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§ 1. Introduction.

   In this paper, we shall introduce the notion of a uniformly convex function defined 

on a normed linear space, which is different from the one introduced by Levitin and 

Poljak [2]. We shall show that the uniform convexity is a sufficient condition for a 

convergence of minimizing sequences and for the existence of a unique minimum on 

a closed convex set in a real Banach space under some additional assumptions. 

   In Section 2, we shall introduce a uniformly quasi-convex function which is dif-
ferent from that presented by Poljak [3] and investigate the difference between the 

uniform convexity in our sense and strict quasi-convexity. In Section 3, we shall give 

some properties of convex and uniformly convex functions. We shall show that every 
minimizing sequence converges to a unique minimum for a uniformly convex function 

on a closed convex set in a Banach space under some additional assumptions in Section 

4. It is also described that the projection theorem in a Hilbert space falls under the 

category of nonlinear programming introduced in [5] with the aid of the above results 

in Section 5. 

   We can immediately apply this argument to linear optimal control problems with 
uniformly convex cost criteria (for examples,  Lp norm (p�2), integral quadratic form 

and so on) and to some problems of best approximation theory. This argument makes 

us possible to treat many optimization problems by a unified approach.

   § 2. Uniformly quasi-convex functions. 

   In this section, we shall introduce a new notion of uniformly quasi-convex functions 

and compare them with the other classes of functions. 

   Let X be a normed linear space over a real number field R and let f be a real-

valued function defined on X. 

   DEFINITION 2.1. A real-valued function f on X is called to be uniformly quasi-

convex if for every real number d and every positive number e, there exists a positive 

number 3=5(d, e) such that 

            xd-y<d _o                       whenever f(x)~d , f(y)�d,Mx—yll�S, x, yE X .          2
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2S. TAGAWA

   We shall present some classes of functions in order to clear the relations among 

them and our uniformly quasi-convex functions. 

   A function f(x) is called to be uniformly quasi-convex in the sense of  Poljak if 

f(x+2Y )___<max {f(x), f(y)} —p(11x—y(1), where p(r) is a real function, /2(0)=0 and 
ice(z-)> 0 for > O. Then, it is evident that every uniformly quasi-convex function in 
the sense of Poljak is a uniformly quasi-convex function in our sense. But the con-

verse is not true : For consider a real function f(x)=ex. This function is uniformly 

quasi-convex in our sense, but not in the sense of Poljak. 
   A functional f(x) is called to be strictly quasi-convex if 

           f(x+Y< max { f(x),f(y)}            2for all x, y (� x) X . 

It is then clear that every uniformly quasi-convex function is strictly quasi-convex. 
But the converse is not true : For consider the function f R2- 4?1 defined by 

                 f(z)= f(x, y)=ex2+Y for all z=(x, y) R2. 

It is clear that this function is strictly quasi-convex. We shall show that this func-

tion is not uniformly quasi-convex in our sense. Let d and s be arbitrary positive 
numbers and w=-(u, v) and z=(x, y) two points in R2 satisfying 

                            ex2+y=d ,eu2+' = d 

or 

                      y=— fd-log d ,v= — u2 +log d , 

moreover 

                              V(x—u)2+(y—v)2 =6 . 

Then we have 

                                                     2 

                     (x—u)2= 6                          1+(x+u)2 

and hence 

                    (x—u)2 ---> 0 as x, . 
It is valid that 

                        w+ze x 2u  )2 
                    2 

so that 

            f(w z das x, , 

                    2 where f(w)=f(z)=d, and jjw—z11,----s. This fact implies that this function f(z) is not 

uniformly quasi-convex in our sense.

   § 3. Uniformly convex functions. 

   In this section we shall introduce the notion of uniformly convex functions and 

investigate the properties of these functions.
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   DEFINITION 3.1. Let X be a normed linear space. The real-valued function  f 

defined over X is called to be uniformly convex if f is uniformly quasi-convex in the 

sense of Definition 2.1 and if f is convex. 

   First of all, we shall present some properties of continuous convex functions defined 

over a normed linear space X. Throughout this section, we shall denote a real-valued 

convex function defined over a normed linear space X by f unless it is specifically 

mentioned. We shall presume the following assumption. 

   ASSUMPTION 1. There exists a real number  ro such that the set Gro= fx X I f(x) 
<r0} is a non-empty, bounded open set in X. 

   We now state the properties of a convex function under Assumption 1. 

   LEMMA 3.1. Under Assumption 1, f is continuous on X. 

