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                              Abstract 

   A system consisting of two dissimilar, redundant, repairable units is considered. 

We shall say that a major breakdown occurs in the system when both units fails. 

The system fails if one unit under repair is not repaired within a fixed time measured 

from the instant at which major breakdown occurs, or if the number of major break-

downs during the mission period exceeds a fixed number. As a special case, this 

number is allowed to be  "  infinite ". 

   The Laplace transforms of the reliability and the mean time to system failure are 

derived, and the explicit formulas in the special cases are exhibited.

   § 1. Model definition. 

   1. The system consists of two dissimilar redundant units Al and A2. 

   2. There is only one repair station. When one unit fails, its repair begins at once, 

and when two units fail simultaneously, unit Ai is sent for repair with a specified 
constant probability ai, i= 1, 2, where cr1-Fa2=1. 

   Concerning failure and repair we assume the following : 

   3. When the two units are good, unit-failures occur as three independent Poission 

processes with failure rates 21, 22 and 212. Events in the process with rate Ai cause 
failure of unit Ai only, and events in the process with rate 212 cause simultaneous 

failure of unit Al and A2. 
   4. When only one unit, Ai is good, failure of the unit is Poisson with rate 2/i� 2i. 

   5. The repair time for each unit, Ai is independently distributed with general 

probability density function f i(t), but must be well behaved enough for the appropriate 
analytic operations to be performed. 

   6. The failure and repair processes for the two units are entirely independent. 

   7. The repaired unit is considered to be new again.
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   8. A major breakdown occurs when both units fail. And the system fails if one 

unit under repair is not repaired within a fixed time, 7, measured from the instant at 

which major breakdown occurs. The number of major breakdowns during the mission 

period is limited as follows : We assume that for fixed n, any unit under repair after 
the (n+1)-st major breakdown is not repaired within allowable down time with prob-

ability 1. Therefore the system also fails if the number of major breakdown in T—z-

exceeds n. 

   Recently J. Fukuta and M. Kodama [1] gave a mission reliability for a redundant 

repairable system with two dissimilar units using the method of supplementary vari-

ables. In [1], we assumed that the number of failures during the mission period is 
"infinite " . In this paper, we assume that the number of major breakdowns during 

the mission period is a fixed number and is allowed to be " infinite ". We study the 

above mentioned model by renewal theoretical approach introducing the probability 

functions depending on the number of major breakdowns. Our results include the 
results in [1] as special cases.

   § 2. Equations of the system. 

   Notation List : 

i subscript describing the 2 which i = 1, 2 

aiprobability that unit Ai is sent for repair, when both units fail simultaneously 

       (see 2, § 1) 
Ai, 212 failure rates (see 3, § 1) (Ai > 0, > 0, 212� 0) 

       allowed down time (see § 1) 

nmaximum number of major breakdown permitted during the mission period 

fi(t)pdf of repair time of unit Ai 
F1(t)cdf of repair time of unit Ai 

f*(s)Laplace transform of f(t) 

f t (s)Integral e-"f(t)dt 

                         0 

        Kronecker symbol 
at(S) = s+ Ai- - 22+ Ai2— 2i f (s+ 

fit(s ; r) = /3'17. (s+ + f (s) 
3t(s; r)e(s+4-i)IfP(s+Z3-i)—f1(s+ 23-01—ft(s“-i) 

                4-Fi(z-)}/[s(s-FA)]-13?(s ; r)/s 
 (s ; v) = [s+23_i-23_ie-"][1—f,*(s+A)]/[s(s+A)] 

                 +ft(s-FA_i)Is+212(1—e-")1/[s(s+21+22+2121    
; r) = [1- -Pt(s ; r)—ft(s+-Z,7_i)1/(s+2,1,)+2'3,[1—f:(s)-e-"(1—Fi(z-))]/[s(s+2_0] 

