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SUFFICIENT CONDITIONS FOR SWITCHING FUNCTIONS
TO BE THRESHOLD ONES AND THEIR APPLICATIONS

By

Shojiro TAGAWA*

§1. Introduction.

In this paper we shall present two types of sufficient conditions under which a
switching function can be represented by a threshold gate, i.e., a threshold function,
with n variables for an arbitrary positive integer n. In deriving these sufficient
conditions, a new concept called an orientating vector is introduced in this paper and
it will play an important role in our discussion since it gives an insight into the
structure of a threshold gate.

We shall begin with notations and preliminaries in Section 2. In Section 3, we
shall introduce the notion of orientating vectors in terms of which we give the suf-
ficient conditions for threshold functions. Indeed, an orientating vector can be used
to classify the set of all the input vectors {x®, x®, --- | x®™} into two subsets where
one is a set of true (i. e, on) vectors and the other a set of false (i.e., off) vectors.
If we arrange all input vectors in an inverse lexical order (see Kitagawa [3]), then,
for any p, 1 <p=2", a classification of all the input vectors into the two sets {x%,
x®, e xP) and {xPHY, x @D ... x®™) represents a threshold function as stated in
Proposition 3.2. In Section 4, it is described that the combination of two sufficient
conditions turn out to be necessary so far as p in the above classification is not
greater than 4. This is the reason why the combination of these two sufficient con-
ditions amounts to be necessary and sufficient so far as % is not greater than 3 as
given in Section 5.

Our results can be compared with the notion of 2-asummability due to Elgot [2]
and Chow [1] which gives the necessary and sufficient condition that a switching
function is a threshold function when 7 in not greater than 8. It is noted that the
results of this paper can be used to get all the possible digraphs associated with
dynamical behaviors of the neuronic equation

x(t+1)= 1[:;1 apx(t—k)—6]

for » which is not greater than 3, appealing to our necessary and sufficient conditions
obtained in Section 5, as we shall show in a later occasion.

* International Institute for Advanced Study of Social Information Science, Tokyo, Japan.
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116 S. TAGAWA

§2. Notations and preliminaries.

The real valued function f(x)=f(x,, ---, x,,) with real variables is called a switching
Sfunction if every variable x; and the values of the function assume 0 or 1.

DEFINITION 1 (Muroga [4]). A threshold gate is defined as a logic gate in which
each variable input x,(i=1, 2, ---,n) is 1 or 0 and for which there is a set of real
numbers a,, -+, a, and 6 such that the output of the gate is

=1 for XaxP>0, j=1,2 -, p,
i=1

FaP)=0  for 3axP =0, j=p+, e, 20
i=1

The set of a,, -+, a, and 8 is called the structure of a threshold gate and is denoted
by [a; 8], where a=(a,, ---, a,). A switching function f(xj, ---, x,), represented by
the output of a threshold gate, is called a threshold function.

There is a characterization of a class of threshold functions.

DEFINITION 2 (Muroga [4]). A switching function f of n variables is called to
be m-summable for a given m, if for some k, such that 2<% =<m, there exist two sets,

{xPf(x) =1, j=1, -, k} and {y?|fy?P)=0, j=1, -, k},
such that

Jj=

3 ) 3 )
2 x99 = “yo)
Jj=1

holds. If f is not m-summable, f is called to be m-asummable. If f is m-summable
for some m (=2), f is called to be summable, otherwise f is said to be asummable.

THEOREM 1 (Asummability theorem) (Elgot [2], Chow [1]). A necessary and suf-
ficient condition for a switching function to be a threshold function is that f is
asummable.

THEOREM 2 (Muroga [4], pp. 191-201). A switching function is a threshold
Sunction if and only if it is 2-asummable whenever the number of variables of a
Junction is less than or equal to 8.

Let X be a set of all possible n-dimensional vectors whose components assume 0
or 1. We shall denote the element x of X by

Xy
x= xf , x;=0or 1.
xn

Since the switching function f(x) assumes 0 or 1, it divides the set X into two sub-
sets, 1.e.,

{xre X[f(n=1} and {ye X[A»)=0},

and these two subsets are disjoint. Conversely, each classification of vectors in X
corresponds to a switching function and this correspondence is 1 to 1. We would
like to obtain threshold functions by means of these classifications.

