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1. Introduction.

For real valued functions defined on a finite dimensional Euclidean space, the
notion of quasi-convexity was first introduced by K.J. Arrow and A.C. Enthoven
[1], while the notion of pseudo-convexity by O. L. Mangasarian [3] for differentiable
functions. In this paper, we shall generalize these notions to the case where the
functions are defined on a linear topological space and differentiable in the sense
of Neustadt [4]. We then show that some important results parallel to those ob-
tained in [1] and [3] are valid for the functions in our concern. We shall apply
these notions so as to obtain the sufficient conditions for the minimizing problem
in the framework of general mathematical programming enunciated in a previous
paper of the present author [5]. Our present problem treated in this paper can be
considered to belong to quasi-convex programming in a generalized sense.

In Section 2 we shall investigate the differentiability in the sense of Neustadt
in a linear topological space. In Section 3 we shall describe the necessary and
sufficient conditions for a continuous convex function on an open convex subset of
a linear topological space. In Section 4 we introduce the notions of pseudo-convexity
and quasi-convexity, and investigate the interrelations among conveXx, pseudo-convex
and quasi-convex functions when these functions are all continuous. In Section 5
we shall discuss the quasi-convex programming regarding the nonlinear program-
ming in a Banach space stated in [5]. Some examples are given in Section 6.
Example 1 given in Section 6 shows that the pseudo-convexity in our sense is truely
more general than that due to Mangasarian [3]. In example 2 we remark that the
norm in a real Hilbert space yields an example of the differentiable functions in
the sense of Neustadt.

2. Differentiability in the sense of Neustadt.

In this section, we shall investigate some properties of differentiable functions
in the sense of Neustadt.
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116 S. Tacawa

DEFINITION 2.1 (cf. [4]). Let X and Y be real linear topological spaces and f a
mapping of X into Y. Then, f is called to be differentiable at X € X in the sense of
Neustadt if to each x = X there corresponds a vector fz(x)= Y such that

SEre—f&®
€ e —> 0+

y—>x

FECIN

The mapping f is called to be differentiable on an open domain D of X in the sense
of Neustadt if f is differentiable at £ in the sense of Neustadt for every ¥ & D.

Note that the differential fz(x) in the sense of Neustadt is necessarily positively
homogeneous, i.e.,

f:Ax)=A4fz(x)  for all 2=0.

We now presents the properties of the differential f; in the sense of Neustadt.

LEMMA 2.1. Given linear topological spaces X, Y and Z, a mapping f of X into
Y, and a mapping g of Y into Z. If f is differentiable at ¥ = X in the sense of
Neustadt, and if g is differentiable at = f(X) in the sense of Neustadt, then the map-
ping gof is differentiable at X in the sense of Neustadt and

(gof)s(x) =gz(fz(x))  for all xe X.
PROOF.

(gof)(E+ey)—(gof)(%)
&

g(i+s~—_f(f+sy€)_f® )—2(®
= - e —> 0+ &7 (f2(x))

y—>x

for every xe X.

LEMMA 2.2. Let f be a real-valued function defined over a real line R. If f is
differentiable at % < R* in the sense of Neustadt, then f has right and left derivatives
at . Conversely, if f has right and left derivatives at ¥ € R', then f is differentiable
at X in the sense of Neustadt.

PROOF. First of all, assume that f is differentiable at ¥ = R! in the sense of
Neustadt, i. e.,

f(f—i-EJe’)—f(f) pp—— »fe(x)  for all x& R*.

y—>x

Setting x =1, we have

fE+e)—f(X)
TT_:O—;—%(D )

which means that f has right derivative at Z.
In the same fashion, we obtain

f(E—e)—f(%)
[

5__)O+ L'_.f.‘i(—‘l)’

and hence f has left derivative at %.
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Conversely, suppose that f has right and left derivatives. Then,

f(E+e)—f(%)
€

g /@,

fE—e)—f(X) .
f—15 e —> 0+ /=@

For each x>0, we have

[(E+ey)—f(%)
€

_ JE+enN—f®) y
€y e —> 0+

y—>x

SAGE:

since every y sufficiently close to x is positive. This implies that f¢(x) exists and
Je(x) = fi(@)x.

