n C(AnN, I) , 
                                            NET(2) 

where 91(2) is the class of all neighborhoods of 2, is called the local closed cone of A 
at 2. 

   DEFINITION 2.4. The set P(A, 2) defined by 

                    P(A, 2)= n CC(AnN, 2) 
                                         NET(2) 

is called the local closed convex cone of A at 2. 
   DEFINITION 2.5. The set A is called a pseudo-cone with vertex at 2 if 

                    x-2ELC(A, 2) for all xEA . 

   DEFINITION 2.6. The set A is called a quasi-convex set if co(A)cil. 
   LEMMA 2.1. Let X be a topological space, N an open set in X and A an arbitrary 

set in X. Then, it is valid that AnN=i1nN. 

 PROOF. Immediate.Q. E. D. 

   LEMMA 2.2. Let X be a linear topological space, A an arbitrary set in X which 
contains 2. Then, it is valid that 

                           LC(A, x)=---LC(A, 2) . 

  PROOF. This follows from Lemma 2.1.Q. E. D. 

   LEMMA 2.3. Let X be a locally convex linear topological space and let A be a set 

in X which contains 2. If A is convex, then it is true that 

                     P(A, 2)=LC(A, 2)=C(A, 2) . 

    PROOF. Since 

                     cone (A nN 2)= cone (A-2) , 

for every neighborhood N of 2, the assertion of Lemma 2.3 is easily verified. 

                                                                        Q. E. D. 
   LEMMA 2.4. Let X be a locally convex linear topological space and let A be a 

quasi-convex set in X. Then, for each 2EA, we have 

                       P(A, 2)----LC(A, 2)=C(A, 2) . 

   PROOF. This follows from Lemmas 2.2 and 2.3.Q. E. D.
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   LEMMA 2.5. Let X be a linear topological space. If A is a quasi-convex set in X, 

then it is a pseudo-cone with vertex at every point in A. 

  PROOF. This follows from Lemma 2.4.Q. E. D.

   § 3. Nonlinear programming in Banach spaces. 

   In this section, we shall present nonlinear programming in Banach spaces which 
is one of generalizations of Theorem 3.3 in [8]. 

   DEFINITION 3.1. (Neustadt [5]). The function f from an open domain D in a 
linear topological space X into a linear topological space Y is called differentiable at 
XED in the sense of Neustadt if to every xE X there corresponds a vector f2(x)EY 
such that 

                    J(x-FEY)—f(2)> f g(x). 

   DEFINIEION 3.2. Let X and Y be linear topological spaces, B a closed convex cone 

with vertex at the origin in Y, A a convex set in X, and h a function from A into 
Y. Then, h is called to be B-convex if 

                   [h(ax,± Ax2)—ah(xi)-13h(x2)]EB , 

whenever 0�a, a+-13-=1, and x1, x2EA. 
   LEMMA 3.1. Let Y be a Banach space and B a convex set having a non-empty 

interior in Y. Then, it is valid that 

(3.1)C(B, s)= cone (int (B-5)) , 

where yEB. Furthermore, we have 

(3.2)int C(B, y)= cone (int (B—y)) . 

   PROOF. It is clear that 

                     cone (int (B-5))cC(B, y). 

To show the contradiction, assume that there exists a vector zEc(B, y) such that 

(3.3)ZEE cone (int (B-9)). 

By virtue of Lemma 2.1 in [8] and Lemma 2.3, there are a sequence of positive num-
bers {27,} and a sequence of vectors {y„} CB such that 

                        y„ ---> y , 2,,,(ym—Y) ---> z as n---oo 

There is a vector yo E int B. Since B is convex, and since 27,�1 for sufficiently large 
n, there is a positive integer M such that 

         11                 wn1=-=nAn )37.-+nAn YoE int B for all n�M 
We then have 

      Il 1            wn---1,11nA n 11Y0—.Y.11 ---> 0 as n---,co
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and        

112.(wii-9)—z111112.(y.-9)—z11+n  ---> 0 as n—>co . 

Hence, we have 

                         zE cone (int (B-57)) , 

which contradicts to (3.3). Consequently, the equality (3.1) holds. 
   Next, we shall show that the equality (3.2) holds. It follows from (3.1) that 

                   int C(B, 9)=int (cone (int (B-9))) 

                          =int (cone (int (B-9))) 

                      =cone (int (B—y)) .Q. E. D. 