We call %; the conjugate component which is defined by
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0 if x,=1
%=
1 if x,=0.
For each vector x, every component of %is a conjugate component. It is evident that
x%;=0
(2.1) (x)"+H (&) =1 for r=1,2,i=1, -, n,

We may use the following notation :

Xy if &,=0
xii:[
] =1

‘E'L if El: b
and
xft X, /&
x52 X g
xf=1 72 for x=| "2 and e={| ?
: :
xnn xn en

The set X is arrayed in an inverse lexical order if it is enumerated as follows:

O @ B @ 6G) & (7 (8 - (2r=3) (@2"=2) (@21 (2"

0 1 0 1 0 1 0 1 -eee 0 1 0 1

6 0 1 1 0o 0 1 1 0 0 1 1

6o 0o o0 o0 1 1 1 1 1 1 1 1

0 0 0 0 0 0 0 0 - 1 1 1 1.
If {e},, -+, 2n is arrayed in an inverse lexical order, then the set of ordered vectors
(2'2) xs(l) xs(z) . xe(zn)

is also called to be arrayed in an inverse lexical order.

§3. Sufficient conditions for switching functions to be threshold functions.

First of all, we shall introduce the orientating vector.
DEFINITION 3.1. We define the (p-th) orientating vector® [x, ---, x®7] for vectors
x®, . x® e X and a positive number p, 1<p<2", by

12 o
[x®, oo, x(p):}:fgl(xm__xm) .

The i-th component of [x®, ---, x»] is denoted by [x®, .-+, x®7,.
PROPOSITION 3.1. If the set X is divided into two subsets {x®, .-, x®} and
{x@*D . x@MY 2 < h<n+1, such that

Xy
X :
Xi—2
W= X2 @ 5 =92 3
hd - . X - xi——l ’ 1= ] » :py
x T
n .
xn

1) This vector is closely related to Chow parameters.
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then this classification represents a threshold function. Note that we take it for granted
that all threshold functions obtained by permuting subscripts belong to the same type.
Proor. It is clear, by the definition of the orientating vector, that

[x® @) P;2 (xi—%) if i=1,2,-,p—1,
x® . x L=
x—%; if i=p, -, 2".
If we set
a=x®-[x® ... x®P]

___1’_;2_(xg+ a2 xh A e xd
then it is easy to show that

X La, e, x®] = PR e (=B xR

=L e (D e ) e
(by (2.1))

for 1=2,3,-,p.

When we consider the set {x®*? ... x®™}, there are two cases:
Case 1. If the vector x@, p+1=<¢=2", has only one conjugate component X; as
i-th component, p <i=<n, then it follows that

P [x®, e xP ]S a-1<a— p—2

P

Case 2. Suppose that the vector x?, p+1=¢=2" has %; and X; as its i-th and
j-th components, respectively, 1=<1i, j<p—1. It is then true that

X @ [x® o @] < g— 2(1?;2) <a p;Z )

In both cases, the hyperplane

{yER"U'Ex(D, ET] x(p)]:a—_g—j:—z}

divides the set X into two subsets. Note that the orientating vector [x®, .-+, x®]
gives the structure of the threshold gate. Q.E.D.

PROPOSITION 3.2. Let the set X={x®, .- x®™} be arrayed in an inverse lexical
order as stated in (2.2). Then, for every p, 1 <p<2", the classification {x¥, -, xP}
xPHY . x®WY always represents a threshold function.

Before we prove the proposition, we shall prepare some lemmas.

Let the set X={x®, x®, ..., x®™} be arrayed as in Proposition 3.2. Then, we
have the following Lemmas 3.1 and 3.2.

LEMMA 3.1. For every p, 1 <p=<2", the orientating vector [x©, .-, xP] 1is re-

presented as follows:

(3.1 Lx®, e, x‘p’]s:—;—f(p)(xr-fs) for s=1,2 - n,
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where

(3.2) Ip)=2""—12p,s—2°7"],
and

(3.3) D=2, Ay,

where 0= 4,,<2° and 0, is a nonnegative integer. The above f,(p) has the following
properties:

(a) 0=fip)=2"1,

(b) If 1=p=2" then f(p)=p),

(©) [P = ferp)  Sfor s=1,2 -, n—1.

ProoOF. It is immediate that the orientating vector [x®, --- x‘»] is represented

by (3.1). It is also clear that (a) and (b) hold. We shall prove (c). It is true, by
(3.2), that

fs+1(p)_fs(p) ol 28_1+ | Zp,s_28_1| - |'2p,s+1-2s1 .

