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§1. Introduction and Summary.

The method of stochastic approximation proposed by Robbins and Monro [8] is
descriebed by the following situations. Suppose that a random variable Y(x) can be
observed at x and the expected value of Y(x), denoted by E[Y(x)] (regression function),
is unknown to us. Assuming that the equation E[Y(x)]=0 has the unique root x=6,
it is desired to estimate # on the basis of observed values {Y(x,)} at the points
X3, Xg, -+ which are produced by the following recurrence relation

X; = const.
(1.1)
Xn+1= Xn—0pYn,
where v, is a random variable whose conditional distribution given (x, X5 -, X5)

coincides with the distribution of random variable Y(x,) and {a,} is a sequence of
positive numbers which converges to zero as n— oo,

In this paper, we shall assume that the random variable Y(x) depends on time =,
denoted by Y,(x), and we shall consider two problems. The first is to find the root
of the equation E[Y,(x)]=0 for sufficient large n. Regarding this problem, V. Dupac
[3] and T.V. Young and R. A. Westerberg [12] assumed that the equation E[Y,(x)]
=0 has the unique root. In this paper, however, we do not assume the equation has
the unique root.

The second problem is as follows. Let M(x) be an unknown function. Suppose
that in place of a random variable Y(x) satisfying E[Y(x)]=M(x), we can observe,
at each time n, a random variable Y,(x) for which the equation E[ Y (x)]= M(x) may
not hold true. Under these situations, then, we shall try to find the root of the
equation M(x)=0, denoted by x=46, supposing that the root may not be unique. The
second problem cannot be reduced to the first one, because in the second the eguation
E[Y.(x)]=0 may not have any root.

In this paper we shall treat the case when the observations are taken from the
space of real numbers, and the case when from a Hilbert space. The problems of
finding the solution of some kinds of functional equations can be reduced to our prob-
lem in the case when the observations are taken from a Hilbert space. For example,
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74 M. WATANABE

the density estimation problems ([7], [11]) and the learning problems for a pattern
clasification ([9], [13], [14], [15]) can be regarded as the application of the Robbins-
Monro stochastic approximation procedure in a Hilbert space.

This paper consists of six sections. In Section 2, we shall give some preliminaries
and lemmas to be used throughout the paper. In Section 3, we shall treat the Robbins-
Monro (abbreviated as RM) procedure in the case when the observations are taken
from one-dimensional Euclidian space R, and in Section 4, the case when the obser-
vations taken from a real separable Hilbert space H. In Section 5, we shall give some
applications of Section 4.

§2. Preliminaries.

Throughout this paper R denotes the one-dimensional Euclidian space, R™ the
n-dimensional Euclidian space and H a real separable Hilbert space with an inner
product (-,-) and a norm |-|. And H" denotes the cartesian product of n spaces H.

Let 4 be the o-field of subsets of H generated by the open sets. Let (£, A, P)
be a probability space. A random element X in H is a measurable mapping from
(2, A) into (H, I).

If X,Y are random elements in H and % an element of H, then | X|, (X,Y), (h, X)
are real-valued random variables. Denoting the expectation operator by E, if E||X|| < oo,
then EX is defined by the requirement E(k, X)=(h,EX) for all & in H. Similarly,
let B be a sub-o-field of <A, then the conditional expectation of X given 8, denoted
by E[X|4#], is defined by the requirement E[(h, X)|8]=(h, E[X|8]) a.s. for all h
in H. The expectation operator and the coditional expectation operator defined above
have the usual properties.

The following lemmas will be needed throughout this paper.

LEMMA 1 (Dvoretzky [5]). Let N be a positive integer and T,, n=1,2,---, be
measurable Transformations of R™ into R. Let {a,}, {B.}, {6,} be sequences of non-
negative numbers and 7, be a non-negative valued measurable function on R". Suppose
that the following conditions are satisfied:

(21) Tn(rl, Tty rn)é max {any (1+ﬁ)lrn l _Tn(rlv Tty rn)+5n}

for all (ry--7,)E R™ and all n= N,

(2.2) lima,=0, Np.<+oo, 36,<+c0
n—oo n=1 .on=1

and

(23) n§1 Tn(rly Tty rn): +OO

uniformly for all sequences {r,} C R for which supr, <<oo. And let X, be any constani

and {U,} be a sequence of random variables. Define, for each n=1,
(2-4) Xn+1:Tn(xly Tty Xn)+Un .
Then the conditions, E| Xy|?< o0,
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(25) SE| U < 400

and i

(2.6) E[U.| Xy -+, X, 1=0 a.s. for all n=N
imply

2.7 L@gEanlzzo

and

(2.8) lim X,=0 a. s.

N0

The following lamma is a direct application of [10].