In the same way, for each x <0, we have

S(Z+ey)—f(X)
&

_ SGE+e)—f@)
24

/@),
y—>x
so that f;z(x) exists and

fa(x)=f1(®)x.

Now, consider the case where x=0. It is true that there is a real number d,,
0<0,<1, such that

&%Ffﬁ)__f;(x)l <1 whenever 0<e < d,,

and

l(x;tez—_f(@__f/_(f) <1  whenever —,<e<0.

Setting M =max {|f, &)}, |fL(®)|}, we have

Ml< M+1  whenever 0<|e| <d,.

For an arbitrary positive number £, let
&=min {ﬂiT 8.
It is then valid that

fate)—fiz) Iyl < (M+1)o< ¢

_| fE+en—£(®)
ey

whenever 0<e<d, 0<|y| <@,
which implies that
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fE+e3) ~£(2) _
. e 0=50).

y—>0

This completes the proof of Lemma 2.2

3. Convexity.

We shall present the property of the convex functions.

DEFINITION 3.1. Let X be a linear topological space, A a convex subset of X,
and f a real-valued function defined over X. Then, f is called to be convex on A
if for every x; and x, in A

JQAx,+(1—2)x) < A (x)+(1—=Af (x2)

for every 4, 0 A1

PROPOSITION 3.1. The function f is continuous convex on an open convex subset
A of X if and only if

(a) f is differentiable on A in the sense of Neustadt,

() fx)—f(x) = fa,(xa—2x1) Sfor all x;, x, € A.

PROOF. “only if” part: This is an immediate consequence of Proposition 4.1
in [5].

“if” part: First of all, note that f is continuous at ¥ = X if f is differentiable
at X in the sense of Neustadt (see Lemma 3.1 in [5]).

To show the contrary, assume that f(x) is not convex on A. That is, there are
vectors x;, X, (¥ x,)€ A and a real number a, 0 <a <1, such that

flax,+(1—a)x,) > af(x1)+(1_a)f(x2) .
Define the function h: [0, 11— R" as follows:

(3.1) R(A) = f(Rx,+ A=) x)+A(f(x)—f(x,))  for all 2 [0, 1].
It is then clear that & is differentiable on [0, 1] in the sense of Neustadt and
h(0) = (1) = f(x,) .

Furthermore, we have
h(1—a) > f(x,) = h(0) = k(1) .

Since h is continuous on [0, 17, there exists a real number Z, 0< <1, such that
3.2) h(2) :Zm[a>§ h(2) > R(0)=h(1).
=[0,1

It is then valid that
h(2) = f(Z)+A(f(x)—f(x))

where
F=2x,+1—Dx,.

Since 4 is differentiable on (%, 1] in the sense of Neustadt, it follows from Lemma
2.2 that h has left derivative and

3.3) hi(6) = h'(2)0 for all 6<0,
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whenever 1< A< 1.
Now, we shall show that

(3.4) hs(0,—0,) < h(d,)—h(6,)  whenever 0<4d,<1, 05,1,
It follows from (3.1) that
hoy(0y—0,) = lim [LGODF et =SB 4 i) s ]

3

p—02—01
= f20((02—0)(X—21))+(0,—0,) (S (%) —f(x2)) ,
where
x(0,) = 0%, +(1—0))x, .
Moreover, we have
(0,—0,)(xp—x,) = x(02)—x(d,) ,
where x(0,) = 0,x,+(1—0,)x,. Therefore, it follows from the condition (b) that
hs,(0;—8,) = h(d;)—h(d,) .
It is true, by virtue of (3.2), that

h7(0)<0 for all real numbers 0.
If we suppose that
h7(1—2)=0,
then it is immediate, by (3.4), that
0=h7(1—2) < K(1)—RQ),
which contradicts to (3.2). Hence, we have

h(Z+e(1—2))—h(3) <0

&

0-D=in
It is then valid that there is a real number &, 0<e¢,<1, such that
hG4e(l—D)—h@) <0  for all e (0, ;.
This can be rewritten in the form: There is a real number i, 1< 1<1, such that
h(2) < h(R) for all 2e (3, 17.

