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§1. Introduction.

In this paper, we shall introduce the notion of a uniformly convex function defined
on a normed linear space, which is different from the one introduced by Levitin and
Poljak [2]. We shall show that the uniform convexity is a sufficient condition for a
convergence of minimizing sequences and for the existence of a unique minimum on
a closed convex set in a real Banach space under some additional assumptions.

In Section 2, we shall introduce a uniformly quasi-convex function which is dif-
ferent from that presented by Poljak [3] and investigate the difference between the
uniform convexity in our sense and strict quasi-convexity. In Section 3, we shall give
some properties of convex and uniformly convex functions. We shall show that every
minimizing sequence converges to a unique minimum for a uniformly convex function
on a closed convex set in a Banach space under some additional assumptions in Section
4. It is also described that the projection theorem in a Hilbert space falls under the
category of nonlinear programming introduced in [5] with the aid of the above results
in Section 5.

We can immediately apply this argument to linear optimal control problems with
uniformly convex cost criteria (for examples, L, norm (p=2), integral quadratic form
and so on) and to some problems of best approximation theory. This argument makes
us possible to treat many optimization problems by a unified approach.

§2. Uniformly quasi-convex functions.

In this section, we shall introduce a new notion of uniformly quasi-convex functions
and compare them with the other classes of functions.

Let X be a normed linear space over a real number field R and let f be a real-
valued function defined on X.

DEFINITION 2.1. A real-valued function f on X is called to be uniformly quasi-
convex if for every real number d and every positive number ¢, there exists a positive
number 6=0(d, ¢) such that

A(ZE52)<d—6  whenever f(=d, A»)=d, |x—ylZe, x,y X .
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2 S. TAGAWA

We shall present some classes of functions in order to clear the relations among
them and our uniformly quasi-convex functions.
A function f(x) is called to be uniformly quasi-convex in the sense of Poljak if

f(x—?)gmax{f(x), S} —pllx—yl), where p(r) is a real function, p¢(0)=0 and

w(t)>0 for £>0. Then, it is evident that every uniformly quasi-convex function in
the sense of Poljak is a uniformly quasi-convex function in our sense. But the con-
verse is not true: For consider a real function f(x)=e”®. This function is uniformly
quasi-convex in our sense, but not in the sense of Poljak.

A functional f(x) is called to be strictly quasi-convex if

f(%l><ma><{f(x),f(;v)} for all x,y (#x)eX.

It is then clear that every uniformly quasi-convex function is strictly quasi-convex.
But the converse is not true: For consider the function f: R*—R’ defined by

f2=f(x, y=e***V  for all z=(x, y)ER®.

It is clear that this function is strictly quasi-convex. We shall show that this func-
tion is not uniformly quasi-convex in our sense. Let d and e be arbitrary positive
numbers and w=(u, v) and z=(x, y) two points in R? satisfying

e ti=( ¥t —(
or

y=—x%+logd, v=—u’+t+logd,
moreover

lw—z|=~x—u)+(—v) =¢.

Then we have

2
(= =Ty
and hence
(x—u):—0 as x, u—oo .
It is valid that

gyt 2,
so that
f(l-z—lpi> —>d as x, u—oo,

where f(w)=f(z)=d, and |lw—z||=e. This fact implies that this function f(z) is not
uniformly quasi-convex in our sense.

§3. Uniformly convex functions.

In this section we shall introduce the notion of uniformly convex functions and
investigate the properties of these functions.
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DEFINITION 3.1. Let X be a normed linear space. The real-valued function f
defined over X is called to be uniformly convex if f is uniformly quasi-convex in the
sense of Definition 2.1 and if f is convex.

First of all, we shall present some properties of continuous convex functions defined
over a normed linear space X. Throughout this section, we shall denote a real-valued
convex function defined over a normed linear space X by f unless it is specifically
mentioned. We shall presume the following assumption.

AssUMPTION 1. There exists a real number 7, such that the set G.,={xeX|f(x)
<rp} is a non-empty, bounded open set in X.

