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   § 1. Introduction. 

   The author discussed nonlinear programming without equality constraints in 

Banach spaces in the previous paper [1]. This paper is devoted to discuss nonlinear 

programming with equality constraints under the same circumstances in [1]. More 
specifically, we shall be concerned with the problem (P): Minimize f(x) subject to 
xEA, g(x)EB and h(x)=0, where f is a real valued function on a real Banach space 

X, A is a subset of X, g is a mapping of X into a Banach space Y, B is a closed 
convex cone with non-empty interior , and h is a function from X into R. We shall 
present necessary conditions and sufficient conditions for an optimal solution IEA to 
the problem (P). We also apply this nonlinear programming to the problem of linear 

minimum-varience unbiased estimation and to the linear optimal control problem . 
   We shall begin with some preliminaries and introduce the notion of a locally 

relatively convex set which is an extension of one given in [1] in Section 2. In 

Section 3, we shall present necessary conditions and sufficient conditions for an optimal 
solution to the problem (P). In Section 4, we shall show that this argument can treat 

the problem of linear minimum-varience estimation and the linear optimal control 

problem with restricted phase coordinates.

   § 2. Preliminaries. 

   Notations and definitions are all the same as those in the author's previous paper 

[1] without the definition of the locally relatively convex set (see Definition 3.3 in [1]). 
The reader should regard this paper as an addendum to the paper [1] . We shall 
suppose that the reader is familiar with its notations and definitions. 

   First of all, we shall begin with the definition of the locally relatively convex set 

which is an extension of the one introduced in [1]. 

   DEFINITION 2.1. Let A and D be arbitrary subsets of a locally convex linear 

topological space X, and let XEAnD. Then, the subset A is called to be locally 

relatively convex with respect to D at x if there exists a convex neighborhood N of 

X such that 

                        co(AnN)nD=AnNnD
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   It should be noticed that if A is locally convex at  x in the sense of Definition 3.4 

in [1], then it is locally relatively convex with respect to D at x in the sense of 

Definition 2.1 when the space X is locally convex. Moreover, Theorem 3.3 in [1] still 

holds even if the condition (a) in Theorem 3.3 in [1] is replaced by the condition that 
A is locally relatively convex with respect to H at I in the sense of Definition 2.1. 

   LEMMA 2.1. If the set A is locally relatively convex with respect to D at 2, then 
it is true that there is a convex neighborhood N of 2 in X such that 

                  LC(AnD, X)=LC(co(AnN)nD, 2). 

   PROOF. Since A is locally relatively convex with respect to D at 2, there exists 
a convex neighborhood N of I such that co(AnN)nD-=AnNnD. It then follows 

that 

             LC(co(AnN)nD, I)= (1 C(co(AnN)nDnU, 2) 
                                TEM 

                          = 11 C(AnNr)D nU, 2) 
                                                        convexCN 

                                            uegz(7) 

                          = 11 C(AnD nU , 2) 
                                                     U: convexCN                                             v

egtm 

                             =LC(AnD, 2) , 

                                                                        Q. E. D. 
   LEMMA 2.2. Let X and Y be real linear topological spaces and let g be a mapping 

of X into Y. Suppose that the mapping g be differentiable at 2in the sense of Neustadt 

and that the differential g .T(x) is continuous in x. If S is an arbitrary compact subset 
of X, then for every neighborhood W of the origin in Y there exist a positive number 

3 and a neighborhood N of the origin in X such that 

       g(.t-I-sy)—g(X)                         g .-i-(x)-1-W whenever 0<s<O, and yx-FN 

   PROOF. This is an immediate extension of Lemma 3.1 described in Neustadt [2]. 

Hence we shall omitt the details.

   § 3. Nonlinear programming with equality constraints in Banach spaces. 

   In this section, we shall consider the following nonlinear programming in Banach 

spaces. Let X and Y be real Banach spaces, A an arbitrary subset of X, B a closed 
convex cone with vertex at the origin having a non-empty interior in Y, f a real 

valued function defined over X, g a mapping of X into Y and h a mapping of X into 

   (m-dimensional Euclidean space). Then, find a vector .tE A satisfying 

                       minimize f(x) 

                        subject to A 
(P) 

                              g(x)EB 

                                  h(x)=0 . 