   PROOF. This is an immediate consequence of Proposition 21 in Bourbaki [1; Ch. 
2, § 2, n°10].Q. E. D. 

   LEMMA 3.2. Under Assumption 1, choose a vector x0E.X such that f(xo)<ro. 
Then, for every vector xEX which is not the origin, there exists a positive number 2x 

satisfying f(x0+2 .,x)=r0. Moreover, 2, is unique to each xEX. 
   PROOF. Since the set G„ is a bounded set in X, there is a positive number b0 

such that 114 �bo for all xEG„. Hence, we have                   

114 >bo implies x(=E Gro (or .f(x)-ro) 

Now, it is valid that to each vector x (�0)E X, 

                 Ilxo+2x11>bo for sufficiently large 2> 0 , 

and, therefore, 

                               f(x0±2x)—�_ro 

Since f is continuous on X and since f(x0)<r0, by Lemma 3.1, it is true that there is 

a small number 2> 0 satisfying f(x0+2x)<ro. Since f(x0+2x) is continuous in 2, it 

follows from the Mean-value Theorem that there is a positive number 2x such that 

f(x0+2xx)=r0. 
   We shall show the uniqueness of 2x. To show a contradiction, suppose that it is 

not unique, i. e., there are positive numbers 4, , such that 

                 0 < 2,' <2," and f(xo+A.0 x)-=f(x0+ x)= ro 

It is then true, by the convexity of f, that 

                       ro=f(x0+2,' x) 

                   2' 2'                   =f((l.  )x0+  x4(x0+2"x)) 

                                                                 " 

                                     2'  

                  (1  )f(x0)+f(x+2"x)                  4yv.,,0x 

                   < (1 Ax )ro+ Ax ro—r 
                   .v 4 — 0 

        z since 0 <12"  <1 and f(x0)<ro. This is a contradiction.Q . E. D.
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   LEMMA 3.3. Under Assumption 1, we have the following relations. For each vector 
x  (�0)EX, 

   i) f(xo-F x) --ro if and only if Ax�1, 

   ii) f(xo+x)�r0 if and only if 0<2x1. 

   PROOF. i) " only if " part. For every x (#0) satisfying f(x0+x)�ro, if we suppose 

that 0 < Ax <1, then we obtain 

                       ro=f(xo+2xx) 

                         =fl(1-2x)x0-1-2x(x0+ x)) 

                         �(1.--Ax)f(x0)+2xf(x0+x)<ro , 

since ro>f(xo) and 0<Ax<1. This is a contradiction. 
   " if " part . For each x (�0) satisfying 2x-�1, if we assume that f(x0+ x)> r0, then 

we have 

            ro<f(xo+ x)=f((1 Al )xo+ 1  (x0±2xx)) 

                    �(1 21  )f(x0)±  Al f(xo+2xx)ro. 
This is a contradiction. 

   ii) " only if " part. For every x satisfying f(x0+x)�-ro, if we assume that Ax>1, 
then we obtain 

               ro�f(xo-F x)= f ((1— I2- )x0+ 1x (x0+ 2xx)) 
                  /1 \1                            �0A

x)f(xo)-F2x f(x0-1- - Axx) 

                    <(1 1 ), 1                                              2xI-0mAxro—ro f 

since 0<1— <1 and f(xo)<ro. This is a contradiction.            A
X 
   " if " part . Suppose that f(x0-1-x)<ro for every x satisfying 0<2x�1. It is then 

valid that 

                             ro=f(x0-1-2xx) 

                        =fl(1— Ax)xo+ 2x(xo+ x)) 

                       �(1— 2x)f(xo)± Axf(x0+ x) 

                              < (1— Ax)ro±2xro=ro. 

This is a contradiction.Q. E. D. 

   LEMMA 3.4. Under Assumption 1, f is bounded below on the entire space X. 

   PROOF. To show the contradiction, assume that f is not bounded below on X, 

i. e., there exists a sequence {x,,} CG„ such that f(xn,)—>— 00 as n-->00. Without loss 

of generality, suppose that f(x.)<f(x0) (<ro) for all n. For each xn defined above, it 

follows from Lemmas 3.2 and 3.3 that there is a unique positive number Axo-xn such 
that f(xn+Ax0-x,,(x0— xn))=r0 and Axo-xn>1. If we suppose that Axo-xn--*1 as n---›00, then 

we have
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Ilx.+Axo-.„(x0—xn)-411=(Axo,„  —1)11 x0— xnli 

                               (Axc,-.z.„-1)(11xoll±11xn11) 

                                           -(2 0-.x„-1)2b0 --> 0 as n---,00 , 
and hence 

                          xn,H-Ax0-..(xo—xn)—> x, as n—>oo . 