We now state the properties of a convex function under Assumption 1.

LeMMA 3.1. Under Assumption 1, f is continuous on X.

PrROOF. This is an immediate consequence of Proposition 21 in Bourbaki [1; Ch.
2, §2, n°10]. Q.E.D.

LEMMA 3.2. Under Assumption 1, choose a vector x,=X such that f(x,)<r,.
Then, for every vector x&X which is not the origin, there exists a positive number A,
satisfying f(x,+A,x)=r,. Moreover, A, is unique to each x< X.

PrROOF. Since the set G,, is a bounded set in X, there is a positive number b,
such that | x[|=b, for all xG,,. Hence, we have

x| >b, implies xe&G,, (or f(x)=7,).
Now, it is valid that to each vector x (#0)eX,

lxo+Ax) > b, for sufficiently large 1>0,

and, therefore,
S+ Ax)=r, .

Since f is continuous on X and since f(x,)<7, by Lemma 3.1, it is true that there is
a small number A>0 satisfying f(x,+4x)<7, Since f{x,-+2x) is continuous in 4, it
follows from the Mean-value Theorem that there is a positive number 4, such that

f(xo"*"’zzx):ro-
We shall show the uniqueness of 4,. To show a contradiction, suppose that it is
not unique, i.e., there are positive numbers 2,, 27, such that

0< A, <A and flx,+x)=f(x,+2; x)=r,.
It is then true, by the convexity of f, that

ro=J(Xo+ 43x)
—f((l 2// )xo 2// (x0+A,/x)>
g(l—%)f(xm%f(xmgx)

<<1 2// >70+ 27 To="o,

since 0<1— ;,, <1 and f(x,)<r, This is a contradiction. Q.E.D.
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LEMMA 3.3. Under Assumption 1, we have the following relations. For each vector
x (#0)e X,

i) fxotx)=r, if and only if 2,21,

ii) flx,+x)=7, if and only if 0<A,Z1.

ProOOF. i) “onlyif” part. For every x (#0) satisfying f(x,+x)=<r,, if we suppose
that 0<A4,<1, then we obtain

ro=J{xo+4;%)
=f((1—22) %o+ A(xo+ 1))
ZA=2)f(xo)+ A fx0+x) <75,

since r,>f(x,) and 0<4,<1. This is a contradiction.

“if 7 part. For each x (#0) satisfying A,=1, if we assume that f(x,+x)>7,, then
we have

ro< flxtet 0= F((1= 7 ) xot o+ )

<(1-) )+ A A=
This is a contradiction.

ii) “only if” part. For every x satisfying f(x,+x)=r,, if we assume that 4,>1,
then we obtain

Tu§f(xo+x)=f((l——%)xo—l-—zlz(xo—}—lzx))
= (1) A+t )

<<1—%>r0+%r0:r0,

since 0<1—%<1 and f(x,)<7,. This is a contradiction.

“if 7 part. Suppose that f(x,+x)<7, for every x satisfying 0<4,<1. It is then
valid that

ro=J(%o+ ;%)
=f((1—22) %o+ Ax( %o+ 1))
é(l_zx)f(xo)—i—zzf(xo‘}'x)

<(1=2)7,+A,10=7,.

This is a contradiction. Q.E.D.
LEMMA 3.4. Under Assumption 1, f is bounded below on the entire space X.
PrROOF. To show the contradiction, assume that f is not bounded below on X,

i.e., there exists a sequence {x,}CG,, such that f(x,)——co as n—oo. Without loss

of generality, suppose that f(x,)<f(x,) (<r,) for all n. For each x, defined above, it

follows from Lemmas 3.2 and 3.3 that there is a unique positive number 4,,-,, such
that f(x,+2zy-z,(Xo—*2))=7, and Azo-2,>1. If we suppose that 4;,..,—1 as n—oo, then
we have
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I Az - 2,(Xo—Xa)— Xoll =(Azg- 2, — 1) Xo— X4
=(Azg-z = DUIxoll -+ 2411
=(Agg-2,—1)2bp —> 0 as n—oo,
and hence
Xn Azgmap{Xo—X,) —> X, as n—oo,
Since f is continuous by Lemma 3.1, it is clear that

70:f<xn+)‘zo—xn(x0_xn)> :: f(x0)<?’o .