LEMMA 2 (Venter [100). Let N be a positive integer and for each n, T, be a
measurable Transformation of H™ into H. Let {a,}, {B.}, {9,} be sequences of non-
negative numbers and 7, be a non-negative valued measurable function on H", Suppose
that the following conditions are satisfied:

(2.9) I Ta(hy, -+, B < max {@n, A+B)Aall>—7a(hy, <+, Ba)+0n}
for all (hy, - ,h,)= H" and all n=N,

(2.10) lim a,=0, S Bu <+, 515,,<+oo
n—o0 n=1 n=

and

211) Zralhs, o ha)=+o0

uniformly for all sequences {h,} CH for which sup ||h,||< +co. Let X, be an arbiirary

element in H and {U,)} be a sequence of random elements in H. Define, for each nz1,
(212) Xn+1:Tn<X1v Tty Xn)’T_Un .
Then the conditions, E| Xy|* < oo,

(2.13) Y EU,* < +oo

and w

(2.14) E[U.I X,, -+, X,1=0 a. s. for all n= N
imply

(2.15) lirg E|X.I*=0

and -

(2.16) 111152 [ X.=0 a.s.

LEMMA 3. Let {X,} be a sequence of random variables on a probability space
(2, A, P). Let {A,} bea sequence of o-fields, A, C Ay, C A, where X, is measurable
with respect A, for each n=1. And let N be a positive integer and {a,}, {v,} be two
sequences of positive numbers which satisfy there exists a number 0 <2<1 such that
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(2.17) (1—=ap )@Wa/Vps)* <1 for all nzN

and

(2.18) St < oo

Suppose that the following conditions are satisfied

(2.19) 00X, a. s. for all n=1

(2.20) E[Xpil A=A —ape) X +M - Vg a. s. for all n=1

where M, is a positive constant and {V,} is a sequence of random variables.
(1) If the following conditions hold

(2.21) EXy<oo
and
(2.22) ElV,. =0, for all n=N

then there exists a constant C>0 such that
(2.23) EX,<C-vd for all n=N.
(2) If the following conditions hold

(2.24) Xy=EM, a. s. where M, is a positive constant
and

(2.25) [ ValZv, a. s. for all n= N,

then for any 0>0 there exists a constant C(8) >0 such that

(2.26) P[X,<C(0)v} for all n=ZN]>1—4.

PROOF. (2) is essentially same as the one proved in [14]. Then we shall prove (1).
Taking the expectation on the both sides of (2.20), from (2.22) we have

(2.27) EXpii 2(1—=an JEX+ M v, for all n=N.
Putting A,=(EX,)v;4, from (2.27) we have

a
(2.28) Anﬂg(l—anﬂ)(ﬁﬁ:?) A,+M,-vkA  for all n=N.

Hence from (2.17) we have
(2.29) Apii = Ap+ M- vith forall n=N.
Summing up the both sides of (2.29) from n=N to N+m—1, we obtain

N-+m
(2.30) AyinSAy+M;- T vi2<C  for all m=1.

n=.v+1
where C=<AN+M1‘ i U;f’l).
n=1
Hence, (1) is proved.

REMARK. Let a,=n"" and v,=n """ (a«>0). Then the conditions (2.17) and (2.18)

are satisfied by any 4 for which 0 <4 <min{a(a+1)"*, (14+a)'} and Nzl—f(}(%‘%)—.
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§3. R-case.

In this section we shall treat the case when the observations are taken from R.
And we assume, at the application of the Robbins-Monro (RM) stochastic approximation
method, that an observed random variable at x< R depends on time 7, say Y,(x).
In this case, let us consider the problem of finding the root of the equation E[Y,(x)1=0
for sufficiently large 7.

Let us give the following RM procedure. Let X, be an arbitrary constant and
let define X,, X,, --- by the recurrence relation:

(3.1) Xn+1:Xn‘anYn

where {a,} is a sequence of positive numbers and {Y,} a sequence of random variables.
Throughout this section, we assume the following assumption remains valid.
AssuMPTION I. (i) {Y.(x)} is a sequence of random variables which depend on
parameter x < R and, for each n, the expected value of Y, (x) exists and is a meas-
urable function on R, denoted by

(3.2) ELYa(x)]= My(x).
(ii) In (3.1), Y, is a random variable whose conditional expectation given X,, X,,

---, X, coincides with the conditional expectation Y ,(X,) given X, and is independent
of X17X27"',Xn—1. So that

(3.3) ELY,| X, Xy, -+, Xpa1=ELY (X)) Xo1=M(X,)  a.s.
(iii) The sequence {a,} of positive numbers satisfys
(3.4) lima,=0,
(3.5) i a,=-+co,
n=1

ExXAMPLE. Let us consider the case when Y,(x)=f(x, Z,) where f is a real valued
measurable function on R® and {Z,} a sequence of independent random variables. If
Z,, Z,,+-- are identically distributed, then E[Y,(x)] does not depend on n. The RM
procedure in the usual sense is this case. If Z, Z,, -+ are not identically distributed,
then E[Y,(x)] depends on n. When Y,.(x)=/f.(x, Z,) where f, is a real valued meas-
urable function on R? for each n, E[Y,(x)] also depends on =.

THEOREM 3.1. Let {6,} be a sequence of the roots of the equations M,(x)=0,
n=1,2, . Suppose that there exist three sequences of positive numbers {e,}, {p,} and
{A,} satisfying

(i) (x—0 )M (x)>0 if [x—0,|>¢, for all n=1.

(ii) inf . I M (X)| = p, for all n=1.

ep<ir—01<le

(iii) |IM(x)|<A,(1+|x—80,]) for all x€ R and n=1.

(iv) 3 @EL(MA(X,)—Y )] < +oo.