   Now, we shall consider the following nonlinear programming problem in Banach 
spaces. Let X and Y be Banach spaces, A a quasi-convex set in X, B a closed convex 
set in Y having a non-empty interior, f a real valued function defined over X, and g 
a function from X into Y. 

   PROBLEM (P0) : Find a vector A which minimizes f(x) subject to xE A and 

g(x)E B. 
   THEOREM 3.1. Let xEA be an optimal solution to the problem (P0). Assume that 

   (a) A is a quasi-convex set, 
   (b) f and g are differentiable at x in the sense of Neustadt, the differential fx(x) 

       is convex continuous in xE X and the differential g,(x) is C(B, g(I))-convex 
       continuous in xe X. 

Then, there exist a real numberand a linear continuous functional *E )7*, not both 
zero, such that 

(3.4)3>_0 , 

(3.5)y*(b)__ 5i*(gM)for all bEB , 

(3.6)g(2)E B , 

(3.7)Tif,(x)-+Y*(gx(x))�0 for all xEP(A, . 

   PROOF. Let E be the set in Y x Ri defined by 

        E={(g,(x), f,(x))—(b, r)E Y X R1 I xEP(A, bEC(B, g(.50), r_01 . 

Then, the set E is convex. Let B be the set in YxR1 defined by 

                  /4=int C(B, g(fl) x {rER' I r<0} . 

It is then valid that B is an open convex cone in Y x Ri. To show the contradiction, 
assume that there is a vector (y, a)EY xi?' such that (y, a)EEnB. Then, there 
exist a vector biE int C(B, gM), a vector NE C(B, gM) and a vector xEP(A, such 
that 

(3.8)g2(x)=b1--kb2, 

(3.9)fx(x)— ft(x)—r=a <0 .
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It follows from Lemma 3.1 in  [6] and (3.8) that 

                        2-2(x)E int C(B, gM). 

It is true, by virtue of Lemma 3.1, that there exist a positive real number to and a 

vector b3E int B such that 

                            2-2(x)=,a(b3-2(2)). 

Since xEP(A, it follows from Lemma 2.2 in [8] that there exist a sequence of 

positive numbers {AO , a sequence of positive integers {mi}, a sequence of vectors 

(a7,1, ••• , annin)E Pinn and a sequence of vectors lx.il such that 

          xni ----> X, x as n--›00. 

For a neighborhood U(b3) of b3 satisfying U(b3)int B, there is a positive integer M1 

such that 
                                                         mg/. 

                      )E U0                  g( aniXni3)±(1A n)gM        i=1Ân 

Moreover, there is a positive integer M2�M1 such that An> 2 for all n�1112. Since B 

is convex, we have 

                               nvn 

                  aniXni E co(A)nint g-1(B) for all n�M2 
                                 i=1 

Therefore, it is valid that 

                      XE LC(co(A)nint g-1(B), . 

Since A is quasi-convex, it follows from Lemma 2.1 that we have 

               LC(co(A)nint g-1(B), 2)=LC(Anint g--1(B), . 

It is then true, on the basis of Theorem 3.2 in [8], that f2(x)�0, which contradicts 
to (3.9). 

   Consequently, we conclude that the sets E and B are disjoint, and hence it follows 
from the separation theorem (see [1]) that there exist a real number T7 and a linear 
continuous functional 57*E Y*, not both zero, such that 

(3.10) .37*(Y0+57ai=0� 9*(2-2(x)—b)-1-T7(f2(x)—r) 

                 for all yiE int C(B, g(2)) , all a, <0 , all xEP(A, , 

                                   all bEC(B, g("X")) and all r<_0. 

If we set x=0 and b=0 in (3.10), it is clear that (3.4) holds. By setting x=0 and r=0, 
we have 

                   9*(b)�0 for all bE C(B, g(-0 , 

which immediately implies (3.5). At last, by setting b=0 and r=0, we obtain (3.7). 
                                                                          Q. E. D. 

   DEFINITION 3.3. Let f be a real valued function defined on a linear topological 
space X. Then, for a subset A of X, f is called to be pseudo-convex over A at x (GA)
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if f is differentiable at  X in the sense of Neustadt and if 

               xEA and f-.t(x—x)>_0 imply f(x)—f(X)�0. 

If f is pseudo-convex over A at each point in A, the f is called to be pseudo-convex 
on A. 

   REGULARITY ASSUMPTION : Let X and Y be linear topological spaces, A a subset 
of X which containes a vector X, B a closed convex set with non-empty interior and 

g a function from X into Y whic his differentiable at X in the sense of Neustadt. 
Then, there is a vector xoEP(A, X) such that 

                         g(X)d-git(xo)E int B . 

