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   1. Introduction. 

   This paper is devoted to present the optimality conditions for the minimum in 
a Banach space. More specifically, we shall be ultimately concerned with the follow-

ing problem : 

                      minimize f(x) 

(P)subject to x E A 

                              g(x)B, 

where the objective function f is a real valued function on a Banach space X, A is 
an arbitrary subset of X, g is a mapping of X into a Banach space Y, and B is a 

closed convex cone with vertex at the origin in Y, which has a non-empty interior. 

   In order to discuss the above problem we start in Section 2 with the preparation 

of some fundamental notions which are indispensable for our approach in this paper. 

It is noted that the local closed convex cone of A at a point x and the pseudo-

convex function f are crucial in our approach. In Section 3, nonlinear programming 

in a Banach space is discussed. Theorems 3.1 and 3.2 are concerned with the problem : 

minimize { f(x) x E A}, where A is a set in a Banach space X, and f is a real valued 

function defined over X. The necessary conditions for the problem (P) are obtained 

in Theorem 3.3 under the assumptions that f and g are both differentiable in the 
sense of Neustadt [6], and that A is locally convex at 2 or is locally relatively 

convex with respect to H---=g-1(B) at 2. Theorem 3.4 presents the sufficient con-

ditions for the problem (P) when our objective function is pseudoconvex and the 

constraint set A n H is taken as pseudocone. The saddle value problem (P') asso-

ciated with the original problem (P) is discussed in Section 3. The applications of 
Theorems 3.3 and 3.4 yield us Theorems 3.6 and 3.7, which show the interrelation 

between these two problems. 
   In Section 4, we apply the main results given in Theorems 3.3 and 3.4 to the 

ordinary convex programming in a Banach space since every continuous convex 

function is differentiable in the sense of Neustadt. Section 5 is devoted to discuss 

the implication of our assumptions given in Theorem 3.3 in comparison with (i) those 
of Varaiya [8] and (ii) those of Neustadt [5] or Nagahisa & Sakawa [4]. 
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   2. Notations and preliminaries. 

   Let X and Y be real linear topological spaces, A a non-empty subset of X and 

 2  E A. We define the cone generated by A as follows : 

                      cone (A) = > 0, a E A} . 

   DEFINITION 2.1. (Varaiya [8]). By the closed cone of A at 2 we mean the inter-

section of all closed cones* containing the set 

                           A-2 = {a-21a E A} . 

We denote this set by C(A, 2). 

   DEFINITION 2.2. By the closed convex cone of A at 2 we mean the intersection 

of all closed convex cones containing the set A-2. We denote this set by CC(A, 2). 

   DEFINITION 2.3. (Varaiya [8]). By the local closed cone of A at 2 we mean the 

set 

                   LC(A, = n C(A n 
                                          NE91(g) 

where 91(2) is the class of all neighborhoods of 2. 

   DEFINITION 2.4. By the local closed convex cone of A at 2 we mean the set 

                     P(A, 2)= n CC(A (-)N, 2). 
                                                           Nt_-,n(X) 

   It is easily seen that P(A, 2) is a closed convex cone and that 

                       LC(A, 2) C P(A, 2) . 

Now, we can state the following lemmas. 

   LEMMA 2.1. (Varaiya [8]). Let X be a Banach space and 2 E A. The vector 
z LC(A, 2) if and only if there exists a sequence of vectors {xn} C A and a sequence 

of positive numbers {AO such that 

                            xn--> 2 as n --> 00 , 

                    An(xn-2) z as n —> oo . 

   LEMMA 2.2. Let X be a Banach space and 2c A. The vector zc P(A, 2) if and 
only if there exist a sequence of positive numbers {27,}, a sequence of positive integers 

{inn} , a sequence of vectors (an„ ••• , an„,n) E Pn'n, and a sequence of vectors 
  A such that 

               Ynin> 2 uniformly in i, 

                      mn                                                oo 

      Z 
      i=1noo 

where P' is the subset of Rl (1-Eucledian space) defined by 

              Pt = {(a1, , al) E 0, i= 1, • • • , 1, ai -= 1} . 