11(s ; 7) = 23-i+212aif; (s) 
)2*(s ; 7) = {s- 2,2i a J[1— f; (s)— " (1— F .X7))]}1 s                                  =1 

E2denotes unit Ai and unit 213._i in operation 

E1(i)denotes unit A3-2; in operation and unit Ai under repair 

E0(i)denotes unit Ai under repair and unit A3-1 queneing for repair
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q2(u)probability that system is state  E2 at u = 0, has exactly j major breakdowns 
        during the interval 0 to u, and no major breakdowns has lasted longer 

        than z. The major breakdown if it occured in time interval (T—z., T) is 
        not included (the failures during this interval do not count) 

q ici)(u)denotes probability similar to the q2 (u), except the system has just entered 
       the state Ek(i) (k=0, 1) at u = 0 and when k=0, the initial failed state is 

        not included in j. 
C22(u) sum of q,3: (u) from j= 0 to j= n 

Vki)(u)sum of ql(i)(u) from j= 0 to j = n 
MTSF, MTSF7,(i) notations are analogous to Q f(u) and Qik' (i) respectively. They are 

        easy to show that MTSP2 = 0"(s) I s=0, MTSPIZ(i) Q:(71)(S) I s=0• 

 For u G 7, q92(u) =1, (u)= 0 (j 1) ; q j°,(i)(u) = 1, ql(i)(u) = 0 (k= 0, 1 ; i =1, 2 ; j 1), 
and by definition of ql (u) and q';(i)(u), the following set of integral equations of this 
system can be easily set up : 

    q()(T)=e-(21+22+2,2)(7,-,) 

       +sT—r                  'Ai- "2-"12)-TAiq?(,)(T — x) 2,q7(2)(T— x)1dx ,T7 , 

                  0 

                                              (1) 
  = 1 ,otherwise . 

   di)(T)=e-134T-r) [1 — F i(Tz-)]-1- STr.                                   exi(x)q?(T — x)d x ,Tz- 

                                                0 

                                              (2) 
  = 1 ,otherwise . 

  q8(i)(T) = f i(x)q(,_,(T — x)d x ,T, 

                  0 

                                              (3) 
  = 1 ,otherwise . 

                   T—r 

     (T) =(Ai- "2+212)x {2,qii (i)(T — x) 22q1:(2)(T—x) 

               0 

                       +2121a141) (T — x)--ka29615> (T— x)]} d xT z- , 
                                             (4) 

  = 0 ,otherwise . 

   di)(T) —2,eix                        fi(x+ y)qi5(11i)(T— x—y)dydx 
          o y=o 

                                               T—r _-/ 

                  r-Jeixf(T — x)dxT�_, 

                                       0 

                                               (5) 
  = 0 ,otherwise . 

  qoi (i)(T) =f i(x)q(3_,(T — x)d x ,Tz-, 

                  0 

                                               (6) 
  = 0 ,otherwise .

   § 3. Solution of the problem. 

   We solve this set of equations by employing the Laplace transform technique. 

Taking Laplace transforms of both of (1)-(6), we have (1**)



106M.  KODANIA and J. FUKUTA

   qr(s)= Is+ 2„(1 — c")± .3121e7)(s)H-22W2)(s)11 iis(s+ Ai+22+ 212)1(7) 

   d°,(s) = Es +ir "111 —f P(s+ 23-i)11Es(s+hfP(s+2_,;)qr(s) ,(8) 

   q° °)(S) =- {(1—e--3')+Er"Fi(7)—fl(s)i}/s+fl (s)d0,,(s) ,(9) 

   qlc j(s)= {21diu(s)+22d2)(s)+-212Ca1igiT1(s) 

                 a2dV(s)-31;(1.—") I/ (s+ Ai+ 22+ An) (i> 1) ,(10) 

  db(s) =13;'(s ; 7),e(S_,(s)H- Pc(s+; 7) ,(11) 

  ed)(s)= i3t(s ; 7)qtN)(s)+ ft(s+ (s)(j 2),(12) 

 gg(s) =f1 (s)ed_i)(s) •(13) 