We can now state the main results.
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   THEOREM 3.1. Let  xEA be the optimal solution to the problem (P). Assume that 

   (a) A is locally relatively convex with respect to HG at x where {xEX1h(x) 
      =0} and GE={xEXIg(x)EB}, 

   (b) the mappings f, g and h are differentiable at x in the sense of Neustadt, the 
       differential f,-(x) is convex continuous in x, the differential g,(x) is B-convex 

       continuous in x and the differential h2(x) is linear continuous in x. 

Then, there exist a real number T2, a (row) vector dERni and a linear continuous func-
tional 5/-*E Y*, not all zero, such that 

(3.1)Ti�0, 

(3.2)Y*(y)_.-.0 for all yEB , 

(3.3)9*(g(0=0 , 

(3.4)gMEB , hM=0 , 

(3.5)-77ft(x)+9*(g,(x))+Crh2(x)�0 for all xEP(A, 

   PROOF. The condition (3.4) clearly holds for an optimal solution 2EA to the 
problem (fi). Let the sets H and G are as defined in Theorem 3.1. Since the vector 
xEA is an optimal solution to the problem (P), it follows from Theorem 3.2 in [1] 
that 

(3.6)f 2(x)�0 for all xELC(AnHnG, . 

Let us define the subset M of X as follows : 

             M= {xE XI XE P(A, x), g2(x)E int B—gM, f,(x)<01 . 

It is immediate that the set M is convex. The linearity of h,-(x) implies that the set 
K-=h,(M) is convex in Rm. We shall now show that the origin is not an interior 
point of the convex set K. To show the contradiction, assume that the origin is an 
interior point of K. Then, there exists an m-simplex S which contains the origin in 
its interior and which is included in K. Let the vertices of the m-simplex S be 

       ,h,(xn,„), where x; EM for j=1, ••• , m+1. It then follows from the definition 
of M that 

(3.7)x;EP(A, g,(xj)E int B—gM, 

(3.8)f.,-,(xj)<0 for j=1, ••• , m+1. 

It is valid, by Lemma 2.2 in [1], that for every j, 1_j�m+1, there exist a sequence 
of positive numbers {A }, a sequence of positive integers {m4 }, a sequence of vectors 

Qn =(a11, ••• , cej„„07)EPrnii and a sequence of vectors {Ai} i=1,...,minCA such that 

              yni> x uniformly in i , 
                        n --> oo 

                   2.'1(Ea-L .Y.711i--2) xj, j=1,••• ,m+1. 
           i=in —> oo
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It is easily verified that 

               ±-19 -,i            m
E 4332.V 2 2celay-1, —) >milAiXi 

         i=1  i=in—*oo j=1 

                              uniformly in P=(j31, ••• , Am+i)E Pm+1 • 

Let us define 

                   rn +1 

      itn(13)=--=: E P.i2in,kn,==m;,-Fm2n+ ... +mz+1 , 
                 J=1 

          {PiALaiiii/itn(A)for i=1, •-• , min,      rni(A)=,8222.a2.(i-n1n)lten(A)for i=mln+1, ••• , min+m;„ 

                igni-pikZ+1a7nCt174-4-...-m7,7)11€48) for i-=m1,4- ••• +m,n,I+1, ••• , kn, 

                  m+1 

     x(13)--_-E. EA/xi, 
                         .7=1 

             Yliifor i=1, ••• , min. , 

      Xni -=- Y2nCi-mln)for i=min-1-1, ••• , min±m2n , 

               317i(iimin mz) for i=mind- •-• +m;:+1, ••• , kn. 

Then, we have 

- (3.9)ittn(Aarni(13)xni---t-)=milA jAgnicrioyjni .) % x(p)=Ii                                                          pix; 
       i=1j=1i=1n—>00 :7=1 

                                             uniformly in PEP"' 

It is clear that /24) and rni(A) are continuous in A E Pm+1, that (rni((8), •-• , rnk„(A))E P kn 
and that 

(3.10)Xni> 2 uniformly in i . 
                                        n--,00 

It then follows from Lemma 2.2 in [1] that x(P)EP(A, 2) for all AEP7n+1. 
   Since A is locally relatively convex with respect to HnG at 2, there exists a 

convex neighborhood S ofsuch that co(Ang)nHnG=AngnHnG. It follows 
from (3.10) that there exists a positive integer M1 such that 

                     XniESt, i=1, ••• , ki, , for all n_�Mi . 

