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   § 1. Introduction and Summary. 

   The method of stochastic approximation proposed by Robbins and Monro [8] is 

descriebed by the following situations. Suppose that a random variable Y(x) can be 
observed at x and the expected value of Y(x), denoted by E[Y(x)] (regression function), 

is unknown to us. Assuming that the equation E[Y(x)] = 0 has the unique root x=0, 

it is desired to estimate 0 on the basis of observed values { Y(x,i)} at the points 
x1, x2, ••• which are produced by the following recurrence relation 

                                        const. 
(1.1) 

                                     x„,= xn—anyn , 

where y„ is a random variable whose conditional distribution given (x1, x2, ••• , xi) 
coincides with the distribution of random variable Y(x„) and {an} is a sequence of 

positive numbers which converges to zero as n—“Do. 
   In this paper, we shall assume that the random variable Y(x) depends on time n, 

denoted by Yn(x), and we shall consider two problems. The first is to find the root 

of the equation E[Y,i(x)]= 0 for sufficient large n. Regarding this problem, V. Dupac 

[3] and T. V. Young and R. A. Westerberg [12] assumed that the equation E[Y„(x)] 
= 0 has the unique root . In this paper, however, we do not assume the equation has 

the unique root. 
   The second problem is as follows. Let M(x) be an unknown function. Suppose 

that in place of a random variable Y(x) satisfying E[Y(x)] = M(x), we can observe, 

at each time n, a random variable Yn(x) for which the equation E[Y,i(x)] =M(x) may 
not hold true. Under these situations, then, we shall try to find the root of the 

equation M(x)= 0, denoted by x=0, supposing that the root may not be unique. The 

second problem cannot be reduced to the first one, because in the second the equation 

E[Y,,(x)] = 0 may not have any root. 

   In this paper we shall treat the case when the observations are taken from the 

space of real numbers, and the case when from a Hilbert space. The problems of 

finding the solution of some kinds of functional equations can be reduced to our prob-

lem in the case when the observations are taken from a Hilbert space. For example,
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the density estimation problems ([7], [11]) and the learning problems for a pattern 

clasification ([9], [13], [14], [151) can be regarded as the application of the Robbins-
Monro stochastic approximation procedure in a Hilbert space. 

   This paper consists of six sections. In Section 2, we shall give some preliminaries 
and lemmas to be used throughout the paper. In Section 3, we shall treat the Robbins-

Monro (abbreviated as RM) procedure in the case when the observations are taken 

from one-dimensional Euclidian space R, and in Section 4, the case when the obser-

vations taken from a real separable Hilbert space H. In Section 5, we shall give some 

applications of Section 4.

   § 2. Preliminaries. 

   Throughout this paper R denotes the one-dimensional Euclidian space, IV the 
n-dimensional Euclidian space and H a real separable Hilbert space with an inner 

product (•, ) and a norm II -II. And Hn denotes the cartesian product of n spaces H. 
   Let SC be the a-field of subsets of H generated by the open sets. Let (Q, A, P) 

be a probability space. A random element X in H is a measurable mapping from 

(Q, <-4) into (H,sc). 
   If X, Y are random elements in H and h an element of H, then IIXII, (X, Y), (h, X) 

are real-valued random variables. Denoting the expectation operator by E, if E II XII < 0°, 

then EX is defined by the requirement E(h, X) = (h, EX) for all h in H. Similarly, 

let B be a sub-a-field of then the conditional expectation of X given B, denoted 

by E[XI g3], is defined by the requirement E[(h, X) I g]=-.(h,E[Xl..B]) a. s. for all h 

in H. The expectation operator and the coditional expectation operator defined above 

have the usual properties. 

   The following lemmas will be needed throughout this paper. 

   LEMMA 1 (Dvoretzky [5]). Let N be a positive integer and Tn, n = 1, 2, be 
measurable Transformations of Rn into R. Let {an}, {13J, {an} be sequences of non-

negative numbers and rn be a non-negative valued measurable function on Rn. Suppose 

that the following conditions are satisfied : 

(2.1)Tn(r„, •-• , rn) < max Ian, (1+13)1 rn I —rn(r„ ••• , rn)-I-on} 

for all (r1•• rn) E RI' and all n_� N, 

(2.2)lim an =0, E13„‹ +co , < +00 
                  n=1• n=1 

and 

(2.3)E rn(ri, -.• , rn)--= +00 
                                  n=1 

uniformly for all sequences {7'0 C R for which sup rn < co. And let X1 be any constant 

and { Un} be a sequence of random variables. Define, for each n 1, 

(2.4)Xn+i Tn(xi, •-• , X,i)+Un 

Then the conditions, E I XNI2 < +00,
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(2.5) EE11/7,12<+c--,--, 
                              n=, 

and 

(2.6)E[Uni Xi, ••• , X7,]=0 a. s. for all n> _N 

imply 

(2.7)limE1Xn12=0 
                             n-0. 

and 

(2.8)lirn Xn= 0 a. s. 

   The following lamma is a direct application of [10]. 
   LEMMA 2 (Venter [10]). Let N be a positive integer and for each n, Tn be a 

measurable Transformation of fin into H. Let {an}, {Po, fan} be sequences of non-
negative numbers and rn be a non-negative valued measurable function on Hn. Suppose 
that the following conditions are satisfied : 

(2.9)II Tn(hi, •-• , max {an, (1+13011hn112—rn(h1, , h.)±5.1 

for all (h1, ••• , hn) E Hn and all n _� N, 
                                                                                                                                                                      °.° 

(2.10)lim an = 0 , E < +09 , E On < +c° 
        n•0.n=n=i 

and 

(2.11) n(h1, hn)= +co 
                                  n=i 

uniformly for all sequences {hn} CH for which sup +00. Let X1 be an arbitrary 

element in H and {t/n} be a sequence of random elements in H. Define, for each n 1, 

(2.12)Xn+i — Tn(Xi, • X0+ Un • 

Then the conditions, ElIX A' < 00, 

(2.13)E Ell UnI12 < +09 
                                 n=1 

and 

(2.14)E[Unl X1i ••• , Xn]= 0 a. s. for all n 

imply 

(2.15)lim EllX„112= 0 

and 

(2.16)lim II Xnll = 0 a. s. 
                               n—.. 

