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§1. Introduction.

The author discussed nonlinear programming without equality constraints in
Banach spaces in the previous paper [1]. This paper is devoted to discuss nonlinear
programming with equality constraints under the same circumstances in [1]. More
specifically, we shall be concerned with the problem (P): Minimize J(x) subject to
x€A, g(x)eB and h(x)=0, where f is a real valued function on a real Banach space
X, A is a subset of X, g is a mapping of X into a Banach space Y, B is a closed
convex cone with non-empty interior, and % is a function from X into R™ We shall
present necessary conditions and sufficient conditions for an optimal solution ¥ A to
the problem (13). We also apply this nonlinear programming to the problem of linear
minimum-varience unbiased estimation and to the linear optimal control problem.

We shall begin with some preliminaries and introduce the notion of a locally
relatively convex set which is an extension of one given in [1] in Section 2. In
Section 3, we shall present necessary conditions and sufficient conditions for an optimal
solution to the problem (P). In Section 4, we shall show that this argument can treat
the problem of linear minimum-varience estimation and the linear optimal control
problem with restricted phase coordinates.

§2. Preliminaries.

Notations and definitions are all the same as those in the author’s previous paper
[1] without the definition of the locally relatively convex set (see Definition 3.3 in [1]).
The reader should regard this paper as an addendum to the paper [1]. We shall
suppose that the reader is familiar with its notations and definitions.

First of all, we shall begin with the definition of the locally relatively convex set
which is an extension of the one introduced in [1].

DEFINITION 2.1. Let A and D be arbitrary subsets of a locally convex linear
topological space X, and let ¥ AND. Then, the subset A is called to be locally
relatively convex with respect to D at % if there exists a convex neighborhood N of
X such that

co(ANN)ND=ANNND.
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18 S. Tacawa

It should be noticed that if A is locally convex at X in the sense of Definition 3.4
in [1], then it is locally relatively convex with respect to D at X in the sense of
Definition 2.1 when the space X is locally convex. Moreover, Theorem 3.3 in [1] still
holds even if the conditien (a) in Theorem 3.3 in [1] is replaced by the condition that
A is locally relatively convex with respect to H at % in the sense of Definition 2.1.

LEMMA 2.1. If the set A is locally relatively convex with respect to D at X, then
it is true that there is a convex neighborhood N of % in X such that

LC(AND, £)=LC(co(ANN)ND, %).

PROOF. Since A is locally relatively convex with respect to D at %, there exists
a convex neighborhood N of % such that co(ANN)ND=ANNND. It then follows
that

LC(co(ANN)ND, f):WQBC(co(AmN)mDmU, x)

= N NquNmDme)

U: convexC
Uen@

= N  CAnDNU, %
U: convexCN
Uen@)

=LC(AND, %),
Q.E.D.
LEMMA 2.2. Let X and Y be real linear topological spaces and let g be a mapping
of X into Y. Suppose that the mapping g be differentiable at % in the sense of Neustadt
and that the differential gz(x) is continuous in x. If S is an arbitrary compact subset
of X, then for every neighborhood W of the origin in Y there exist a positive number
0 and a neighborhood N of the origin in X such that

g(j——}—s?:g—(-x)—eg;(x)—l—w whenever x&8S, 0<e<4, and yex+N,

PrOOF. This is an immediate extension of Lemma 3.1 described in Neustadt [2].
Hence we shall omitt the details.

§3. Nonlinear programming with equality constraints in Banach spaces.

In this section, we shall consider the following nonlinear programming in Banach
spaces. Let X and Y be real Banach spaces, A an arbitrary subset of X, B a closed
convex cone with vertex at the origin having a non-empty interior in Y, f a real
valued function defined over X, g a mapping of X into Y and 4 a mapping of X into
R™ (m-dimensional Euclidean space). Then, find a vector ¥ A satisfying

minimize  f(x)

subject to x4
g(x)eB
h(x)=0.

