SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

RENEWAL THEORETICAL APPROACH TO THE MISSION
RELIABILITY OF A REDUNDANT REPAIRABLE SYSTEM
WITH TWO DISSIMILAR UNITS

Kodama, Masanori
Sheffield University | Osaka University

Fukuta, Jiro
Gifu University

https://doi.org/10.5109/13098

HERIEER : #5H80EMFZ2. 16 (3/4), pp.103-114, 1975-03. Research Association of Statistical
Sciences
N—o30:

HEFIBAMR

W2 KYUSHU UNIVERSITY



RENEWAL THEORETICAL APPROACH TO THE MISSION
RELIABILITY OF A REDUNDANT REPAIRABLE
SYSTEM WITH TWO DISSIMILAR UNITS*

By
Masanori KopaMAa** and Jiro FUKUTA***

(Received October 30, 1974)

Abstract

A system consisting of two dissimilar, redundant, repairable units is considered.
We shall say that a major breakdown occurs in the system when both units fails.
The system fails if one unit under repair is not repaired within a fixed time measured
from the instant at which major breakdown occurs, or if the number of major break-
downs during the mission period exceeds a fixed number. As a special case, this
number is allowed to be “ infinite ”.

The Laplace transforms of the reliability and the mean time to system failure are
derived, and the explicit formulas in the special cases are exhibited.

§1. Model definition.

1. The system consists of two dissimilar redundant units A, and A,.

2. There is only one repair station. When one unit fails, its repair begins at once,
and when two units fail simultaneously, unit A; is sent for repair with a specified
constant probability «;, 1=1, 2, where a;+a,=1.

Concerning failure and repair we assume the following:

3. When the two units are good, unit-failures occur as three independent Poission
processes with failure rates 4,, 4, and 4;,. Events in the process with rate 4; cause
failure of unit A; only, and events in the process with rate 4,, cause simultaneous
failure of unit A, and A,.

4. When only one unit, A; is good, failure of the unit is Poisson with rate 4;, 4;#4;.

5. The repair time for each unit, A; is independently distributed with general
probability density function f;(¢), but must be well behaved enough for the appropriate
analytic operations to be performed.

6. The failure and repair processes for the two units are entirely independent.

7. The repaired unit is considered to be new again.

* This research was supported by the Science Research Council under Grant No. 4349/00.
** Sheffield University, Sheffield and Osaka University, Osaka.
*** Gifu University, Gifu.
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8. A major breakdown occurs when both units fail. And the system fails if one
unit under repair is not repaired within a fixed time, 7, measured from the instant at
which major breakdown occurs. The number of major breakdowns during the mission
period is limited as follows: We assume that for fixed n, any unit under repair after
the (n—+1)-st major breakdown is not repaired within allowable down time with prob-
ability 1. Therefore the system also fails if the number of major breakdown in T—r
exceeds n.

Recently J. Fukuta and M. Kodama [1] gave a mission reliability for a redundant
repairable system with two dissimilar units using the method of supplementary vari-
ables. In [1], we assumed that the number of failures during the mission period is
“infinite”. In this paper, we assume that the number of major breakdowns during
the mission period is a fixed number and is allowed to be “infinite”. We study the
above mentioned model by renewal theoretical approach introducing the probability
functions depending on the number of major breakdowns. Our results include the
results in [1] as special cases.

§2. Equations of the system.

Notation List:

1 subscript describing the 2 which 1=1,2

a; probability that unit A; is sent for repair, when both units fail simultaneously
(see 2, §1)

A;, A, A, failure rates (see 3, §1) (1;,>0, 2:>0, 2,,=0)

T allowed down time (see §1)

n maximum number of major breakdown permitted during the mission period

fi(H pdf of repair time of unit A;

F, 1) cdf of repair time of unit A;

F*(s) Laplace transform of f(#)

f1(s) Integral fore'“f(t)dt

0ij Kronecker symbol

af(s) =5+t A+ A A (s +HA)