   After considerable manipulation we have 

  Qn(s) = qr,)(s) 
       =14 -i(s)11(s ; 7)+ 23-i ft(s+ ; 7)1/14(s)-22f2(s+AD1, (14) 

  Qrn(s)= qn(s) 
             — f: (s)+ e- " F i(7)1/ s+ f (s)re(s)? t i(s ; z-) 

               F Ai f ADrP(s ; 7)1/EaP(s)-22f2(s+AD1(15) 

   Q°(s) _00(s) 

                                    2 

        = SH-212(1— c")+ ERiEs-1-2 -;(1—e-")111—f:,'(s+2,,-i)11Es(s+2_;)11 

    /CaP(s)-22f2 (s+21)1(16) 

  Qt71)(s)= [1—ft (s) — "(1— Fi(r))i/ s+ (s)QMi)(s)(17) 

  Q'2"(s) = {1+ 2iQt7.)(s)+ 220(2)(s)+ 1Qt(1)-1(s)+ a2QW1(s)11 / (s+ Ai+ 22+ 212) (18) 

               r 2            EAl2ajf;-(s)+2M(s ; 710(34(s)H-i kis .15(s ; 7)+72*(s ; 7)} 
                     2=1 

    /EaP(s)-22it(s+Ap1 ,(19) 

  Q1'(7)(s)= ist(s ; 7)Q1(3-il)(s)+.11(s+ 23-i)QPn(s)+ sP(s ; 7)(20) 

        = [at (s) — 22fP(s+AD1-1{/,'(s+A -i)1212a3-ifI-i(s)+23-i431`(s ; 7)1Q11(7) 1(S) 

         +1212atifi (S)fP(S±A3-i)-H8'NS r)at-i(S)1073-3(S)±fP(S+2.-i)77*(S ; 7) 

           alc_i(s)e(s r)+23_ifP(s+2,)6:_i(s; 2.)} ,(2**)(21) 

We rewrite (21) as 

  QP(r)(s)=_M(s ;z-)Q171>i(s)+BP (s ; z-)QtYl(s)+cP(s ; r) 
                                                (22)   QP6'

)(s) =(s ; 7)QM-1(S)+Bt(S7)071)-1(S)+CNS ; 7) 

where 

   At(s ; 7) = .0((s+,1-i)E212a3-if3L-,:(s)+23-i,8:-i(s ; 7)1/1aP(s)--22f3(s+AD1 

   13,*(s7) =1212aii7(s)fl'(s-F-2-i)-F-4-i(s)i3P(s; 7)1/EaP(s)-22fNs+A1)1 

                                          2 

  CP(s ; 7){ft(s+A-i)11+212 E trill Pi(s)— c"(1—F;(r))1/s1 
                                                 J=1 

          -Fat i(s)EP(s; r)+23-ifP(s+-2-i)e-i(s; 7)}/Eat(s)-22ft(s+AD1 •(23)
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  In case when  7  # 0, we get At(s ; z-)A2(s ; 7) # Bt(s ; 7)B2 (s ; r) and D. — AP(s ; 7] 
• [1 — A'gs ; z-)] — BP (s ; z-)M(s ; 7) > OP-) Therefore we obtain general solution 

  Qt7)(s) E*(s ; 7) p*(s ; z-)" F*(s ; 7)6*(s ; 7)1H (s ; 7) ,(24) 

  Qt2)(s) E*(s ; 7){1p*(s ; 7)— AP(s ; 7)1/ Bt(s ; 7)}Th 

          F*(s ; 7){[c*(s ; 7)— At(s ; 7)1/131(s ; 7)1 a*(s ; 7)"+D2 ; ,(25) 
where 

  P*(s ; 7) = {AP(s ; 7)+M(s ; r) 