Since f is continuous by Lemma 3.1, it is clear that 

                        ro=f(xn+Axo-xn(xo—xn))—>f(xo)‹ro. 

This contradiction shows that there exist a positive number ri and a subsequence 

{20 of {Ax,--x.} such that An>1-FE, for all n. It is then true that 

      111            0<<<1
,1> >0,              An1+61An1+Ei 

                  f(x0)=-fR1  )xn,--1- (x.+An(xo—xn))) 

        \ 

                 �(1  )f(xn)+ Af(xn+2. 
                            n)fn(xo—x.)) 

          11                       =-(1 An)f(xn,)+- 2.ro. 
Since f(xn)<0 for all sufficiently large n, it is easily verified that 

                An\1                    f(Xo)-7
n )f(xn)-FAn ro 

                                1-1-                                       EiE,                                  f(xnI rol---> —00 as n—)00. 

This is a contradiction.Q . E. D. 
   LEMMA 3.5. Suppose that Assumption 1 holds . Let us define the real-valued func-

tion p(x) on X by 

                          1                                     f or x#0                   p(x)={2x 
                          0 for x=0 , 

where As is stated in Lemma 3.2. Then, the function p(x) is sublinear, i. e., 

                 p(px)=4(x)for all p�0, 

                 p(x+y)�p(x)-Fp(y) for all x, yE X 

   PROOF. For every p>0 and every x (#0)EX, it follows from Lemma 3.2 that 
there are positive numbers 2x and Af., such that 

                       f(x0±2xx)=r0=f(xo+2,xpx). 

By virtue of uniqueness of Ax for each x, we have Ax=p4x , and, therefore, it is valid 
that 

                        P(ttx)= Alx = =t1P(x).
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Consequently, we can conclude that  p(x) is positively homogeneous, i. e., 

                  p(tex)=--pp(x) for all tt.�0 and all xEX . 

   We shall show that 

(3.1)p(x+y)�p(x)+p(y) for every x, y E X . 

If at least one of three vectors x, y, and x+y is the origin, the inequality (3.1) holds 

since p(x)�_0 for all xEX, and p(o)=o. Now, assume that none of x, y and x+y is 

the origin. It is easily verified that 

   2x2Ax             xo+  Ax+% (x+y)= Ax+ Ay (x0- 1- 2.,x)-F Ax+ Ay (X0+ 2y3') 
        2.2y2y2x            f(x0+ As+2,(x+Y)),Ax±2yi(x0+2sx)-F 2x+A, f(Xo+ 20') 

                                   2x  
                                — A

x+Ay ro Ax+Ay ro — ro • 

It follows from Lemma 3.3 that 

                                 AxAy-� 1 . 
                                                 Ax-FAV-(x+Y) 

The positive homogeneity of p(x) implies 

                                   2x± Ay  
                         AxAy= 222x+y 

                                   Ax+Ay (x+y)xy 

or 

                         1  <  1+ 1  
                          Ax+yAxAy 

and hence P(x+y)<_p(x)+p(y).Q. E. D. 
   LEMMA 3.6. Suppose that Assumption 1 holds. It is then valid that 

   i) f(x0±x)-5r0 if and only if 0_p(x)�1, 
   ii) f(xo+x)�_ro if and only if P(x)�1. 

Note that x may be the origin. 
   PROOF. This is an immediate consequence of Lemma 3.3 and the definition of p(x). 

                                                                        Q. E. D. 
   REMARK. The above p(x) is compared with the Minkovski functional of the set 

IxEXIf(x)�J01—xo. 
   LEMMA 3.7. Suppose that Assumption 1 holds. Then p(x) is continuous on X. 

   PROOF. It follows from Lemma 3.6 that {xc X I p(x)<1}-=-Gro—Xo. Since Gr0 is a 
non-empty open set, p(x) is continuous on X.Q. E. D. 