BHs;7) =L —11fH(s+ R )— e F1 (s )+ £1(5)

GHs;7) = Rl T R (s ) — 1 (5 R )T — FE(Gs+ Asy)
FFAD)}/Is(s+ X1 —BE(s; 2/

FE;T) =Lt A i—Aeie A1 — FH(s+ 2 )/ Ls(s+2-)]
RS R L5+ Aa(1— €Y /Ts(5+ Ay A Aro]

e(s;7)  =L1—BKs; O)—fHsH A/ (s Ko+ A L1—F1 () —e (1= Fy(0)1/[s(s+ A1)

E(s; 1) =Ay_ i+ A0 f1(5)

7 D) ={sHhBall=riO—e  (U—=FeN}/s

E, denotes unit A; and unit A;_; in operation

E.(3) denotes unit A;_; in operation and unit A; under repair
E\1) denotes unit A; under repair and unit A,_; queneing for repair
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I(u) probability that system is state £, at =0, has exactly j major breakdowns
during the interval 0 to u, and no major breakdowns has lasted longer
than =. The major breakdown if it occured in time interval (T—z, T) is
not included (the failures during this interval do not count)

Gl (w) denotes probability similar to the ¢ (u), except the system has just entered
the state E,(i) (k=0,1) at u=0 and when k=0, the initial failed state is
not included in J.

Q% (w) sum of ¢f(u) from j=0to j=n

Qiw(u) sum of gi(u) from j=0 to j=n

MTSFz, MTSF?%;, notations are analogous to Q3(#) and Q% respectively. They are
easy to show that MTSF? =Q¥"(s)ls=e, MTSF%ci; = QF5(S) | s=0-

For u<rz, ¢uw)=1, ¢{(w)=0 (J=1); @R =1, gl =0 (k=0,1;1=1,2;;7=1),
and by definition of ¢ (u) and ¢i.,(u), the following set of integral equations of this
system can be easily set up:

qg( T) — e~(11+22+212)(T—:)

T—t
+f etk L 1, (T— )+ Aol T—2)]dx , Tzz,
0
, @
=1, otherwise .
0 B e 2 ) Tt 4 .= 0
(T =¢ [-F(T—o0+[ ¢ fiT-ndx,  Tze,
. 2
=1, otherwise .
G T) = [ fi Do T—2)dx, Tze,
_ 3)
=1, otherwise .
. TAT n .
o (T)= .5‘0 e~ At i 2,qf 0 (T— )+ 2:4ie(T—x)
+ 2Ll (T—x)+axgla (T—x)J}dx, Tzrz, @
=0, ' otherwise .
. T—t o 7 i .z .
do(T= [ 2™t y)efats( T—x—y)dydx
0 y=0
+[ TR (x)gd (T 2)dx, Tz,
0
. (5)
=0, otherwise .
qg(i)(T)ZLfi(x)q{(a—n(T“‘x)d-’f, Tzr,
' (6)
=0, otherwise.

§ 3. Solution of the problem.