   LEMMA 3. Let {Xn} be a sequence of random variables on a probability space 

(Q, (A, P). Let {cAn} be a sequence of a-fields, (..AnC (-An+1C,_,q, where Xi, is measurable 
with respect LAT, for each n 1. And let N be a positive integer and {an}, {vn} be two 

sequences of positive numbers which satisfy there exists a number 0 < A < 1 such that
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(2.17)(1—an+1)(vn/vn+02 5_ 1 for all  n�N 

and 

(2.18) ?4i-A < +00 . 
                                   n=i 

Suppose that the following conditions are satisfied 

(2.19) Xn a. s. for all n_� 1 

(2.20)E[X.+1 I Li7.1 (1—a,)Xn-I-M1 •Vn, a. s. for all n 1 

where M1 is a positive constant and { Vn} is a sequence of random variables. 

   (1) If the following conditions hold 

(2.21)EXN<00 

and 

(2.22)E Vn I -� vn for all n�N 

then there exists a constant C> 0 such that 

(2.23)EXn C- v! for all n�N. 

   (2) If the following conditions hold 

(2.24)XN � M2 a. s. where M2 is a positive constant 

and 

(2.25)I Vnl�vn a. s. for all n�N , 

then for any 0> 0 there exists a constant C(3) > 0 such that 

(2.26)PEX,,_C(5)141 for all n NJ> 1-6 . 

   PROOF. (2) is essentially same as the one proved in [14]. Then we shall prove (1). 
   Taking the expectation on the both sides of (2.20), from (2.22) we have 

(2.27)EX, (1—an+1)EX.+M1.for all n �N. 

Putting A.,,=(EX,i)v,TA, from (2.27) we have 

                                        \ (2.28)An+1.�(1—an+1)( v-niAn-FA:142+ifor all n 
Hence from (2.17) we have 

(2.29) An+Mi.14,--FAI for all n�N. 

Summing up the both sides of (2.29) from n=N to N+m-1, we obtain 

                                                     N-rm 

(2.30)AN+77,1 AN+Mi• E v'n-A�C for all m� 1 . 
                                                                         n=.v-ti 

where C=ON±Mi • E 
                               n=i 

   Hence, (1) is proved. 
   REMARK. Let an=n-1 and vn=n-(a+1) (a>0). Then the conditions (2.17) and (2.18) 

are satisfied by anyAfor which 0 << min {a(a+1)-1, (1+a)-11 and N�. 2(1+a)                                                          1-2(a+1)'
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    § 3. R-case. 

   In this section we shall treat the case when the observations are taken from R. 
And we assume, at the application of the Robbins-Monro (RM) stochastic approximation 

method, that an observed random variable at  XE R depends on time n, say Yn(x). 

In this case, let us consider the problem of finding the root of the equation E[Yn(x)] =0 

for sufficiently large n. 

   Let us give the following RM procedure. Let X1 be an arbitrary constant and 
let define X2, X,, ••• by the recurrence relation : 

(3.1)Xn+i= Xn—anY7, 

where {an} is a sequence of positive numbers and { Yn} a sequence of random variables. 

   Throughout this section, we assume the following assumption remains valid. 
   ASSUMPTION I. (i) { Yn(x)} is a sequence of random variables which depend on 

parameter x R and, for each n, the expected value of Yn(x) exists and is a meas-
urable function on R, denoted by 

(3.2)E[Yn(x)] = Mn(x). 

   (ii) In (3.1), Yn is a random variable whose conditional expectation given X1, X2, 
•• X n coincides with the conditional expectation Yn(Xn) given Xn and is independent 

of X1, X2, '•' Xn-1. So that 

(3.3)E[ Yn I Xi, X2, ••• , X,J= EE Yn(Xn) I Xn1= Mn(Xn) a. s. 

   (iii) The sequence {an} of positive numbers satisfys 

(3.4)lim an= 0 , 

(3.5)E an= +00 . 
                                                            n=1 

   EXAMPLE. Let us consider the case when Yn(x)=f(x, Zn) where f is a real valued 

measurable function on R2 and {Zn} a sequence of independent random variables. If 

Z1, Z2, "' are identically distributed, then E[Yn(x)] does not depend on n. The RM 

procedure in the usual sense is this case. If Z1, Z2, ••• are not identically distributed, 
then E[Yn(x)] depends on n. When Yn(x)=fn(x, Z.) where fn is a real valued meas-
urable function on R2 for each n, E[Yn(x)] also depends on n. 

   THEOREM 3.1. Let {On} be a sequence of the roots of the equations Mn(x)=0, 

n =1, 2, ---. Suppose that there exist three sequences of positive numbers frnI, {pn} and 

{An} satisfying 

   (i) (x—On)Mn(x)> 0 if lx—Onl> sn for all 1. 

   (ii) inf I Mn(x)I pn for all n 1. 
            En< x-tp<7, 1 

   (iii) I Mn(x)I An(1+ I x—On ) for all xE R and n > 1. 