(P)

We can now state the main results.
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THEOREM 3.1. Let ¥ A be the optimal solution to the problem (P). Assume that

(a) A 1is locally relatively convex with respect to HNG at % where H={xc X |h(x)
=0} and G={xe X|g(x)= B},

(b) the mappings f, g and h are differentiable at % in the sense of Neustadt, the
differential fz(x) is convex continuous in x, the differential gi(x) is B-convex
continuous in x and the differential hy(x) is linear continuous in x.

Then, there exist a real number 3, a (row) vector @=R™ and a linear continuous func-
tional y*Y*, not all zero, such that

3.1 720,

(3.2) (=0  for all yeB,

(3.3) F*(g(%)=0,

(3.4) g(®)eB, AWx)=0,

(3.5) () +7*(g(X)+&h(X)=0  for all x=P(A, %).

ProoOF. The condition (3.4) clearly holds for an optimal solution T€A to the
problem (P). Let the sets H and G are as defined in Theorem 3.1. Since the vector
ZeA is an optimal solution to the problem (P), it follows from Theorem 3.2 in [1]
that

(3.6) f#(x)=0 for all xeLC(ANHNG, X).
Let us define the subset M of X as follows:
M={xe X|xeP(A, %), gz(x)€int B—g(%), f:(x)<0} .

It is immediate that the set M is convex. The linearity of i;(x) implies that the set
K=h M) is convex in R™ We shall now show that the origin is not an interior
point of the convex set K. To show the contradiction, assume that the origin is an
interior point of K. Then, there exists an m-simplex S which contains the origin in
its interior and which is included in K. Let the vertices of the m-simplex S be
hy(xy), -y hi{Xpm+y), where x;€M for j=1,---,m-+1. It then follows from the definition
of M that

3.7 x;€P(A, %), gx(x;)eint B—g(%),
(3.8) Sf#(x;)<0 for j=1, -, m+1.

It is valid, by Lemma 2.2 in [1], that for every j, 1=j=<m+1, there exist a sequence
of positive numbers {47}, a sequence of positive integers {mj}, a sequence of vectors

. . . J N
af =(ai,, vy Qhd, YeP™ and a sequence of vectors { y{u-}i:l,...,m;;l CA such that
Y % uniformly in 7,
n —> oo
nd
H(Saiyhi—8) ————>1x;, j=1,-,mtl,

n—>0oo
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It is easily verified that

mJ
m+1 CMn _ a1
2 B 2 adi vi— %) SUB,x,
= = n—oo J=1
uniformly in [8_—_(‘3“ -, ,8m+1)EPm+l .

Let us define
BB Bidh, IS
=1

BiAnath:/ pa(B) for i=l1, -, m},
72(B)=1 Bolaiu-mly/ ta(B) for i=mi+1, -, mi+md,

ﬁmﬂiﬁﬂa’n"g_‘m;l_mgl_..,_m;ln)/y,,(ﬁ) for i=mL+ - +mu+1, - ky,

m—+1
*(8) = 5 By,
Y for =1, - ,mi,
Xni =9 Yad-mb for i=my4-1, -, mh+m},
J’Z‘&C—’mh-----mgn for i=mhL+ - +mn41, -, Ry

Then, we have

kn m+1 nd, m+1
(3.9 #n(‘B)(El Tm(lg)xni—f): .Z)I ﬁjlfz(gla%i%rf) E—— x(.B>: jz::l ‘Bjxj

n—oo

uniformly in feP™*.
It is clear that g,(8) and 7,.(f) are continuous in S&P™?, that (7n(B), -, Tar,(B))E P
and that

(3.10) Xpy ————> X uniformly in 7.
n—00

It then follows from Lemma 2.2 in [1] that x(8)e P(4, %) for all f=P™,
Since A is locally relatively convex with respect to HNG at %, there exists a

convex neighborhood N of % such that co(Amﬁ)mHmG:Amﬁr\HmG. It follows
from (3.10) that there exists a positive integer M,; such that

N, i=1, -, k,, for all n=M,.