This contradiction shows that there exist a positive number ¢, and a subsequence
{2} of {2;,-,} such that 4,>1+¢, for all n. It is then true that
1 1 &

1
0<%, <~THa <b 177> 17

>0,
_ 1 L1 .
P = (L) 2t (Rat Aulto— %))
< (1) A+ Gt Aot 22)
==+ 4.
Since f(x,)<0 for all sufficiently large n, it is easily verified that

= (1= )+

ST Il —> —o  as n—oo,

This is a contradiction. Q.E.D.
LEMMA 3.5. Suppose that Assumption 1 holds. Let us define the real-valued func-

tion p(x) on X by

% Jor x#0

po={ %

0 for x=0,

where 4, is stated in Lemma 3.2. Then, the function p(x) is sublinear, i.e.,
ppex)=pp(x) Sor all p=0,
px+n=p(x)+p(y)  for all x,yeX.

PROOF. For every #>0 and every x (#0)eX, it follows from Lemma 3.2 that
there are positive numbers 4, and 4., such that

f(xo+lxx)=70:f(xo+'2;u:‘ux) .

By virtue of uniqueness of 4, for each x, we have A,=u4,,, and, therefore, it is valid

that

P(#x):zl;:%:#l’(x) .
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Consequently, we can conclude that p(x) is positively homogeneous, i.e.,
Plux)=pp(x) for all ¢=0 and all x€X.
We shall show that
@1 px+N=p(x)+p(y)  for every x,yeX.

If at least one of three vectors x, ¥, and x+y is the origin, the inequality (3.1) holds
since p(x)=0 for all x X, and p(0)=0. Now, assume that none of x, ¥ and x+y is
the origin. It is easily verified that

2 2
x0+ X +2 (X+y) )xizy (x0+21x>+m_(x0+2yy)’

At 722 e) £ 2 et A b R frt )

hi i
Iﬁzro‘F?mTo:To .

It follows from Lemma 3.3 that
2 iy =1.

x
s +J (x+1)

The positive homogeneity of p(x) implies

A +A
<2 =2Y]
1 A—Azj—y-(x +¥) Rxly Al
or
1 1 1
Tory =4 T4
and hence p(x+y)<p(x)+p(y). Q.E.D.

LEMMA 3.6. Suppose that Assumption 1 holds. It is then valid that
D) flxe+x)sr, if and only if 0Zp(x)£1,
il) flxo+x)=r, if and only if p(x)=1.
Note that x may be the origin.
Proor. This is an immediate consequence of Lemma 3.3 and the definition of p(x).
Q.E.D.
REMARK. The above p(x) is compared with the Minkovski functional of the set
{xe X|f(x)=r} —x,.
LemMMA 3.7. Suppose that Assumption 1 holds. Then p(x) is continuous on X.
PrOOF. It follows from Lemma 3.6 that {xe X|p(x)<1}=G,—x,. Since G,, is a
non-empty open set, p(x) is continuous on X. Q.E.D.
LeEMMA 3.8. Suppose that Assumption 1 holds. If we define the functional p(x) by

P)=p(x)(ro—Fx))+f(x))  for all xeX,
then we have
i) fxetx)=r, implies p(x)= f(x0+x),
il) flxotx)=r, implies p(x) < f(xo+x) for all xe X.
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PrOOF. i) If x=0, then it holds by the definition of p(x). Suppose that x#0. It
is easily verified, by Lemma 3.3, that

foxnt )= A(1= 7 )50+ (0 1)
= (1= 50) )+t )
== pNAx) PR =F)

since 4,=1 whenever f(x,+x)=7,.
ii) It follows from Lemma 3.3 that 0<A,<1 whenever f(x,+x)=r, It is then
true that
S(xo+22)=F((1—Az) %o+ A X0+ X))

S(1—=2)f(x0)+ Ao f(x0+ %)
and hence
f(xot+x) =1 p(2) —(p(x) = 1)f(x0)=P(x) .
Q.E.D.