(v) lime,=0, (1=e,>0), lim a,4,=0, 3 a0, = +oo,
n—oe n—s00 n=1

and
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(vi) § |@p-—Onsi| < 400 or there exist a number 0<d<1 and an integer N such
n=1
that 102=0nusl <5 int | M| and 1im |0,y =0,

Then it hold that !

(3.6) 1in}e E|X,—6,*=0

and -

(3.7) ?lgg | X,—0,]1=0 a. s.

REMARKS (i). In this theorem we do not assume the equation M,(x)=0 has a
unique root. V. Dupac [3] assumed that the equation has a unique root. T.T.
Young and R. A. Westerberg [127] assumed that the root of the equation M,(x)=0 is
not only unique, but does not depend on n.

(ii) Let {a,} be a given sequence of numbers. Consider the problem of finding
the root of the eqnation E[ V.(x)]= a,, where { ¥,(x)} is a sequence of random variables.
Putting Y,.(x)=Y.(x)—a,, then, the problem turns out to be same as the one stated
at the beginning of this section.

(iii) In Theorem 3.1, we can omit the conditions (3.4) and (3.5).

Proor. Without loss of generality we can assume that

(3.8) 0<a,=1 and 0<aA,=1 for all n<1.

Define the measurable transformation in Lemma 1 by

3.9 T.(r)=r+(0,—0p1)—a,M,(v+6,) for n=1and reR.
And put

(3.10) U,=a (M (X)—Y,) for n=1.

From Assumption I and (iv), we have

(3.11) ELU,| X, -, X,1=0 a. s. for n=1,
(3.12) ZEIUL[*< oo

From (3.1), (3.9) and (3.10) we have

(3.13) Xns1—O0ni=Ty(X,—0,)+U, for n=1.
Putting Z,= X,—0, we have

(3.14) Zp=T(Z)+U, foral nz=l.

We shall show T, satisfies the conditions in Lemma 1. Then (3.6) and (3.7) follow by
Lemma 1. First, let us assume |7|<¢,. Then, from (3.8), (iii) and (v) we have

(3.15) [T =17+ 10 —0n41| +an | My(r+6,)|
=¢e,+10,—0,4,) +2a,A, for all n=1.
Second, let us assume ¢,< |7| <e;'. Noting (3.9), rM,(r+8,)>0and inf |M,(r+86,)]|

en<iri<e 1
> p, we can obtain the inequality
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(316) lTn(T)[ Smax {|0,— 0,41 T a4, ]7]—anpn+|6n'0n+1l} for all n=1.

Third, let us assume |7|=e¢;!. By the arguments similar to (3.16) we have

(3.17) I To(r) | =max {|0,—0nui] +a,An, 7]+ 10— 00| —aa| Ma(r+0,)[}

for all n=1.

Suppose that ﬁ]ﬁn—ﬁmll < +oco. From (3.15), (3.16) and (3.17), we have
n=1

(318) ] Tn(r) i é max {En+ I 0n_ €n+1‘ +2an‘4nr ] Tl T l 0n‘6n+1] _rn(r)}

where
TN =an0, if |7 <er!

=0 if |rlzet.

79

Let {r,} be a sequence of numbers which satisfies sup |7,| <oo. Then, from (v), there

exists a positive integer N, which satisfies sup|7,|<e,' for all m= N,. Hence, we
n

have |7,| <ey! for all m=N, From (v), (3.18) and the above argument, it follows

that }irn(rn)z +oo. Thus, if the first condition of (vi) holds, then the conditions (2.1),

(2.2) and (2.3) in Lemma 1 are satisfied. Suppose that the second condition of (vi)

holds. From (3.15), (3.16), (3.17) and the second condition of (vi), we have
(3.19) | TAr)| Emax{e,+10,—0ns1| +2a,A,, |7 —(1—0)1.(r)} for all n=N.

where 7,(r) is defined in (3.18). Hence, if the second condition of (vi) holds, then (2.1),
(2.2) and (2.3) are also satisfied. Noting (a-+b-+c+d)* <4(a*+b*+c*+d?), from (3.1),

(iii), (iv) and (v) we can easily show that
(3.20) E|X,—0,|*< o for all n>=1.

Thus all conditions in Lemma 1 are satisfied. This completes the proof.

The following corollary is concerning the case when 6, is the unique root of the

equation M, (x)=0.

COROLLARY 3.1.1. Let {6,} be the sequence of the roots of the equations M,(x)=0,

n=1,2,--. Suppose that the following conditions are satisfied:
(i) M,(x)(x—6,)=0 for all x€ R and n=1,
(ii) there exist two positive constants C, and C, such that
Cilx—0,| = | M (x)|=C,l x—8,] for all n=1 and x€ R,
(iii) the condition (iv) in Theorem 3.1 is satisfied,
(i¥) 3 10a—0nssl < o0 or lim 103=0nal o,
n=1 n—oo n
Then (3.6) and (3.7) hold true.

Proor. First, we suppose lim \—Q"—wfﬂ=0. Let {n,} be a sequence of positive

N—oo n

numbers such that lim 7z, =0 and f} a,7,= +oo, and let 0<d<1.
n=1

n—oo

__1 16,
In Theorem 3.1, we put &, = 5-C, max{ a,

Orssl , Trn}. Let us assume ¢,< | x—@|.
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Then, noting (i) and (ii), we have

(3.21) M (x)(x—0,)=Cez >0 for all n=>1,
and
(3.22) IM(x)|=Ce, forallnz=1.