By virtue of (3.8), we obtain
m+1
(3.1) fz(x(ﬁ))égz B;f:(x;)<0 for all BepP™,

Since gx(x) is B-convex, it is true, by virtue of (3.7), that
(3.12) gx(x(B))eint B—g(x)  for all BeP™*,
It is noticed that the set 4 in Y defined by
A={g/x(p))| g P™"},
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is compact since it is a continuous image of a compact set. By virtue of (3.12), we
have 4Cint B—g(%). Define the set 3 in Y as follows:

X =a complement of (int B—g(%)).
It is then clear that the set X is closed and that
(3.13) AnX=0.

If we set dist(4, Y)=inf {|x—y|||x=4d, yeZ}, then it is valid that d=dist (4, X)>0.
Indeed, if we assume that dist (4, 2)=0, then there are sequences of vectors {x;}C4
and {y;}C2% such that |x;—»,|-0 as i—co. The compactness of 4 implies the ex-
istence of a convergent subsequence {x; ].}CA and a vector x,=4 satisfying x; ;%o as
j—oo, and Hxi].—yjll—>0 as j—oo, Then, we have

Ixo—yil =l xo—xi )l +llx;;—y;1—0  as j—oo.

This implies that x,e 42 since the set X is closed. But this contradicts to (3.13).
Let us define the neighborhood U of the origin in Y by U={yeY ||yl <4}, then
we have
g(x(P)+UcCint B—g(%)  for all BeP™!,

We now show that

B plALE(E 1ailBxn)—2 ()]

_ 1 kn _ _
&g x+—_‘un(‘8)[27’m(ﬁ)xm_xj _g(x)
- ( LalB) = ) g:(x(B))

n—0oo

1a(B)

uniformly in BeP™ .

It follows from Lemma 2.2 that to each neighborhood W of the origin in Y there cor-
respond a positive number J and a neighborhood N of the origin in X such that

—g(f_i_—s?_g@egi(x)+W whenever xe {x(B)|feP™"}, 0<e<d, ycx+N.

Hence we have

1 S ; ;
8(% (a7 o B T B~ E1) £ (%)

> g (x(B)+W
2(B) )
whenever Be pm™it, 0<‘u_1@<5’ and pn(ﬁ)[g)lrm(ﬁ)xm——f]ex(,B)-i—N.

Since m—ﬂ uniformly in 8 as n—co, we conclude, with (3.9) that there is a

positive integer 7 (independent of §) such that

1 m1
0< R(:) <9  for all BeP™!,
and .
1B 70l B)xi—x]ex(B)+N  for all S=P™* and all n=7.
i=1
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This implies (3.14).
Therefore, for the neighborhood U there exists a positive integer 7, (independent
of B) such that

kﬂ
f"n(,@)[g(lz::lrni(‘@)xni)_g(f)] e g:(x(B))+UCint B—g(%)
for all BeP™! and all n=7,.

It is valid that there is a positive integer 7, (independent of 8) such that u,(8)>1
for all B P™" and all n=7, If we set A;=max {7, 7i,}, then we have

#n(ﬁ)[g(grm(ﬁ)xm)—g(f)]GintB—-g(f) for all BeP™" and all n=17,,
or
#B)E(E 7o) (p1a(B)— (%) +int BCint BCB

for all BeP™"' and all n=7,.

kn
Hence, it is true that 3 7,(B8)x,;€G for all S P™"" and all n=7,. Recall that
i=1
kn ~
S ralB)xnsco(ANN)  for all BeP™* and all n=M,.
i=1
In the similar fashion, it is verified that

kn
(315 (B 0B xn) —MD] ———> h«(x())  uniformly in f=P™".

n—co
Let us define

ti=hy(x;)ER™, j=1, -, m+1,
(B="S Bits= 5 Bihslx)=hs(x(B)  for all BeP™.