We solve this set of equations by employing the Laplace transform technique.
Taking Laplace transforms of both of (1)-(6), we have 9™
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g°(s) = {s+ (1 =€)+ s[ g7 () + AgF() 1}/ Ls(s+ A+ 2+ 250)]
qFo(8) =[s+ A i— Ao i L= F(s+ A= 01/ [s(s+ A ) I+ FF(s+ 25 )gF(s)
a@fo(s) ={(1—e ")+ L Fi()=f1()}/s+ £ (8)ats-0(5) ,
gF7(s) = { At () + A4 () + ALl ()
+a,q8d7(8)—0,;(1—e) /s /(s+ A+ 2+ ) (JZ1),
qfo(s) = ¥ (s; Dait-o($)+[E(s+A-)gF () +0¥(s 5 ©)
gfh(s)=B(s; D)t () + s+ A4 )ad(s)  (j=2),
a5d(s) =11 ()gFs-n(s) .
After considerable manipulation we have
QT () =gih(s)
=Lafi()r¥(s; Ot A fESH A DrE (s )1/ Laf(s)— A, FF(s+ )],
QFH(s) =gih(s)
=[l—e = fl(s)+e > F(r)1/s+ /I (Lak()rids; 7)
FASE(sH DS D)1/ Lad(5)— A fH(s+ )],
F9(s) = q¥(s)
= s Al )+ DAL+ A (1o I —FA(s+ - YT+ - )T)
JLa¥(9) =2 FH(s+ 03,
Qi () =[1—F1(8)—e (1= Fy(x)1/s+f1()Qf5-0(s) ,
QF'(8) = {1+ 2,QFH(8)+ 2,0f5(8) + AL @, Q¥ (5) + a0, Q¥ () 1}/ (54 A+ 2+ A1)
={Z[%ﬂﬂﬁuﬂdﬂ%@;ﬂQM%@%@;%ﬁ@;ﬂ+vﬂxfﬁ
[Lat ()= 7 ¥(s+ )],
QIG(s)= B (s; DT () +Hs+4-)QF () +e¥(s ; T)
=L ()= A SF(sHAD T H S F(H A Aantts o [1-4(8)+ Ao ¢ BF(s 5 ©)IQFH(5)
FLAnas f1(S)F(s+ A=)+ BF(s 5 )ak «()IQFT(S)FFH(s+ A )n*(s; 7)
+af i ()eF(s; O Ao [E(s+A e o(s; )} &

We rewrite (21) as

QIN(s) =Af(s; DT ()+BE(s; 0)QFy(5)+Ci(s; 1)
{3 (s)=A¥(s; QI () + B (s; D)QTH ' (s)+C¥(s; 1)

where

A¥(s; ) =FHs+ 8- ) At [1-4() + 451 fEo(s 5 ©)]/Lad(s)— A, f¥(s+4D)]
Bi(s; ©) =[Auai FI () E(s+ 25+ ad () BF(s s ©)I/Lak(s)— A [(s+ )]

CHs; )= {f?‘(5+2§-i)[1+112j2i? a;,{1=fi(s)—e " (1—Fy(x))]/s]
T i(8)ef(s; DAy fH(sH A= )ed (s )}/ Lad () — A fE(s+AD)] .

O,
)
(9
(10)
(1n

(12)
(13)

(14)

(15)

(16)
a7
(18)

(19)
(20)

(21)

(22)

(23)
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In case when z#0, we get A¥(s; 7)A¥(s; v)# B¥(s; v)Bf(s; ) and [1—A¥(s; 7]
[1—A¥(s; z)]—Bf(s; ©)B¥(s; 7) > 0.%" Therefore we obtain general solution

QIn(s)=E*(s; ©)p*(s; o)+ F*(s; v)o*(s; ©)*+D¥s; 7)), (24)
Q) =E*(s; D){lp*(s; 1)—A¥(s; ©)I/B¥(s; 0)}"
+F*(s; o){[o*(s; t)—A¥(s; )1/ B¥(s; ©)lo*(s; )"+ D¥(s; 7)), (25)
where

p*(s; o) ={A¥(s; 0)+A¥(s; 7)

+ VLAF(s; ©)+ AF(s; ) —4LA¥(s; ©)AF(s; ©)—BE(s; 0)B¥(s; 7)1 }/2,
o*(s; T)=A¥(s; )+ A¥(s; ©)—p*(s; ),
D¥(s; o) ={B¥(s; t)CE(s; T)+C¥(s; o) [1—Af (s; 7)1}

_ /HI1—=A¥(s; ©)I1—A¥(s; ©)1—Bi(s; 7)Bf(s; 1},

E*(s; o) ={[Q¥N()—Di¥(s; 7)Io*(s; ©)—A¥K(s; 7)]

—[Q¥()—D¥(s; ©)1B¥(s; )}/ [o*(s; ©)—p*(s; 7)1,
F*(s; 7)=Q#(s)—D¥(s; t)—E*(s; 7). (26)

