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   0. Summary. 

   The limit process for a sequence of stochastic processes  e  N(2), 0 7r, defined 

by weighted spectral estimates of multiple stationary Gaussian process is found using 

the theory of weak convergence. 

   The limit process is shown to be Gaussian with independent increments and with 
the covariance function defined by (1).

   1. Introduction and notations. 

   Let X(t) = (X1(t), X2(t), • •• , Xp(t))', t= •-• , —1, 0, 1, 2, •-• be a real multiple stationary 
Gaussian process with zero mean and with covariance matrix T(h) = EIX(t)X(t-l-h)'}, 

where " ' " denote the transposes. 
   We assume that the spectral density matrix f(2)=Ifik(2), j, k= 1, 2, ••• PI, 

—7r 2 7r, exists with f(2)= riv2F(v). 

   Let {X(1), X(2), , X(N)} be N observables of the process X(t) and X N = (X(I-)' 
X(2)', ••• , X(N)')' a pN-column vector obtained by rearranging {X(1), X(2), ••• , X(N)}. 
We denote rN=E{XNX10. 

                                      N 

   For —7 � 7, we define dN(2) = e- itAX(t) the finite Fourier transform of 
                                                               t=1 

PO), X(2), ••• X(N)} , denoting its entries by c1.07(2), j =1, 2, , p, and IN(2) = 

(27rN)-1c1N(2)dN(2)* the matrix of periodograms. 
   We shall use the following notations. For every Hermitian matrix A, say qxq, 

11All = sup I y*Ay I, where sup is taken for all q-vector y with VII =1. For a matrix 

valued function A(2) = la ik(2),j, k =1, 2, •-• , p}, Var (A) =[ {Var (a k)}2]1/2 where 
                                                                                     j=1 k=1 

Var (aik) dI a, k(2)I is the total variation of a jk• 

   For pxp Hermitian matrix-valued functions e(2)= fe,k(2), 1, k = 1, 2, ••• , p}, —7 -� 

2.� ir, we consider a set of the following conditions :
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28Takeaki NAGAI

 [Of]  : 0(2) = 9(2)* = —A), where " * " denote the conjugate transposes. 
[621: suP110(2)11�m< 00, with a constant M. 

[00 : Var (0) < cc. 
e(2)=(eu, e2ti2, , eN")/. 

       N 

 N(2) e 
           2=1 

KN(2)=(27N)-1• 14N(A) 12, the Fejer kernel. 

M(2: 0) =
0e(--1)e(-1)* 0(1)dl where 0 denote the Kronecker product. 

C[a, b] the space of all continuous functions on the finite closed interval [a , b].

   2. Main results. 

   For a pxp matrix valued function 0(2) satisfying [61], [02] and [03] , we define 
the random processes 

          e N(2 0) = 1/N—t r 20(l)(IN(l)—f(l))dl} , 0�27c, 

                                        0 

         CN(2 : 0) = tr A0(l)(IN(l)—E{IN(l)})dl} , 0<2�7r. 
                                          0 If no confusion arises, we simply write--N(2) and CN(2) for e N(2 : 0) and CN(2: 0) 

respectively. 

   We shall prove the following 

   THEOREM. If tr {f(2)} is square integrable and Str {(e(iymy} dl has no intervals 
                                                          o2 

of constancy with 0(1) satisfying [ei] , [03] and [03], then, as the measure PN 
generated in C[0, 7] by the process eN(2: 0) converges weakly to the measure P gen-
erated by the Gaussian process C(2), 0 2� 7r, with C(0) = E{((2)} = 0 and with 

                                                  rmin (2,p) 

(1)EIC(2)C(p)}=27rj 0tr {(0(l)f(l))2} dl . 
   For statistical applications, we have 

   COROLLARY. Under the assumptions of theorem, as N—,00 , 

       13f max tr-if eux/N(1)—JKINII <z}--Pfmax I C(2)1 

                                     0 

             = E (-1)T0((2k+1)z1 ,V2n-G)-0((2k-1)z/ A/27-cG)] ,                                k=-0. 

where 

                      0(z)=(27)-1/2$ e u2/ 2du , 

                     G = tr {(e(of(1))21c/I . 

                                            0 

   To prove this theorem, we shall show asymptotic unbiasedness of e N(A) in prop-
osition 1, weak convergence of finite dimensional distributions in proposition 3 and 
conditional compactness of PN or equivalently of PN generated by N(2) in proposion 4. 