Hence, putting p,=C,¢, and A,=C,, we have lim ¢,=0, ianp,,:—i—oo and inf &|M,(x)|
n=1 |

n—o0

lx=0pl<en

gaclengLﬁL for all n=N,. Thus all conditions in Theorem 3.1 are satisfied.

n

Next, we assume >, |0,—0,,,| < -+oo, Putting ¢,=m,, it is easily seen that the con-
n=1

ditions in Theorem 3.1 are also satisfied.

Thus the proof of the corollary is completed.

Next, we shall give some inequalities concerning the rates of convergences.

THEOREM 3.2. Let N be a positive integer and {6,} be a sequence of the roots of
the equations M,(x)=0, n=1,2,---. Suppose that the conditions (i) and (ii) in Corollary
3.1.1 are satisfied. Suppose that there exists a sequence of positive numbers {K,} which
satisfies

(3.24) ELIM(X)—Y * 1 Xy, -+, X1 K, a.s. forall n=1,

(1) If there exists a number 0 <2<1 such that

(3.25) (1—Ca,)(Va/Vpi)* =1 for all n =N,
and
(3.26) S kA< oo,

n=1

_ 2
where v, =max {METHmL, ai Kn}, then there exists a constant C>0 such that
n

(3.27) E|X,—0,|*<Cv} forall nz=1.

(2) If there exists a number 0 <A<1 which makes (3.25) hold for all n=1 and
(3.26) hold, and if it is satisfied that

(3.28) sup @, < C,/C3,
then for any 6 >0 there exists a constant C(6)>0 such that
(3.29) P X, —6,12 < C(6)vi for all n=1]>1—90.
PROOF. From (3.1), Assumption I, (i), (ii) in Corollary 3.1.1 and (3.24) we have
(3.30)  E[lXpni—0nnl® [ Xy, Xy, -, X1
= (1-2Ca,+Cia) | Xy —0,1*+ 10,0011+ a3 K,
+2160,—0,41] | Xo—0,] +2Coa,| X, —0,|10,—6,,,| a.s. forall n=1.

Noting 2ab =< ka®+b*/k for any k>0, we have
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(3D 2000 0nel | Xa—0a] = -G X =00+ 00— 0,
and

242
(332 20,8 Xa— 001100 0,0s| =-S15 X, 0,1+ k16,—0,,*  for all n21,
where k is any positive constant. First we shall prove (1). If we substitute £2=2
in (3.31) and (3.32), then from (3.30) we get
(3.33) ELl Xps1—0Onia[?1 Xy, -+, X311
= (1= Clart 30102 ) | Xa =0+ (3455 ) | 0a— sl +al K,
a. s. for all n=1.

Hence, from (3.4) and (3.33), there exist a positive integer Ny=N and a constant
C;=1 such that

(3.34) ELI Xns1—Onia|*1 Xy, -+, Xo]1 S (1—Cha,) [ X — 0,17+ Covs

a. s. for all n=N,.
And noting E|X,—6,|*<co for all n=1, we have (3.27) by Lemma 3. Next, we shall
prove (2). Since —]Z%}— 11 as k—co, from (3.28) we can take %k, which satisfies

C, ko—1
(3.35) Rl

>a, for all n=1.

In (3.31) and (3.32), we put 2=k, Then we have that there exists a constant C(k,)=1
such that

(3.36) ELI Xni1i— 041l *1 Xy, oo, X5
={1-Ca,—Ca,(B )+ ciar (L F )l X0, Clhown as
for all n=1.
From (3.35) we have —C,(ky—1)+C3(k,+1)a, <0 for all n=1. Hence, we have
(3.37) EL Xpri— s |21 Xy, -+, X, 1S (1—Cia,) | Xo—0, 2+ Clko)vs
a.s. forallnz=l.

Noting that X, is a constant, we can prove (2) by Lemma 3. Thus the proof of the
theorem is completed.
Q.
EXAMPLES. Let C;=C,=1, |6y—0nss| = K(n+1) ("% and K, =const. And let us

put a,=(n+1)"". From the remark in §2, if 0 <a <1, then putting O<Z<ﬁ"7 we

have E|X,—0,|2<C-n~*“*® for all n=1, and putting 0<Z<min{—I%_—a—, Tal-l-_l—)_}
we have P[|X,—8,]>< C(6)n~***Y for all n=1]>1—68. And if a=1, then putting
0<2<% we have E| X,—6,|*<C-n"** for all n=1, and putting 0<Z<%we have

PL|X,—6,|*<C(6)n"* for all n=1]>1—4.
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Let M(x) be a real valued measurable (unknown) function on R, and let us consider
the problem of finding the root of the equation M(x)=0. If a random variable Y{(x)
satisfying E[ Y(x)]=M(x) is available to us at all x, then our problem becomes the
usual RM method. We shall consider the case when Y(x) in the above sense is not
given to us, but as the observation to M(x) a time-dependent random variable Y ,(x)
is given to us at each time n. In this case we assume neither that E[Y,(x)] coincides
with M(x), nor that the equation E[Y,(x)]=0 has a root. Nevertheless, we shall use
the recurrence relation (3.1) also in the subsequent arguments.