   LEMMA 3.8. Suppose that Assumption 1 holds. If we define the functional 15(x) by 

                 1(x)=-P(x)(ro—f(x0))-4-f(xo) for all xE X , 
then we have 

   i) f(x0+x)57-0 implies 1)-(x)f(x0+x), 

   ii) f(x0+x)�_ro implies 15(x)�f(xo-Fx) for all xEX.
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   PROOF. i) If  x=0, then it holds by the definition of 15(x). Suppose that x#0. It 

is easily verified, by Lemma 3.3, that 

               f(x0+x)=.f((1  )xo+ (x0+2,x)) 

                         (1 —711—` )f(x0)+ f(x0-1-2.xx) 
                        --=(1—p(x))f(x0)+P(x)r0=15(x), 

since Ax �- 1 whenever f(xo-Fx)�ro. 
   ii) It follows from Lemma 3.3 that 0 < A, 1 whenever f(xo+x)�_ro. It is then 

true that 

                  f(x0±2xx)=f((1-2.x)x0+2.(x0+x)) 

                            =-(1-2.)f(x0)+2.xf(x0+x) 

and hence 

                   .f(xod-x)--.roP(x)—(P(x)-1)f(xo)=/5(x) 
                                                                       Q. E. D. 

   LEMMA 3.9. Under Assumption 1, for every real number r such that the set 
Gr:_=:{xEX1f(x)<r} is non-empty, the set Gr is bounded and open in X. 

   PROOF. The openness immediately follows from Lemma 3.1. It is true, by As-
sumption 1, that there is a positive number bo such that II xll bo for all xGro. For 
each r�-ro, Gr is bounded since Gro is bounded. 

   For every r>ro, we shall show that 

(3.2)Pr= {xE XI/5(x— xo)<r}G,- 

where the functional j3(x) is defined in Lemma 3.8. For every X Gr satisfying f(x)�ro, 
it follows from Lemma 3.6 that p(x—x0)_1, so that 

                    15(x—x0)=P(x—x0)(ro—f(x0))+f(x0) 

                            �(ro—f(x0))±f(x0)-=r0<r , 

and hence xEPr. For every xEG, such that ro<f(x)<r, we have, by Lemma 3.8, 
-g

x—x0)�f(x)<r, which implies that xEPr. Therefore, it suffices to show that the 
set Pr is bounded. For each xEPr, we have 

                                r—f(x0)                           P(x—x0)< 
ro—f(x,,) 

or 

                         r—f(x) 
                       ;_f(x0°) (x — xo)) < 1 . 

It follows from Lemma 3.6 that 

                   f(x0+ iL;((x0°))(x—xo)) ro , 
so that                            7-0 --f(x°) (x x0)0                              r—f(x0)
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and hence 

 7-0--f(x0) II<boro—f(x))„                                           II xoli              r—f(x0)r—f(x:) 

which implies the boundedness of Pr.Q. E. D. 

   Under Assumption 1, there is a real number do such that do=inff(x) since the 
                                                                              xEX 

convex function f(x) is bounded below by Lemma 3.4. For every d> do, the set Gd is 
a non-empty, bounded open set in X by Lemma 3.9. Moreover, it is valid, by Lemma 
3.2, that to every xEX (x#0), there corresponds a unique positive number Ax such 
that f(x0-1-2xx)=d, where the vector x0 satisfies f(x0)<d. Similarly, for each 07>d, 
there is a unique positive number ;ix such that f(x0-0-xx)=c-1. Then, we can state the 
following lemmas : 

   LEMMA 3.10. Under Assumption 1, Ax for all xE X (x�0). 
   PROOF. To show the contradiction, suppose that o<L�Ax. It is then true that 

                 d=f(x0+Lx) 

                 =f((1  )x0+ 2- x (x0+,1xx)) 

                 (1 2x )f(x.)+ Ax 

This contradicts to the fact that d> d.Q. E. D. 
   LEMMA 3.11. Suppose that Assumption 1 holds. Then, there is a positive number 

e>o such that t> sup L. 

                           

1 xl1=-1 
   PROOF. It follows from Lemma 3.9 that G, is bounded in X and hence so is the 

set IxEX1f(x)�_rll, i. e., there is a positive number 6 such that 

(3.3)114 �5 for all XE Ply . 

To show the contradiction, suppose that there is a sequence of vectors {x7,} such that 
11-x.11=-1 for all n=1, 2, •••, and Ln--<)0 as n-->00. Since                    

II xo L n-7C n11 II X oil = L— II X 011 

there is a sufficiently large positive integer N such that 11x0+LNxN11>5. Then, (3.3) 
implies that f(x0-0xNxN)> c7, which contradicts to the fact that d=---f(xo-FLNxN). 

                                                                        Q. E. D. 
   LEMMA 3.12. Let a real-valued function f defined over a linear space X be convex. 

Then, it is valid that 

       f(y+e(y—x))�_f(y)+E(f(y)—f(x)) for all x, yE X and all > 0 . 