Let us define the mapping ¢, of S into R™ by
s/}n(t(ﬁ))zt(ﬁ)—ﬂn(ﬁ)th(grm(ﬁ)xm—h(f)] for all BeP™!,

then it is noticed that ¢, is continuous for each n. Since the simplex S contains the
origin in its interior, there is a positive number & such that t€S whenever [|#]<¢,
teR™ It then follows from (3.15) that there is a positive integer #, (independent of
B) such that [[¢,(#(8)] <& for all = P™*" and all n=17,, that is, each ¢, is a continuous
mapping of Sinto S. It is verified, on the basis of Brower fixed point theorem, that
for each n=7,, there is a vector ("), f"€P™, such that ¢,({(f")=i(B"), i.e,

kn
#a(BMACE 7ri(B")7n)=0.  Since p1a(")>0, we have
le
h@m(ﬁ")xna:O for every n=f,.

Since the set P™'! is compact, there is a convergent subsequence of {8"},2z, We

shall still denote it by {f"}.2s, i.e., there is a vector Fe P™! satisfying f"—p as
n—00,
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It now follows from (3.9) that
BN o B D~ x(B)
= 1B, ol Bt D= (BB —> 0 as e,
and

k"
2 rnilBxy —> X as n—oo,
i=1
If we set i;=max {M,, 7y, 7i,}, then we obtain
ky .
E Tm'(ﬁn)meCO(Af\N)meH for all n=7;.
i=1

It follows from Lemma 2.1 in Varaiya [3] and Lemma 2.1 that
x(B)eLC(co(ANNINGAH, ©)=LC(ANGNH, %).

By virtue of (3.6), we have fx(x(8))=0, which contradicts to (3.11). Consequently, we
can conclude that the origin is not an interior point of the convex set K.

If the interior of K is not empty, or if the origin does not belong to K, then it
follows from the separation theorem that there is a non-zero vector @ R™ such that

(3.16) at=<0 for all ieK.

If K has no interior point and if the origin belongs to K, then K is contained in some
(m—1)-dimensional hyperplane through the origin, and hence there is again a non-zero
vector & satisfying (3.16).

If we define convex sets B and E in Y XR'X R by

B={beY|b=b—g(%), beint B} X {re R!|r<0} x {s€ R*|s>0} ,
and
E={(g:(x), f(x), @he(x))—(b, 7, 0)€ Y X R* X R'|xeP(A, %), be B, r<0},

then it is clear that the set B is open convex and that E is convex. It is easy to
verify, by virtue of (3.16), that B and E are disjoint, and hence it follows from the
separation theorem (see Dunford and Schwartz [4]) that there exists a non-zero linear
continuous functional z*<(Y X R'X R*)* such that

2¥((y', ¥, SNS0=z*(y", 17, s"))  for all (¥, ¢,s)eB and (3", 1",s")<E.

Furthermore, there are a linear continuous functional 7*=Y* and real numbers 7 and
a,, not all zero, such that

2X(3, t, N=F(¥)+7t+a,s  for all yeY, all teR', and all s€R!.
Therefore we have
(3.17) Ty — (D) +7t+ s =0=5*(g:(x)—0)+7(f2(x)— 1)+ a,dhs(x)
for all yeint B, t<0, s>0, x€P(A, %), beB, r=0.

Since 0P(4, %) and 0B, it is clear that 7=0 and 7*(b)<0 for all b= B, which are
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the conditions (3.1) and (3.2).
If we set d=a,@=R™, then it is valid that 7*, 7 and @ are not all zero since @=0

and since 7* 7 and a, are not all zero. It then follows from (3.17) that
T &e(x)+7fo(x)+Ahx(x)=0  for all x€P(4, %),

which is the condition (3.5). By tending t—0 and s—0 in (3.17), we have 7*(g(%))=0
since 2g(¥)eB. Hence the condition (3.3) holds. This completes the proof of Theorem
3.1 Q.E.D.