THEOREM 3.3. Let 0 be a root of the equation M(x)=0. Suppose that there exist
three sequences of positive numbers {e,}, {p,}, {A,} satisfying

(1) (x—0M (x)>0 if |x—0|>¢, for all n=1,

(ii) inf IIMn(X)IZPn for all n=1,

en<lz—01<ey

(iii) [ M(0)| = A, A+ |x—8)) for all x€ R and n=1,
(vi) 3 @ EIM(X,)=V,|* < +eo,

oo

(v) lime,=0 (0<¢, 1), lima,A,=0, X a,0, =+,
o =)

Then it holds that .

(3.38) IJEEIX,,—{)IZ:O

and

(3.39) liinangn—lezo a.s.

REMARK. In this theorem & is the root of the equation M(x)=0, but may not be
unique. Moreover, the equation M,(x)=0 may not have any root.
PROOF. Let us put

(3.40) Thp(x) = x—0—a,M,(x)
and
(3.41) Up=a,(My(x)~Y,).

Then we can prove (3.38) and (3.39) by the arguments similar to those in Theorem 3.1.
When the equation M,(x)=0 has a unique root, we obtain the following corollary.
COROLLARY 3.3.1. Let @ be a root of the equation M(x)=0 and {0,} be the sequence

of the roots of M,(x)=0, n=1,2,--. Suppose that the conditions (i), (ii) and (iii) in

Corollary 3.1.1 are satisfied, and that

(342) limé@,=§6.

T—»00

Then (3.6), (3.7), (3.38) and (3.39) hold true.
PROOF. Putting A,=max{C,, C,|6,—8|} and

(3.43) en:(l+%—)|0—0nl+n‘n where {7,} is defined
1
in the proof of Corollary 3.1.1 fornz=1,

and noting |x—8|=<|6—0,|+|x—6,|, then we have Ix—ﬁnl>—g—2—|6—6nl+7r,, for
1
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| x—@|>¢,. Hence, we have

(3.44) (x—OM (x)=Cyzm2 >0 for |x—8|>e¢,
and
(3.45) inf I M (x)| > Cim, for all n=1.

en<iz—01<e;
The conditions in Theorem 3.3 follow from (3.41) and the inequality |M,(x)|=
C,lx—8|+C,|0—86,]. (3.6) and (3.7) follow from the inequality | X,—0,|={X,—0|
+16—-6,].

Next, we give the inequalities concerning the rate of convergence that are similar
to those in Theorem 3.2.

THEOREM 3.4. Let N be a positive integer and 0 be the root of the equation
M(x)=0. And let {0,} be a sequence of the roots of the equations M (x)=0, n=1,2,--.
Suppase that the conditions (i) and (ii) in Corollary 3.1.1 are satisfied. Suppose that
there exists a sequence of positive numbers {K,} which satisfy (3.24) for all nz=1.

(1) If there exists a number 0<A<1 which satisfies (3.25) for all n=N and (3.26)
with v,=max{a,|0,—0% a2 K,}, then there exists a constant C>0 such that

(3.46) E|X,—0|*<Cvi for all n=1.

(2) If there exists a number 0<A<1 which satisfies (3.25) for all n=1 and (3.26)
with v, =max {a,|0,—01% a2 K,} and if (3.28) is satisfied, then for any 0 >0 there exists
a constant C(6)>0 such that

(347) P[| X,—8|2 < C(8)v} for all n=1]>1-9.
Proor. From (3.1), Assumption I, (i) and (ii) in Corollary 3.1.1 and (3.24) we have
(348)  E[lXpw—01%1 Xy, -, X4
=X, —01*+a; K, +Ciaz | X —0,]
+2C,a,1 X,—0,110,—0|—2C,a,]1 X,—6,]* a.s. forall n=1.
Noting X,—0,=X,—0+0—0, and C,=C,, we have

(849)  Ciad| X,—0,1° = EFLCla3 | X,—01°+(k+1)Cla} 16,61

and
(3.50) 2C,a,| Xy—0,110,—0]—2Cia,| X,—0,]*

Z6C,a,| X, —0110—0,]+2C.a,10—0,|"—2C.a,] X,—6]*

< 0o X, 0]+ 2500 0,01+ 20,00 0—0,]°—2C,0,1 X, 0
where % is a positive number. Therefore, from (3.49) and (3.50), we have
(351)  E[lXps—01*1X,, -+, Xa]

<[1-a.c—{Ca, (1)~ L L craz }] 1 x,—01°

+C(k)(a,|0,—0|+a2K,) a.s. foralln=1.
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where é(k) is some positive constant which depends on 2>0.

First we shall show (1). Substituting =2 in (3.51), by the same arguments as
in Theorem 3.2 we obtain (1).

Let k, be a positive number satisfying —i%CI/C§> a, for all n=1. By virtue

of (2.28) such a number k, exists. Hence, from (3.51), we have
(352)  E[lXp,—01%1X,, -, X4]
S(1—-a,C)| X, —012+C (ko)) 0,—0| +a2 K,)  a.s.  for all n=1,

where é(ko) is a positive constant. Thus, (2) follows from Lemma 3.

§4. H-case.