LEMMA 3.9. Under Assumption 1, for every real number r such that the set
G,={xeX|f(x)<r} is non-empty, the set G, is bounded and open in X.

PrOOF. The openness immediately follows from Lemma 3.1. It is true, by As-
sumption 1, that there is a positive number b, such that |x|<b, for all x€G,,. For
each r=r, G, is bounded since G,, is bounded.

For every r>r, we shall show that

(3.2) P ={xeX|p(x—x,)<r} DG,

where the functional (x) is defined in Lemma 3.8. For every x=G, satisfying f(x)=r,,
it follows from Lemma 3.6 that p(x—x,)=1, so that

DP(x—x)=p(x—x0)(re— S %)) +S(x0)
Z(re—f(x))+x0) =1, <7,

and hence x&P,. For every x=G, such that r,<f(x)<7, we have, by Lemma 3.8,
p(x—x)<f(x)<r, which implies that x=P,. Therefore, it suffices to show that the
set P, is bounded. For each x<P,, we have

pa—x) <=L

or

(LS (—x) <1

It follows from Lemma 3.6 that

f( 0+ r— ]{((;CO)) (x_xo)><ro,

so that

’

’xo+ 7;::]]%(;’0)) (x—xp)|=
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and hence
o= Sxe) el (CAHRYINY
el = b+ (1= ) o
which implies the boundedness of P,. Q.E.D.

Under Assumption 1, there is a real number d, such that d,=inf f(x) since the
reX

convex function f(x) is bounded below by Lemma 3.4. For every d>d,, the set G, is
a non-empty, bounded open set in X by Lemma 3.9. Moreover, it is valid, by Lemma
3.2, that to every x X (x#0), there corresponds a unique positive number A, such
that f(x,+A,x)=d, where the vector x, satisfies f(x,)<d. Similarly, for each d>d,
there is a unique positive number i, such that f(x,+1,x)=d. Then, we can state the

following lemmas :
LEMMA 3.10. Under Assumption 1, i,> 24, for all x& X (x#0).
PrROOF. To show the contradiction, suppose that 0<i,<4,. It is then true that

J—_—f<x0+izx)
:f((1_%)xo+—%—(xo+2m)
(-2 A+ At an=a.

This contradicts to the fact that d>d. Q.E.D.

LEMMA 3.11. Suppose that Assumption 1 holds. Then, there is a positive number
>0 such that &> sup 2.
Hzil=1

ProoF. It follows from Lemma 3.9 that Gg is bounded in X and hence so is the
set Fy={x=X|f(x)£d}, i.e., there is a positive number & such that

(3.3) lxl<b  for all x=Fy.
To show the contradiction, suppose that there is a sequence of vectors {x,} such that
lx,|=1 for all n=1,2, -+, and 4,,—c0 as n—co. Since

X0+ AuyXall Z 1Az Xl — | 2ol =2, — 1,1

there is a sufficiently large positive integer N such that ||x,-+4,yxy]|>b. Then, (3.3)

implies that f(x,+4,yxy)>d, which contradicts to the fact that d=/f(x,+2,,%y).
Q.E.D.

LEMMA 3.12. Let a real-valued function f defined over a linear space X be convex,
Then, it is valid that

Fy+e(y—)=fO)+e(f()—fx)  for all x,y=X and all £>0.

PROOF. It is clear that

1

g
0<trer T b

y:l—j_ex—l-l—i?(y—l-e(y—x)) for all &>0 and all x,yeX.
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We obtain

FOVETEA D+ [+e3—2),
which implies

Jy+e(y—x)zf(3)+e(A(3)—f(x).