THEOREM 3.2. Let us consider the problem (P). Then, the condition that there
are a real number 7, a vector @R and a linear continuous functional 3*<Y* which
satisfy the conditions (3.1)-(3.5) in Theorem 3.1 is sufficient for a vector T A to be an
optimal solution to the problem (‘5) if the set ANGNH is a pseudo-cone with vertex at
X, if f is differentiable at % in the sense of Neustadt and pseudo-convex over ANGNH
at %, if g is differentiable in the sense of Neustadt, and if 7+0 where the sets G and
H are as defined in Theorem 3.1,

PrOOF. It is valid that

(3.18) x—xeP(A, &) NLC(G, )N\LC(H, %) for all xe ANGNH
since ANGNH is a pseudo-cone with vertex at ¥ and since
LC(ANGNH, X)cP(A, ) NLC(G, ©)NLC(H, ).
We now show that the following relation (3.19) holds.
(3.19) LC(H, H)C{xe X|hy(x)=0} .

It follows from Lemma 2.1 in Varaiya [3] that for each xLC(H, %) there exist
sequences {x,} and {4,|4,>0} such that lim x,=Z% and lim 2,(x,—%)=Z%, and hence we
have

0=1im 2,(h(x,)—h(D)

h(f+%nxn(xn—f))—h(x‘)

=lim i
A
=hg(x).

Consequently, (3.19) holds.
It is true, by (3.2) and (3.3), that

F*(gE(x)=0  for all xeLC(G, %),

as shown by the argument similar to Theorem 3.4 in [1]. By virtue of (3.5) and (3.19),
we obtain
P o(0)Z —5*(ge(x) — Ahs(x)=—F*(gx(x))=0, '
for all xeP(A4, X)NLC(G, x)N\LC(H, %).
It is then valid, by (3.18), that fx(x—%)=0 for all xe ANG\H. The pseudo-convexity

of f implies that f(x)—f(X)=0 for every x& ANGNH, which shows that the vector x
is an optimal solution to the problem (P). Q.E.D.
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The condition (3.5) is different from the necessary condition given in Neustadt [2]
in the sense that the inequality in (3.5) holds on the local closed convex cone P(A, %)
of A at %, whereas the corresponding inequality in [2] holds on some convex set in
LC(A, %), i.e., the first-order convex approximation. In contrast with Varaiya [3],
our hypotheses in Theorems 3.1 and 3.2 are weaker than those in [3] since the con-
straint qualification is not imposed. The detail discussions are stated in Section 5 in [1].

Now, we shall set up the following Regularity Assumption (RA) which corresponds
to the conventional constraint qualification.

(RA): Let X and Y be Banach spaces, A a subset of X which contains a vector
X, B a closed convex cone with non-empty interior in Y, g a function from X into Y
which is differentiable at % in the sense of Neustadt and A a function from X into
R™ which is differentiable at X in the sense of Neustadt. Then, there is a vector
x,€P(4, %) such that g(X)+g:(x,)=int B, hz(x,)=0 and the origin is an interior point
of hzx(P(A, %)).

THEOREM 3.3. Consider the nonlinear programming problem (P) and suppose that
Regularity Assumption (RA) holds. Let % be a (feasible) solution to (P) and assume
that

(c) A is locally relatively convex with respect to GNH at & and ANGNH is a
pseudo-cone with vertex at %,

(d) f is pseudo-convex over ANGNH at ¥ and the differential fzx(x) is convex
continuous in x, g is differentiable at X in the sense of Neustadt and the
differential gi(x) is B-convex continuous in x, h is differentiable at X in the
sense of Neustadt and the differential hy(x) is linear continuous in x.

Then, in order that the vector % is an optimal solution to (P), it is necessary and suf-
ficient that there exist a (row) vector &= R™ and a linear continuous functional y*eY*
such that

(3.20) ¥(y)=0  for all yeB,

(3.21) 7*(g(x)=0,

(3.22) g(x)eB, h(%)=0,

(3.23) Fe0)+7*(g(x)+ah(x)20  for all x=P(4, X).