In this section we shall try to generalize the observation space to a Hilbert space.
Instead of R in §3, we shall treat the case when observations will be taken from a
separable Hilbert space, denoted by H.

Let us consider the problem of finding the root of the equation E[Y,(x)]=0 for
sufficiently large 7, where Y ,(x) is an observed random element in H at x= H and
at time n and 0 the null element in H.

Let define the RM procedure in H as follows. Let X, be arbitrary fixed element
in H and define X,, X,, -+ in accordance with the recurrence relation:

<4~1) Xn+1:Xn_anYn;

where {Y,} is a sequence of random elements and {a,} a sequence of positive numbers.

AssuMPTION 1II. (i) {Y.(x)} is a sequence of random elements in H depending on a
parameter x< H. For each n, the expectation of Y,(x) exists and is 4 -measurable
transformation of H into itself, denoted by

(4.2) ‘ ELY o (x)]= My(x),

where the expectation operator E is defined § 2.
(ii) In (4.1), Y, is a random element in H whose conditional expectation given

X, X,, -, X, exists and coincides with the conditional expectation of Y,(X,) given
X, and is independent of X,, X,, ---, X,-,, where the conditional expectation of Y, is
defined in § 2. That is,
(43) E[Y“ le Tty Xn]:E[Yn(Xn)IXn] :‘n4n(Xn> a.s..
(iii) The positive sequence {a,} satisfies
4.9 S a,=+oo,
n=1
(4.5) Sal<+oo.
n=1

Throughout this section we assume that Assumption II is always satisfied.

Corresponding to Theorem 3.1, we give the following theorem.

THEOREM 4.1. Let {6,} be a sequence of the roots of the equations M, (x)=0,
n=1,2,---. Suppose that there exist three sequences of positive numbers {e,}, {p,} and
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{A,} satisfying
(1) (x;ﬁm an(x))>0 lf llx_ﬁn;;2>en fO?" ngl;
(ii) inf — [(x—0n, M, () =z pn for n=1,

en<lllz—0p112<ey,
(Gii) IM.(0)P= A, (1+1x—8,1%) for all xe H and n=1,
(iv) S @ EIM(Xn) =Y, <oo,

(V) Dappa=c0, 3 aiA,<oo, lime,=0 (0<e,=1),
n=1 n=1 N0

(Vl) rgla;gﬂan—_en+1”2<oo-
Then it holds that

and
4.7 lim | X,—8,[=0 a.s.

N—oo

REMARK. (i) @, may not be the unique root of the equation M,(x)=0.
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(ii) Let {a,} be a given sequence of elements in H. And we consider the problem
of finding the root of the equation EY  (x)=a,, where {Y/(x)} is a sequence of observed
random elements in H. Putting Y,(x)=Y.(x)—a,, the problem can be reduced to the

case when a,=0.
PrOOF. Without loss of generality we can assume that

(4.8) 0<a,A, 51, 0<qg, =1 for all n=1.

Define the measurable transformation 7', by

(4.9) T(h)=h+0,—0,,—a,M(h+0,) for heH.
And we put

(4.10) Un=a,(M(X,)—Y5).

From (4.1), (4.9) and (4.10) we have

(4.11) Xni1=O0ni1 =T3(X,—0,)+U, foralln=1.

Putting Z,= X,—0,, we have
(4.12) Zoin=T(Z)+U, for all n=1.

And from (iv) and Assumption II we have

(413) S E| U, < o0
and
(4.14) ELU,1Zy, Zo, -+, Z,]=0 a. s. for all n=1.

We show that T, satisfies all conditions in Lemma 2, then (4.6) and (4.7) follow from

Lemma 2. From (4.9) we have
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(4.15) (TP = [ A1+ 10— 0n a2+ ah | Ma(ht 0,017 21 Al 16— 04
+2a,)10, =0, [ IMo(h+-62))| —2a,(h, M(h+6,))  for all n=1.
Noting
21l 10— 001l = ad 1R]*+ al,% 162—60nsll?
and

20,107 — O MM (A0 SN0~ [P +an | M (R+0,)]17,
from (iii) we have

(4.16) ITA(MN* = (1+a; +2a; A A

+2a3 Ayt (245 ) 100 =0l —2a,(h, M(R+0,))
for all he H and n=1.
Suppose &, <[ h[*<e;’. From (ii) and (4.16) we have

2
{20 19— 0 —~2000n

foralln=1.

Suppose &, = |[h))%.  Noting 2a,|(h, Ma(h+6.))| < an{|Ih*+A(1+]2]")}, we have

(4.17) IT(WN* = (1+4a; +2a; A|hI*+2a3 A, +

(18)  [TW(WI* < 1+ ay+anA,+ad+2a2 A,)e,+2a2 A+£%“ﬂnan~emuz

for all n=1.
Next, suppose that e;! <||A||?, then we have

(419)  ITuWI*S (a3 +203 A Al 4203 A,+- 20 g, —g, e

a
for all n=1.
Hence, from (4.17), (4.18), (4.19) and (4.8), we have

(4200 ITulW)l* < max {6e,+203 Ayt 0Ol (L3 +203 A A
—7a(W)+201 Apt 00— Bul*}

where

(421 ra(h)=—2a,p, if |R|*<e!

=0 if lalPzes .