By virtue of (3.8), we obtain 
                                                          nt-I-1 

(3.1)f,(x(13))� E isif,(xj)<0 for all AE.13m+1 
                                            2=1 

   Since g,(x) is B-convex, it is true, by virtue of (3.7), that 

(3.12)g,(x(A))Eint B—g(2) for all PEP'''. 

   It is noticed that the set 4 in Y defined by 

                      4---- Igt(x(A)) I A e Pm+11 ,
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is compact since it is a continuous image of a compact set. By virtue of (3.12), we 
have  4Cint B—g(x). Define the set I in Y as follows : 

                     I -=a complement of (int B—g(2)). 

It is then clear that the set E is closed and that 

(3.13)4nE =0 . 

If we set dist (4, E)=inf YEE}, then it is valid that dist (4, E)> O. 
Indeed, if we assume that dist (4, X)=0, then there are sequences of vectors {xi} c4 
and fyilcf such that as The compactness of 4 implies the ex-
istence of a convergent subsequence {x1,} cz/ and a vector X0E4 satisfying as 

     and Ilxi,—Y,11-0 as j-00. Then, we have                 

II xo—yili II xo— x1,11 + II xii—Y; II .--*0 as j—. . 

This implies that x0E4nE since the set E is closed. But this contradicts to (3.13). 
   Let us define the neighborhood U of the origin in Y by U=LYEY1113111<51, then 

we have 

                g-,-(x(p))+UintB—g(ic) for all /3E/371+1. 

We now show that 

(3.14) pii(P)Ig(Er.(13)xni)—g(-)1 

               ge7, 1 fn\rrnilPlAn_,,) g(.0                        7-p
n(13)ItniulLa=ii,                                        > g

,(x(p)) 
                                                                 n--00 

                      pn(P) 
                                        uniformly in 13G . 

It follows from Lemma 2.2 that to each neighborhood W of the origin in Y there cor-
respond a positive number o and a neighborhood N of the origin in X such that 

    g(.+631)—gM                 Eg
,(x)+W whenever .7CE {X(P)IPE , 0<s<O, yEx±N 

Hence we have 

    

,,/r ._1) g^M 
           p nO)PnQJIL,=17ThilP)Ani                               Eg

,(x(1))+W 

              Pn(P) 
         1

a)kn       wheneverPEP', 0<<c), andpn(P)[ErTii(P)xni—x((3)+N.                         P 

Since  (13)—4) uniformly inpas n—*oo, we conclude, with (3.9) that there is a       ig
n 

positive integer n (independent of j9) such that 

         1  
        P)        0<ttn(<for all 13 e, 

and 
                      kn 

        Itn(l)EE r ni(13)Xni— )71E X(P)+N for all PEP"' and all n�n. 
                            i=1
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This implies (3.14). 

   Therefore, for the neighborhood U there exists a positive integer  fi, (independent 

of j3) such that 
                              kn 

          Itn(P)Eg(Eni(P)Xni)— gEg,(x(p))+                                           cint B—gM 
                                     i=1 

                              for all PEP' and all 

It is valid that there is a positive integer fi, (independent of j3) such that pno>>1 
for all PE P"1 and all n�fi,. If we set n3=max fii1,77/21, then we have 

                  kn 

   ten(P)[g(Er ni(P)Xni)— g(t-)1Eint B — g(1) for all PEP"and alln>77/3, 
                  i=i 

or 
                   km 

    Pn(P)g(E r nt(P)Xni)(ten(P)-1)2-M-Fint Bint Bc.B 
                       i=i 

                                      for all PEP' and all n�773. 
                               kn 

Hence, it is true that E rni((3)x,,,EG for all pEP-+I and all n�773. Recall that 

                    km 

          E r ni(P)XniECO(Ang)for all PEP' and all n�Mi • 
                         a=1 

In the similar fashion, it is verified that 

                       kn 

(3.15) f-en((3)Eh( rni(P)xni)—hMl) h,(x(p)) uniformly inPEP"       a=1n-300 

Let us define 

             t,=h,(xj)ER'n , j=1, ••• , m+1, 

             m+1m+1 

          t(p)-=E13,1-E pih,(x .7)=Vx((3)) for all PEP7n+1 
              2=12=1 

Let us define the mapping On of S into Rm by 

                                                   kn 

            n(t(P))=-- t(13)— itn((3)1h(E rni(P)xni—hM1 for all PEP7n+1 

then it is noticed that On is continuous for each n. Since the simplex S contains the 
origin in its interior, there is a positive number e such that tES whenever II <e, 
taff".. It then follows from (3.15) that there is a positive integer 774 (independent of 