PROOF. Necessity: It follows from Theorem 3.1 that there are a real number
7, a vector =R™ and a linear continuous functional y*< Y*, not all zero, such that
(3.1)-(3.5) hold. Therefore, it suffices to show that 7+#0. To show the contradiction,
suppose that 7=0. Then, by virtue of (3.5), we have

(3.24) F*(gx)+ahx(x)z0  for all xeP(4, ).
For the vector x, in Regularity Assumption (RA), we have
7*(g:(x%0))20,
furthermore, by (3.3) and (3.2), we obtain
7*(8(%)+8xx,))=0.
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Since g(X)+gz(x,) is an interior point of the convex cone B, it is true, by (3.2), that
5*=0. Hence, (3.24) becomes

ahy(x)=0 for all x=P(A4, %).

But, inasmuch as the origin is an interior point of the set Az(P(A, %)), we have @=0.
Consequently, (7, 7*, @)=(0, 0, 0), which is a contradiction.
Sufficiency: This is an immediate consequence of Theorem 3.2. Q.E.D.

§4. Some applications.

In this section, we shall state some applications of our argument to minimum-
variance estimation problems and to linear optimal control problems.

We first consider a problem of linear minimum-variance unbiased estimation. Let
z be an m-dimensional data vector, S an mXn matrix (known), whose columns are
linearly independent, 4 an n-dimensional vector (unknown), and e¢ an m-dimensional
random vector. Let z be of the form z=SA+e¢, where the mean FE(¢)=0 and the
covariance E(ee’)=V which is positive definite. We shall seek a linear estimate 4 of
the form 1=Xz, where X is an nXm matrix. Then, the problem is as follows:

minimize E[(1—2)(1—2)]
(ED) subject to E()=2,
i=Xz.
If we set f(X)=E[(X(SA24+e)—2)'(X(SA+e)—2)], then it is easily seen that
f(X)=trace (XVX)+A'S' X' XSA—24' XS2A+A'A.

Let X be a Hilbert space of all nXm matrices with the inner product (X|Y)=
trace (XVY”), Z a Hilbert space of all nXn matrices with the inner product (A|B)=
trace (AB’), and h an affine map of X into £ defined by A(X)=XS—I where [ is an
nXn identity matrix. Then, the problem (E,) becomes the following problem :

minimize f(X)
(E,) subject to Xex,
h(X)=0.

It is easy to verify that f(X) is a uniformly convex function in the sense of Definition
3.1 in [5] and that Assumptions 3 and 4 in [5] are satisfied. Therefore, it follows
from Theorem 4.1 in [5] and Theorem 3.1 that there exists a unique optimal solution
Xe%* to the problem (E,) which satisfies the condition that there are a real number
7 and an nXn matrix &2, not both zero, such that

(4.1) 7=0,
(4.2) MX)=0,
(4.3) 7f(X)+trace (@hi(X))=0 for all XeXx.
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By a straightforward calculation, we have
f{(X)=2trace (XVX")+24(S'X'—1)XS2, and hi(X)=XS.
It is then valid, by (4.2) and (4.3), that

27 trace (XVX')+trace (@S’ X")=0 for all XeX
or

i 2 fijvj,zxik—kf) nE &ij(k XixSe) 20 for all Xex,

1j=1k=1 i=1j=1 =1

27

M

where X=(%;,), V=(v,,), X=(x:), @=(a&;;) and S=(s,;). Furthermore, we have 27XV
+asS’=0. If we set 7=0, then @S’=0 which contradicts to the fact that the columns
of S are linearly independent. Therefore, by setting 7=1 (see (4.1)), we have

(4.4) 2XV+aS'=0.
It is true, by (4.2) and (4.4), that
(4.5) X=(S'V-1S)S'v1.

Thus, we can obtain the following theorem:

THEOREM 4.1. Consider the problem (E,) which becomes the problem (E,). Then,
there exists a unique optimal solution XX which satisfies (45). On the other hand,
if the matrix X satisfies (4.5), then X is a unique optimal solution to the problem (E,).
Therefore, the linear minimum-variance unbiased estimate i of 2 is as follows:

I=(S'V1S)S'V-1iz.

The results of Theorem 4.1 were given in [7], but our proof is different from
one described in [7].