Q.E.D.
We now introduce another assumption for f.

ASSUMPTION 2. Let us define the set S; in a normed linear space X by S,=
{xe X|||x|=t} for each t>0. The function f: X—R' is bounded above on S, for all
t>0.

LEMMA 3.13. Suppose that Assumptions 1 and 2 hold. There is a positive number
v, such that

inf (A;—2A,)=v,  whenever d>d>d,.

llzil=1

PrROOF. First of all, note that i,>2, for all x (#0)eX. To show the contradiction,
suppose that inf (1,—1,)=0. Then, there is a sequence {x,}CX such that ||lx,|=1

el =1
for all n=1, 2, ---, and ixn—zrn~0 as n—oo. It follows from Lemma 3.12 that for every
positive number ¢, we have

Fxo+ Ao x+(14e)(A,—2,)x)
= (14)[ flxo+ A, 0)— f(xo+ 2,%) ]+ f(xo+ A, %)
=(1+e)(d—d)+d=d+ed—d)  for each x (#0)eX.

If we define the positive numbers ¢,, n=1,2, -+, by
o1,
En="% ’
Azy—Az,

then ¢,—co0 as n—oo, It is evident that
[y VN
f(x0+cxn):f(xo_}_zxnxn_l_(l"{_m)(zzn_Zzn)xn)
=d+e,(d—d) —> 0  as n—oo.

Since | x,+&x,|=|x,[+¢, it is valid, by Assumption 2, that there is a positive number
M such that f(x,+&x,)=M for all n=1,2, ---, which is a contradiction. Q.E.D.
LEMMA 3.14. Let the real-valued function f(x) on X be a sublinear function which
satisfies
(=0  for all x€X,

f(x)=0 if and only if x=0.

Then, the function f(x) is uniformly convex if and only if for an arbitrary positive
number e, there exists a positive number 0=0(¢) such that

(3.4) fO=1, D=1, lx—ylze implies f(FEE)<1-6.
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ProOF. It is clear that every uniformly convex function f(x) satisfies the condition
(3.4). We shall show the contrary. There is no vector x satisfying f(x)<d for every
d<0. If d=0, then there is no pair of vectors x and ¥ such that f(x)=0, f(»)=0, and
fx—yll=e for any ¢>0. For every d>0 and every &>0, let the vectors x and y satisfy
Ax)=d, f(y)=d, and |x—y|=¢, and hence we have

()=t )= wma |54
It is valid, by (3.4), that there is a positive number 5(%) such that
A(FG)zd—do().

Consequently, the function f is uniformly convex with d(d, a)Ed&(—dE—)>0. Q.E.D.

£
d .

[\%

LEMMA 3.15. Suppose that Assumptions 1 and 2 hold. For arbitrary positive num-
ber n, and n, satisfying 0<9,=7,, there is a positive number v, such that

inf (11'_21)21)1-
=llzli =y,

Proor. It follows from Lemma 3.13 that there is a positive number v, such that

lirlxlf (i,—2,)=v, we shall show that
fxil=1

(3.5) inf ({,—2;)= inf inf (4,—2,).

S lzlisy, P1=n=7, Hzll=q

If we define the sets £ and E, by
E={zeX|n=lxl=n.},
E,={xeX]||xll=7} for every 15>0,

then it is immediately seen that
E: U E7I ]

N1=7=7,
so that
inf(i,—2,)< inf inf (A,—A4,).
TEE

715757, 2€EY

On the other hand, for every vector xFE, there is a positive number 7, 7,=7=7,,
such that ||x]|=», and hence we have

inf inf (A,—2)<2,—2,.