Furthermore, the continuity of & allows us to take 4, 1< A< 1, as the number satis-
fying
(3.5) RO)=h(1) < Q) < h(Z)  whenever A <A< A.
Recall that 4 has left derivative on (2, A]. Then, there exists a real number i,
(1, 1] satisfying
h.(2,)<0.

For if we assume that

W()=0 for all A (Z, ],

then it follows from Proposition 2 in Bourbaki [2; Ch. 1, §2, N°2] that
h() = h(2),
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which contradicts to (3.5).
It is then valid, by virtue of (3.4) and Lemma 2.2, that

0 < AL(A0)(—=20) = h3o(0—20) = h(0)—h(4) ,

which contradicts to (3.5).
Consequently, we can conclude that f is convex on A. This completes the proof
of Proposition 3.1.

4. Pseudo-convexity and quasi-convexity.

We shall introduce the notions of pseudo-convexity and quasi-convexity for the
functions defined on a linear topological space.

DEFINITION 4.1. Let X be a linear topological space, A a subset of X, and f a
real-valued function defined on X which is differentiable on A in the sense of Neu-
stadt. Then, f is called to be pseudo-convex on A if for every x, and x, in A,

faor(Hp—2x) =0 implies f(x,) = f(x,).

Now, we shall investigate the properties of pseudo-convex functions which are
almost parallel to those described in [3]. Let X be a linear topological space and
A a convex subset of X. Let f be a real-valued function defined over X.

PROPERTY 1. If f(x) is continuous convex on A, then f(x)is pseudo-convex on A,
but not conversely.

ProoOF. This is an immediate consequence of Proposition 3.1.

DEFINITION 4.2 (cf. [1]). The function f is called to be quasi-convex on A if for
every real number A the set

{xe Alf(x)= 4}
is convex.

If the real-valued function f defined over X is quasi-convex on A and if f is
differentiable on A in the sense of Neustadt, then

f(X)Zf(Z) implies f:(x—%)=<0.

DEFINITION 4.3 (cf. [3]). Let be given a linear topological space X, a convex
set A in X and a real-valued function f defined over X. The function f is called
to be strictly quasi-convex on A if for every x, and x, in A, x, # x,,

J(x) <f(x;)  implies f(Ax,+(1—2A)x,) < f(x,)

for every 4, 0< A< 1.

PROPERTY 2. If f(x) is pseudo-convex on A, then f(x) is strictly quasi-convex on
A, but not conversely.

PrOOF. We shall prove by contradiction. That is, assume that f(x) is not
strictly quasi-convex on A, then it follows from the Definition 4.3 that there are
vectors x; and X, (#x,) in A and a real number 2,, 0< A, <1, such that

Flx) < f(x,)
{4.1) FAx, +(1—2)x,) = f(x,).
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Define the function & from the interval [0, 1] into a real line as follows:

4.2) A =Ff(Ax,+A—2Dx,) for all 2=[0,17.

Since the function % is continuous, there is (by (4.1)) a real number 2 such that
0<2<1,

4.3) h(2) = max h(2) = f(x,) > f(x,) .

It is then true, on the basis of Lemma 2.1, that
0= A7(6) = lim h(2+€ﬂ)_h(1)
e—0+ €
pu—s
= f2(0(x,—x5))
for every real number 6, where £=1x,+(1—1)x,. Hence we have
(4.4) fa(x—E) = f2(R(x,—x,)) £ 0.

If we assume that
Fex,—%)=0,

then for every p<=[0,1] we obtain
Fapx,+(1—pE—%) = pufs(x,— %) =0.
Since f is pseudo-convex, it is immediate that
S(px,4-(1—p)x) = f(X) for all p=[0,1].
It then follows from (4.2) and (4.3) that
x4 11— ) =f(%) for all p=[0,1],

which implies that
S(xpte(x,—x,))—f(x) _ 0.