It is easily seen that the same arguments as in Theorem 3.1 yield that T, satisfies all
conditions in Lemma 2. Thus the proof of the theorem is completed.

The following corollary is about the case when #, is the unique root of the equa-
tion M, (x)=0.

COROLLARY 4.1.1. Suppose that the following conditions are satisfied:

(i) (Mu(x), x—0,)=0 for all xe H and n=1,

(ii) there exist two positive constants C, and C, such that

Cillx—=0.1* = (My(x), x—0,),
IM(OIZCollx—86,1l  for all xe H and n=1,
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(ii) 3 @Bl Mu(Xo) =Y, ]* < oo,
and

(@) 2 g 10a—Onl* < co.
Then (4.6) and (4.7) hold true.

PrROOF. In Theorem 4.1, we put ¢,==,, where {z,} was defined in the proof of
Corollary 3.1.1, and A,=C,. If |x—8,]*> €., then it holds that

(M(x), x—03) 2 Cill x—0,]*> Cien > 0.

By virtue of (4.4) and (4.5), (4.6) and (4.7) follow from Theorem 4.1.
Next, we shall give the inequalities concerning the rates of convergences in H.
THEOREM 4.2. Let N be a positive integer and {0,} a sequence of the roots of the
equations M(x)=0, n=1,2,---. Suppose that the conditions (i) and (ii) in Corollary
4.1.1 are satisfied. Suppose that there exists a sequence of positive numbers {K,} such
that

(4.22) E[IM(X)—Y.I* X, -, X, 1= K, a.s. for all n=1.
(1) If there exists a number 0<A<1 satisfying (3.25) for all n=N and (3.26) for

_ 2
U, =max {M, al Kn} then there exists a constant C>0 such that

(4.23) EjX,—0,?< Cvi for all n=1.
(2) If there exists a number 0<A<1 satisfying (3.25) for all n=1 and (3.26)
_ 2
with v,=max {~M%1—”—, az Kn}, and if (3.28) is satisfied, then for any 0>0 there

n

exists a constant C(6)>0 such that
(4.24) Pl X,— 0,12 < C(8)v} for all n=1]>1-0.
Proor. From (4.1) and Assumption II we have
(4.25) E[Xps1—Onasl*1 Xy, -, X
=X =0l +10n—0rniili*+ @ ELIMA(XR) = Yol 1 Xy, o+, X
+ai | Mu(X P —2a0( Xy —0n, Mu( X))+ 2Xn—0n, On—0ns)
+2a,(M(X,), 0n—04+1) a. s. for all n=1.

Hence, by the same arguments as in Theorem 3.2 we get (1) and (2) in the theorem.

Let M(x) be a (unknown) measurable transformation of H into itself. As we did
in §3, we consider the problem of finding the root of the equation M(x)=0 which is
independent of the time n.

Let us assume that in place of a random element Y(x) in H satisfying E[Y(x)]
= M(x), as the observation to M(x) a time-dependent random element Y,(x) which
satisfies Assumption II is given to us at each time n. In this case we assume neither
that E[Y.(x)] (say M,(x) coincides with M(x), nor that the equation M, (x)=0 has a
root. Under these situations, however, we shall follow the procedure (4.1).

THEOREM 4.3. Let 8 be the root of the equation M(x)=0. Suppose that there exist
three sequences {e,}, {p.}, {An} satisfying
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(1) (x—8, M (x))>0 if |x—0|*>¢, for all n=1,

(ii) inf (x—0, M (x))Z p, for all n=1,
e<llz—0112<e

(i) M (0P < A (1+x—0|%) for all x€ H and n=1,
(iv) X a3 EIM(X,)— Y <o
and
(V) lime,=0 (0<e,=1), 3 anpp=00, 32 a2 A, < oo,
n=1 n=1

n—oo

Then 1t holds that

(4.26) lijn ElX,—6)>=0
and
(4.27) lim | X,—6|=0 a. s.

PrOOF. Let us put T,(h)=h—0—a,M,(h) and U,=a,(M(X,)—Y,). Then the
proof follows the line similar to the one of Theorem 4.1, and so is omitted.

In the case when the equation M,(x)=0 has the unique root, we obtain the follow-
ing corollary.

COROLLARY 4.3.1. Let @ be the root of the equation M(x)=0 and {6,} the sequence
of the roots of the equations M,(x)=0, n=1,2,---. Suppose that the conditions (i), (ii)
and (iii) in Corollary 4.1.1 are satisfied and that

(4.28) lim |0,—8|I>=0.

Then (4.6), (4.7), (4.26) and (4.27) hold.

1
PROOF. Putting an=(2+-2—cc~g->]\l9n—0]]2+7r,3, where {7,} was defined in the proof
1

of Corollary 3.1.1, and A,=max{2C,|8,—80]% 2C,}, we get (4.30) and (4.31) by Theorem
4.1. And noting | X,—0,II’=<2| X,—0|>+2|0,—0|?, we get (4.6) and (4.7).

We also obtain the inequalities concerning the rates of convergences.

THEOREM 4.4. Let N be a positive integer and {0,} a sequence of the roots of the
equations M,(x)=0, n=1,2,---. Let @ be the root of the equation M,(x)=0. Suppose
that the conditions (i) and (ii) in Corollary 4.1.1 are satisfied. Suppose that there exists
a sequence of positive numbers {K,} which satisfie (4.22) for all n=1.