Now, there are two cases:
Case 1. Suppose that 0=24,,,; <2°. Then, we obtain, by (3.3),

20,501 =0,,s and Ap s =4p;.
(1) If Aps=2,,41<2°"", then we have
Fser(D)=S(P) =277 = (Ap,s— 277 ) H(4p,04:—27) = 0.
(i) If Aps=2p,s+1=2°"", then we have
Forrs(D) =S (D) =245, —2" 2227 =2"=0.
Case 2. Assume that 2°<2,.,, <2°*'. It is then valid, by (3.3), that
Bps =20, 1 and Ay, =ape—2".
(i) If 4,,>2°"%, then it is true that
Fsn(D)—F(P) =21+ (p,s— 2" ) —=(Ap,s11—27) =0,
(if) If 0=<4,,<2°"", then we have
Fsl(D)—F(p)=2"=22p , 2 2 =222 =0.

In any case, we can conclude that

fsn(P)—f(p)=0  for s=1,2, -+, n—1 1=p=2" Q.E.D.
LEmMMA 3.2. For each p, 1<p<2", it is true that
xP[xD e xP = min x™-[xD, o 2],
157=p

PrROOF. The positive integer p is written as follows:
p=2U+420+ ... :2Tm, 0=Zq, << s <gp=1.

First of all, we shall derive [x™, ---, x®7. Suppose that ¢,=1. (It is similar for
g;=0). For every s, 1=<s=gq,, we have

p=20,;, and f{(p)=0.
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For every s, ¢;+1=<s5=¢,, we obtain
Pp=2°(2% 4 -« +2%9n7)+24  and fi(p)=2%.
For s=g¢,+1, we have
p=28(297 4 oo £-2m5) 4204202 and [, (p) =222—2%,
For every s, ¢,+2=<s=g;, we obtain
p=25(207 4 o £2Im~5) 42914292 and  fi(p) =29+2%,
In general, for every s, ¢;+2=<5=¢;4;, 11 <m—1, we have
Pp=2°(2%+170 4 s 2T ) 4204 o 2% and f(p) =211+ - 427,
It is valid that, for s=g¢;+1,
p=201(2Ue1 T e 2 GT) $ DT e 20
Son(p)=20—20+ ... £297Y)  for i=2, -, m.
It follows from Lemma 3.1 (b) that
fp)=p  for s=qu+2, -, n,

and

since 0<p=<287L,

Consequently, we can write [x®, --- | x‘®] as follows:
0 it 1ss=q,
291 - .
5 (= %) if ¢+1<s=gq,
[x®, o, xP] = ZQi_(2q1+p”' T2 (x—g)  if s=gqotl, i=2, -, m,
A B (x—x) it gr2S 5= gy, i=1, 0, m—)
Xg— X, if gpnt2=s=n.
It is evident that
X, if 1=5s=q,
LP = x if s=q;+1,i=2,-,m
X, otherwise.
Therefore, we have
X P XD P =g — Zq’”'(m*l)z‘“'(m'3)2;2—*(m~4)2q3— e —Qdme2 ’

where a=x®[x®, ... | x®P7],
It is also verified that for every i, 1=i=m,

X, if 1=5s=<gq;
9dmpodm=14...0cqi = . .
xC Mmadm=1p.. b):{ X if SZQj+1,]:l+1,---,Hl

Xs otherwise.
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and that
. _ q q
x(g‘lm.f,,,._,;zh}.[x(]), . -‘f(p>:|=a—(q2—ql) 241 _ 24221 __(qs—-q2——-l) 2 1+2 2 _
Y/ y) b
——(q —g ~1) 2914 ... i_2f1i11 +2¢1i__(2¢11+ .‘.+24i—1>_ »
i i-1 p p
_ 2q1,1_(2111+ +2‘Zm—1)
7 .
Therefore we have
x<zqm+-~+2q1>,[x(x)’ e, XD P XD P

= - (20— — i 3)20 (g i+ 3)200 (g, gy i+ 4)200— -
—(i—g:-0)2%71} .
We can show that
(9i—gu-1)27 71 S 273

(g g—i-+ )20 < 20i- 429

(@i—g,—i+3)20 < 2%i-is2

(¢i—q,—i+3)21 S 2%,
sice

2Y—y—1=0 whenever y=0.
Consequently, we can conclude that
x(zqmo‘,-v-ﬂ“’i:_[xu), e, X PP D L x]

2%{2Qi_24i—i72#2Qi—i+3“ e D01} =0, (=2, e, .

It is easily seen that for every s satisfying
20mt e 20414 ] < $ K20t e 4200
x(”-[x(”, e x(p):lgx(z‘lm+~-+2’1i),[x(1), -, x(p)] ,
and hence we can obtain

XD LD, e x P AP [xD, e @] for s=1, -, p.
Q.E.D.