p) such that 110.(t(P))11< for all PEP' and all n�-774, that is, each On is a continuous 
mapping of S into S. It is verified, on the basis of Brower fixed point theorem, that 
for each n-�n4, there is a vector ton), pnEP', such that 07,(t((3n))=t(Pn), i. e., 

           kn 

pn(Pn)h(E rni((3n)xni)=0. Since fin,(Pn)>O, we have 
                                   km 

                     h(E rni(9n)xni)=-0 for every n>=_-_.n4 • 
                                                    1=1. 

Since the set Pm+1 is compact, there is a convergent subsequence of 1137117,�n4. We 

shall still denote it by {i3n} nzn4, i. e., there is a vector igEP"1 satisfying as 

n—>oo.
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   It now follows from (3.9) that 

 len(  /3XE r ni(Nn)Xni— x(i3) 
                          2=1 

                              kn 

            = Pn(Pn)(E r ni(fin)Xni—X(191)+ X(131)— XCI4) 0 as n--,00 , 
                                        t=1 

and 
            kn 

       E rni(Pn)x,iix as n-,00 
              i=1 

If we set fi5=max {M1, 713, n4}, then we obtain 

   knN 

              E rni(13n)x,ijEco(Ang)nGnH for all 
                           i=i 

It follows from Lemma 2.1 in Varaiya [3] and Lemma 2.1 that 

              x(ME LC(co(AnSt)nGnH, .t-)=LC(AnGnH, . 

By virtue of (3.6), we have 12(x(11))�0, which contradicts to (3.11). Consequently, we 
can conclude that the origin is not an interior point of the convex set K. 

   If the interior of K is not empty, or if the origin does not belong to K, then it 
follows from the separation theorem that there is a non-zero vector de Rrn such that 

(3.16)iit�0 for all tEK. 

If K has no interior point and if the origin belongs to K, then K is contained in some 

(m-1)-dimensional hyperplane through the origin, and hence there is again a non-zero 
vector a satisfying (3.16). 

   If we define convex sets B and E in Yx10><R1 by 

       :dm 15E Y15=b—g(2), bint B1 x {rER1 I r<0} x {sER1 I s> 0} , 
and 
       f==_{(g,(x), r, ID)E YX R1 x Ri I XP(A, bEB, r�0} , 

then it is clear that the setfl is open convex and that E is convex. It is easy to 
verify, by virtue of (3.16), that B and E are disjoint, and hence it follows from the 
separation theorem (see Dunford and Schwartz [4]) that there exists a non-zero linear 
continuous functional z*E(YxRix/i11)* such that 

    z*((y', ti, s'))�.0<z*((y", t", s")) for all (y', t', s')E13 and (y", t", s")EE 

Furthermore, there are a linear continuous functional 9*E Y* and real numbers T7 and 
ao, not all zero, such that 

      z*((y, t, s))= .5,-*(y)±v+aos for all yE Y, all tR1 , and all sER1 . 

Therefore we have 

(3.17) y*(y—g(.27))+V-I--aos_05_17*(gx(x)—b)-Figf,(x)—r)±aoavx) 

                for all yE int B, t<0, s>0, xEP(A, .t"), bEB, r�0 . 

Since OEP(A, and 0 E B, it is clear that 77�0 and 9*(b)�0 for all bEB, which are
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the conditions (3.1) and (3.2). 

   If we set  er=a0dERm, then it is valid that 57*, 5j and a are not all zero since ii�0 

and since Si*, T2 and ao are not all zero. It then follows from (3.17) that 

              y*(g,(x))+Tjf,(x)-kah,-,(x)�0 for all xP(A, .97) , 

which is the condition (3.5). By tending and s--,0 in (3.17), we have Y*(g(X))=0 
since 2g(x) E B. Hence the condition (3.3) holds. This completes the proof of Theorem 

3.1.Q. E. D. 

   THEOREM 3.2. Let us consider the problem (13). Then, the condition that there 
are a real number a vector ei ER and a linear continuous functional Y*E Y* which 

satisfy the conditions (3.1)-(3.5) in _Theorem 3.1 is sufficient for a vector xE A to be an 
optimal solution to the problem (P) if the set AnGn11 is a pseudo-cone with vertex at 

:t", if f is differentiable at .2C in the sense of Neustadt and pseudo-convex over AnGnH 

at x, if g is differentiable in the sense of Neustadt, and if #0 where the sets G and 
11 are as defined in Theorem 3.1. 