Since we get |p*(s; )| <1 and |o*(s; 7)| <1, we have for limiting case as n—oo
QIS ()=D¥s; 7). @7
Using (17) and (19), we obtain Q7%(s) and Q3w (s) (k=2,0, i=1,2). Moreover we

obtain the mean time to system failure, MTSF%,, and MTSF,. For the limiting
case as n—oo, we obtain after considerable manipulation“”’

Q) =p*(s; T){H_;é T—%LZ—{_Z”';éa"[ = s sjf{i,(lf) —FT(S)]

2 Ni(s; 7)
_E (s )1—BF(s; D)BF(s; T)]} 28)

where
EfJ(S—i—A ])[k*(s T)‘Bii—](s T)+k ](S T)]
1—p¥(s; 0Bt (s; 1) ’

N}‘-‘(s;z')= ] (B (s; 7)—RE(s; ©)+[EH(s; 0)BE,(s; T)—kE (s T)BF(s; 7)1}

+FI ] 29

pH(s; r)ﬂ{s—f—l 4+ g 2y — 2

ORI 5 DBE 3 DFRESs DI+ )+ H [ S

(28) coincides with formula (22) in Fukuta and Kodama [1]. Therefore all the results
in this paper for the limiting case coincide with the results in [1]. Hence we cite
only the finite case.

Especially when =0, we have B¥s;0)=s1(s)=0 and A¥s;0)=B¥(s;0)=0.
Hence we have

Q¥n(s)=D¥(s; ) =C¥(s; t) = {fF(s+ )T aF (I1—FF(s+A5-0)]/(s+ 43-0)

A SHH BT FE 5+ 201/ (5+ 2D} Tt (8) = Ao fH(s+ )]
for all n, (30)
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Qfﬂ(s)z{1@1z,-[l—fj<s+z;-j>]/<s+zg-j>}/[af<s>~xz Fs+4)]  for all n.  (31)

Above formulae coincide the Laplace transform of probability that the major
breakdown does not occur during the time interval (0, #), given that the system starts
in®E (i) or E, at t=0.

For two identical unit model, the formula do not depend on i, so we define
@A) =q(s), QFH(s)=Q¥/(s),-, so on. Noting that p*(s;z)=A*(s; c)+B*(s; 1),
o*(s; T)=A*(s; t)—B*(s; ), E*(s; 1)=Q¥°(s)—D*(s; 7) and F*(s; r)=0, we have

nf o) — J RS T+ AN+ (54224 A1,) 8*(s 5 ©) \ "1 (s+22+2,,)7*(s; ©)
Qr*(s)={ : csz*(s)—l(]f*(s—l-l’) ey T Gy

A f! *(sHA)F(s+22+4,)8¥ s 7) T°
R (csz*(s))—z(;*(sﬂf) e T

.{f*(s+2 L+, [1—F"(s)—e*"(1— F(T))]/S]+(S+2h-lp)6(3;T)}

(s+22+2:)[1—F*(s 5 ) ]—[24+ 21 ST ()T /*(s+4")
QF(s) = 14 [ 23, S 1(9)4248%(s; ) JQF"*(5)+226*(s; 2)+ [ 1— T (5) —e" " (A=F(z))]/s

(32)

a*(s)—Af*(s+ A7) ’
(33)
n — { Al (@) AN (224 2,,)8%0; )"y (2242070 7)
MTSF} = { £ paey g By Ho AT 2A[1= f"T(T?)T s
A F(7) RN+ 22+ 2,,)8%0; )
[ e T T )
FHO[ 14+ 27— j 0’F(z)dt)]+(2x+zm)s*(o )
TR A= 0 ; o] —[2AF 2 FE Iy S (34)
1+ [2uF()+225%(0; YIMTSFI ™ +226%(0; o)+ A o[ F(t)dt]
MTSFs = 2 F U740 2
Especially when F(t)=1—exp (—put), we have®™
n Tram ¥/ 22+212+
MTSFt =[1—e P ettt =]
. 22+ At e 1
H=(=e) 3{[“"+ PYE e Sy (36)
(22+2/+ﬂ)+[222’+212(2’+p)](1—e‘P’)[MTSF?‘I-i-—;—]
MTSF; = ST AT 1) : 37

The improvement factor I® =2 MTSF% (the ratio of the MTSF for this system to
one unit system without repair) are show in Table 1 for the case 4,,=0 and 2’ =A.