Now, we shall give the proof of Proposition 3.2.
Proor or ProposIiTION 3.2. It follows from Lemma 3.2 that
xm-[x“), -, x(m:]gx“’)-]:x“), — x(p)] for 1’—_—1, D,
Therefore, if we can show that
X(T)'[x(l), TN X(P)]<x(p).[x(l)’ e, x(p)] fOI‘ V:p+l, e, n,

then this classification represents a threshold function.



122 S. Tacawa

Note that

X, if s=g¢;+1, i=1,--,m,
xPFD — x<2qm+.,.+2t11+1> —
$ - s

X otherwise .
It is easy to verify that
) , 211
x(p+1)‘[x(l), e xm)]_x(p),[x(n’ e x(}b:l —_ p

<0.
Since for every 7, p+1=<r=<2im+4 ... fou+l

x‘”-[x“), e x“”]gx”’“)-[x“), - xcp)]’
we have
xfﬂ.[x(l), - x(zv)] < x(p)_[xm’ - x(p)]
for r=p+1, -, 20m4 ... J20+L
Consider the vector x@*™+2%14D 1 <7<y whose components are
Xy if s=¢q,1+2,
x;sz+-‘.+z‘1i+1+1>: fs if SIQI+1, ]:Z—l, m,

X, otherwise .
Then we have

(D), [ (D [¢2) 29m+..4+2904+141) (ST »
x® I:x\y."yxp]_x '[x gty X :I

N P

Since, for every r satisfying
2qm+ +2%+1+1§7§ 21117;_1[_ +2Qi+1+1 s
x(”-[x“), . x(mjé x<2‘1m+-~+2‘1i~1+1>,[xa), - x(m] ,
we can conclude that

2™ [x® .. , XD P gD @] for r=p+1, -, n.

Q.E.D.
REMARK. In Propositions 3.1 and 3.2, the vector [x, ---, x®] essentially gives
the structure of the threshold function.
PROPOSITION 3.3. Let X be divided into two subsets {xD, --o | xP} {x@+D ... x@™}
Let d be a positive integer such that 2°7' < p=<2% If there are two vectors in the set
{xD, o, xP} such that one vector differs by at least (d+1) components from the other,
then this classification does not represent any threshold function.
PROOF. Suppose that x” and x® satisfy the condition of Proposition 3.3 i.e., say

X1
X, :
X
X d+1
=i "2 and x®=
: Xa+2
Xn :

Xn
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Consider the pairs {¥?, 2} satisfying

X+ X
YO Lz D= Xaart Xaes .
Xgret Xgue
Xpt+Xp
It is clear that there are 2% pairs {y®, z}. If one pair {y®, 2} is in {x®, --., x®},
then there is at least one pair {y, z®} in {x®*Y, ... x®™} since there are (p—2)
vectors in {x, .-+, x®} without {¥®, 2} whereas there are (2¢—1) pairs {¥?, 2V}

and since

p—2=L29—2<20—1.
Therefore, it follows that
YLz — gDz D

which immediately implies that the corresponding swiching function is 2-summable
and hence this glassification does not represent any threshold function. Q.E.D.

§4. Necessary and sufficient conditions for switching functions to be
threshold functions for 1<p <4 and any =x.

In this section, we shall show that the sufficient conditions given in Section 3 are
necessary whenever 1=p=4.
PROPOSITION 4'1. The classification

{xD}{x®, - x(Z”)}
bl

always represents a threshold function.
ProoF. This is an immediate consequence of Proposition 3.2. Q.E.D.
PROPOSITION 4.2. The classification

(2 [ @n)
{x@, x@Hx®, - 20}

can represents a threshold function if and only if it is of the type

X, X,

Xy X,
a®=f * | x®=| %

X, X,

Proor. “if” part. This holds by Proposition 3.2.

“only if” part. In any other type, vectors x® and x® have at least two different
components. [t follows from Proposition 3.3 that this classification cannot represent
any threshold function. Q.E.D.

PROPOSITION 4.3. The classification

{x(ll’ x(Q)) x(3)} {x(4)y ) x(zﬂ)}

represents a threshold function if and only if it is of the following type:



124 S. Tacawa

1 F %
x X, x
xv={ % o= % x®=|
Xn ! Xn Xn

Proor. “if” part. This is an immediate consequence of Proposition 3.1 (or 3.2).