   PROOF. It is valid that 

(3.18) x— ./7)nLC(G, i")nLC(H, .t.) for all xG A nG nH 

since AnGn11 is a pseudo-cone with vertex at x and since 

               LC(AnGnH, 2)cP(A, i")nLC(G, .)(-)LC(H, . 

   We now show that the following relation (3.19) holds. 

(3.19)LC(H, X)c{xXjhx(x)=0} . 

It follows from Lemma 2.1 in Varaiya [3] that for each XELC(H , there exist 
sequences {x0 and {An 12n> 0} such that lim xn=2 and lim An(xn— .t-)--=and hence we 

                                                           n-00 

have 

                     0=lim 27,(h(x7,)—h(0 

                         h( nx+ 27,(xn— x)h(x)     =lim 
                                      1  

                                         An 
                       =h,(x). 

Consequently, (3.19) holds. 

   It is true, by (3.2) and (3.3), that 

                  y*(g4(x))_<0 for all xE LC(G, , 

as shown by the argument similar to Theorem 3.4 in [1]. By virtue of (3.5) and (3.19), 
we obtain 

           f,(x)_� —9*(g,(x))—ah,(x)=-9*(g,(x))�0 , 

                       for all XGP(A, 2)nLC(G, .50nLC(H, 2). 

It is then valid, by (3.18), that f2(x—)�0 for all xEAnGnH . The pseudo-convexity 
of f implies that f(x)—f(i)�0 for every xEAnGnH, which shows that the vector x 

is an optimal solution to the problem (P).Q . E. D.
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   The condition (3.5) is different from the necessary condition given in Neustadt [2] 
in the sense that the inequality in (3.5) holds on the local closed convex cone P(A, 

of A at  x, whereas the corresponding inequality in [2] holds on some convex set in 
LC(A, 2), i. e., the first-order convex approximation. In contrast with Varaiya [3], 

our hypotheses in Theorems 3.1 and 3.2 are weaker than those in [3] since the con-

straint qualification is not imposed. The detail discussions are stated in Section 5 in [1]. 

   Now, we shall set up the following Regularity Assumption (RA) which corresponds 

to the conventional constraint qualification. 

   (RA) : Let X and Y be Banach spaces, A a subset of X which contains a vector 
  B a closed convex cone with non-empty interior in Y, g a function from X into Y 

which is differentiable at 2' in the sense of Neustadt and h a function from X into 
Rm which is differentiable at x in the sense of Neustadt. Then, there is a vector 

x0EP(A, 2) such that g(2)+g,-(x0)Eint B, h2(x0)=0 and the origin is an interior point 

of h2(P(A, 2)). 
   THEOREM 3.3. Consider the nonlinear programming problem (P) and suppose that 

Regularity Assumption (RA) holds. Let 2 be a (feasible) solution to (P) and assume 

that 

   (c) A is locally relatively convex with respect to GnH at x and AnGnil is a 

       pseudo-cone with vertex at 2, 

   (d) f is pseudo-convex over AnGflH at 2 and the differential f2(x) is convex 
      continuous in x, g is differentiable at 2 in the sense of Neustadt and the 

      differential g2(x) is B-convex continuous in x, h is differentiable at 2 in the 
       sense of Neustadt and the differential h2(x) is linear continuous in x. 

Then, in order that the vector 2 is an optimal solution to (P), it is necessary and suf-

ficient that there exist a (row) vector (TER' and a linear continuous functional y*E Y* 
such that 

(3.20)Y*(y)�0 for all yEB , 

(3.21)Y*(g(2))=0 , 

(3.22)g(2)E B , h(2)=0 , 

(3.23)f2(x)--Fy*(g2(x))+a-h2(x)>0 for all xEP(A, 2). 

   PROOF. Necessity : It follows from Theorem 3.1 that there are a real number 
57, a vector a E kIn and a linear continuous functional Y*E Y*, not all zero, such that 

(3.1)-(3.5) hold. Therefore, it suffices to show that T2# 0. To show the contradiction, 
suppose that -77=0. Then, by virtue of (3.5), we have 

(3.24)y*(g,(x))-1-ah,(x)>0 for all xEP(A, 2). 