Acknowledgements

Our thanks are due to Professor J. Gani, Sheffield University, for his interest in
this work. The authors also wish to thank Dr. S. Takamatsu, Osaka University and
Mr. H. Nakamichi, Otemon Gakuin University, Japan, for their suggestions.



Renewal Theoretical Approach to the Mission Reliability 109

Table 1 The improvement factor I*

m(=pc)
p(=p/2) n
1072 107! \ 1 10
0 0.5150E 02 0.5150E 02 0.5151E 02 0.5160E 02
1 0.5201E 02 0.5635E 02 0.8375E 02 0.1026E 03
3 0.5201E 02 0.5686E 02 0.1170E 03 0.2046E 03
100 5 0.5201E 02 0.5686E 02 0.1303E 03 0.3066E 03
10 0.5201E 02 0.5686E 02 0.1383E 03 0.5616E 03
100 0.5201E 02 0.5686E 02 0.1391E 03 0.5141E 04
oo 0.5201E 02 0.5686E 02 0.1391E 03 0.1124E 07

Appendix

DERIYATION OF (1**)
gt =] e tatonat, jz1
°° T—-z T -2z :
= eraT | dxf A TRl T—x—2)dy
o0 T—t _) &
—}—j‘ e"STa’Tf e 3V f(x)qi(T—x)dx
T 0
= [ "dy [ "He T fxrydx [ e Tlsto(T—x=3)dT
0 0 T+t
+ TR0 dx [T e Tgl(T—2dT
0 T+t
= [Teovdy [ “x CE e ryydx [ T gt p(wdu
0 0 =Y
+f wedé'izfi(x)dxf emsarugd (y)du
0 T
T hed —(s+2;_ Dz . Y .
— [ eovdy [ " O e qtizho— [ e algto (w)du]
0 0 0
- —(‘Hx,—i)x - —Su ] _ ‘ —SU,J
+[ T da] [ e el wydu—{ el (wdu ]
= [Temvay [ T RV ey a9 0,1 — e s)

+H(s+25-)g37(s) .
@ j=1

T ””V - "—i x . 1 —8§(T~
[Temay | a0 ) [ang () — e Jdx
= t(s: I atizho)—L Lo [ Cay § T R ) a

where
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Br(s; o= "emrvdy [ "2 T et )
0 0
= [Cemrdy [ "z CEO p
0 Y
:f "X .eg'{é"iydy[j' T (H;‘/"i)vf-(v)a'v—j‘ ye-(s%'i)vf-(v) dv]
0 3-1 o 1 o i
= (D e 20— U [ H ey
— () R A ) — (s )£ (S)
[Ty " 0% e yax
0 [}
:5- Tdy j- wzé_ie—(ﬁig_i)(vfy)fi(v)dv
0 Y
T, s+ah_; © —(s+2_, ) Y o—(s+25_;)w
=/ 2L ﬁ’dy[jo P >fi<v)dv—j0e G- r ) av]
s+20_ e
R a3 e S N
_jore'(‘““:}—i)”fi(v) va‘ rlé_ie(s“‘;_i)ydy

= S A Aot f 1+ 2 0 R ).

Hence we have
gEb(s) = 8i(s; O gho(s)— |

Ah_ze’
s(s-F45-;)
+E(s+25-0)gF(s)
= Bu(s; G- o()+T¥(s+43-.)gF (5)+0¥(s 5 7).
(i) j=2

ati(s) = vy [ e O L Gk ) g S KD a(s)

+ {74 2L A 10 f1 (s 2.0 0 1 Ry o)

= B¥(s; D)gFTH )+ s+ A3 )3 (s) .
Similary we have the formulae (7)-(10) and (13).