   THEOREM 3.2. Let all notations and hypotheses be the same as those in Theorem 
3.1. Suppose that Regularity Assumption holds. If XEA is an optimal solution to the 

Problem (130), then there is a linear continuous functional y*E Y* such that 

(3.11)Y*(b)-5Y*(g(X)) for all bEB , 

(3.12)g(X)EB , 

(3.13)f2(x)+P(g2(x))�0 for all xEP(A, X). 

   PROOF. It follows from Theorem 3.1 that there are a real number ij and a linear 
continuous functional y*Y*, not both zero, such that conditions (3.4)-(3.7) hold. It 
suffices to show that 572�0. To show the contradiction, suppose that T2-=0. Let the 
vector xo satisfy Regularity Assumption. By virtue of (3.5), we have 

                            5)*( gt(xo)) 5_ 0 . 

On the other hand, (3.7) with T7=-0 implies 

                              5*(g2(x0))__ 0 . 

Hence, we have p(g2(x0))=0 and so 

(3.14)5*(g(X)+-g2(xo))=y*(g(X)). 

Let Yo=gM-F-g2(x0) and note that YoE int B. Then, for every yE Y there exists a 
small positive number e such that 

(3.15)Yo+EY E B and yo— ey E B 

By virtue of (3.5), (3.14) and (3.15), we have 

                       Y*(y)=0 for all y EY . 

This is a contradiction.Q. E. D. 
   LEMMA 3.2. Let X be a linear topological space, G a closed convex set with non-

empty interior in X and A a quasi-convex set in X. If ilnint G�0, then the set AG 

is non-empty and quasi-convex. 
   PROOF. We first show that 

                          ÄnG=Anint G . 

It is clear that Anint GCAnG. By the assumption, there is a vector yEAnint G.
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Then, for each  xAnG, we have 

                  (1 —2)y-I-RxE24nint G for 0� 2 <1 , 

so that xEAnint G. 

   Therefore, we obtain 

               co(AnG)cco(A)nco(G)TInG=:21-nint G 

                       =Anint G(by Lemma 2.1) 

             Anint G=AnGQ. E. D. 

   THEOREM 3.3. Consider the problem (P0). Suppose that A is a quasi-convex set, 
that g is differentiable on X in the sense of Neustadt, that f is pseudo-convex on A, 

that the set G--=_{xEXIg(x)EB} is convex and that ilnint G 0. Then, if the vector 

2E A satisfies the conditions (3.4)-(3.7) for some 57=7-k0 and some linear continuous func-

tional y*E Y*, then the vector 2 is an optimal solution to (P0). 

   PROOF. It follows from Lemma 3.2 that the set AG is quasi-convex and hence 

AG is a pseudo-cone with vertex at x (by Lemma 2.5). Then, by virtue of Theorem 

3.4 in [8], the vector '2 is an optimal solution to (P0).Q. E. D. 

   THEOREM 3.4. Under the same circumstances as in Theorem 3.1, suppose that the 
set G-={xEXIg(x)EB} is convex, that f is pseudo-convex on AG and that 71nint G 

#0. If Regularity Assumption holds, then for the vector 2E A to be an optimal solution 
to the problem (P0), it is necessary and sufficient that there exists a linear continuous 

functional 94cE Y* which satisfies the conditions (3.11)-(3.13). 
   PROOF. It is true, on the basis of Theorems 3.2 and 3.3, that the assertion of 

Theorem 3.4 holds.Q. E. D. 

   LEMMA 3.3. Let X and Y be Banach spaces, A a quasi-convex set in X, B a closed 
convex cone with non-empty interior in Y and g a B-convex function from X into Y. 

Then, the condition (*); There is a vector x0E,4 such that g(xo)EintB, implies Regularity 

Assumption. 

   PROOF. We first show that 

(3.16)int C(B, g(2))+B=int C(B, g(2)) . 

It is evident that int C(B, g(2))+BDint C(B, g(2)). For each vector y e int C(B, g(2))+B, 

there exist vectors yiE int C(B, g(.2C)) and 312EB such that y----3/14-y2. It follows from 

(3.2) in Lemma 3.1 that there are a positive number 771 and a vector yii E int B such 
that Y1=771(3111—g(2)). Then, we have 

                                        \ 

                     3,-=-1((Yii+113)2)—(X))                                  77 

Since (see Lemma 3.1 in [6]) 

                                 ,1,„                           Y
ll-r 1y2= int BH-B=int B ,                           77 

it is valid that 

                 yE cone (int (B—g(2)))=int C(B, g(2)). 