&

Sag(X1—x,) = lim
e—0+

Therefore, it is valid, on the basis of pseudo-convexity of f, that

fx) = f(x),
which contradicts to (4.3).
Consequently, it follows from (4.4) that

4.5) Sa(x,—%)<0.
It is easy to verify (by (4.5)) that there is a real number ¢, 0<¢,<1, such that
f(E+e(x,—Xx)) < f(%) whenever 0<e<¢g,.
Since f is continuous, there exists a real number ¢,, 0 <e¢, <e¢, such that
S(x) < f(Z+e(x,—X)) < f(Z)  whenever 0<e<¢,,
or equivalently, there exists (see (4.2)) a real number A, 0< 2, <2, such that

4.6) A1) < h(A) < h(A)  whenever 2, <A<2.
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Since h(4) is differentiable on (0, 1) in the sense of Neustadt, it follows from Lemma
2.2 that 2 has right derivative and that

() p = h(1) for all #>0.
We now show that there is a real number A;, 1, < 1, <2, such that

hi(2) > 0.
To show the contrary, assume that
H(DZ0  for all €[4y, 1).
It then follows from Proposition 2 in [2; Ch. 1, § 2, N°2] that
h(22) Z h(2)

which contradicts to (4.6).
Therefore, it is clear that

Fza(8(x;—x2)) = hag(0) = R4 (206 >0  for all >0,
where x; = 2,x,+(1—25)x,. Since x;—x;=(1—2,)(x,—x,), we have
fxs(xl_xa) =fzs((1—ls)(x1—x2)) > 0 )
which together with the pseudo-convexity of f imply that
h(1) = f(x,) 2 f(x5) = h(2s) .

This contradicts to (4.6).

Consequently, we can conclude that (4.5) does not hold, and hence f is strictly
quasi-convex on A. This completes the proof of Property 2.

PROPERTY 3 (cf. [3]). If f tis continuous, strictly quasi-convex on A, then f is

quasi-convex on A.
PROPERTY 4 (cf. [3]). If f is strictly quasi-convex on A, then every local mini-
mum is a global minimum.,
PROPERTY 5. Let f(x) be pseudo-convex on A (probably not convex only in this
case). If
f:(x—%)=0 forall xe A,

then % is a global minimum over A.

It follows from Properties 1-3 that there is a hierarchy among differentiable
functions in the sense of Neustadt. More precisely, if we let F,, F,, F,, and F,
represent the sets of all differentiable functions in the sense of Neustadt defined on
a convex set A in a linear topological space that are convex, pseudoconvex, strictly
quasi-convex, and quasi-convex, respectively, then

F.CF,CF,CF,.

5. Quasi-convex programming.

In this section, we shall present the programming in which the conditions des-
cribed in [5] are sufficient for optimality.
DEFINITION 5.1 (cf. [5]). Let X be a linear topological space and A a subset of
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X. By the local closed convex cone of A at ¥ (€ A) we mean the set

P(4, 9= N COANN, ),

where (%) is the class of all neighborhoods of ¥ and CC(ANN, %) is the intersec-
tion of all closed convex cones containing the set A—% = {a—%|a € A}.
DEFINITION 5.2 (cf. [6]). By the local closed cone of A at ¥ we mean the set

LO(A4, D=, O C(ANN, D),

where C(AN N, %) is the intersection of all closed cones containing the set A—Z.

DEFINITION 5.3 (cf. [5]). The set A in X is called a pseudo-cone with vertex at
x (e 4) if

x—%e LC(A, %) for all x= A.

Before we discuss the quasi-convex programming, we shall generalize the notion
of quasi-convexity.