715757, EEY

This establishes the equality (3.5).
Note that, by Lemma 3.5,

imz—l’—, Ape= Az for all 7>0.
Ui 7
We then obtain
inf (A,—24,)= in inf (i,—24,)

inf
PR LAY 7Y 71=7Sng lzil=y

= inf inf (Apg—Ay;)

715920, llzh=1
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= inf -1 inf (1,—4,)= inf 2z,
m=75n, 7 lzii=1 EDE /N
Therefore, the condition of Lemma 3.15 holds with v;=v,/%,. Q.E.D.
Now we shall review the preceding arguments. Let f(x) be a convex function
defined on a normed linear space X. Suppose that Assumptions 1 and 2 hold. Since
f is bounded below by Lemma 3.4, there is a real number d, such that d":ig( Ax).

It is valid, by Lemma 3.9, that the set G, is a non-empty, bounded open set in X for
every d>d,. It then follows from Lemma 3.2 that for each d>d,, and every x (#0)e X,
there exists a unique positive number 2, such that f(x,14,x)=d, where f(x,)<d. Let
p(x) be the functional defined in Lemma 3.5. Then, we can describe the following
proposition :

PROPOSITION 3.1. Under the conditions stated above, if f(x) is uniformly convex,
then p(x) is also uniformly convex.

PrROOF. It follows from Lemma 3.5 that p(x) is sublinear on X and

p(x)=0 for all xeX,
p(x)=0 if and only if x=0.

By virtue of Lemma 3.14, it is sufficient to show that for every positive number e
there is a positive number d=0(¢) such that

(36) PO=L, PON=L and lx—ylze implies p(+5%)<1-3,
in order to point out the uniform convexity of p(x). To show the contradiction,

suppose that there is a positive number ¢, such that for every positive number 0 there
exist vectors x; and y; satisfying

PEIS1, PODSL, las—yilZe, and 1zp(F522)>1-4.

Since p(x) is continuous and since the origin is an interior point of the set {xeX|p(x)
§—%—}, there is a positive number 7, such that

1

”%— = whenever 0<5<—§—.

It follows from Lemma 3.6 that

1

f(xo-l-ﬁ:zty—ﬁ)éd whenever 0<6< 5

It is true, by Lemma 3.9, that the set Fy={x=X|f(x)=d} is bounded in X and hence
there is a positive number 7, satisfying

X+Ys

) =7,  whenever 0<5<—%—.

Uzgl

Let us fix an arbitrary real number d satisfying d>>d. Then, for each vector x (#0)e X,
there exists a unique positive number i, such that f(x,+4,x)=d. It is then valid, by
virtue of Lemma 3.15, that there is a positive number v, such that
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inf (h“lz)%’)l ’
712 liZli=y,

which implies

3.7 izﬁzya —2 e =y,  whenever 0<5<%.

Since f is uniformly convex, for the real numbers d and ¢,>0, there is a positive
number d(d, ¢,) such that

(38) fgd, fn=d, lx—ylze implies /(ZEL)<d—id, e).
It is then true, by Lemma 3.6, that f(x,+x;)=<d and f(x,+y;)=d, so that

f(x0+ xa;yﬁ >:f< (xo“i‘xa)g’(xo‘i“ya) >§d——5(d, e)<d,

which implies

p(%)<l or ﬁ>215:y5 >1  whenever 0<5<%.

It is easily seen, by Lemma 3.12, that

CE T 2ot gz egt9y —2pes5) ey

>f(xo+215+y5 x°+y5)+e(f(xo+lzs+yo 2598 gt sy o EESTR)

=d-+e(d—d)  for every &>0.

If we set
1-2 z5tYs

i

225“5 —a T5t¥s ’
2 2
then we have
11:5+y5 _1
A28 zd b ——————(d-D).

{agtyg A 25ty
2 2

It is then wvalid, by (3.7), that
3
fx+ 22528 )zd 45— (d—d)  whenever 0<d<—3-

T5tYs _1

For the positive number d(d, ¢,), there is a positive number d,, 0<50<% such that

4 RN -1

0<—"——(d—d)<dd, &),

Yy

which implies

f(xo+—x"°;y )>d—i(d, ).
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This contradicts to (3.6). Q.E.D.