   (iv) E dnE[(11,1n(X.)—Y n)2] < +00. 
                                                                                             00 

   ( v) lim sn= 0, (1r>0), lim anAn=0, E anpn= +00, 
                                                                         n = 1 

and
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   (vi)  E I < +cc or there exist a number 0 < o < 1 and an integer N such 
              n=i 

        10„-0.+11        that .�5 inf Mx) I and limIn—e71+11 = 0.           anen< Ix-en In— 
Then it hold that 

(3.6)lim El Xn—On 12=0 

and 

(3.7)lim I Xn,-07,1= 0 a. s. 

   REMARKS (i). In this theorem we do not assume the equation M„(x)--=0 has a 

unique root. V. Dupac [3] assumed that the equation has a unique root. T. T. 

Young and R. A. Westerberg [12] assumed that the root of the equation Mn(x)=0 is 

not only unique, but does not depend on n. 

   (ii) Let {an} be a given sequence of numbers. Consider the problem of finding 
the root of the eqnation E[ n(x)] = an, where { f7n(x)} is a sequence of random variables. 

Putting Yn(x)=kn(x)— an, then, the problem turns out to be same as the one stated 
at the beginning of this section. 

   (iii) In Theorem 3.1, we can omit the conditions (3.4) and (3.5). 
   PROOF. Without loss of generality we can assume that 

(3.8)0 < an� 1 and 0 < anAn 1 for all n 1 . 

Define the measurable transformation in Lemma 1 by 

(3.9)Tn(r)==r-F(0.--0.+1)—a.M.(r+07,) for n� 1 and r E R. 

And put 

(3.10)Un=an(Mn(X.)— Yn)for n 

From Assumption I and (iv), we have 

(3.11)E[UnI X„ ••• , Xn]= 0 a. s. for n 1 , 

(3.12)EEIUnI2<+00. 
                                      n=i 

From (3.1), (3.9) and (3.10) we have 

(3.13)Xn+i—On±i=Tn(Xn—On)+Un for n 1. 

Putting Zn = Xn—en we have 

(3.14)Zn+,=Tn(Zn)+Un for all n� 1. 

We shall show Tn satisfies the conditions in Lemma 1. Then (3.6) and (3.7) follow by 

Lemma 1. First, let us assume I r I en. Then, from (3.8), (iii) and (v) we have 

(3.15)I Tn(r) I Irl + I en—On+i I +anIM.(r+001 

                      = E n+ I On-0.+1 I +2anAn for all n 1. 

Second, let us assume 67,<Ir I < sn 1. Noting (3.9), rMn(r+On)> 0 and inf I Mn(r+On) 
                                                                              en<1,1<cv. 

> Pn, we can obtain the inequality
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(3.16) I T n(r)I max 1107,-- 97,+1 I - anAn, I r I — en—en+i I 1 for all n 1. 

Third, let us assume 17'1 � eV. By the arguments similar to (3.16) we have 

(3.17) I Tn(r)I C max {10.-07,11+anAn, I rl + len—en+11 —anl Mn(r+0011 

                                                        for all n 1. 

Suppose that E 10n-0n+11 <+00. From (3.15), (3.16) and (3.17), we have 
                  n= 

(3.18) I Tn(r)I5._max {En+ I On— On+i +2anA,,, I rj + 07,,-0.±1I —rn.(r)1 

where 

                       rii(r)= (WIT, if I r <e771 

                            =0 if Irl? --s;1• 

Let {r„} be a sequence of numbers which satisfies sup I rn I < 00. Then, from (v), there 

exists a positive integer No which satisfies sup I rid < E,72 for all m No. Hence, we 

have I r,n1 < 677,1 for all m� No. From (v), (3.18) and the above argument, it follows 

that E rn(r„)= +00. Thus, if the first condition of (vi) holds, then the conditions (2.1), 
       n=1 

(2.2) and (2.3) in Lemma 1 are satisfied. Suppose that the second condition of (vi) 
holds. From (3.15), (3.16), (3.17) and the second condition of (vi), we have 

(3.19) I T7,(r) I max {En+ I 0.--en+1 I ±2a.A., I r I —(1—a)r„(r)} for all n?-__ N 

where rn(r) is defined in (3.18). Hence, if the second condition of (vi) holds, then (2.1), 

(2.2) and (2.3) are also satisfied. Noting (a+b±c±d)2�4(a2+62+c2H-d2), from (3.1), 

(iii), (iv) and (v) we can easily show that 

(3.20)E I Xn-0n12 < co for all n� 1. 

   Thus all conditions in Lemma 1 are satisfied. This completes the proof. 

   The following corollary is concerning the case when On is the unique root of the 

equation Mn(x)= 0. 

   COROLLARY 3.1.1. Let {On} be the sequence of the roots of the equations Mn(x)= 0, 
n=1,2,•Suppose that the following conditions are satisfied: 

   (i) Mn.(x)(x—On)>=0 for all XE R and n 

   (ii) there exist two positive constants C1 and C2 such that 

           cilx—onl =-Imiz(x)i-�-c2ix—Onl for all n� 1 and XE R, 

  (iii) the condition (iv) in Theorem 3.1 is satisfied, 
                                          On—en-Fii     (i

v) E I On—en+i I < +00or lim=0. 
   n=1n oo an 

Then (3.6) and (3.7) hold true.                                  
10.-0,2+11     PROOF. First, we suppose lim= 0. Let {rcn} be a sequence of positive 

                                               an 

numbers such that lim 71-n= 0 and E anz„= +00, and let 0 < 5 < 1. 
                                                     n=i 

                           1I en—n+iI 
,    In Theorem 3.1, we put en= .c, max {a0Let us assume En<I X-01.
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Then, noting (i) and (ii), we have 

(3.21)M.(x)(x—en)Cis;',> 0 for all n 1 , 

and 

(3.22)I M n(x) I � Clen for all n 1. 