(1) If there exists a number 0<A<1 which satisfies (3.25) for all n= N and (3.26)
with v,=max{a,|0,—0)? a2 K,}, then there exists a constant C>0 such that

(4.29) EllX,—0|* < Cv} for all n=1.

(2) If there exists a number 0<A<1 which satisfies (3.25) for all n=1 and (3.26)
with v,=max{a,ll0,—0|? ai K,} and if (3.28) is satisfied, then for any 0>0 there
exists a constant C(6)>0 such that

(4.30) Pl X,—0|*< C(0)v} for all n=1]>1-3.

PrROOF. From (4.1) and Assumption II we have
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(431)  ElXpu—01*1 Xy, -, Xo]
=[X,— 01" —2a,(X,—0, MA(X5))
+ai I Mo (Xo) P +a; ELIMR(X) =Yl X, -, Xp] aos. forall m=1.

Hence, by the same arguments as in Theorem 3.4 we get (1) and (2).

§5. Applications.

In this section we shall give some applications of the results which we have ob-
tained in §4.

(1) Let M(x) be a real valued measurable function on H, which is unknown to
us. Then we consider the problem of finding the root of the equation M(x)=0. Let
{Y',,(x)} be a sequence of random variable with parameter x H. We put

(5.1) EV. (x)=M,x) forn=1and x€H.
In this problem, we follow the procedure:
X, is an arbitrary flxed element in H,

(5.2) .
Xon=X,—a,Y,e for nz=1,

where ¢ is an element in H which satisfies ||¢|=1 and {a,} is a sequence of positive
numbers which satisfy (4.4) and (45). Putting Y,(x)=Y,(x)e and Y,=Y,e, this
problem is same as the problem which we gave in §4.

(2) Density estimation problem ([7], [11]). Consider a sequence Z;, Z,, --- of
independent identically distributed random variables having a unknown probability
density function f w.r.p. the Lebesgne measure on R. Let us assume fe L*(R) where
L*(R) denote the space of all Lebesgue square-integrable functions defined on R. Let
K be a non-negative valued measurable function on R such that

(56.3) sup K(y)< oo,
(5.4) J Edy=1,
(5.5) }Il_{g |y K(y)=0.

From (5.3) and (5.4), we have K= L*(R). Let us put

where {h,} is a sequence of positive numbers such that %, |0, and put
(5.7) Fa(0)=ELKn(%, Zps1)] .

Then we have K,(-,z)< L*R) for each z€ R and foe LA(R).
In order to estimate f, we shall give the following recurresive procedure:

fo=0,
fn+1(y):fn(y)‘an{fn(y)—Kn(yr Zn+1)} for n=1 and ye R,

(56) Koy, 2)=—K(4%

(5.8
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where {a,} is a sequence satisfying (4.4) and (4.5). In §4, we put H=L¥R), X,=/n,
Yo=fo—Ku(+, Zois)y Yol £)=F—Ku(+, Zpsy), 0=F and 6,=/,, then we have

(5.9) ELY.(f)]=f—fs for any fe L¥(R),
(5.10) E[Y,| X, -, Xp=ELfa—Ku(+, Znsd)ifry =0y [l
=fo—fn a.s
By (5.3), (54) and (5.5) it holds that lim | fa—fl=0. Hence, from Theorem 4.2, we

have lim | fo—=FII=0 a.s. and LingoEllfn—fII?:O.

Thus, the above problem is regarded as the RM stochastic approximation in the
sense of §4.

REMARK. The above problem is also considered as the RM in R. In this case,
if / is a continuous function on R, then we can show that lirEElfn(y)—f(y)I =0 for
all v and that lim | £,(y)—(3)| =0 a.s. for all y (7). -

(3) The learning problem for pattern classification ([9], [13], [14], [15]). Let us
consider the problem of estimating a unknown discriminent function D) =q.4f5(»)
—q5f8(y), where (qu, qz) is a priori distribution on {4, B}, and f4 and fp are the
probability density functions on R under the categories A and B respectively ([13],
[147). Let {(Z,, ©,)} be a training sequence which is independently and identically
distributed. We construct the learning algorithm in the manner similar to (5.8):

D,=0,
(5.11)
Dyii(3) = Do(3)—Cns1{Dns1(3)— (@) Ku(y, Z,4))}  for each yeR,
where
p(O@)=1 it 0,=A4
=—1 if 6,=8.

Let us put H:L2<R), -XnZDm Yn:Dn-'p(@n+l)Kn<'r Zn+l); Yn(D):D_p(@n-H)Kn(v Zn+1)
for all De LXR), =D and 8,=D, where Dn(y)zE[p(@n+1)Kn(y, Zn+)] for ye R, Then
we also have

(5.12) ELY.(D)]J=D—-D, for each De L*R) and n=1,
(5.13) E[Y,| X, -, Xn]:E[Dn_p(@n+1)Kn('y Zpi)| Dy, o, DyJ
=D,,—l§n a.s. for n=1.

Thus, this problem also can be considered as the RM stochastic approximation method

in H. And if ||DA,,—DH2—>O as n—oo, then the convergences follows from the theorem
in §4.
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