   Now, it is true that
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 gi.(x0—x)—[g(xo)—g(2)1EB  , 

since g is a B-convex function. By virtue of (3.16), we have 

       g,(x0-2)=g(x0)—g(50-1- fg,(x0— .)—[g(xo)—gM11 E int C(B, g(.t)) 

Then, there are a positive number C and a vector boE int B snch that gt(x0--t-)= 

((bo—gM). If we set x'o= (xo— then x,EP(A, and g(2)±gt(xO)-=boEint B. 

                                                                        Q. E. D. 
   REMARK : The number C in the proof of Lemma 3.3 can be taken as C>1.

   § 4. Applications to optimal control problems. 

   In this section, we shall describe optimal control problems as applications of 

Theorem 3.4. We shall derive necessary and sufficient conditions for the optimal 

solution. 

   We first consider the following optimal control problem with restricted phase 

coordinates in case of continuous time. Let I be a compact interval [to, 41 U an 

arbitrary set in Euclidian space Rm., and U an admissible control class consisting of all 
m-vector valued functions defined on I which are measurable and essentially bounded 

on I, and satisfy u(t)EU for all tE I. The dynamical system is described by 

(4.1) (t)= A(t)x(t)±b(u(t), t) for almost all tE I , 

where x(t) is an absolutely continuous n-vector valued function on I, A(t) is a con-
tinuous n X n matrix valued function on I, b(u, t) is a continuous n-vector valued func-

tion on Ux I, and U E Lt. Let f°(x, t) and g°(x,t) be continuously differentiable functions 

on Rnx I which are convex in x, and moreover, g° is of class C2 in x. Let Bo and B, 

be closed convex set with non-empty interior in RTh. Then, consider the following 
                                    ti 

problem (CP) : Minimizenx(t), t)dt subject to x satisfies (4.1) for some u 
                                  to 

x(to)EB0, x(t,)EB,, and g°(x(t), t)__0 for all tEL 

   Let X be a Banach space of all continuous n-vector valued functions on I with 

the uniform norm. Define a subset H of X by 

(4.2)H-=IxEXIx satisfies (4.1) for some uEll, x(t0)ERn} . 
              t, 

Let f(x)=Sf°(x(t), t)dt for all xE X, then f is a continuous convex function from X 
              to 

into R1. Let Z be a Banach space of all continuous real valued functions on I with 

the uniform norm and D a closed convex cone in Z defined by 

                     D= {zE Zlz(t)_-0 for all tE I} . 

Let Y=RnxRnxZ, and set 

                     g(x)-=(x(to), x(t,), g°(x(t), t)) , 

then g is a continuous convex function from X into Y. The control problem (CP) is 

now reformulated as follows : Minimize f(x) subject to xE H and g(x)EB, where 
B=Box Bix D.
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   In order to apply Theorem 3.4 to the problem (CP), we must prove that the set 
H is quasi-convex. 

   LEMMA 4.1. The set H defined in (4.2) is quasi-convex. 

   PROOF. It  sufficies to show that for arbitrary two vectors x and y in H and for 

any A, 0�2_1, 

(4.3)2x-P(1-2)yEli. 

Let the corresponding controllers to x and y be u and v in U, respectively. To see 

(4.3), we shall show that for any positive number s, there exists a vector zEH with 
the corresponding controller w such that                 

I Ax(t)±(1-2)3,(t)— z(t)I <s for all tE I. 

If we set z(to)=-Ax(t0)-F(1-2)y(to), then we have 

     Ax(t)+(1-2).Y(t)—z(t)I--$ t I A(s)II2x(s)±(1-2)y(s)— z(s)Ids 
                                        to 

                    +lft(Ab(u(s), s)+(1—A)b(v(s), s)—b(w(s), s))dsl. 
                                            to 

It follows from Gronwall's inequality that 

        2x(t)H-(1- 2)y(t)— z(t)I-�cp(t)±ftIA(s) I co(s) expCftI A(a)dcr)ds 
                                                        to 

where 

              (Ab(u(s), s)+(1—A)b(v(s), s)—b(w(s), s))ds 
                       to 

It is true, on the basis of Lemma 4.1 in [2], that we can take w EU such as 

               co(t)< e/exptiI A(a) I do-) for all tE I . 
                                           to 

Then, we can conclude that        

I Ax(t)H-(1--2)y(t)— z(t) 

        �(e/exp (f toto                  AA(6)do-))(1±A(s)exptA(a)do)ds).�s 
                                             for all tEI.Q. E. D. 