Hence, putting ,07,=Cisn and An=Ci, we have lirn ET,=0, Eanp„=±00 and inf 31111„(x)1 
                                    n_-_1lx–Onl<en 

         1OnOn-FiI    W ien �for all n�._ N1. Thus all conditions in Theorem 3.1 are satisfied. 

Next, we assume E I 07,--0.+11 < +co. Putting en =7„, it is easily seen that the con-
                            n=1 

ditions in Theorem 3.1 are also satisfied. 

   Thus the proof of the corollary is completed. 

   Next, we shall give some inequalities concerning the rates of convergences. 

   THEOREM 3.2. Let N be a positive integer and {en} be a sequence of the roots of 
the equations 111,i(x)= 0, 71 = 1, 2, Suppose that the conditions (i) and (ii) in Corollary 

3.1.1 are satisfied. Suppose that there exists a sequence of positive numbers {K,„} which 

satisfies 

(3.24)E[(111,i(Xn)-3702 X1, , X7,1 IC a. s. for all n� 1 . 

   (1) If there exists a number 0 < 2 < 1 such that 

(3.25)(1 —Cian)(vn/vn-1-02 1 for all n�N , 

and 

(3.26)E < co, 
                                            71 = 

              

100+112 where vn = max {na:,Kn}, then there exists a constant C> 0 such that 

(3.27)E I X7,-- 07,12 CO, for all n_� 1. 

   (2) If there exists a number 0 < 2 < 1 which makes (3.25) hold for all n� 1 and 

(3.26) hold, and if it is satisfied that 

(3.28)sup an<CilCii 

then for any 5> 0 there exists a constant C(0)> 0 such that 

(3.29) P[ IXn—eni2 C(0)v4 for all n�1] > 1-3. 

   PROOF. From (3.1), Assumption I, (i), (ii) in Corollary 3.1.1 and (3.24) we have 

(3.30) Er I Xn-Ei On+1 I 2 1 X1, X2, • • X711 

           � (1— 2Cian+ C2an) I Xn—enI2+ I en--0.+112+a,2, 

             +210,i—en+1 I I Xn—On I +2C2an I X„-0„1161,,-0,,±1 I a. s. for all 71 � 1. 

Noting 2ab�ka2-Fb2lk for any k> 0, we have
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       Cla (3.31) 210„--0.+111X.-07,1_kn 1 X. 0.12+  c
ian 1 vn Vn+112 

and 

(3.32) 2C,a7,1 Xn-07,1 1 en—Oni-i I �Cla 1X.-87,12±k107,-0.+112 for all n 1 , 

where k is any positive constant. First we shall prove (1). If we substitute k = 2 

in (3.31) and (3.32), then from (3.30) we get 

(3.33) Er I X„+i— 0.+11 21 Xi, , X.] 

           �(1 32 Clan+ 32 I X7, 07,12+0+ c2a. )10.— 0.+11 2+4 
                                               a. s. for all n 1 . 

Hence, from (3.4) and (3.33), there exist a positive integer No >_ N and a constant 
C, � 1 such that 

(3.34) Er I 21(7,+1— 0.+112 I X1, ••• (1— Cian)1 X.-0.12+C3v. 

                                                a. s. for all n _� No . 

And noting E 1 X7,-07,12 <00 for all 71� 1, we have (3.27) by Lemma 3. Next, we shall 
                k —1 prove (2). Since k+ 1. 1 as k—>00, from (3.28) we can take ko which satisfies 

(3.35)C1k°-11 >for all n > 1.                          ko +1' 

In (3.31) and (3.32), we put k= ko. Then we have that there exists a constant 6(ko) � 
such that 

(3.36) X„,-0.+1121 X1, , X.] 

            �{1—Cian— Clan( kko 1 )+ C224, (14-kk° )} I X7,-07,1 2+6(ko)vn, a. s. 
                                                  for all n 1 . 

From (3.35) we have —C1(k0-1)+C2(k0+1)a„ 0 for all n 1. Hence, we have 

(3.37) Xrt+i— 0.+1121 Xi, •-• , X,i1 (1 —Clan) I X.-- 0.12+6(ko)v. 

                                                a. s. for all n 1. 

Noting that X1 is a constant, we can prove (2) by Lemma 3. Thus the proof of the 
theorem is completed. 

   EXAMPLES. Let C1=C2=1, I O.— 0.+11=1C(n+1) 2 and IC7, const. And let us 

put an= (n+1)-1. From the remark in § 2, if 0 < a < 1, then putting 0 < 2 < a we 

have E I X7,-07, 12 � C-n-2(a+1) for all n 1,and putting 0 < 2 < min {l                                                     1' 2(a- 1) 
we have PC I X7,— 0„I 2 � C(0)n-A(a+1) for all n� 1] > 1-5. And if a� 1, then putting 

11       �
4 0 < 2 <2we have EX.-07,12C• n-22for all n1,andputting0 < 2 <we have 

PC1 X.--0,212 �-C(5)n' for all n� > 1-5.



82M. WATANABE

   Let M(x) be a real valued measurable (unknown) function on R, and let us consider 

the problem of finding the root of the equation  M(x)  =  0. If a random variable Y(x) 

satisfying EL 17(x)] = M(x) is available to us at all x, then our problem becomes the 

usual RM method. We shall consider the case when Y(x) in the above sense is not 

given to us, but as the observation to M(x) a time-dependent random variable Y n(x) 
is given to us at each time n. In this case we assume neither that E[Y.(x)] coincides 

with M(x), nor that the equation E[Y„(x)]--,- 0 has a root. Nevertheless, we shall use 
the recurrence relation (3.1) also in the subsequent arguments. 