Next, we shall consider a linear optimal control problem with restricted phase
coordinates. Let U be a convex subset of R™ and U a control class which consists
of all measurable m-dimensional vector valued function u%(#) such that u()eU for all
tel, where I=[1, t,] is a compact interval. The dynamical system is defined by, for
some U U,

(4.6) 2(O=A)x(H)+B(t)u(t) for almost all t<l,

where x(?) is an absolutely continuous n-dimensional vector valued function on I, A(?)
is a continuous nXn matrix valued function on I, and B(¢) is a continuous nXm
matrix valued function on I. Let g be a real valued convex function of C*.class on
R™ and f a real valued convex function of C'-class on R". Moreover, let w, and w,
be vectors in R? and R”, respectively, S a ¢Xn matrix with rank (S)=¢ and T a rXn
matrix with rank (T)=r. Then, consider the following control problem (P,):

13t
minimize | f(x())dt
to
(P subject to x satisfies (4.6) for some uevU,
Sx(ty)=w, ,

Tx(tl)zwly
g(x(t)<0  for all tel.
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We shall set up the following assumption (4.7):

4.7) there is a trajectory x,(f) which satisfies (4.6) for a controller u,&U
such that g(x,(1))<0 for all tl, Sx,(t,)=w,, and Tx(t)=w,.

Let X be a Banach space of all continuous #n-dimensional vector valued functions
on [ with the uniform norm Hxl{=ma}xlx(t)[, where |-| denotes the Euclidean norm,
te.

A a set in X of all absolutely continuous functions x(f) which satisfies (4.6) for some
u=U, Y a Banach space of all continuous real valued functions on / with the uniform
norm, and B a closed convex cone with non-empty interior in Y defined by

B={yeY|y(t)<0 for all tel}.

~ ~ t
Let f be a real valued convex function on X defined by f(x):f lf(x(z‘))dz‘, g a function
to

from X into Y defined by Z(x)=g(x(-)) and ~ a function from X into R?*" defined
by A(x)=(Sx(t,)—w,, Tx(¢;)—w,). Then, the problem (P,) is restated as follows:

minimize f(x)

(Py) subject to x€A4,
&xeB,
hx)=0.

It is true that the set A is convex and that the functions Ff(x), 8(x) and h(x) are
differentiable in the sense of Neustadt. Moreover, the differentials are of the follow-
ing forms:

At

Fo={ " ORED) ¢ pyay,

to
~ x(t
E:(n)="20) 1),
hy(x)=(Sx(t,), Tx(t,)),
are n-dimensional row vectors.

where ———‘af(afjgt)) and “‘ag(ai(t))

LEMMA 4.1. If the condition (4.7) is satisfied, then Regularity Assumption (RA)
holds.

PROOF. Let x, be the vector satisfying the condition (4.7). It is clear that
x,—xs= A—XCP(A, X) and that g(x,)€int B. Since g(x) is B-convex in x, we have

8(2)+&x(xo— B)=&(x0)+ {&a(x0— £)—[&(x,)—&(%)]} €int B+ BCint B.
We also obtain
he(xo—2)=(S(xo(te)— X(ty)), T (xo(t,)— Z(11)))
=(wy—w,, w;—w,;)=(0, 0).

Let x(t; &) denotes the trajectory corresponding to the controller #(f) with x(¢,; £)=E&.
Then, we have
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ha(x(t; £)— X ()= (S(x(s; §)—x(t0)), T(x(t,; §)— (1))
=(S(§—x(t,), TO(t,)(§—%(4,)))  for all £€R".

Since rank (S)=¢ and rank(T)=vr, hz(x(t; £)—X(?)) runs the whole space R¥*" as &
varies the whole space R™ Hence, the origin is an interior point of hz(P(A4, X)).
Q.E.D.
It is easy to see that all the hypotheses in Theorem 3.3 are satisfied, and hence
it is necessary and sufficient for the vector ¥ to be an optimal solution to (P,) that
there exist a (row) vector (&, B)=R*X R” and a linear continuous functional y*€Y*
such that

4.8 (L0 for all yeB,

(4.9) F*(&(x)=0,

(4.10) g(xeB, hx=0,

(4.11) fH0)+7*(G()+H(@, B)-he(x)=0  for all xeP(4, 7).