   Grenander and Rosenblatt [3] obtained the limit process for the auto-spectral 
estimates of a linear process without normality assumption.
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   Ibragimov  [4] obtained the limit process for the auto-spectra of a Gaussian process 
essentially under the conditions that the spectral density function f(2) E L„,3, for some 

 > 0. Malevich [6] relaxed the condition on the spectral density to that of square 

integrability. MacNeil [5] found the limit processes for co-spectral and quadrature-

spectral distribution functions essentially under the conditions that fj,(2)E L2+3, for 

some 5> 0. His basic result (Theorem 4.6 in [5]) is an easy consequence of our 

theorem with &(2) being constant matrices. Brillinger [2], under a different set of 
assumptions involving the near independence of widely separated values of strictly 

stationary time series, obtained the limit processes for the matrix of cross-spectral 

distribution functions.

   3. Asymptotic unbiasedness of the process N(2). 

   PROPOSITION 1. Let BN(2) be the expectation of the process N(2). Then, under 
the assumptions of theorem, 

                         lim sup I BN(2)1=0. 
                                     N-.0 A 

   PROOF. Let 

                      fN(2)= E{IN(2)} 

Then, since 

                    fN(2).= f KN(2-1)f(1)dl, 
we can write 

             BN(2)= -./Ar tr X[0,23(0e(OUN(/)—f(0)d/} , 

where X[0,A](1)= 1 for l E [0, 2] ; = 0 for 1E [0, 2]. 
   Let Q(j) and RN(j) be the Fourier coefficients of the functions kodi(1)e(1) and 

fN(1)—f(1) respectively. Then, 

               RN(j) f eijA-UN(2)—f(2))61 
                          =-1 .il.N-1•r(i), for 

                                    for IjI >N. 

Hence, using Young's theorem (c. f. [7], p. 91), we can write 

        B,(2)1 =(27)--i itr IN-' E li1Q(i)r(i)+ E Q(i)r(i)} I • 

From the condition [03] and the theorem 2, p. 213 in [7], we have the following in-

equalities :                   

IIQ(i)115•_ Var (x[0„tie)/ IJ I 5_ Co/li I , 

where Co is a constant independent of 2. 
   Thus, we have (c. f. p. 370) 

        BN(A)I-\/2 70-1.P. CO .[N-1/4r(i)11112+2{E111"(j)112)- 
                                                                                                          12,                                                                  

I
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Since E IIT(1)112 27. f tr {(f(1))21 < ()°, we see that proposition 1 holds. Q. E. D. 
   From Proposition 1, it is sufficient to prove theorem replacing N(2) by CN(2).

   4. The second moments of the process CN(2). 

   Let es(2) be piecewise constant satisfying [Of], written in the following form for 
0�/�r, 

(2)eS(1)= E X, .(1)•e; 

where X1(1)=1 for 1 E /; = 0 for 1 EE I, and {/j};i are disjoint intervals in [0, 7]. 
   We denote RVA, it)= EICAT(A: eagN(i-e es)}. Then, we have 

    LEMMA 1. As N—›00, 

                  RN(A,smin (A, p)                 Vip)2ir{(08-(1)f(1))21d1±o(1) . 

   PROOF. Since we can write 

        CN(2:es)= (27 {X'N • M(2 : es)•XN—E{XN• M(2 : es)• X NI } , 

it is easily seen that 

   R1(2, tt)= (472N)-1 • [tr {rNM(2 : es)r NivAp: es)} + tr fr Nm(A:es)r NM(2 : es)}] 

         = (4,2N)- dl dqT[iiil,v4n] (q, 1) tr { f(1)• ej.f(q). ern} 
                                 j=1 m=1 

          + (Lle n dl fir dqWV;1411(q, 1) tr { f(1)•ej.f(q)•0.1 
                              .7=-1 m=1-7r-7r 

where Pj= [0, 2] n = [0, te] n 1-77, and 

                        sin                         N(q— a)sinN(1— a)sinN(q—13) • sinN(1—)3)        2222  
   rillpi(q,dad13           12sin  q—a 1—aq —)5'                  • sinsin 

      2222 

                sin(N(q—a)• sin NU—a) sin N(q-I-13)• sin N1-1-13)        2222  
   ri/21/23(q,=fdadA 

                         sin  q_2a1 
        I112 

                                            sin-• sin 1+13                                       • sin         22—a22 

   These two functions Yr[111/2] and r 1.2V23 enjoy similar properties to those of the 
Fejer kernel (c. f. Theorem A and B in [5]), and hence we have 

           lim (472N)-1 dl it dqPiii1/23(q, 1) tr { f(l)ejf(q)9.1 
                                    - 7r- 7r 

              = tr { me mem} dl 
                                    'in/2 

and for /1U I2c [0, r], 

           lim (472N)-1 dl dq WV2V21(q, 1) tr {f(l)eif(q)en,} = 0 . 
                              -7r -7C 

From these, Lemma 1 follows.Q. E. D.
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   We prepare the following 