PROPOSITION 3.2. Let f be uniformly convex and suppose that Assumptions 1 and
2 hold. If we set Fy={xeX|f(x)<d} for every d>d,, then for each positive number e,
there is a positive number 6=20a(e) such that

conuex set ACFq.sNF¢, x,y€A implies |x—y|<e,

where F,° denotes the complement of F,.

PRrROOF. Note that the functional p(x) is uniformly convex by Proposition 3.1.
To show the contradiction, suppose that there is a positive number ¢, such that for
every 0>0, there exist the convex set A; and the vectors x; y;& As satisfying

AsCFasnFsS, x5, 9:€A and |x;—ysl=¢.

It is then evident, by Lemma 3.6, that p(x;—x,)>1 and p(¥s—x,)>1. It follows from
Lemma 3.8 that

plxs—x)(d—f(x))+Ax) = f(x5)Sd+0,

P(¥5— x N d—F(x))+[(x) = f(y5)=d+d
and hence
P(x;—x)=d(6) and Pp(ys—x,)=d(d),

where d(5)£%> 1. It is true that

Xsg— X VYs—X
()=t and p(FG)=1 for every 3,0<a<1,

_& i)

 lm—yal e
=gy = ay

)

X6— %o Ys—Xo

d@) dio)

for all 0, 0<d<1,

[\%

and

which implies the existence of a positive number g, such that

XstXe | Yo— X

p(— 20 O Ny,

or

p(@—xo)gd@)(l~#o) whenever 0<0<1,

since p(x) is uniformly convex. It is valid that there is a sufficiently small number
0o, 0<9,<1, satisfying

X5+
p(F2F— ) <d(3)(1—p)<1,
which implies
X50+y50
A(F57)>d.
This contradicts to the fact that
we AsoCF 5N FS .

Q.E.D.
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§4. Convergent minimizing sequences.

In this section, we shall observe that the uniform convexity leads to the con-
vergence of minimizing sequence and that it assures the existence and uniqueness of
minimum.

Let X be a normed linear space and let f be a real-valued function defined over
X. We shall set up two assumptions.

AssSUMPTION 3. For every positive number ¢, there is a vector x.X such that
f(xs)<”izrlllf=1f(xe+sx).

AssuMPTION 4. The function f is bounded above on the set {x=X||x||=t} for
every t>0.

PROPOSITION 4.1. Let f be a real-valued convex function defined on a normed linear
space X. If we suppose that Assumption 4 holds, then Assumption 3 is equivalent to
the following condition:

(x) For every positive number e, there exists a real number d (> inf f(x)) such that
reEX
fx)=d and f(y)=d imply || x—y| <e.

PrOOF. First of all, we shall show that Assumption 3 implies the condition ().
Since f is bounded below on X, by Lemma 3.4, then there is a real number d, such
that d,= infTr f(x). Assumption 3 assures that for every ¢>0, there exists a vector

re

xe,€ X such that f(x.,)< inf f(xs/z—f—%x). Let d be the number inf f(xe,z—l—%x).
lizil=1 Hell=1

For each vector x= X satisfying | x| >1, we have

déf(xe/z +% ﬁ)

§<1 “in )f(xelz)‘{ “}c" f(xe/'z'l"_'g_x) ’
and hence f <x5/2+%x>>d. Consequently, it is valid that

A(xopt—5x)=d  implies x| =1.

For every x, ye X satisfying f(x)=<d and f(y)=d, we obtain
li—xplS—5 and Jy—xpl=—5-
so that |x—y||=<e, which implies that the condition (*) holds.