   We shall suppose the following assumption : 
   ASSUMPTION (A) : There is at least one trajectory x0E H such that xo(to)E int Bo, 

xo(ti)E int Bi, and g°(xo(t), t)<0 for all 

   By virtue of Lemma 3.3, it is valid that Regularity Assumption holds if we set 

up Assumption (A). Now, we can apply Theorem 3.4 to this control problem. 

   Let xE H be a solution to the problem (CP), then there exists a linear continuous 

functional 9*E Y* such that the conditions (3.11)-(3.13) hold. Since 57*=(a, j3, 2-*), 

where a, ,3GR., and 2*EZ*, and since 

                f2(x)=f t, af0(t)"x(t)dt , 
                     toax0 

                 gt(x)=(x(to), x(t1), ag"ax(t)' t) x(t)) ,
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it is valid, by (3.11) and (3.13), that 

(4.4) liTH-ate+2*(z)5a.t..(t0)+P(ti)+2*(g°(X(•), •)) 

                           for all 7EB0, all pEB, and all zED , 

(4.5) rt, aro(x(t), t)                   x(t)dtd-ax(t0)-Filx(t,)+2*(  ag°2), •)  x(•)),        Jtoax 

                                               for all xEC(H, 

If we set z-=g°(.V•), •) in (4.4), then we have 

(4.6)az-�a2(to) for all rEBot 

(4.7)14,u_R(t1) for all p EB, . 

   It follows from the representation theorem for the space Z* that there is a real 

valued function v(t) of bounded variation on I which satisfies 

                  2*(z)=Stiz(t)dv(t) for all zE Z. 
                                        to 

Moreover, we can suppose that 

(4.8)v(t) is continuous from right in (to, t1) and v(to)-=0 

Since OG D and 2e(x(•), •)ED, we have (by (4.4)) 

                             rt,   g0(x(t) , t)dv(t)=0 
                                         to 

and 

              toz(t)dv(t)�0 whenever z(t)�0 for all tG I . 

It is then valid that 

                 dv(t)  (4
.9)dt >_0 for almost all tE I , 

and 

(4.10) v(t) is constant on subinterval of I on which e(2(t), t)<0. 

It is easy to verify that 

                C(H, .t")= 12x(t ; u)12>0, eER-, u G111 , 

where 

           x(t ; u)=0(t)±0(t).1 0(s)-1[b(u(s), s)—b(Ft(s), s)lds ,                                                 to 

                                   for all tEI, u ELI, 

and 0(0 is the nxn matrix valued function which satisfies 

              d0(                   t)  =A(t)0(t)                  d
tfor almost all tG I , 

                 0(t0)=identity 

Therefore, by setting u=ii in (4.5), we have
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(4.11) ft'  a f t)  0(t)dt-Fa+130(ti)-Efti  a g°(L(t), t)   0(t)dv(t)=0  . 
  to axto 

Furthermore, if we set e=0 in (4.5), we obtain 

(4.12)riat,  anx-40,                    0(t)dt+3.0(t1)d-v(t1)agnxt1)' t1)  0(ti))0(s)-1[b(u(s), s) 
          to\si s 

        —b(rt(s), s)]ds— ftl ft' v(t)-ta2R1V), t) (A(t)-At)+60(t), t)) 
                               tos 

          a2g°,4tt), t)                    10(t)dt0(s)-Tb(u(s), s)—b(rt(s), s)]ds 
              ag°(L(t),t)          —St1 ft' v(t)A(t)0(t)dt0(s)-Tb(u(s), s)—b(rt(s), s)]ds 

                tos 

        —Stiv(t)  a e(L(t), [b(u(t), t)—b(u(t), t)ldt�0 for all uEU. 
                  to 

Let us define 

      o(s)atir-
                 )) 0(0 v(t)l{a2glx(t), t)                                        (A(t)X(t)d-b(rt(t), t)) 

                         s 

             a2g04t-t),                   lo(0v(0 agect-ax(0,t) A(0copt+pow 

           +v(ti)ae(5ca(xti), ti)  o(t1))0(s)-1 for all SE I. 