   LEMMA 2. i) For any r  >  0, 

              

IIrNII 'N/Nr{27rEd-s-1f f(1)112d1} 
                                            [1If 11>eirr] 

  ii) If 

                      sup
7rIIe(2)11M<A

sup M(2 ())11 27rM 

   PROOF. Let y= (34, • , Yizsr)' y't= (Yti, yt27 • ytp), t = 1, 2, ••• , N, be pN-vectors• 

with 
                                       N 

                         

1137112=E IlYt112=1 , 
                                                              t=1 

and let 

                           Cb(Y A) = E ei" • 
                                                                       t=i 

Then, 

                          _..1146(Y, 2)112d2 = 27r . 
Since 

                    F N e(-1)e(-1)* f(1)d1 , 

we have      

lirNII= sup ly*rNyl 

        =   

11sY11=up1If0(y, 2)*f(2)0(y, 2)dA 
          sup {f(0111195(Y,0112d/-1-6'VAT(110(Y,0112d1} 

          II Y11=1Ulf I1>6/Y]Ellf 

            E-1 VAT f[llf11>s,./.7.]II f(1)112d/±27re -N/N , 
and also we have 

                                         r2 

             

II M(2e)ii= supj0(3', 1)*e(1)0(Y,l)dl 
                                          Ilyll=lo 

                    sup ile(011. sup If 1195(y, 1)112d11 
                                       --r51 57rIIYII=1 0 

         27M .Q. E. D. 

  Let ei(2) and 62(A) be satisfying [0,], [02] and [03]. 
   Let us write 

              RiN(2, it)= E{CN(2 : ei)•cN(A:ei)} i=1, 2 . 

Then, we have 
   LEMMA 3. If 

                  sup 11e1(2)—e2(2)ii<E,                                   — 2r 25 rr 
then 

                    sup I R1N(2, p)—RWA, tt) I < 
                                  0 2, p 5_
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where  C1 is a constant independent of N. 

   PROOF. 
                 M(21: 01)-MA 02)- M(2: 01-02) 

and hence                     

II m(2 : 0i)-m(2: 02)11 -5_ 275 . 

Thus, we have from lemma 2, 

       RvA, 16,(2 [)1 (272N)-1•Pll r,I12 • II M(2, ei)11.11 Mit : 01-02)11 

                     + II Mt/ : O2)11•11M(2 01—e2)11} 

         ci•s .Q. E. D. 
   We shall show 

   LEMMA 4. Let 0(2) be satisfying [01], [02] and [03]. Then for every s > 0 we 
can find an Hermitian matrix valued function 0.(2) of the form of (2) with 

                     sup II e(2)-e=(2)11‹ • 

   PROOF. From [031,*) for every E [0, 7r1 and every s > 0, there always exists an 
interval I 2C [0, 7C1 such that                

11e(/)-0(2-0)11<, for I E [0, A] n r2,                

ile(0-0(2+0)11 < E for l E [A, 7r] n F . 

we can choose from frAl2E[ciarj a finite covering {F2j}.7=1 of [0, 7r1 with 0 < 22 < ••• 
< Am � 7r. Thus, if we define 

                0.(2)_=0(2,-0) for E [0, Ai] rrii n ni _, 

                  = 0(2,±0) for A [Ai, 7r] n r nrz_l, 

then 0'(2) satisfies Lemma 4.Q. E. D. 
   Combining Lemma 1, Lemma 3 and Lemma 4, we have proved 

   PROPOSITION 2. For any 0(2) satisfying [01], [02] and Al as N--,00, 

              E{C2)• 37( it)} = 27.fmin (A, p)                               tr{(0(/).f(1))21c/I+o(1). 

  o

   5. Asymptotic normality of the finite dimensional distributions of the 

      process 1N(2). 

   PROPOSITION 3. Under the assumptions of theorem, the distribution of any k-vector 

(CN(2i), CN(22), ••• , CAT (A 1)) is asymptotically normal with mean zero and covariance matrix 

                                    r min (2i,2j)                            tr 1(6(0•.f(1))21c/l}               Ek = {29 0 
   PROOF. Let t=(ti,t,,••• ,tk)' be a real k-vector. Then, we can write 

                    E t, c„,(2.0 = X'NAXN—E{X/NAXN} 
                                       3=1

   *) [03] implies that every discontinuities of OW is at most of the first kind . (c. f. T. 
Kawata : Fourier Analysis in Probability Theory, 1972, Academic P., p. 17).
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where 

 A  =  (27  .V2V)-1  E  tiM(2; e). 
                                                                       =1 

   From Ibragimov [4]'s appendix, it is sufficient to prove the follows : 

   ( i) lim D(XNAXN)=t' kt > 0, 

  (ii) lim II rNHAII= 0, 

where D denotes variances. From Proposition 2, we see that (i) holds. Using Lemma 
2, we have for any e> 0 

           

IIVNIIIIAII<=M•(E Itil)•(27re+s-'S Ilf(1)112c11) . 
                        J=1[11f11>EN/3T] 

From this, Proposition 3 follows.Q. E. D.