DEFINITION 5.4. Given linear topological spaces X and Y, a convex set A4 in X,
a closed convex cone* B in Y, and a mapping g of X into Y. Then, g is called to be
B-quasi-convex on A if for each vector y€ Y the set

{xe Alg(x) e y+B}

is convex.
LEMMA 51. Let X be a linear topological space, R™ an n-Euclidean space, A a

convex set in X and g=(g, -, &) @ mapping of X into R™. If all g’s are quasi-
convex on A, then g is B-quasi-convex on A, where B is given by

B={y=(, =, 9)ER" 3,20, i=1, -, n}.
PROOF. For any vector y=(3,, ***, ¥,) € R" the sets
{xe Algi(x) =i} for i=1,--,n
are all convex since g;'s are quasi-convex. Then, the set

{xe Alg(x)ey+B)={xc€ Alg(x)<y,, i=1, -, n}
=\ (xe Ala(0 =)

is convex. Hence g is B-quasi-convex on A.

This lemma shows that the B-quasi-convexity is a natural extension of the
quasi-convexity.

THEOREM 5.1. Let X and Y be real Banach spaces, A a convex subset of X, and
B a closed convex cone in Y. Let a real-valued function f defined over X be pseudo-
convex on A and let a differentiable mapping g of X into Y in the sense of Neustadt
be B-quasi-convex on A. If there exist a vector X< A, a real number n#0, and a
linear continuous functional 3* < Y * such that

(5.1) =0,

* A subset B of a linear space is called a cone if aBCB for all a=0.
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(5.2) FH¥ <0 for all ye B,

(5.3) 7 (g(®)=0,

(5.4) g(x)e B,

(5.5) () +5*(g(x) 20  for all xe P(A, %),
then

f(®)=min {f/(x)|x€ A, g(x)e B}.
PRrROOF. Define the set D in X as follows:
D={xes Alg(x)e B}.

It is then clear, by virtue of (5.4), that ¥ D. Since g is B-quasi-convex on A, the
set D is convex, and hence it is a pseudo-cone with vertex at ¥. Since f is pseudo-
convex on A4, it is pseudo-convex on D. Consequently, it follows, on the basis of
Theorem 3.4 in [5], that the conditions (5.1)-(5.5) are sufficient for minimality of
f(%) on D. This completes the proof of Theorem 5.1.

Now, we can state, by virtue of Lemma 5.1, the corollary of Theorem 5.1.

COROLLARY. Let X be a real Banach space, and A a convex subset of X. Let a
real-valued function f defined on X be pseudo-convex on A, and real-valued functions
gy, -+, 8, differentiable in the sense of Neustadt and quasi-convex on A, If there exist
a vector X< A, a real number p+0, and a vector £=(&,, -+, {,) € R™ such that

(5.6) 720,

(5.7) &Li=0 fori=1,--,n,

(5.8) i@+ - +a8(X) =0,

(5.9) g(x)=0  fori=1,-- 6 n,

(5.10) () +L 81N+ - +La8aa(x) =0 for all xe P(A, %),
then

f(Z)=min {f(x)|xe 4, g(x)Z0 Jor i=1, -, n}.

PROOF. Let Y be an Eucledian space R". If we define the mapping g of X into
Y and the closed convex cone B in Y as follows:

g(x)=(&i(x), -+, &a(x))  for all xe X,
B:{y:(yly '";yn)ERn]yigo for 1':1, '."n}y

then it is easily verified, on the basis of Theorem 5.1, that the assertion of the
corollary holds.

6. Remarks.

Our concept of pseudo-convexity is an extension of the pseudo-convexity des-
cribed in [3]. For instance, consider the following examples.
EXAMPLE 1. Let f(x) be the function from R'® into R' defined by
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x* if x=0
J(x)=
Vi+l-1  if x>0.
Then, f(x) is not differentiable at 0 in the usual sense, but differentiable at 0 in the
sense of Neustadt. Therefore, f(x) is not pseudo-convex in the sence of Mangasarian,
but pseudo-convex in our sense.
EXAMPLE 2. As more simple, but important example, we can consider the norm
in a real Hilbert space X, i.e., the norm |x| is defined by

x| =(x[x)"*  for all xe X,

where (x]y) is an inner product in X. Then, the real valued function f(x)=|x| is
differentiable on X in the sense of Neustadt, and the differential f; is:

lIxl if £=0,

fo(x)= (%] x) o
—’ﬁﬁ it #0.

It is clear that the above function f(x) is not differentiable at =0 in the usual
sense.
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