   PROOF. It is clear that 

                  1       < 
11+6G1,             -1-e1+6 

         y=  1+ex+  1+6 (y±s(y—x)) for all e>0 and all x, yE X .
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We obtain 

 f(Y)5_ 1--F-sf(x)H- 1-Hef(Y4-6(y—x)) , 

which implies 

                   f(y+E(y—x))>_--f(y)+E(f(y)—f(x)). 

                                                                           Q. E. D. 
   We now introduce another assumption for f. 

   ASSUMPTION 2. Let us define the set St in a normed linear space X by 

{xExilixli�t} for each t> O. The function f: X--4?1 is bounded above on St for all 
t> 0. 

   LEMMA 3.13. Suppose that Assumptions 1 and 2 hold. There is a positive number 

vo such that 

                     inf (Ax-2x)__�.vo whenever d>d>do • 
                                  xl1=1 

   PROOF. First of all, note that ;ix> 2x for all x (� 0) E X. To show the contradiction, 
suppose that inf 2x)=0. Then, there is a sequence {xn} c X such that II x7,11=1 

for all n=1, 2, and L7,-2x7,—>0 as n--oo. It follows from Lemma 3.12 that for every 

positive number s, we have 

           f(xo- - Axx+(l+ e)(;is— Ax)x) 

                ?--(1±e)Cf(x0+ 2xx)—f(xod-Rxx)] f(x0-1- Axx) 

               -=(1+s)(d—d)±d=o7±s(d—d) for each x (� 0)E X . 

If we define the positive numbers en, n=1, 2, ••-, by 

                                    Z—;Rxn  
                               sn —A2                                               ;1-xxTh                  7, 

then sn—>00 as n—>00. It is evident that 

             f(x0-1-ex0=f(xo-FAxmxTh±(1±;fl )(Axn2x,i)xn) 
                                                               '"xn--xn 

                           � - - sn(d — d) --> co as n--->co 

Since 11x0-Hex.11�11x.11+^e, it is valid, by Assumption 2, that there is a positive number 

M such that f(xo-Fc'x.)�-M for all n=1, 2, •••, which is a contradiction.Q. E. D. 

   LEMMA 3.14. Let the real-valued function f(x) on X be a sublinear function which 
satisfies 

                     f(x)_�0 for all xEX , 

                     f(x)=0 if and only if x=0. 

Then, the function f(x) is uniformly convex if and only if for an arbitrary positive 
number s, there exists a positive number 6=-6(s) such that 

(3.4)f(x)1, f(Y)-1, f(  x+2Y
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   PROOF. It is clear that every uniformly convex function f(x) satisfies the condition 

(3.4). We shall show the contrary. There is no vector x satisfying  f(x)<d for every 
d <O. If d=0, then there is no pair of vectors x and y such that f(x)�.0, f(y)-�0, and 

II x—Yll �.6 for any s> O. For every d> 0 and every s> 0, let the vectors x and y satisfy 

f(x)�d, f(Y)�d, and Ilx-yll -�6, and hence we have 

            f( d)<.1 , Yd  )._1 and I xd Yd dc . 
It is valid, by (3.4), that there is a positive number 3(-D such that 

                        X+
2Y 

Consequently, the function f is uniformly convex with 5(d, 6),--Edoe-D> 0. Q. E. D. 
   LEMMA 3.15. Suppose that Assumptions 1 and 2 hold. For arbitrary positive num-
ber •71 and 722 satisfying 0 < 771-�-722, there is a positive number I), such that 

                              inf (L-2x)-�vi • 
                                            221-11x11-'22 

   PROOF. It follows from Lemma 3.13 that there is a positive number vo such that 
 inf (L—Ax)-�vo we shall show that 

11 x11=1 

(3.5)inf (L-2x)=-inf inf (L—Ax) •                      7,1_11x1177211x11=72 

If we define the sets E and E,2 by 

                  E= IxEX1771<=11x11-)221 , 

                    E,7-_-E{xEXIllxil =72} for every 77>0, 

then it is immediately seen that 

                        U 

so that 

                     inf(2x-2x)_ inf inf (L—Ax) . 
                            xEE721.5.72-v2 xE.E77 

On the other hand, for every vector xEE, there is a positive number 7), 721�77�-722, 
such that ilx11=7), and hence we have 