DERIVATIONS OF (2%%)
Substituting (17) and (18) into (20) and arranging, we have

T+ A+ A+ 2, — A fF(s+22)]
= szi*(SJrZé)Qi*(S)(S)+f?‘(S+lé){l+112-é%[[lﬂf} ($)—e " (1=F,(2))]/s

+HEOQEH}
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()5 Aurk Aur Ara— T fH (s 20)]
= LA+ RQEYS)+ 15+ {1+ o+ 3 @[ =3 () —e (1= Fy(e)) /s
R OL=ONS

From the above equations we have (21) and (22).

DERIVATION OF (3**)
After simple calculation, we have the following inequalities

BE(s; ) = (€8T =DLfH(s+2-) —f1 (54 2-0)]

=0,
the equality is true when =0
L—fH(s+4-)—BE(s; 7)
e jrme_(ng‘i)Ifi(x)dx—fZ (s)

S 1= DT P = Fi(r)
= 1—[1—Fi(f)] —Fi(T)

=0.

1—=FF(s+25-)—BF(s; DLBE(s; o)+ rE(s+a3)]
>1—fF(s+25-:)—Bi(s; 7) by (39)
>0. by (39)

1=85(s; )BEils; )=y fEu(S)LFE(s+H A )+ E(s+ADBE(s 5 )]
—a; fISLfE(s+ D)+ E(s+4-0) 5 (s ©)]
>1—a {fE(s+2)+BE(s; DL/ F(s+ 40+ (s ; )1}
—a { fEsT A2 )+B5(s s DL (s+)+pE(s; 7)1}
>l—a,—a,_; by (40)
=0.
It is clear that
1-B¥(s; )fE(s; ) >0,  aF(s)— A H(s+2)>0.
Also from (23) we have
[(1—A¥(s; ©)I[1—A¥(s; 7)]—B¥(s; 0)B¥(s; 7)
=Laf(s)—ASF(s+ )T H{s[1—p¥(s; 7)p3(s; 7)]
+ALL—BF(s; )BF(s; o) —fF(s+ ) —F¥(s+ADB¥(s; )]
+L1—BF(s; 7)BF(s; ©)—f¥(s+A)—fF(s+A)BF(s; 7)]
+ 2L =B (s ; 0)B¥(s 5 T) —an f1 (LS F(s+ )+ F(s+ DB (s 5 7)]
—a, fISLfHs+HA)+H(s+4)p¥(s; 7)1} .

111

(38)

(39)

(40)

(41)

(42)
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Therefore from (35)-(40) we have
[1—A¥(s; 2)I1—AF(s; )] —Bf(s; 7)B¥(s;7)>0.

DERIVATION OF (4**)
From the definition and (35) we have

;k(s'l'Zé—i)[zlzas—ifg—i(s)"'la—iﬂs*-i(s ;0)]=0,
[ f1(8)fF(s+H A )+ad «(s)BH(s; )] =0,

the equalities are true when 7 =0.
Also we have

af ()= SE(s+A)— [Es+ A ) Are@si fi-i()F A5 o fF4(5 5 7)]
> o ()= A FE(s+A)—[ A1+ 254 (s 5 7)]
=T A= s+ 2A)— 0,885 ; )1+ LLL—fF(s+AD—0u % (s ; 7)]
>0, by (40)

af(s)— A fE(s+AD) — A0 F1 () F(s+ A=) —ad () B¥(s 5 7)
= s[1—8¥(s; D)1+ ALL—fH(s+2)—B¥(s; )+ 0,85 (s; 7)]

FAL1—=fF(s+A)—BH(s; T)+ 048545 ; 7)1+ Al 1—fF(s+Ai-:)—B¥(s 5 7)]
>0. by (40)
From (44)-(47) we have
1>AKs;7)=0, 1> B¥(s;7)=0.