   THEOREM 3.3. Let 0 be a root of the equation M(x)=-0. Suppose that there exist 

three sequences of positive numbers {en}, {on}, {An} satisfying 

   (i) (x---19)Mn,(x)> 0 if I x—el > en for all n 1, 

   (ii) inf 1M.(x) pn for all n 1, 
            ,< lx-01 1 

   (iii) I Mn(x)1 An(1+ I x-0 I) for all X E R and n 1, 

   (vi) E a;'7, E Yn i 2< co, 
              n=1 

   (V) lim en=0 (0 < en �1), lim 0, E anp.= +00. 
                                                                    n=1 

Then it holds that 

(3.38)limE1X7,-012=0 

and 

(3.39)lim 1X.-012=0 a. s. 

   REMARK. In this theorem 0 is the root of the equation M(x) = 0, but may not be 
unique. Moreover, the equation Mn(x)=0 may not have any root. 

   PROOF. Let us put 

(3.40)T n(x)= x-0 — anMn(x) 

and 

(3.41)U. an(Mii(x)— Yn) 

Then we can prove (3.38) and (3.39) by the arguments similar to those in Theorem 3.1. 

   When the equation Mn(x)== 0 has a unique root, we obtain the following corollary. 

   COROLLARY 3.3.1. Let 0 be a root of the equation M(x), 0 and {0.} be the sequence 
of the roots of Mn(x)= 0, n = 1, 2, --. Suppose that the conditions (i), (ii) and (iii) in 

Corollary 3.1.1 are satisfied, and that 

(3.42)lim en = 0 . 

Then (3.6), (3.7), (3.38) and (3.39) hold true. 

   PROOF. Putting An= max {C,, C21 On-01} and 

(3.43)en=(1+C ) I0—e711 -Frn where {r.} is defined 
                  in the proof of Corollary 3.1.1 for n 1 , 

and noting I x-0I 1 0-0n I -I- I x--07, , then we have 1x-0.1> cC2 10 0.1 -Fin for
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 x-0  I > en. Hence, we have 

(3.44)(x-0)111,(x) 0 for I x-0 I > en 

and 

(3.45)inf I Mn(x)1> C17. for all n� 1 . 
                               En<ix-BI<7,1 

The conditions in Theorem 3.3 follow from (3.41) and the inequality I Ain( x) I �- 

C21 x-01 +C210-0.1. (3.6) and (3.7) follow from the inequality I Xn—B.1 � I Xn-0 I 

+10—enl. 

   Next, we give the inequalities concerning the rate of convergence that are similar 

to those in Theorem 3.2. 
   THEOREM 3.4. Let N be a positive integer and 0 be the root of the equation 

M(x)--= O. And let {On} be a sequence of the roots of the equations Mn(x)= 0, n=1, 2, •••. 

Suppase that the conditions (i) and (ii) in Corollary 3.1.1 are satisfied. Suppose that 
there exists a sequence of positive numbers {Kn} which satisfy (3.24) for all n �- 1. 

   (1) If there exists a number 0<2<1 which satisfies (3.25) for all n �N and (3.26) 
with vn=max{anien-012, cei KO, then there exists a constant C>0 such that 

(3.46)EIX,,--012�Cv;li for all n�1 

   (2) If there exists a number 0<2<1 which satisfies (3.25) for all n _� 1 and (3.26) 
with vn= max Ian I On-012, 4,Knl and if (3.28) is satisfied, then for any 3 >0 there exists 

a constant C(S)>0 such that 

(3.47)KIX.— 012 C(5)141, for all n.� 1] > 1—a. 

   PROOF. From (3.1), Assumption I, (i) and (ii) in Corollary 3.1.1 and (3.24) we have 

(3.48) En Xii+1-012 I xi, , X.] 

             � I X.- - 12+a72, Knd--Qa,i I Xn— en 12 

              +2C2a, I Xn--0,211617,-0 I —2Cian I Xn-0n 12 a. s. for all n 1. 

Noting Xn—On-= Xn-04-0—On and C2 � C1, we have 

(3.49) CW,IX.--OnI2�  kk 1 C2a7, 1 X.-012-1-(k+1)Qa10.-012 
and 

(3.50) 2C2an I X.-0. I len-0 —2Cianl Xn-0.12 

                   X7,-0I10-0.1±2C2an I 0-0n 1 2— 2CianIXn-012 

               anCi  
              kIX. 012+ 9C2a                                     n I On-01 2+2C2an 0-07112-2Cian Xn-012 

where k is a positive number. Therefore, from (3.49) and (3.50), we have 

(3.51) ED Xn+1---0121X1, ••• , Xn1 

          �[1—anCi—{Cian(1  k±1  C,a2H1 X.-012 

                             k 

                       +0(k)(a.10 .— 01 ± an Kn) a. s. for all n 1 .
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where  6(k) is some positive constant which depends on k>0. 
   First we shall show (1). Substituting k= 2 in (3.51), by the same arguments as 

in Theorem 3.2 we obtain (1). 

   Let ko be a positive number satisfyingk/e 0o+1 Cl/CZ > an for all n _� 1. By virtue 
of (2.28) such a number ko exists. Hence, from (3.51), we have 

(3.52) Er I Xn+i-012 I Xi, ••• , X.1 

            (1—anC1)IXn--012+C(ko)(an I On-01 +an Kn) a. s. for all n 1 , 

where 6(ko) is a positive constant. Thus, (2) follows from Lemma 3.

   § 4. H-case. 

   In this section we shall try to generalize the observation space to a Hilbert space. 