                         inf inf (L-2x)�;1.r—Ax 
                                    7210722 xEE,2 

This establishes the equality (3.5). 
   Note that, by Lemma 3.5, 

                     L;x-=x,27,x= 2for all 77> 0 .7)                         7

We then obtain 

              inf (2x-2x)-= inf inf (L—Ax) 
                    721511.x115'227215Ti5722 x11-----1) 

                   inf inf x) 
                                          721577,;2 11x11=1
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                        =  inf1 YJ (L-2x)�: inf                                         '71.'2.'72Il x11=1721-7-722722 

Therefore, the condition of Lemma 3.15 holds with 1)1-="-=1)0/ 272-Q. E. D. 
   Now we shall review the preceding arguments. Let f(x) be a convex function 

defined on a normed linear space X. Suppose that Assumptions 1 and 2 hold. Since 

f is bounded below by Lemma 3.4, there is a real number do such that do=inf f(x).                                                                                         xeX 

It is valid, by Lemma 3.9, that the set Gd is a non-empty, bounded open set in X for 

every d> do. It then follows from Lemma 3.2 that for each d> do, and every x ( 0)e X, 

there exists a unique positive number Ax such that f(x0-1-2xx)=d, where f(xo)<d. Let 

p(x) be the functional defined in Lemma 3.5. Then, we can describe the following 

proposition : 
   PROPOSITION 3.1. Under the conditions stated above, if f(x) is uniformly convex, 

then p(x) is also uniformly convex. 

   PROOF. It follows from Lemma 3.5 that p(x) is sublinear on X and 

                     p(x)_>o for all xX , 

                      p(x)=0 if and only if x=0. 

By virtue of Lemma 3.14, it is sufficient to show that for every positive number s 

there is a positive number 5=5(s) such that 

(3.6) p(x)<1, p(y)j. and II x—yll?__s implies p(  x±y  )<1-5 , 

                                        2 in order to point out the uniform convexity of p(x). To show the contradiction, 

suppose that there is a positive number so such that for every positive number 3 there 

exist vectors xo and yo satisfying 

                                                   +y-          p( xo)<=1 , p(yo)< 1 , II xo—yall>__xo                               so , and i>p(°)>1-6. 

                                       2 Since p(x) is continuous and since the origin is an interior point of the set {xeXip(x) 

  1  

  2 }, there is a positive number 721 such that 
       xo+o

,�1                       277, whenever0<ö<2 . 

It follows from Lemma 3.6 that 

                f(xo+  x°±23)° )_d whenever 0<5< 21 . 

It is true, by Lemma 3.9, that the set Fd=-7--{xEX1f(x)�d} is bounded in X and hence 

there is a positive number 772 satisfying 

      xo1,+1                     72-2° 11-?=7)3,whenever 0< a<2 . 
Let us fix an arbitrary real number J satisfying J> d. Then, for each vector x O)E X, 

there exists a unique positive number ;ix such that f(x0+-2xx)=i1. It is then valid, by 

virtue of Lemma 3.15, that there is a positive number vi such that



12S. TAGAWA

                                inf  (2x-2x)-�vi 
                                             '215= 11xll-'22 

which implies 

                                         1  (3
.7) xa+ya —2 whenever 0 < 3 <                                                          2 • 

        22 

Since f is uniformly convex, for the real numbers d and eo>0, there is a positive 
number 5(d, so) such that 

(3.8) , Ilx—.Y11-60 implies f(  x+2-Y )5A-5(d, So) • 
It is then true, by Lemma 3.6, that f(xo+x,3)d and f(x0+37,-)-�d, so that 

           f(x0+  x5+2 _                   y3)f((xo+x5)+2(xo+Yo))�d—O(d, so)<d 
which implies 

       p(xo+1               2313)<1 or  > 2xa+Ya  >1 whenever 0 <5 <—a-- 

                                                     2 It is easily seen, by Lemma 3.12, that 

   f(x0+2  xo+y,  x°+2 ya  +E(2  xa+ya xa+ya)X3H2-315 
  222 

       _f(x0+ xo±yo xa--1-2Yo )+ E(f(x0+ xo+ya xa-1-231,3f(x0+ ;1-•xo+yo xa-F-2Yo  )) 
  222 

       =d+e(d—d) for every s> 0 . 

If we set 

                                        1-2 xa+Wo  

                                                        2 

    6= 
                                     xo+yo xa+ya-2  

             22 

then we have 

                                                      xa+ya  —1 

             f(xo+  X6+2376)�d±2                                                     (d—E-1). 
                                                  xa+ya --2 xa+ya 

              22 

It is then valid, by (3.7), that 

                                         xo+yo —1 

         f(xod--  x°±2 -Y5 )?d+  2v1 (d c1) whenever 0<5<  

                                               2 For the positive number 5(d, E0), there is a positive number 50, o<ao<+ such that 
                                    xao+yoo —1 

                   <  2 (J—d)<5(d, E0), 

which implies 

                   f(x0+  x6°±2Y4 )>d—a(d, 60)
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This contradicts to (3.6).Q. E. D. 