Then, the (row) n-vector valued absolutely continuous function 0(s) satisfies 

(4.13)0(t.)=—d , 

                                  .-x
at  (4.14)0(t,)=-13+v(ti) ag°(co, to  

(4.15) cb(s)=-0(s)A(s) af°(a(xs), s) v(s)-{a2g1xx(:)' (A(s)x(s) 

             +b(rt(s), s))+  '32g-(a'xIst), s)v(s)ag°(aXx(s), s)  A(s) 
                                          for almost all SE/. 

Now, the inequality (4.12) is restated as follows : 

       [OM— v(t) agocL0, ][b(u(t), t)—b(u(t),t)]>0for all uEll,              to 

which is equivalent to the pointwise minimum principle (see [10]) : 

(4.16) [OW —v(t)  a g°(ax1.)' ]b(u(t), t)= min [OW v(t)  a g°(Lt)' t)  ]b(u, t) 
                                                   .Eu 

                                            for almost all t E I . 

Thus, we can conclude the following result : 

   THEOREM 4.1. Consider the linear optimal control problem (CP) with restricted 

phase coordinates. Suppose that the Assumption (A) holds. Then, for the trajectory
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 .(t) with the corresponding controller u(t) to be an optimal solution to (CP), it is neces-
sary and sufficient that there exist (row) n-vectors a and -a, which satisfy (4.6) and 

(4.7), a real valued function v(t) of bounded variation on I, which satisfies (4.8)-(4.10), 
and a (row) n-vector valued, absolutely continuous function 0(s), which satisfies (4.13)-

(4.15) and the pointwise minimum principle (4.16). 
   We next consider the optimal control problem with restricted phase coordi-

nates where the dynamical system is described by the difference equation. Let U be 
an arbitrary set in Rm, J a set of integers {1, 2, ••• , k —1} , b(u, i) a function from 
UxJ into R", , Uk_, subsets of U such that each set b(Ui,i), jEJ, is convex in 
Rn and lt, a set of functions u(i) from J into Rni such that u(i) E Ui for all iEJ . The 
dynamical system is given by 

(4.17)x(i+1)= A(i)x(i)±b(u(i), i) for all jE 

where A(i) and x(i) are n x n matrix and n-vector, respectively. Let Bo and B, be 
closed convex sets with non-empty interior, f°(x) a function from Rn into R' , which 
is convex and of class C1, and g°(x, i) a function from Rn x {1, • , k} into R', which 
is convex and of class C1 in x. Then, consider the control problem (CP') : Minimize 

f°(x(k)) subject to x(i) satisfies (4.17) for some uElij, x(1)GB0, x(k)EB, and g°(x(i), i) 
�O for i=1, 2, , k. We also suppose the following regularity assumption (A') . 

   ASSUMPTION (A') : There is at least one trajectory x(i), iEJ , which satisfies 
(4.17) for some uEllj, x(1)E int Bo, x(k)Eint B„ and g°(x(i), i)<O, for i=1, ••• , k. 

   Let us define 

         F= fx=(x(1), •• , x(k))E Rnk I x satisfies (4.17) for some uEltj 

                                         and some x(1)GRn} , 

             g(x)=(x(1), x(k), g°(x(1), 1), , g°(x(k), k)) , 

             f(x)=f°(x(k)) for all x=(x(1), , x(k))ERnk , 

                G= {(r„ ••• , rk)ERklri�0 for i=1, 2, ••• , k} . 

Then, the problem (CP') is restated as follows : Minimize f(x) subject to xEF and 

g(x)EBoXBixG. 
   Since the set F is convex, we can apply Theorem 3.4 to the problem (CP'), and 

we obtain the following results. 
   THEOREM 4.2. Consider the optimal control problem (CP') with restricted phase 

coordinates where the dynamical system is described by the difference equation (4.17). 
Suppose that the assumption (A'). Then, for the trajectory x to be an optimal solution 
to (CP'), it is necessary and sufficient that there exist real numbers ri , i=1, ••• , k, (row) 
n-vectors a and 14 such that 

             fi�0for i=1, ••• , k, and 1'i=0 if g°(2(i),i)<0 , 

            abo�d2(1) for all boB0, 

            jgbi�,32(k) for all biEB,, 

and (row) n-vector valued function OW defined on {1, 2, ••, k} such that
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 O(1)=  —a  , 

        cb(k)— p+  afyx(k))  +2,k ag°(.5(k), k)x 

         Cb(j)=0(i+1)A(l)±7, ag%x(-1)'1.) for j=1, 2, ••• , k —1 , 
and 

         0(j+1)b(Fi(l), j)= min cb( +1)b(v, j) for j=1, ••• , k-1 . 
                                             vEu,
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