Instead of R in § 3, we shall treat the case when observations will be taken from a 

separable Hilbert space, denoted by H. 
   Let us consider the problem of finding the root of the equation E[Yn(x)]= 0 for 

sufficiently large n, where Yn(x) is an observed random element in H at x E H and 

at time n and 0 the null element in H. 

   Let define the RM procedure in H as follows. Let X1 be arbitrary fixed element 

in H and define X,, X3, in accordance with the recurrence relation : 

(4.1)Xn+i= Xn—anYn 

where { Yn} is a sequence of random elements and {an} a sequence of positive numbers. 

   ASSUMPTION II. (i) {Yn(x)} is a sequence of random elements in H depending on a 

parameter .XE H. For each n, the expectation of Yn(x) exists and is SC-measurable 
transformation of H into itself, denoted by 

(4.2)E[ Yn(x)] Mn(x) 

where the expectation operator E is defined § 2. 

   (ii) In (4.1), Yn is a random element in H whose conditional expectation given 
X1, X2, •-• , Xn exists and coincides with the conditional expectation of Yn(Xn) given 

Xn and is independent of X1, X2, ••• , Xn-1, where the conditional expectation of Yn is 

defined in § 2. That is, 

(4.3)E[ Yn I Xi, • , Xn]= EL 377,(Xn) I X.1= Mn(Xn) a. s.. 

   (iii) The positive sequence {an} satisfies 

(4.4)E an = +°° 
                                                     n=1 

(4.5)E an < +co . 
                                                     n=1 

   Throughout this section we assume that Assumption II is always satisfied. 

   Corresponding to Theorem 3.1, we give the following theorem. 

   THEOREM 4.1. Let {On} be a sequence of the roots of the equations Mn(x)=0, 

n=1, 2, Suppose that there exist three sequences of positive numbers {rn}, { pn} and
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 {AO satisfying 

   ( i) (x-0., Mn(x))> 0 if Ilx-0.112> En for 1, 

   (ii)inf I (x—en, Mn(X)) I p, for n�1, 
             en<11x-07,1:2,(„771 

   (iii) Mn(X)II2 An(1+IIX—Onr) for all X H and n� 1, 
                     co 

   (iv) E a72,E11/WX.)—Yn112 < 009 
               n=1 

        E anpn= C<D, E an An < co, lim sn= 0 (0 < sn� 1), 
    n=1n=1 

   (vi) E a772110.-0.112 < °°. 
               n=1 

Then it holds that 

(4.6)lim Xn—On112= 0 , 

and 

(4.7)lim II Xn—Onll= 0 a. s. 
                                                              n—,00 

   REMARK. (i) 07, may not be the unique root of the equation Mn(x) =0. 

   (ii) Let {an} be a given sequence of elements in H. And we consider the problem 
of finding the root of the equation Elfgx) = an, where { Y gx)} is a sequence of observed 
random elements in H. Putting Yn(x)=Ygx)—an, the problem can be reduced to the 

case when an -= O. 

   PROOF. Without loss of generality we can assume that 

(4.8)0<aniln�1 , < an 1 for all n 1 . 

Define the measurable transformation T„ by 

(4.9)T7,(h)=h+8,,,--0„,i—a„M(h+0.) for h H . 

And we put 

(4.10)Un=an(M(Xn)—Yn) • 

From (4.1), (4.9) and (4.10) we have 

(4.11)Xn+1—en+1=Tn(X,,-07,)+Un for all n� 1 . 

Putting Z„= X„-0„, we have 

(4.12)Zn+, = Tn(Zn)+U„ for all n 1 . 

And from (iv) and Assumption II we have 

(4.13)E Eli UnII2 < CO 
                             n=1 

and 

(4.14)EE Un I Z1, Z2, •-• , Zni-= 0 a. s. for all n 1 . 

We show that TTh satisfies all conditions in Lemma 2, then (4.6) and (4.7) follow from 

Lemma 2. From (4.9) we have
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(4.15)  ilTn(h)112-111/112+110.-0.+1112+411M,i(h+0.112+211h11110.-0.+111 

                +2a,110,,-0.+11111/11.(h+0011-2an(h, M(h+On)) for all n 1 . 
Noting 

             211h11.1107,--en+111- cd, + 2 II°n—en+1112 

and 

            2a7,110,,,—On+11111M.(h+0.)11_110.—en+1112+a?,11M.(h+0.)112 

from (iii) we have 

(4.16) (1+a;', +24 A.)11 h112 

                +2a;,2,47,+(2+ )1107,--en+1112-2an(h, M(h+On)) 
                                    for all h E H and n 1 . 

Suppose en<V2112<s771. From (ii) and (4.16) we have 

                                       2) (
4.17)1lTn(h)112-.5(1+4An.)11h112+24(1+An+c2anenen+1112-2a.Pn 

                                                 for all n 1 . 

Suppose sn,_11h112. Noting 2a7,1 (h, Mn(h+00)1�- an,{11h112+An,(1±11h112)}, we have 

(4.18) IlTn(h)112� (1±an-FanAn+a72, 2a,F, An)En+2a72, A+  (1±(24)  1107,--On+1112 

                                                 for all n 1 . 
Next, suppose that En --IIh112, then we have 

(4.19) 1lTn(h)1125= (1+4 +24 An)11h112±2a72, An+ (1±2a2 )                                                   Ile.— 0.+1112 

                                                  for all n 1 . 

Hence, from (4.17), (4.18), (4.19) and (4.8), we have 

(4.20)IlTii(h)112_ max 16sn-F2a7i An+1-116, 7,— - n+1112 (1+4 +2a7i A.)111/112 
                               —rn(h)+24 An+ a3,2 Ilen—On+1112} 

where 

(4.21)rn(h)= —2a7ip. if 11 hI12 < 

                       =0if Iihr?—__EV • 

It is easily seen that the same arguments as in Theorem 3.1 yield that T7, satisfies all 

conditions in Lemma 2. Thus the proof of the theorem is completed. 