   * A set A in a linear space will be called a cone with vertex at p if p+A(q —p)GA when-
ever qEA and If a set is called a cone, it means a cone with vertex at the origin .
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   PROOF. First of all, it is easy to verify that 

                CC(A,  2) = C(co (A), 2) = cone (co (A)-2) .* 

We shall denote by Nn(z) the open spheres centered at z with radious 1/n, n = 1, 2, •••• 

If z E P(A, 2), then 

               z E P(A, 2)= n CC(A n N, 2) 
                                          NES (2') 

                     = 11 CC(A n Nn(2), 2) 

                        = f1 cone (co(A n N — 2) , 

and hence 

          Nn(z) n cone (co (A n N n(I)) — 2) # 0 for all n = 1, 2, • • • . 

Therefore, there exist a sequence of positive numbers 120 and a seqnence of vectors 

Xn E CO (A n Nn(2)) C Nn(2) such that 

                     An(x n-- 2) E Nn(z) for n = 1, 2, ••• . 

Furthermore, there are a sequence of positive integers {m0 , a sequence of vectors 

(a51, .• • , anmn) e Pmn, and a sequence of vectors t V                                              C A n N n(2), such that 
                                 mn 

                       xn= E ani yni for n = 1, 2, • • • . 
                                             i=1 

It is then valid that 
          > uniformly in i 

n,                             ni C>0 
                                my, 

          2n( E andni—X)> z . 
           i=1n ----> oo 

   Conversely, let z be the vector satisfying the conditions in the lemma. Since 

the sequence,mnC A converges to x uniformly in i, for each neighborhood 

N of z there is a positive integer no such that 

                   yni E N, i = 1, ••, mn for all n no . 

It is then true that 
                          mn 

                 E aniyni E co (A n N) for all n no . 
                                     i=1 

Hence, we have 
                             mn 

                AnCE andni E cone (co (A n N)-2) . 
                                          z=i 

Letting n tend to 00, we obtain 

                z E cone (co (A n N)—x) = CC(A n N, 2) . 

Since N is arbitrary, we conclude that 

                   zE n CC(A N, 2) P(A, x). 
                                 91(x) 

   * For any subset A of a linear topological space , A denotes the closure of A, co (A) 
denotes the convex hull of A.
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This completes the proof of Lemma 2.2. 

   DEFINITION 2.5. Let f be a real valued function defined on a subset A of X. 

We denote by G(f, A) the graph of f on  A: 

                    G(f, A) = {(x, f(x)) I x . 

By the local closed cone of the graph of f on A at x (G A) we mean the set 

                 LG(f, A, 2) = LC(G(f, A), (2, f(2))) . 

   DEFINITION 2.6. For a subset A of X, we define 

                  A- = {a* E X * I a* (a) 0 for all a E , 

where X* is a conjugate space of X which is given the X-topology (see Dunford 

and Schwartz [2]). 

   Note that the set A- is a closed convex cone with vertex at the origin in X*. 

   LEMMA 2.3. (Guignard [3]). If A is a cone in a locally convex linear topological 
.space, then 

                            A- = (co (A))- . 

   DEFINITION 2.7. Let be given a set A in a linear topological space X which 

contains a vector 2. The set A is called a pseudocone with vertex at x if 

                    x-2 E LC(A, 2) for all x A . 

   It is easily verified that if A is a cone with vertex at 2, or is convex, then A 
is a pseudocone with vertex at

   3. Nonlinear programming in a Banach space. 

   In this section, we shall state the main results in this paper. 

   Let f be a real valued continuous function over a Banach space X, and let A be 
an arbitrary subset of x. Then the following theorem holds. 