For the vector xo in Regularity Assumption (RA), we have 

                            9*(g2(x()))>_ 0 , 

furthermore, by (3.3) and (3.2), we obtain 

                          5*(gM-Fg2(x0))=0.



26S. TAGAWA

Since  gMH-g2(x0) is an interior point of the convex cone B, it is true, by (3.2), that 

pc=o. Hence, (3.24) becomes 

                   dh,(x)�0 for all xP(A, . 

But, inasmuch as the origin is an interior point of the set h2(P(A, i")), we have d-=0. 

Consequently, 07, 9., a>=(o, 0, 0), which is a contradiction. 

   Sufficiency : This is an immediate consequence of Theorem 3.2.Q. E. D.

   § 4. Some applications. 

   In this section, we shall state some applications of our argument to minimum-

variance estimation problems and to linear optimal control problems. 
   We first consider a problem of linear minimum-variance unbiased estimation. Let 

z be an m-dimensional data vector, S an mxn matrix (known), whose columns are 

linearly independent, an n-dimensional vector (unknown), and e an m-dimensional 

random vector. Let z be of the form z=S24-e, where the mean E(e)=0 and the 
covariance E(ee')=V which is positive definite. We shall seek a linear estimate of 

the form -=Xz, where X is an nxm matrix. Then, the problem is as follows : 

                       minimize E — (;1' A)] 

(E1)subject to E(;)=2, 

                               :i=Xz 

If we set f(X)=E[(X(S2+e)-2)'(X(S2-Fe)-2)], then it is easily seen that 

               f(X)=trace (XVX')+2'S' X' XSA-221XS2+212. 

Let be a Hilbert space of all nxm matrices with the inner product (.xl 

trace (XVY'), E a Hilbert space of all nxn matrices with the inner product (AIB)= 

trace (AB'), and h an affine map of into E defined by h(X)=XS—I, where I is an 
nxn identity matrix. Then, the problem (E1) becomes the following problem : 

                        minimize f(X) 

(E2)subject to XEX , 

                                  h(X)=0 . 

It is easy to verify that f(X) is a uniformly convex function in the sense of Definition 

3.1 in [5] and that Assumptions 3 and 4 in [5] are satisfied. Therefore, it follows 

from Theorem 4.1 in [5] and Theorem 3.1 that there exists a unique optimal solution 
   a' to the problem (E2) which satisfies the condition that there are a real number 

Ti and an nxn matrix eiEE, not both zero, such that 

(4.1)-72>_0 , 

(4.2)h(X)=0 , 

(4.3)Tif,(X)+ trace (ah,(X)')_�0 for all XEX •
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By a straightforward calculation, we have 

 f,(X)=2 trace (X V X')+221(S12Y1— I)XS2 , and h,(X)= XS . 

It is then valid, by (4.2) and (4.3), that 

           trace (X VX')±trace (aS' X')� 0 for all XE 

or 

          27/ 20v, kXik+di,(E Xi kSkj)�0 for all XE , 
             2=1 2=1 k=12=1 2=1 k=1 

where X=(xi;), V=(vik), X=(xik), a=(aii) and S=(ski). Furthermore, we have 2T/XV 
-HIS1=0 . If we set )7=0, then a-S1=0 which contradicts to the fact that the columns 

of S are linearly independent. Therefore, by setting=1 (see (4.1)), we have 

(4.4)2X-17±aSt=0 . 

It is true, by (4.2) and (4.4), that 

(4.5)X=(S' -17-1S)-1S1 V-1 . 

Thus, we can obtain the following theorem : 

   THEOREM 4.1. Consider the problem (E1) which becomes the problem (E2). Then, 
there exists a unique optimal solution XEX which satisfies (4.5). On the other hand, 

if the matrix X satisfies (4.5), then X is a unique optimal solution to the problem (E2). 

Therefore, the linear minimum-variance unbiased estimate;1‘of 2 is as follows: 

                             ;i=(S/17-1S)-1S1V-1z 

   The results of Theorem 4.1 were given in [7], but our proof is different from 

one described in [7]. 