   The following corollary is about the case when On is the unique root of the equa-

tion Mn(x)= O. 

   COROLLARY 4.1.1. Suppose that the following conditions are satisfied: 

   ( ) (M,i(x), x—en)�-0 for all xE H and n 1, 

   (ii) there exist two positive constants C1 and C2 such that 

                           (111.(x), , 

                 M n(x)II C 211 x .11 for all xE H and n>1 ,
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   (iii)  a  nEll  M  n(  X  n)  —  .112 < 0°, 
              n=1 

and 

 (iv) E12110.--en,112 <00. 
            n=i (, 

Then (4.6) and (4.7) hold true. 

   PROOF. In Theorem 4.1, we put en ---- 70 where {rrn} was defined in the proof of 

Corollary 3.1.1, and An= C2. If Ilx-07,112> En, then it holds that 

                    (Mn(x), x-6).)>=Cillx—On112> C1En> 0 . 

By virtue of (4.4) and (4.5), (4.6) and (4.7) follow from Theorem 4.1. 

   Next, we shall give the inequalities concerning the rates of convergences in H. 

   THEOREM 4.2. Let N be a positive integer and {On} a sequence of the roots of the 
equations Mn(x)=0, n� 1, 2, •••. Suppose that the conditions (i) and (ii) in Corollary 

4.1.1 are satisfied. Suppose that there exists a sequence of positive numbers {KO such 
that 

(4.22)ECIIM7,(Xn)— Yn II' I X, Xni� Kn a. s. for all n 1. 

   (1) If there exists a number 0<2<1 satisfying (3.25) for all n N and (3.26) for 

        

II envn= max {,IC,4then there exists a constant C>0 such that 
                  an 

(4.23)E Xn —0,,112 Cv;', for all n 1. 

   (2) If there exists a number 0<2<1 satisfying (3.25) for all n >.1. and (3.26) 

withvn= max { II°n—5,caKn}, and if (3.28) is satisfied, then for any 3> 0 there 
                        an 

exists a constant C(3)>0 such that 

(4.24)13[11Xn—en112 C(0)vii for all n 1]>1-5. 

   PROOF. From (4.1) and Assumption II we have 

(4.25) ELI Xn+i—en+ill I Xi, Xn] 

            = II Xn—en 112+ II en—en,112+ ECIIM.(Xn)— Y.1121 Xi, ••• , X.] 

              +411Mn(X.) 11 2-2an(Xn—On, Mn(Xn))+2(Xn—On, On—en+1) 

                ±2an(Mn(Xn), On—On+i) a. s. for all n� 1 . 

Hence, by the same arguments as in Theorem 3.2 we get (1) and (2) in the theorem. 

   Let M(x) be a (unknown) measurable transformation of H into itself. As we did 

in § 3, we consider the problem of finding the root of the equation M(x) = 0 which is 
independent of the time n. 

   Let us assume that in place of a random element Y(x) in H satisfying E[Y(x)] 
= M(x), as the observation to M(x) a time-dependent random element Y n(x) which 

satisfies Assumption II is given to us at each time n. In this case we assume neither 

that E[Yn(x)] (say Mn(x) coincides with M(x), nor that the equation Mn(x) = 0 has a 

root. Under these situations, however, we shall follow the procedure (4.1). 

   THEOREM 4.3. Let 0 be the root of the equation M(x)=0. Suppose that there exist 
three sequences {En}, { on}, {An} satisfying
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 ( i) (x-0, Mn(x))> 0 if Ilx-0112> sn for all n 1, 

   (ii) inf (x-0, Mn(x))� pm for all n 1, 
            e<11x-0112<en 1 

   (iii) IlMn,(x)112-A.(1+11x--01I2) for all X H and 1, 

   (iv) E E Mn(Xn)— Yn1I2 < co 
              n=1 

and 

   (v) limEn=0 (0<sn--__1), E anion= co, E < 00. 
   n—•0en=17Z=1 

Then it holds that 

(4.26)limEllXn-0112=0 

and 

(4.27)limI1Xn-011=-0 a. s. 

   PROOF. Let us put Tn(h)= h— 0— anMn(h) and U n----=an(M.(X 0-17 n). Then the 

proof follows the line similar to the one of Theorem 4.1, and so is omitted. 
   In the case when the equation Mn(x)= 0 has the unique root, we obtain the follow-

ing corollary. 
   COROLLARY 4.3.1. Let 0 be the root of the equation M(x)=0 and {On} the sequence 

of the roots of the equations Mn(x)=0, n=1,2, •••. Suppose that the conditions (i), (ii) 

and (iii) in Corollary 4.1.1 are satisfied and that 

(4.28)urn 11On-0112=0. 

Then (4.6), (4.7), (4.26) and (4.27) hold. 

                   2C    PROOF. Putting en= (2+ci2)110.-0112+1i, where {n-n} was defined in the proof 
of Corollary 3.1.1, and An max {2C2110n-0112, 2C2}, we get (4.30) and (4.31) by Theorem 

4.1. And noting 11Xn-071125211Xn-0112+2110.-0112, we get (4.6) and (4.7). 

   We also obtain the inequalities concerning the rates of convergences. 

   THEOREM 4.4. Let N be a positive integer and {Bn} a sequence of the roots of the 
equations Mn(x)-=0, n=1,2, Let 0 be the root of the equation Mn(x)=0. Suppose 

that the conditions (i) and (ii) in Corollary 4.1.1 are satisfied. Suppose that there exists 

a sequence of positive numbers {Kn} which satisfie (4.22) for all n 1. 