              VEAt(s ; 7)± Aft(s ; 7)12 —4[At(s ; 7)A2 (s ; 7) — Bt(s ; r)Bt(s ; 7)] 1/2 , 

  u*(s ; 7) = At(s ; 7)+A2 ; 7)— p*(s ; 7) , 

  Dt(s ; 7) = {Bt(s ; 7)C3i(s ; 7)+Ct(s ; 7)[1—A:_i(s ; 7)]1 

            /1[1—AP(s ; 7)1[1 — AP(s ; 7)]-13P(s ; 7)B2 (s ; 7)1 , 

  E*(s ; 7) = IEQt?)(s)— DI*(s ; 7)11(7*(s ; 7)— AP(s ; 7)1 

             —EQ1112)(S)—D:(s ; 7)113P(s ; 7)1 /1a*(s ; 7)— p*(s ; r)] , 

  F*(s ; 7) = Qt?)(s)—Dt(s ; E*(s ; 7) .(26) 

Since we get I p*(s ; 7) I < 1 and I o.*(s ; 7) I < 1(4**), we have for limiting case as n --* co 

 (AZ (s)= Dt(s ; z-) .(27) 

Using (17) and (19), we obtain 0,(n(s) and QZ,i)(s) (k = 2, 0, i = 1, 2). Moreover we 
obtain the mean time to system failure, MTSFrk'm and MTSFIT(i). For the limiting 
case as n 00, we obtain after considerable manipulation"**) 

  Qns)=P*(s ; 7){1+j$ +Ai+An• al 1fti(s) —F' (s)]                                                                               .7=1 

                  2N1(s; 7)  

                               (s+.0E1—1311((s ; 7),8:(s ; 7)1}(28) 
where 

                         fi(s+j)ik.15(s ; 7))51--j(s ; 7)-j(s ; 7)]-1 
  p*(s ;z-) ={s -21-1-22+ 2123=1'                                 1--431.'(s ; 7)13t(s ; 7) 

   N'.;(s ; 7) = S' 1kt_ j(s ; 7)-14(s ; 7)-1-[14(s ; 7)133 i(s ; 7)— kt_i(s ; 7)13',(s ; 7)1} 

         +[14(s; 7),811_5(s ; 7)+ 14_;(s ; 7)1{1,15(s+ Aqe 79 1 + F;(s)l- (29) 
(28) coincides with formula (22) in Fukuta and Kodama Di. Therefore all the results 
in this paper for the limiting case coincide with the results in [1]. Hence we cite 
only the finite case. 

   Especially when 7 = 0, we have gi,c(s ; 0)=f: (s) = 0 and At(s ; 0) B't(s ; 0) = 0. 

Hence we have 

   Qta)(s)= DP(s ; 7) =Ct(s ; 7) =Ift(s-1-2-i)+0-i(s)C1—ft(s+A-i)i/(s+2-i) 

          , 

            +Aft(s+Zi)1/ (s+/[0(s)— 22f AD] 

                                                  for all n ,(30)
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   VIn(s)= {1+ 2;E1—f,(s+A_J)1/(s+2,-,)}/CaP(s)-22f2(s+AD1 for all n . (31) 
                                      .7-=1 

   Above formulae coincide the Laplace transform of probability that the major 
breakdown does not occur during the time interval (0, t), given that the system starts 
in7E1(i) or E2 at t= 0. 