   Next, we shall consider a linear optimal control problem with restricted phase 

coordinates. Let U be a convex subset of Rm and a control class which consists 
of all measurable m-dimensional vector valued function u(t) such that u(t)E U for all 

tE I, where I=[to, ti] is a compact interval. The dynamical system is defined by, for 

some u cU, 

(4.6) x(t)=A(t)x(t)+B(t)u(t) for almost all tE I , 

where x(t) is an absolutely continuous n-dimensional vector valued function on I, A(t) 
is a continuous nxn matrix valued function on I, and B(t) is a continuous nXm 

matrix valued function on I. Let g be a real valued convex function of C2-class on 

Rn, and f a real valued convex function of C1-class on Rn. Moreover, let wo and w1 

be vectors in Rq and Rr, respectively, S a q x n matrix with rank (S)=q and T a rX n 

matrix with rank (T)=r. Then, consider the following control problem (PO : 

              minimize ftif(x(t))dt 
                                          to 

(Pi)subject to x satisfies (4.6) for some UE GU , 

                          SX(t0)=Wo 

                            Tx(t,)=wi, 

                       g(x(t))�0 for all tc I.
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   We shall set up the following assumption  (4.7)  : 

(4.7) there is a trajectory xo(t) which satisfies (4.6) for a controller u0EcU 
      such that g(x0(t))<0 for all tE I, sx0(to)----wo, and Txo(ti)=wi • 

   Let X be a Banach space of all continuous n-dimensional vector valued functions 

on I with the uniform norm II =max j x(t) j , where I • I denotes the Euclidean norm, 
                                            ter 

A a set in X of all absolutely continuous functions x(t) which satisfies (4.6) for some 
u Y a Banach space of all continuous real valued functions on I with the uniform 
norm, and B a closed convex cone with non-empty interior in Y defined by 

                   B= {ye 171 y(t)�0 for all tEI} . 

Let I be a real valued convex function on X defined by 1(x)= f(x(t))dt, g a function 
                                                                         to 

from X into Y defined by R.(x)-=g(x(•)) and h a function from X into Rg" defined 
by h(x)=(Sx(to)-1110, x(t1)—w1). Then, the problem (P1) is restated as follows : 

                       minimize 1(x) 

(P2)subject to xE A , 

                              k(x)EB , 

                                 h(x)= 0 . 

It is true that the set A is convex and that the functions f(x), k(x) and h(x) are 
differentiable in the sense of Neustadt. Moreover, the differentials are of the follow-

ing forms : 

                    12(x)=-5 " ofaxMt)) x(t)dt , 
                to 

                        agmt))
x                         kt(x)---ax(0, 

                      h,(x)=(Sx(to), Tx(ti)) , 

    af(2(t))ag(t"(t))  whereandare n -dimensional row vectors .    axax 

   LEMMA 4.1. If the condition (4.7) is satisfied, then Regularity Assumption (RA) 

holds. 

   PROOF. Let .X.0 be the vector satisfying the condition (4.7). It is clear that 
xo- A— 2cP(A, 2) and that A.'(x0)E int B. Since k= (x) is B-convex in x, we have 

      k(i)+kt(x0---)=g(x.)+ E int B-I-Bint B . 

We also obtain 

                 h,(x0— 2)=(S(xo(t 0)- — -(t0)), T (xo(t1)—x(t1))) 

                                =(,00—wo, 1111—W1)=(0, 0) . 

Let x(t ; e) denotes the trajectory corresponding to the controller U(t) with X(to e).= • 

Then, we have
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 h,(x(t ; e)- -(0)=(s(x(to ; e)—(1-0)), T(x(t1 ; e) 

                   =(S(— .(to)), TO(ti)(— :f(ti))) for all ERn . 

Since rank (S)=q and rank (T)= r, h,(x(t ; e)— g(t)) runs the whole space RI" as e 
varies the whole space IT Hence, the origin is an interior point of 112(P(A, I)). 

                                                                        Q. E. D. 
   It is easy to see that all the hypotheses in Theorem 3.3 are satisfied, and hence 

it is necessary and sufficient for the vector x to be an optimal solution to (F2) that 
there exist a (row) vector (a, ME RI x Rr and a linear continuous functional 5,-*E Y* 
such that 

(4.8) y*(y)<0 for all yE B , 

(4.9)57*(..4(0=0 , 

(4.10)g(X)E B , h(")=0 , 

(4.11)f,(x)+5,*(g ,(x))+(a, () • h,(x)�0 for all xEP(A, 

It is valid, on the basis of the representation theorem for the space Y*, that there is 
a real valued function v(t) of bounded variation on I which satisfies 