(43)

(44)
(45)

(46)

(47)

(48)

Since we have Af(s; 7)+A¥(s; ) >0, (z#0), to prove | p*(s; )] <1 and lo*(s;7)| <1

it suffices to show the following inequalities

1> Af(s; T)AF(s; )—Bi(s; t)B¥F(s; t) > Af(s; )+ A¥s; v)—1.
The inequality on the right becomes

[1—AKs; o) I[1—Af(s; ©)]1—B¥(s; OB (s; ) >0
which is true by (43).

(49)

On the other hand, the inequality on the left is clear from (48), (¢ #+0). Hence

we have |p*(s;7)| <1 and |o*(s; 7)| < 1.

DERIVATION OF (5%**),
We obtain after considerable manipulation

[1—-A¥(s; ) I[1—Af(s; ©)]—Bf(s; 7)Bf(s; 7)
= [k (8)— Ao fE(s+ AT (4 A 2ot D)1= BE(s 5 DBE(s 5 7))

— 3 PR ) TR )+ BEA(s5 DRNs 3 20T}

(50)
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BX(s; ©)CEA(s5 )+ CH(s; D[1— AR (s; )]
= [af ()= Ao S+ M) g*(s O SE(s+ A )+ BE(s s D) E(s+20)]
(s )Lt At 2t ) BH(s s ) EH(s s D F(5+ X))
ef(s; s+t Aot Ay — S5+ 2DEH(s; )]} (50)
Hence we have
QIE(8)=D¥(s; o) = {n*(s; DLAAGHH-I)+BHs s DFEs+20)]
Feti(s; DL At At Au)- BH(s s )RS s DFF(s+2-0)]
+ef(s; T)[<5+21+22+112)*f§k—i(5+22)k?(3 ;)7
JA(sF At Aot A)[1— (s 5 7)BE(s 2]
— SIS RTRE A5 D)+ BE (55 DRI 2001 (52)
Noting that k¥(s; 7)=A;-;+2Aa;f1(s), and from (19) and (52) we have
QI = [aH(9)— Ao H (s 20T 2 Dutts 13 (5)+ 2,815 3 ©)IQH-5(9)
+]§ AEX(s; T)+9*(s; r)}
= [ (s)— 2o fE(s+ AT H(s+ At A+ 2)[1— BE(s 5 ) B (s 7)]
— B s BT s s B ORI DT}
{*(s 5 D{Lad(s)— A fHs+ DI BE(s s ©)BE(s; ©)11)

+é e5(s; THLal ()= A fE(s+HADILAY(s; D)BE (s D)+RE(s; )T} (53)

where
S eH(s; DRI BT A3 D)+ RE(s5 )]

Ji=

= [1=Bt(s5 BHss ] 3 [yt s FHOY/ 5+ )

= S k(53 D=5 DRI DB D)—BE (53 DB <))

S

HLEI(s; TIBE (55 D) HRE (55 )]

et —1

LA+ a)+4,( +FY9) [+ 4)) (54)

Hence we have (5**) from (53) and (54).

DERIVATION OF (6**)
After simple calculations we have

)t (1 2357).
7

’ ’ A+ 25 2
Dt 20— ) = BEELEER, (5345, 3yw(0, 7 = BEEANIE LS
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2 F(D)f5(A) 22+ 2:)%0; ©) = E2M’+xm<§jiz>j[1—e-ﬂf] ,

P+ (e = F(D)d) [+ @2t 2650 7)

_ et As(1—e )+ Q22+ 2p) e+ 2 (1—e)]

p(A' 1)
Q2+ L)L BH0; )= (20 R P H(¥) =Lt AR
14226405 )+ 2l e [ F(1)dt] = ﬂ(21+“‘ﬂH[i’g/i%uu“”)](l_e_m) , (55

From (34), (35) and (55) we have (6**).
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