   THEOREM 3.1. Let W+ = Xx {r E Ri I r 0}. If 2 E A is an optimal solution to the 

problem: 

                       minimize {f(x) Ix E A} , 

then the condition 

                        LG(f, A, X) C W 

holds. 

   PROOF. Let (x, r) be an arbitrary element of LG(f, A, 2). It then follows from 

Lemma 2.1 that there exist a sequence of positive numbers PO and a sequence of 
vectors (x„, f(xn)) E G(f, A) such that 

                     (xn, f(xn))(2, f(2))                                                            00 

              An((xn, Ax.))—(2, f(2)))00) (x, r). 

   Since x E A is a minimal point of f over A, we have
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 f(xn) A:0 for n 1, 2, • •• . 

Hence, it is clear that 

                        lim An,(f(xn,)—M)) =r 0 . 

This completes the proof of Theorem 3.1. 

   DEFINITION 3.1. (Neustadt [6]). The function f from an open set D in a linear 

topological space X into a linear topological space Y is called differentiable at .Tc E D 
in the sence of Neustadt if to every x E X there corresponds a vector f2(x) E Y such 

that 

                f(x+Ey)—fM  f -(x) . 
                                             s ---> 0+ 

                                        y--> x 

Note that the differential 12 is necessarily positively homogeneous, i. e., 

               f 2(a = af 2(x) for all a 0 and all x E X . 

   LEMMA 3.1. Let f be defined as above. If f is differentiable at x in the sence of 
Neustadt, then f is continuous at 

   PROOF. Let N be an arbitrary balanced neighborhood (see [1]) of the origin in 
Y. Then, there are a positive number s, 0 < e < 1, and a neighborhood U of the 

origin in X such that 

              M+631)—f(2) E MO) N = N for all y E U
, 

and hence we have 

                f(X-Ex)—f(X)E ENC N for all x E sU . 

Since sU is also a neighborhood of the origin in X, this implies the continuity of 

f at 2. 
   PROPOSITION 3.1. If f is differentiable at x E A in the sense of Neustadt, then it 

is true that 

                 LG(f, A, 2) -= {(x, f2(x))Ix E LC(A, . 

   PROOF. Let C = {(x, f2(x))1 x E LC(A, . For each element (x, r) E LG(f, A, 2), 

there exist a sequence of vectors (x,„ f(x„)) E G(f, A) and a sequence of positive 

numbers {An} such that 

               f(x.))fM) 
                                        n —> CO 

               2.((x., Ax.))—M fn) n ---> 00) (x, r) 

It is now immediate that 

               xn>.t"                                         n —> 00 

                       An(x7, .t") > x ,                                                  n --> 00 

and hence, by virtue of Lemma 2.1, 

                              x E LC(A, .t") .
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Moreover, we have 

                r= lim An(f(-Yn)—f(2)) 
                                     n-00 

                         .f(-+  An(x.--jc))—M) 
        = limf x(x) 

                                      An 

Consequently, we can conclude that 

                               (x, r) E C . 

   Conversely, let (x, f2(x)) C. Then, the fact that x E LC(A, .t-) implies the ex-

istence of sequences {2„1 > 0} and {x„}C A such that 

                             ---> as n --> oo 
, 

                             27,(xn— 2) ----> x as n ---> co . 

It is now clear that, by Lemma 3.1, 

                 lim (xn, f(x.))= M)) 

It is also valid that 

                 lim An(f(x.)—M)) = fx(x) 

and hence, 

                  llm An((x., f(x.))— , AV) = (x, Mx)) 

Therefore, we can claim that 

                       (x, f2(x)) E LG(f, A, 2) . 

   DEFINITION 3.2. Let be given a real valued function f defined over a linear 

topological space X. Then, f is called pseudoconvex over A at x if f is differentiable 

at x in the sense of Neustadt and if x A, 

                  f2(x—I) 0 implies f(x)—f(2) >_ 0 . 