Conversely, we shall show that the condition (%) implies Assumption 3. We shall
see that this case holds without convexity of f although it is assumed that f is convex.
It is then noted that Assumption 3 is weaker than the condition (*) in this sense.
There are following two cases:

Case 1. Suppose that f is not bounded below. For any &¢>0, there is a real
number d which satisfies the condition (*). There is a vector x.€X such that f(x.)<d.
It is valid that f(x.4ex)>d whenever ||x]=1, xX. For, if we assume that there is
a vector x X, ||x||=1 satisfying f(x.-+ex)=d, then we have, by the condition (x),



On a Convergence of Minimizing Sequences for Uniformly Convex Functions 15

&> ||(x+ex)— x| =¢lxl|=¢,
which is a contradiction. Therefore, we obtain inf f(x.+ex)=d> f(x.).
hxll=1

Case 2. Consider the case where f is bounded below. Then, there is a real number
d, such that dy=inff(x). For every ¢>0, there is a real number d (>d,) which satis-
rEX

fies the condition (*). Then, there exists a vector x,= X such that f(x.)<d. By virtue
of the argument parallel to that in Case 1, we have inf f(x.+ex)=d>f(x.). Q.E.D.
Heil=1

THEOREM 4.1. Let X be a real Banach space, H a closed convex set in X and
f: X—>R' a uniformly convex function. Under Assumptions 3 and 4, there exists a
unique minimal point for f over H and every minimizing sequence converges (strongly)
to the minimal point.

PROOF. It turns out that Assumptions 1 and 2 are satisfied, so that all lemmas
and propositions in Section 3 still hold. There are two cases.

Case 1. Assume that

(4.1) d= inf f(x)>d,= inf f(x).
rEH reX
If we define the sets A, by
(4.2) Anz{erlf(x)§d+%} for n=1,2, -,

then all A,’s are non-empty, convex sets. It is valid that the decreasing sequence
{A,} is a base of Cauchy filter on H since the diameter of the set A, tends to 0 as
n—oo, by Proposition 3.2. Since the set H is a closed subset of a Banach space X, H
is separable and complete, and therefore, the base {A4,} of Cauchy filter converges to a
unique vector ¥=H. Clearly, f(X)=d. We shall show that the set A.={xeH|f(x)=d}
consists of a single vector %. If we suppose that there is a vector ye A.. different
from Z, then there is a positive number ¢ such that |[y—ZX|=¢. The uniform convexity

of f implies that there exists a positive number d(e) such that f(%)gd—-5(e)<d.

This contradicts to the definition of d since x—2{—y H. Consequently, every minimizing

sequence converges to a unique minimum X.

Case 2. Suppose that d=d, where d and d, are defined in (4.1). Let A, be the
set in X defined by (4.2) for n=1, 2,---. It is valid, on the basis of Proposition 4.1,
that the decreasing sequence {A;} is a base of Cauchy filter on H and hence there
is a vector xX to which {4,} converges, such that f(%)=d. It is clear that the
uniform convexity of f implies the uniqueness of . Q.E.D.

§5. An application to the projection theorem in a Hilbert space.

In this section, we shall show that the preceding arguments combined with non-
linear programming stated in [5] result in the projection theorem in a Hilbert space.

THEOREM 5.1. Let X be a Hilbert space and A a closed convex subset of X. If
¥y is a vector in X, then there is a unique vector € A such that

(5.1) Ily—fH:r;lEiil [y—=x|l .
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Movreover, a necessary and sufficient condition for XA to be a unique minimal vector
is that

(5.2) (y—Z|x—%)Z0  for all x€A.

PrROOF. Let f be a real-valued function on X defined by f(x)=|y—x}. It is easily
verified that f(x) is a uniformly convex function in the sense of Definition 3.1 and
hence it follows from Theorem 4.1 that there is a unique vector X*= A which satisfies
(5.1). It is valid that the differential f7(x) of f at % in the sense of Neustadt is as
follows :

—(y—Zx|x . _
J=(x)=
il if y=x.
It is then clear, on the basis of Theorem 3.2 in [5], that (5.2) holds if and only if
X< A satisfies (5.1). Q.E.D.

REMARK. If A is a closed subspace of X, then (5.2) implies that the vector y—Z%

is orthogonal to A. Moreover, it may turn out that (5.2) implies the normal equations

for the minimization problem.
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