   PROPOSITION 3.2. Let f be uniformly convex and suppose that Assumptions 1 and 
2 hold. If we set  Fdns {xEXIf(x)�d} for every d>d0, then for each positive number e, 

there is a positive number 5=3(0 such that 

            conuex set AcFd+onFdc , x, yE A implies II X—yll <E 

where Fdc denotes the complement of Ed. 

   PROOF. Note that the functional p(x) is uniformly convex by Proposition 3.1. 

To show the contradiction, suppose that there is a positive number 60 such that for 
every 5> 0, there exist the convex set Ao and the vectors xa, yoEiLla satisfying 

                  AoFd+onFde , xo, yoE A and II -7CO—Y611� CO • 

It is then evident, by Lemma 3.6, that P(xo—x0)>1 and P(Ya—x0)> 1. It follows from 
Lemma 3.8 that 

                     P(xo—x0)(d—f(x0))--Ff(x0)-f(xa)5.d-1-o, 

                  P(Ya—x0)(d—f(x0))+1-(x0)�f(ya).�d+5 
and hence 

                   P(X5—x0)--d(3) and P(Yo—xo) d(0), 

            d-1-5—f(x0) 
where d(5)= d _f(xo)>1. It is true that 

          Xo— Xo XoII XO—Yoll  >  60  >  60for all 5
, 0<5<1 ,         d(3) d(3)d(0) = d(0) = d(1) ' 

and 

        p(  XacroX) 0                  1 and p(Y'd(50)._1 for every 5, 0 < 5 <1 , 

which implies the existence of a positive number pc, such that 

                      X3+ Xo  +  Yo—xo  

            p(  d(0) d(5) )<i—reo 
                   2 or 

            p(x6+2Ya xo)<d(5)(1—po) whenever 0 < 5<1 , 

since p(x) is uniformly convex. It is valid that there is a sufficiently small number 

50 0 <30 <1, satisfying 

                   p(Xao+Yao                          2x0)‹.—d(30)(1-110)<1, 
which implies 

                                   X30±yao                      f(2)> d . 
This contradicts to the fact that 

                               )Coo+Yoo  
                               2 G Ao0cFd+OonFcle • 

                                                                       Q. E. D.
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   § 4. Convergent minimizing sequences. 

   In this section, we shall observe that the uniform convexity leads to the con-

vergence of minimizing sequence and that it assures the existence and uniqueness of 

minimum. 

   Let X be a normed linear space and let f be a real-valued function defined over 
X. We shall set up two assumptions. 

   ASSUMPTION 3. For every positive number  s, there is a vector x,E X such that 

f(x,)< inf f(x,+sx). 
        11x11=1 

   ASSUMPTION 4. The function f is bounded above on the set 1.,TE XI II xli =t1 for 

every t> O. 

   PROPOSITION 4.1. Let f be a real-valued convex function defined on a normed linear 
space X. If we suppose that Assumption 4 holds, then Assumption 3 is equivalent to 

the following condition: 

(*) For every positive number s, there exists a real number d (> inf f(x)) such that 
                                                                      xEX 

   f(x)d and f(y)<d imply Ilx-yll <E. 

   PROOF. First of all, we shall show that Assumption 3 implies the condition (*). 
Since f is bounded below on X, by Lemma 3.4, then there is a real number do such 

that do= inf f(x). Assumption 3 assures that for every e> 0, there exists a vector 
          xEX 

xe,,E X such that f(X8/2)<11inf111inff(x,,2+ 2 x). Let d be the numberinf f(xel2+  2  x).                                     11=11=1 

For each vector xE X satisfying II xli > 1, we have 

               f(x,/2+ 2 114 ) 
                        1  /s  

                (1 11x111 )f(X")+ IIXII f(X"± 2 x)' 

and hence f(Xs/2± X)> d. Consequently, it is valid that 

                 f(x,,2+ x)<d implies 11.x11<1. 

For every x, yEX satisfying f(x)�.d and f(y)�d, we obtain 

                        x—xE/211 26 and 11.31 xe/211_-_ 

so that I x—y II e, which implies that the condition (*) holds. 

   Conversely, we shall show that the condition (*) implies Assumption 3. We shall 

see that this case holds without convexity of f although it is assumed that f is convex. 