“only if” part. Suppose that the vector x differs from the vectors x® and x®
in three components. Without loss of generality, we can consider the case where first
three components are different. By virtue of Proposition 3.3, all remaining combina-
tions of x® and x® are

X1y Xiy

’E,_z fiz
nd =

Xig a X |7

Xy, X,

where (i, 5, i;) runs over all permutations of {1,2,3}. It is valid, on the basis of
asummability theorem, that these classifications do not represent any threshold func-
tion. It is clear, by Proposition 3.3, that if the vector x‘ differs from the vectors
x® and x*® in more than three components, then any threshold function cannot be
represented by these classifications. The remaining cases are the cases where the
vectors x® and x® are two vectors taken among following three vectors

[ X, X, { X
X, X, X,
X | X3 and X5
Xn Xn ’ Xn |

Each combination of all the possible three combinations define the same type of clas-

sification in the sense that the rearrangement of x“°, »=1,2,3, in any one com-

bination implies the other two ones. Q.E.D.
PROPOSITION 4.4. The classification

{x(l), .X‘Z), x(ﬂ)’ xG)} {x(S)’ -, x(Z")}

represents a threshold function if and only if it is of the types

X, Xy Xy X
X X
4.1 D = x.z , x®= x.z , ox®= Fe ) g L
‘xTL xTI. xn xTL
and
A X X1 X1
X, X, X, Xy
SO @ @ — @] _
(4.2) xP=l | 0= | 0=y | 0= g
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PRroOOF. “if” part. This holds by Propositions 3.1 and 3.2.

“only if” part. It follows from Proposition 3.3 that any pair in x7, v=1,2, 3,4,
has at most two different components, and hence each of x‘, »=2, 3, 4, has at most
two conjugate components. Let /i denotes the number of the set of components of
x each of which differs from at least one of the corresponding components of x7,
r=2,3, 4.

(1) The case where h=2 gives us the type (4.1).

(2) Suppose that h=3. The following cases (i), (ii), (iii) and (iv) exhaust all the
possibilities. (i) If each of x™, r=2, 3, 4, has just one conjugate component, then this
is of the type (4.2). (ii) The case where only one of the three vectors x, r=2, 3, 4,
has two conjugate components and each of other two vectors has just one conjugate
component leads us to a contradiction in view of Proposition 3.3. (iii) The case where
two of the three vectors x, ¥=2, 3, 4, have two conjugate components, respectively,
and the other one has one conjugate component can be reduced by the permutation
of component numbers to the case

X Xy X
22 fZ 'fZ
X3 X5 X3 |
x'ﬂ. x'ﬂ . x’ﬂ

which is of the type (4.2). (iv) The case where all of x, r=2, 3,4, have two con-
jugate components, respectively, can not be concerned with any threshold function
by the asummability theorem.

(3) Suppose that h=4. If at least one of x™, r=2, 3, 4, has only one conjugate
component, then all these cases do not represent any threshold function by Proposi-
tion 3.3. The case where each of x™, »r=2, 3, 4, has just two conjugate components
does not represent any threshold function by the asummability theorem.

(4) It is clear that any case where 2=5 does not represent any threshold func-
tion. Q.E.D.

§5. A characterization of threshold functions with three variables.

We shall now present all types of threshold functions with three variables by
appealing to the preceding arguement. In this case the set X contains eight vectors
x(l), X(Z), e, x(g).

1‘ {¢} {x(l)y x(z)’ e, x(ﬁ)} 1
2. {xOHx®, x® . x®) 25 —8
3. {x®, x® P x® @B L @) '
X, X,
V=l x |, x®=| x, %2‘—’: 12

L X
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1 2 3 4 (8
4. {x( ); x()>: x >}{X( )7 e, X >}
Xy X1 Xy
€3} 2 (3 ¥ 3! 98
=l x, |, x®=| zx, |, 2=\ %, 572 =24
X3 Xz X3
2 3 (8
5. (X, 1D, £, xOH(xO, e, 20}
X1 X X1 X
) @ ) = @ = 3! 51
xP=| x, |, x®=| x |, x®=| %, |, xP=| Z, TZ =6
X3 X3 X3 X3
and
X X, X, Xy
(€)) (2 3) ¥ ) 3‘ 3
xV=1 x, |, x=| x |, xP=| X, |, xP=| x, —?‘-2 =8
Xy X3 X3 Xy
6. {x®, x® o x®Yx©® x® x®)
/Xy X, X /Xy Xy
- - 3!
Xy X5 X, X, X, —2—'23:24
X, Xy X3 Xy X,
1 2 (6) “ (8
70 {x®, x® e xOHx®, x®}
X, X, X, i X, X1 X,
- - 3!
X, Xy x, X X, Xy 5T t=12
X3 X3 X3 X3 X, Xs
1
1 2 17 8 3 . 3 _
8. {x(),x(),,“,x()}{x()} 3'2_8
9. {x®, x®, -, x®}{g} 1
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