   For two identical unit model, the formula do not depend on i , so we define 
qlq(s) = ei(s), Qtd)(s) QPi(s), • • • , so on. Noting that p*(s ; r) =- A* (s ; B*(s ; -r), 
cr*(s ; 7) = A *(s ; 2)— B*(s ; 7), E*(s ; = QP° (s) —D*(s ; r) and F*(s ; 7) = 0, we have 

  ()Ns)         —212f(s)f*(s+ 21)±(s+22+ 212)13*(s ; (s+22+ 212)i*(s ; 7)lla*(s)— Af*(s+ A')I a*(s)- - Af*(s+ 2') 

        +{1 [212P (s)f*(s-1-- AO+ (s+22+ 212)13*(s ; 7)  in}                         a*(s)--Af*(s+ A') 

          {f*(s+21)C1+2,2[1— ft (s)—e-s'(1— F(7))11 s1+ (s+22+ 2,2)E(s ; 7) ,(32)                 (s-F22± 212)C1 —13*(s ; r)] [22 ± 212f t(s)] f *(s+ A') 

         1+[212f(s)+22A*(s,r)1Q1'(s)+226*(s; 7)±21211—ft (s)— e- "(1— F(7))]I s   QP(s) =Af*(
s+ A')a 

                                               (33) 

  MTSFi ={  212F(7)f *(21)+(22+212)13*(0 ; 7)Inf (224)+212)7';7)                212+22[1—f*(21)]t212+22[1—P(20] 

         ±{1 [212F(r)f*(29±(22+ 210/3*(0 ; r)                      212+22C1—f*(201 

           f*(211+212(7-5 0F(t)dt)]±(22+ 2,2)s*(0 ; r)           •1 (
22+212)[1-13*(0 ; r)]—[22+212F(r)]f*(2')(34) 

          1 + 1212F(r)± 2248*(0 ; Z-)1 MTSFi -1+ 22e*(0 ; r)+212[r vF(t)dt] 
MTSF2=0 .(35)                           212+22E1— f*(A)1 

Especially when F(t) = 1—exp (—pt), we have(" 

   MTSF =11—e-t'in[r+ 222212-1t221                              122CAF-11-F1t) 

                           1  

        [12 
                               22+2+12 _pr1  

                )ft 222-4-2 12(21-Fit)-le(36) 

         (22+ Ai+ it) + [222± 212(21+p)](l— e-IIMTSF7-1±1  
MTSP2i =(37)                            2221+2

12(21-Hte) 

   The improvement factor In =2 MTSF2 (the ratio of the MTSF for this system to 

one unit system without repair) are show in Table 1 for the case 212= 0 and 2' =A.
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                      Table 1 The improvement factor  in 

                                                        m (---- Pr) 

P(= it/2)n 
      10_210'110 

           0 0.5150E 02 0.5150E 02 0.5151E 02 0.5160E 02 

           1 0.5201E 02 0.5635E 02 0.8375E 02 0.1026E 03 

           3 I 0.5201E 02 0.5686E 02 0.1170E 03 0.2046E 03 
 100 5 0.5201E 02 0.5686E 02 0.1303E 03 0.3066E 03 

          10 0.5201E 02 0.5686E 02 0.1383E 03 0.5616E 03 

          100 0.5201E 02 0.5686E 02 0.1391E 03 0.5141E 04 

          cc0.5201E 02 0.5686E 02 0.1391E 03 0.1124E 07

Appendix

DERIYATION OF (1**) 

   ed)(s) -= 0e-stqii(i)(t)dt, j�1 

        --=e-sTdTT rdxfr_ eA"Vi(x+y)qii6ii)(T-x-y)dy 
         0o 

         +Tre2"x fi(x)q2 (T - x)dx 

                             0 

       =S00dyxfi( x y)dx fx:re-sTqllgi)( T- x-y)d T 
          +f e.se fa-ix fi(x)dx e-sTqj (T-x)dT 

     ox-hr 

       =e-sYdyfi(x+y)dx f:_ye-"q.f6-1i)(u)du     00 

     +5c'e2-                    3-ixe-"x+u)ql (u)du 

                  o 

        -=j've-sYdy-23_ie-(s+2"xfi(x+y)dx[qM3(s)-$0r-ye-suqt(-3.1i)(u)du]     00 

        +f:e(s+23:)xfi(X)dX[fo(u)du-f0re-suql(u)du] 
        =re-sYdy(s+2")xfi(x+y)dx1A3(s)-31;[1-e-"7-Y)11s1 

    00 

          H-ft(s+2_i)q2-i(s) . 