                                       t 

                  51-*(y)=y(t)dv(t) for all ye Y Y. 
                                        to 

Furthermore, we can assume that v(t) is continuous from right on (to, t1) and that 

v(t0)=0. By virtue of (4.8), we have 

               y(t)dv(t)�0whenever y(t)�0 for all tE I , 
                       to 

               t)v( which implies thatd
dt0 for almost all tE I. It is immediate, by (4.9) and (4.10), 

that 

             g(X(t))dv(t)=0 and g(x(t))�0 for all tE I , 
                     to 

which implies that v(t) is constant on subinterval of I on which g(.Vt))< O. It is valid, 
by (4.11), that 

(4.12) faf-Gt-(t))                 (x(t) .(t))dt-Ffa gMt)) (x(t)—.Vt))dv(t) 
  toto 

             ±aS(x(t0)—(t0))+13T(x(t1)—i(t1))�0 for all xE A . 

Let u and Ft be controllers in V corresponding to x and x, respectively. Then, we 

have 

            .(t)=0(t)xo+0(0.1 0(s)-1/3(s)Ft(s)ds for all tE I ,                                          to 

where OM is a fundamental matrix solution of the equation .i-=A(t)x with 0(4)=7 
identity. By the formula for integration by parts for Lebesgue-Stieltjes integral, (4.12) 

becomes
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(4.13) fti  af(„(t))  (x(t) 1(0)dt+  ag(-ati))  (x(ti)--1(1-0)v(to 
       to— 

                             (At)) 
                                                                                   -- 

            tiv(t){  al)(10,(x(t)Aag                           t))+ axB(t)(u(t)Ft(t))}dt                           to 

 +aS(X(to)—gt0))+13T(X(t1)—gt1))>=0 for all xEA, 

where p(x,aaxg(x) (A(t)x+B(t)u(t)). It is easy to verify that for every xEA satis-

fying x(to)=Ato), we have, by (4.13), 

(4.14) [ag(At))           cb(o—v(t) axp(o[u(o—kt)]clt>0 for all uEcU , 
               to 

where OM is an absolutely continuous, n-dimensional (row) vector valued function on 
I which satisfies 

(4.15) dO(t)                0(t)A(t)d- af(g0)  +v(t)aP(i(t),t)for almost all t E I ,   dtaxax 

(4.16)ag(i"(ti         cb(ti)=v(ti)ax))-FigTAti), 

(4.17)rafmt))         0(to)=10(t)dt-l-v(ti)agl(ta)) 0(t1) 
             tou 

              tiv(t)a-11(t)'0(t)dt-FigTAt1)0(t1) • 
                          to 

For each xEA whose corresponding controller is ii, (4.13) implies that 

(4.18) f ti  af(P))  0(t)dt-Pv(t1)ag(alx(t1))  0(ti) 
         to u. 

              — tiv(t)aP(i-a(
xt)' t)  0(t)dt-f-dS;f(to)±13-TAt1)0(t1)=0 .                            to 

It is trivial, by (4.17) and (4.18), that 

(4.19)0(1'0= —aSgto) . 

   Let 0E1' be a regular point for both v(t) and Ft(t) and 6 an arbitrary positive 
number. Define a controller u(t) by 

                          w for 19-6<t<O,                u(t)={ 
                           u(t) otherwise , 

where w U. It then follows from (4.14) that 

     $05JO(t)—v(t)ag(ix(t))1B(t)[w—U(t)]dt 

        [OM v(e)ag1(61)) p(6)[w—u(0)]�0 for all w EU . 
Hence, we have
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(4.20)  [0(t)—v(t)  a g ( (t))  ]B(t)u(t) 

           =min [OW— v(t)  ag('(0)113(ow for almost all t E I . 
                     wEu 

Thus, we have arrived at the following conclusion. 
   THEOREM 4.2. Consider the linear optimal control problem (PO and suppose that 

the condition (4.7) holds. Then, in order for the trajectory .27(t) with the controller u(t) 
to be an optimal solution, it is necessary and sufficient that there exist (row) vectors 
CiERg and 13ERr, a real valued function v(t) of bounded variation which is continuous 

from right on (to, t1) and is constant on subintervals of I on which g(Vt))<0 such that 
     dv(t)  v(t

o)=0, dt�_0 for almost all tE(to,t1), and an absolutely continuous n-dimensional 

(row) vector valued function OW on I which satisfies (4.15), (4.16), (4.19) and (4.20).
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