It is valid, on the basis of the representation theorem for the space Y*, that there is
a real valued function v(f) of bounded variation on I which satisfies

131
37*(y)=ft y(dv(t)  for all yeVY.
0

Furthermore, we can assume that v(¢f) is continuous from right on (¢, ¢;) and that
v(t,)=0. By virtue of (4.8), we have

14
L ly(f)dv(t)§0 whenever ¥(1)<0 for all te1,
0

which implies that dz(tt) =0 for almost all t=l. It is immediate, by (4.9) and (4.10),

that

j:lg(x(t))dv(t):o and g(@())L0  for all tel,

which implies that v(?) is constant on subinterval of I on which g(%(#))<0. It is valid,
by (4.11), that

@i [ - sapar [ 2EEO ey —sepants

+a@S(x(t)— E(t)+BT(x(t,)—E(t,))=0  for all x€A.
Let # and # be controllers in U corresponding to x and X, respectively. Then, we
have

f(t):@(t)foJr@(t)f: O(s)B(s)a(s)ds  for all tel,

where @(#) is a fundamental matrix solution of the equation #=A(t)x with @(t,)=
identity. By the formula for integration by parts for Lebesgue-Stieltjes integral, (4.12)
becomes
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1) [ 2O Gy repar+28GIBD (o — atpoc)
—{ "o { 2D () 51+ 28D Beyu(ty— e}t
+aS(x(ty)—x(t )+ pT(x(t)—%(t,)=0  for all x€A,

where p(x, t)s%m(t)xqw(t)u(t)). It is easy to verify that for every r= A satis-
fying x(t,)=Zx(¢,), we have, by (4.13),

(4.14) j:‘[¢(t>—v(t)%@)—]mt)[a(o—a(t)]dtg0 for all ue,

where ¢(¢) is an absolutely continuous, n-dimensional (row) vector valued function on
I which satisfies

15 WD~y apy SED) L SEDD o aimost all te,
(416)  g(r)=o(t) D | prery,
(4.17) o(t)=| : DLED) g 1)t1-ot,) 280D g1,

! op(x(d), t =
[ "uy 2 EDD pieydr BT
0
For each x€ A whose corresponding controller is #, (4.13) implies that

(4.18) f :‘ 6Laffx@)_q>(z)dt+u(tl)ag(*a-’?]gfx)_)qxtl)

—{ "oty 22D D g(a)de-a 551+ BTH(1)0(1)=0.

It is trivial, by (4.17) and (4.18), that
(4.19) Plto)=—aSx(t,).

Let 8= be a regular point for both v(f) and #(f) and ¢ an arbitrary positive
number. Define a controller u(t) by

w for 0—e<i<8,

u(t):{

u(t) otherwise,

where weU. It then follows from (4.14) that
—H:_E[«/}(t)—v(b—aﬁ%’i(ﬁ]B(t)[w-u(t)]dt

_0+> [‘/’(0)—U<0)ai(;))§ﬂ]3(0)[w—ﬁ(ﬁ)]20 for all weU.
E—>

Hence, we have
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200 [oo—oe 285 B
=min [6()—v(ty 250N Bty for almost all re 1.

Thus, we have arrived at the following conclusion.

THEOREM 4.2. Consider the linear optimal control problem (P,) and suppose that
the condition (4.7) holds. Then, in order for the trajectory x(t) with the controller #(t)
to be an optimal solution, it is necessary and sufficient that there exist (row) vectors
@R and B=R", a real valued function v(t) of bounded variation which is continuous
from right on (t, t,) and is constant on subintervals of I on which g(x(t))<0 such that

u(ty)=0, 420

(row) vector valued function ¢(t) on I which satisfies (4.15), (4.16), (4.19) and (4.20).

=0 for almost all t=(t,,t,), and an absolutely continuous n-dimensional
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