(i) j =1 

     e-dy(s+2"fi(x+y)Pd=1)(s)slsl e-"7-1dx 
 00 

        = f3t(s; z)[e3-.1)(s) s1  1+ e-" for dy f o A3 ie-(s+2"fi( x +y) dx 
where
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   13t(s; = sY dy (s+4-z)x fi(x+y)dx 
    O0 

            S. re- sYdy2;_ie(sT4-i)(v Y)fi(v)dv 

                   0 

         = rdy[e-(s+4- i)v fi(v)dv —e-(s+4-i)v fi(v)dv] 
  O00 

         =(e4-jr—l)fP(s+A)—$ re (°±4-i)v fi(v)dvA3-iY dy 

                                             0 

         =(e4-i-1) ./P(s+2'3-i)—e4-i'fI(s+2;-i)-Ff:(s) 

     dy(s+4-i)xfi(x+y)dx 
  00 

          -rdy23 _ie(s+A")(vj)fi(v)dv 

                  0 

         = rA_ie(8±2")Y dy[f- e(s+2"v fi(v)dv—fY e (8±4-i)v fi(v)dv] 
 O00 

       = 

           —Sre(8+4-i)v fi(v)dvr24_ e(s+4-i)Ydy 

                     0 

          — 11": ft(s+ i)re(s+23-i)r — 11 —f:(s+2; _i)e(s+4-i)`-l-Fi(r) }-. 

Hence we have 

  eli)(s)= th(s; z-)[qn_i)(s) sl  

         •s(s -i--2)-{fP(s“ i)Ce(s+A3_i)'-11—f:(s+2-i)e(s+23-i)'+ Fier)} 
       ^ft(s±2)e1(s) 

       = j3i(s ; z-)q'ir3,)(s)± (s+ ALi)qV(s)+ 51,c(s ; z-) 

(ii) j>2 

   qt-t(s)= fove-sYdy (8+23-i)x fi(x+y)dx•ectl(s)+ft(s+2_i)ej(s) 
        pt(s 1-)03-)(s)+ ft(s+ (s) 

Similary we have the formulae (7)-(10) and (13). 

DERIVATIONS OF (2**) 
   Substituting (17) and (18) into (20) and arranging, we have 

  CA7)(s)Is+ 21+22+212 —21fP(s+AD1 

     = 22fP(s+ADQPA(s)-1-fP(s+Aat1+212iai[C1—f;(s)—e-"(1—Fi(r))1/s 
                               +L(s)(2n=j)(s)1}
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 Q1'(3)(s)Is+  2,4  -  22+212—  22f1(s-  2(s-+ A1)] 

      = 21fP(s+ADQ1K(7)(s)d-f1(s+ 2;){1+212. criE1—f;(s)—e-"(1—F;(7))i/ s 

                                                                                      

.7=1 

                                       +f;(s)QP(73'--))(s)1} 
From the above equations we have (21) and (22). 

DERIVATION OF (3**) 
   After simple calculation, we have the following inequalities 

   Xc(s ;(eA,-i'-1)[fP(s+ 23_i) —(s+ 
 _� 0 ,(38) 

the equality is truewhen 7 =0 

   1—f2(s+-g(s ; 7) 

       =1—e4-1` e (s+4-i)x fi(x)dx—f: (s) 

       > 1— e4-1' e-(3±23-i)I1— Fi(7)i—Fi(7) 

       �1—[1— Fi(7)1—Fi(7) 

 = 0 .(39) 

   1 —ft(s+ -g(s ; 7)D9'3K-i(s ; r)+ft-i(s+AD1 

     > 1—it(s+ ; 7)by (39) 

  > 0 . by (39)(40) 