It is then noted that Assumption 3 is weaker than the condition (*) in this sense. 

There are following two cases : 
   Case 1. Suppose that f is not bounded below. For any e>0, there is a real 

number d which satisfies the condition (*). There is a vector x,EX such that f(.;)<d. 
It is valid that f(.;+sx)>d whenever Ilx11 =1, xEX. For, if we assume that there is 

a vector xEX, 114=-1 satisfying f(.,c+sx)�d, then we have, by the condition (*),
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                       e>  11(x.±sx)—xd==ellx11=e 

which is a contradiction. Therefore, we obtain inf f(.;+ex)�_d> f(x0. 
                                                                           H.,11=1 

   Case 2. Consider the case where f is bounded below. Then, there is a real number 
do such that do=inff(x). For every s> 0, there is a real number d (> do) which satis-

                      xelf 

fies the condition (*). Then, there exists a vector x,e X such that f(xe)<d. By virtue 

of the argument parallel to that in Case 1, we have inf f(.,c+sx)�_d> f(x,). Q. E. D. 
                                                                     11xH=1 

   THEOREM 4.1. Let X be a real Banach space, H a closed convex set in X and 

f : X--q?' a uniformly convex function. Under Assumptions 3 and 4, there exists a 
unique minimal point for f over H and every minimizing sequence converges (strongly) 

to the minimal point. 

   PROOF. It turns out that Assumptions 1 and 2 are satisfied, so that all lemmas 
and propositions in Section 3 still hold. There are two cases. 

   Case 1. Assume that 

(4.1)dm inf f(x)> do= inf f(x). 
               xEHxEX 

If we define the sets An by 

(4.2)A,={xEHlf(x)—<_d+1for n=1, 2, ••• , 
then all An's are non-empty, convex sets. It is valid that the decreasing sequence 

{An} is a base of Cauchy filter on H since the diameter of the set An tends to 0 as 
n,00, by Proposition 3.2. Since the set H is a closed subset of a Banach space X, H 

is separable and complete, and therefore, the base {An} of Cauchy filter converges to a 

unique vector 2E H. Clearly, f(x)=d. We shall show that the set Acom {xE HI f(x)�d} 

consists of a single vector x. If we suppose that there is a vector ye A,, different 

from x, then there is a positive number s such that Ily—A�s. The uniform convexity 

of f implies that there exists a positive number a(s) such that f( x2Y )�d—O(s)<d. 
                                            2 This contradicts to the definition of d sincex-1-y H. Consequently, every minimizing                              2 

sequence converges to a unique minimum 
   Case 2. Suppose that d=d0 where d and do are defined in (4.1). Let An be the 

set in X defined by (4.2) for n=1, 2, •••. It is valid, on the basis of Proposition 4.1, 

that the decreasing sequence {An} is a base of Cauchy filter on H and hence there 
is a vector 5c-EX to which {A7,} converges, such that f(2)=d. It is clear that the 

uniform convexity of f implies the uniqueness of x.Q. E. D.

   § 5. An application to the projection theorem in a Hilbert space. 

   In this section, we shall show that the preceding arguments combined with non-

linear programming stated in [5] result in the projection theorem in a Hilbert space. 
   THEOREM 5.1. Let X be a Hilbert space and A a closed convex subset of X. If 

y is a vector in X, then there is a unique vector xEA such that 

(5.1)IIY-211= min 11Y—x11 
                                                 SEA
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Moreover, a necessary and sufficient condition for to be a unique minimal vector 

is that 

(5.2) (y--t-lx—.t.)—<0 for all xEA . 

   PROOF. Let f be a real-valued function on X defined by f(x)=IIY—xII. It is easily 

verified that f(x) is a uniformly convex function in the sense of Definition 3.1 and 

hence it follows from Theorem 4.1 that there is a unique vector 1E A which satisfies 

(5.1). It is valid that the differential fgx) of f at x in the sense of Neustadt is as 
follows : 

                               —(y—  x)  

                          IIy—if y�:,               Mx) =-{ 

                  

114if y=x. 

It is then clear, on the basis of Theorem 3.2 in [5], that (5.2) holds if and only if 

:x-EA satisfies (5.1).Q. E. D. 

   REMARK. If A is a closed subspace of X, then (5.2) implies that the vector y—.-x" 

is orthogonal to A. Moreover, it may turn out that (5.2) implies the normal equations 

for the minimization problem.

   Acknowledgement. The author is indebted to Prof. Nagata Furukawa of Kyushu 
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