   (1) If there exists a number 0<2<1 which satisfies (3.25) for all n_�N and (3.26) 
with vn=maxIa.110.-0112, an KO, then there exists a constant C>0 such that 

(4.29)EllXn-0112�Cv;1 for all n� 1 . 

   (2) If there exists a number 0<2<1 which satisfies (3.25) for all n�1 and (3.26) 
with vn=maxlan110.-0112, a72,KnI and if (3.28) is satisfied, then for any o > 0 there 

exists a constant C(3) > 0 such that 

(4.30)PCIIXn-0112�-C(0)v;1, for all n 1]> 1-3 . 

   PROOF. From (4.1) and Assumption II we have
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(4.31)  EDI  Xn+i-0112  I  Xi, ••• , X72] 

          =11X.-0112-2a.(X.--0 , M.(X.)) 

           +a,illMn(X.)112+4 EC Mn(X.)— Y.I12 I Xi, Xn] a. s. for all n 1. 

Hence, by the same arguments as in Theorem 3.4 we get (1) and (2).

   § 5. Applications. 

   In this section we shall give some applications of the results which we have ob-
tained in § 4. 

   (1) Let M(x) be a real valued measurable function on H, which is unknown to 
us. Then we consider the problem of finding the root of the equation 111(x)= 0. Let 
{ kn(x)} be a sequence of random variable with parameter XE H. We put 

(5.1)E Zi(x) = n(x) for n 1 and x E H. 

In this problem, we follow the procedure : 

                 X1 is an arbitrary fixed element in H , 
(5.2)                         X

n—ani'ne for n 1 

where e is an element in H which satisfies !jell = 1 and {an} is a sequence of positive 
numbers which satisfy (4.4) and (4.5). Putting Yr,(x)=-2-7,(x)e and Yn= kne, this 

problem is same as the problem which we gave in § 4. 
   (2) Density estimation problem ([7], [11]). Consider a sequence Z1, Z2, ••• of 

independent identically distributed random variables having a unknown probability 
density function f w. r. p. the Lebesgne measure on R. Let us assume fG L2(R) where 
L2(R) denote the space of all Lebesgue square-integrable functions defined on R. Let 
K be a non-negative valued measurable function on R such that 

(5.3)sup K(y) < oo 

(5.4)f K(y)dy =1 , 
(5.5)lim I y I K(y)=0 . 

                                  v-- 

From (5.3) and (5.4), we have K E L2(R). Let us put 

(5.6)Kfl(y, z)=4K(Y h: , 
where {kJ is a sequence of positive numbers such that hi, 1 0, and put 

(5.7).iii(x)=E11C(x, Z.+01. 

Then we have IC( z)E 12(R) for each zE R and fThE L2(R). 
   In order to estimate f, we shall give the following recurresive procedure : 

         fo = 0 , 
(5.8) 

          .f.-1-1(Y)=1.7,(Y)—anff.(31)-1C(31, Zn+i)} for n 1 and y E R ,
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where  {an} is a sequence satisfying (4.4) and (4.5). In § 4, we put H= L2(R), Xn= fn, 
Y.= fn— Kn(- , Zn+i), Yn( f ) = f— IC(' , Z.1-0, 0=f and On=fn, then we have 

(5.9)E[Y„( f )]=f—in for any f E P(R) , 

(5.10)E[Y„ I Xi, •-• , Xn]=-E[f7,— Kn(• , Zn+i) 1 fi, — , fn] 
                                    —fn—f,,, a. s. 

By (5.3), (5.4) and (5.5) it holds that lim Lt. —./11= 0. Hence, from Theorem 4.2, we 

have lim II fn—iii= 0 a. s. and lim Ell fn—fir= O. 

   Thus, the above problem is regarded as the RM stochastic approximation in the 

sense of § 4. 

   REMARK. The above problem is also considered as the RM in R. In this case, 

if f is a continuous function on R, then we can show that lim E If.(Y)—Ry) I = 0 for 
                                                                                    n— 

ail y and that lim If.(31)—f(Y)1= 0 a. s. for all y ([7]). 
          .— 

   (3) The learning problem for pattern classification ([9], [13], [14], [15]). Let us 
consider the problem of estimating a unknown discriminent function n(y)-=qAfB(y) 
--4BfB(Y), where (qA, qB) is a priori distribution on {A, B}, and fA and fB are the 
probability density functions on R under the categories A and B respectively ([13], 
[14]). Let {(zn, en)} be a training sequence which is independently and identically 
distributed. We construct the learning algorithm in the manner similar to (5.8) : 

          D0=.-0, 
(5.11) 
        Dn-Fi(Y)= EVY)—am-1lDn+i(Y)—P(en+i)Kn(3), Zn+1)} for each y E R , 

where 

                      P(On) = 1 if en= A 
                              = —1 if en = B . 

Let us put H=L2(R), Xn=Dn, Yn=Dn—P(en+i)Kn(• , Zn+1), Yn(D)=D—P(en+i)Kn(• , Z.+1) 

for all DEL2(R), 0=D and en=b7, where nn(Y)=ELP(en+i)K.(Y, Zn+i)] for y E R. Then 
we also have 

(5.12)E[ Yn(D)] = D—Dn for each D E L2(R) and n�-__ 1, 

(5.13)E[ Yn I Xi, ... , Xn]=E[Dn—P(en+01C(• , Zn+i) I Di, — , Dn] 

                           =Dn—bn a. s. for n � 1 . 

Thus, this problem also can be considered as the RM stochastic approximation method 

in H. And if II Ai— b112—,0 as n-00, then the convergences follows from the theorem 
in § 4.
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