   1— - ; r)i33i(s ; 7)—a3--if3L-i(s)Ef2(s-F t-i(s+ Pt(s ; 7)1 
       —aifl(s)Ift -i(s+20-kft(s-FA-i)Pt-i(s ; r)] 

     >1—ailfti(s+AD-H3ti(s; 7)CP2(s+Pt(s ; 7)1} 

          , 

       —a,Ift(s+23 _i)-FP1'(s ; 7)ift-i(s+ 2D+13t_i(s ; 7)11 

  > by (40) 

 .(41) 

   It is clear that 

   1--P2(s ; r)4(3)i(s ; 7) > 0 , at(s)--22fr(s+AD > 0 .(42) 

Also from (23) we have 

     At(s ; 7)1E1— A:(s ; r)i—BP(s ; 7)131(s ; 7) 

      =Cat(s)--22f:(s-FAD1-11s[1-13P(s ; 7)432 (s ; 7)1 

       +21[1-13t(s 7)132(s ; 7)—fP(s+AD—f:(s+ADg(s; v)] 

       +A2[1—(31(s ; T)j:(s ; 7)—f2(s- F AO— fP(s- FADPt(s ; r)] 

       +AID—13t(s ; 7)131(s ; 7)—a2f:1(s)Ef2(s+22)+ fr(s+ 2D13P(s ; r)1 

       —ce1f1(s)Ef2(s+A1)+f2(s+A2)Igt(s; TM}
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Therefore from (35)-(40) we have 

  [1— At(s ; 7)][1-112(S ; 7)]—M(s ; 7)B3'(s ; 7) > 0 .(43) 

DERIVATION OF (4**) 
   From the definition and(35)we have 

 fP(s+23_iP3_i(s ; 7)] 0 ,(44) 

  EAl2ai.fl(s)./1(s+2_i)d-a3i(s)PP(s ; r)] 0 ,(45) 

the equalities are true when 7 = 0. 
   Also we have 

   al*(s)--22.t2(s+ Ai) —fP(s+23-ai(s ; 7)1 

      >0(s)— 22f:(s+ 21)—[212+; r)] 

      = s+21[1 —f?(s+—5i2iSti(s ; 7)1+2211—fi(s+AD-34P -i(s ; r)] 

  > 0 ,by (40)(46) 

   aP(s)-22f2(s+AD-212aill (s)ft(s+ /1-i)-0-i(s)a*(s ; 7) 

        s[1-43P(S ; 1-)]+21[1—fP(s-F2)-48P(s ; 7)-i-Oi2131=i(s ; v)] 

           — f:(s+ AD— PP(s ; 7)±5i 1thl=i(s ; 7)] +212[1.—fP(s+2-0—PP(s ; r)] 

  > 0 .by (40)(47) 

From (44)-(47) we have 

  1>AP(s;7)�0, 1> Bt(s ; 7)_�0(48) 

   Since we have Al'(s ; r)± M(s ; 7) > 0, (7 #0), to prove I p*(s ; 7) I <1 and I c*(s ; r) I <1 
it suffices to show the following inequalities 

   1> AP(s ; z)M(s ; r)-13i*(s ; r)B:(s ; r) > A*(s ; r)+Ar(s ; 7)-1 .(49) 

The inequality on the right becomes 

   [1— AP(s ; 7)][1—AP (S 7)] —13t(S ; 7)15g(S ; 7) > 0 

which is true by (43). 
   On the other hand, the inequality on the left is clear from (48), (r 0). Hence 

we have I p*(s ; 7) I < 1 and a*(s ; 7)1 < 

DERIVATION OF (5"). 
   We obtain after considerable manipulation 

     AP(s ; 7)1[1— At(s ; 7)]— BP(s ; -z-)132(s ; r) 