    6. Convergence of the measures PN. 

                                  Lastly, we shall show that the measures PN in C[0, 7r] generated by N(2) are 

conditionally compact. In order to do this, we evaluate the moments of N(21) --CN(22). 
   Let us put 

              rl;k(2)=fo ejk(1)IdkN(1)d,N(1)—EldkN(1)d,N(1)}1d1 . 
Then, we have for an integer r� 0 

         E{ i CN(21)—CN(22) 12r} 5_ Ci(r)N-r E E E{ I 77;k(21)-7)jk(22) 12r} 
                                                                       .7=1 k=1 

where C1(r), C2(r), ••• hereafter denote constants independent of A1i 22 and N. 

   For notational convenience, we write c7,(1t)=diN(lt) for t= even ; =cliN(1,) for 

t= odd, Jk(lt)= dkN(1t), for t=- even ; =dkN(1t) for t= odd, we can then write, for 

0�22<21_-.7-c, 

     E{ I ) . k(A1) 7 j k(22) 12r} 

            < pr .m2rjt‘' 
            A1 ff 21E{ if Ea.(I)di2r , 

                 22 2222 2=1 

since sup Iik(1) I � -VP M. 

   From the normality of the random vector 

                (cliN(1), cl,N(12), • •• d,N(12r), dkN(11), ••• dkN(I2r)) 
we obtain 

            E{Il[clj(lt)c7k(lt)—Efj,(1t)cIk(It)li} 
                                  t=1 

                   C2(r) E EHIElja(I.VI(1.)1 12 
                                                                   2t-112t-1a 2tz2t                                       (a 2)@e) t=1 

where E denotes the summation running over all permutations (i1, i2i                                                                                     ••• i2r) of 
        cit) 

(1, 2, ••• , 2r) and ()Ethe summation over all possible assignments such that at=j or k. 

   We write mab(2, te)= EldaN(A)dbN(P)} and
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      sab(2, 1 maa(2, p)12+ — p)12+17nab(2, p)12+1mab(2, —p)12 

             +1mab(p, 2)12+ 1 mab(p, —2)12+ 1 mbi,(2, 11)12+1mbb(2, — 11)12 

Since 

                mab(2, p) =f4N(2-1)AN(p—Ofab(1)di , 

we have for every a, b= 1, 2, •-• , p, 

        f 21 c 21 
                        ab 

           

I M(41)12dqdl^472p2f21c/I7'14 N(1—a)1211f(a)112da 
   222222 —2r 

                                                              22 

                    ^472P2ILIN(1)12d1(f±+21)11 f(l —a)II2da ,                                                -al +22 

and similarly 

     r 21               mabI 24di <47r2.1,2I 4N(012di(fa2++21                                          )11 f(I — a)112da 
   2222--r-AI +22 

Let us write 

              W N(2) = KN(1)di -2f(l—a)II2da 07r .II

Then, we have for 0 <22 <21 

              r 21f2iS"(qOdqdlC.AT- {W N(21)—W N(22)}                  22 

where C is a constant. Thus, we obtain for 0 22 < 7r, 

(3)ElICN(21)—CN(22) 2r} C4(r) • {W N(21)— W N(22)}r • 
   W N(2), 0 r, is continuous and strictly increasing with W N(0) = 0 and W N(7) 

= II f(l) 112d/ = G2, say. Hence, the inverse function Wiv-1(p) from [0, G2] to [0, 7r] is 

one-one and continuous. 
   If we make the substitution 

                        = W Tv' 0P5 _G2, 

the process N(2) transformed intothe process 

                 eN(p)=CN(w:v(p)) 0 p G2 
From (3), we obtain for 0

J_< p2 < pi�-G29                    ElleN(P1)—C;(112) 12r} C4(r)1 Pi 1-121 r • 

We have, thus seen that the family of measures P N in C[0, G2] generated by eN(P) 
is conditionally compact. (c. f. Billingsley [1], p. 95) 

   The precompactness of the family of the functions W N(2) in CEO, 7r] and the 
continuity of the inverse function W N1( p) guarantee that the family of the measures 
1')/s7 is conditionally compact. 

   Thus we have proved 
   PROPOSITION 4. Under the assumptions of theorem, the family of the measures 

 N in C[0, r] generated by CN(2) is conditionally compact. 
   By combining Propositions 1, 2, 3 and 4, our theorem is thus proved.
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