      = 10(s)— 22f'2'(s+ 201-1{(s+ Ai+ 22+ 212)C1— ISP(S ; 7)131(S ; 7)1 

        — fI(sd ,1_,;)•Ek3.1(s ; r)d- Pti(s ; 7)1?.As ; r)1}(50) 
                    1=1
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 BP(s  ; r)Cti(s ; 7)-FCP (s ; r)[1-— Ati(s ; r)] 

      =EaP(s)--22Ms+201-102*(s; z")Eft(s+ 1SP (s ; 'Oft -Ks- k- AD] 

         e_i(s ; 7) • Us+ Ai+ 22+ 212)13P (s ; r)- F kt(s ; z-)ft(s+ 

       + (s ; 2-)Es+ Ai+ 22+ 212— f3i(s+ A)kt(s ; '01}(50) 

Hence we have 

   Qt(s)=Dt(s; = 02* (S ; 7)E f (S+ 131' (s ; 'Of t-i(S± 2i)1 

         ± ; r)[(s+ Ai+ 22+ An) • P"P(s ; '0+ kt(s ; 'Of (s+ 

         +6P(s ; 7)1(s+ Ai+ 22+ 212)— ft-i(s+ A)kP(s ; r)11 

         Ms-F-21+22+212)11 (s ; z-)132 (s ; 7)] 

                   2 

         — fl((s+2 _i)Ekti(s ; -0+ 13t_ i(s ; r)k .15(s ; .(52) 
                        3=1 

Noting that le(s ; 2-)=23,4-2,2ai fl.(s), and from (19) and (52) we have 

   Q2" (S) = Eci(s)--22Ms+AD11-{ [212a.i.f.ti(s)-FAil37(s; z-)]Qt_i)(s) 
                                             J=1 

        +;z-)+72*(s ; r)} 
                         =1 

       =10(s)-22./2 (s+A1)1-1-{(s+21+22+212)C1—Ptc(s; (s ; 
                                         — E fi(s+; 7)± 1:_;(s ;z-)4(s ;z-)]}-1 

                 J=1 

         

• 02*(s ; 7){raP(s)-22f(s+20111- 48P(S; "Z")43 (S ; z-)]}} 

        + El (S ; 7){CaP(s)--22fr(s+2D1[11(s; 7)133i(s ; 7)±11--i(s ; 7)11 (53) 
                       J=1. 

where 

      2 

   E 67(S ; r)Ck.T(s ; 7) i(s ; '0+ kt_i(s ; z-)] 

      ="-E1--PP(s ; 7)131' (S ; 7)1 1 123_;+212aif;(s)11(s+2_;) 
                                               1=1 

             23-{kt -i(s ; 7)—4(s ; 7)+Ek .'1(s ; r)133./(s ; 7)— kt--;(s ; 7)13.1(s ; r)11 
         J=1S 

       ±[11(S ; j(S ; '0+ j(S ; v)1 

                gr
s1 +Fti(s))11/(s+2_;)(54) 

Hence we have (5**) from (53) and (54). 

DERIVATION OF (6**) 

   After simple calculations we have 

   212+2211—f*(291=222'+212(2"--FP)(22+ 2(22+2„)(1±2/r)+P(1+212r)                                       i2)1*(0,7)—                       2' -,te
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 212F(r)f*(21)+(22+212)p(0; 0=  [2221+212(2H-p)][1—e-Pr]                                     A'+1 

  f*(20[1+ 21,Er — f:F(t)dt)]±(22+ 212)6*(0 ; 7) 

          =  PCP- Ai2(1— e- P7)1+(22+212)C-(1—er)1  
                        1(2'11) 

  (22+ 212)C1— ; 7)1—C22+212F (7)1f *(2') = EP212+ 2/ (22+ 212)1c                                                A'd 

  1+22s*(0 z-)+212P—S2F(t)dti=  te(22+ 2' + /1)412221+ 212(21+ e-Pr)  , (55) 
        0P(2 ± it) 

From (34), (35) and (55) we have (6**).
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