   THEOREM 3.2. Let 2 be an optimal solution to the problem: 

                       minimize {f(x)! x E AI , 

where A is a set in a Banach space X, and f is differentiable at 2 in the sense of 

Neustadt. It is then necessary that 

                   f2(x) 0 for all x E LC(A, . 

/t is also sufficient if f is pseudoconvex over A at 2, and if A is a pseudocone with 

vertex at 2. 

    PROOF. Necessity : It is an immediate consequence of Theorem 3.1 and Prop-

osition 3.1. 
    Sufficiency : By the definition of pseudocone, it is true that 

                     x-2 E LC(A, 2) for all x E A.
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Hence, we have 

 f,(x-2)�  0 for X E A . 

By the pseudoconvexity of f over A at 2, we can conclude that 

                  f(x)— f(2) 0 for all x E A . 

This completes the proof of Theorem 3.2. 
   In order to obtain the necessary conditions to nonlinear programming, we intro-

duce the following definitions. 
   DEFINITION 3.3. Let A and H be arbitrary subsets of a linear topological space 

X, and let x E A n H. Then, the subset A is called to be locally relatively convex 

with respect to H at 2 if there exists a neighborhood N of x in X such that 

                     co (A)nHnN=AnHnN. 

   DEFINITION 3.4. Let A be an arbitrary subset of a locally convex linear topo-
logical space X and let x E A. Then, A is called to be locally convex at 2- if there 
exists a convex neighborhood N of 2 in X such that the set A n N is convex. 

   LEMMA 3.2. If A is locally relatively convex with respect to H at 2, then it is 
valid that 

                  LC(A n H, 2) = LC(co (A) n H, 2) . 

   PROOF. Since A is locally relatively convex with respect to H at 2, there exists 
a neighborhoodSi of 2 such that 

                    co(A)nHng=AnHng. 
Then, we have 

              LC(co (A) n H, 2) = n C(co (A) n Hn N, 2) 
                                                  NET(.) 

                          = n C(co (A) n Hn N, 2) 
                                         Nc2Z                                                   NE-51(1) 

                          = n C(AnHnN,2) 
                                        NCN 

                                                           2,7*-91(1) 

                           = LC(A n H, 2) . 

   Now, we shall consider the following nonlinear programming in a Banach space. 
Let X and Y be real Banach spaces, A an arbitrary subset of X, B a closed convex 
cone with vertex at the origin having a non-empty interior, f a real valued function 

defined over X, and g a mapping of X into Y. Then, find a vector 2 E A satisfying 

                      minimize f(x) 

(P)subject to x E A 

                                g(x) E B . 

   DEFINITION 3.5. Let B be a closed convex cone with vertex at the origin in Y, 
and h a mapping of X into Y. Then, h is called to be B-convex if [h(ax,- px,) 
—ah(xi)- Ah(x,)]E B whenever (a , IS) E P2 and x1, x2 E X. 

   We can now describe our main theorems.
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   THEOREM 3.3. Let  X"  E A be the optimal solution to the problem (P). Assume that 

   (a) A is locally convex at X, or is locally relatively convex with respect to 
      H=g-1(B)={x E XI g(x)E B} at X. 

   (b) the functions f and g are differentiable at X in the sense of Neustadt, the 
      differential f,(x) is convex continuous in x and the differential g,(x) is B-
        convex continuous in x. 

Then there exist a real number 77 and a linear continuous functional y* E Y*, not both 
zero, such that 

(3.1)77?-__ 0 , 

(3.2)9*(y)� 0 for all y E B , 

(3.3)57*(g(i)) = 0 , 

(3.4)g(X)E B , 

(3.5)72f2(x)-1-5i*(g,(x)) 0 for all x E P(A, X). 

   PROOF. Let 

          E = {(g2(x), fi.(x))—(b, r) E Yx R1 J x E P(A, :x"), b B, r 0} . 

Then it is clear that E is a convex subset of Yx R' by virtue of the convexity of 

g, and f2. 
   Furthermore, define the subset B of Yx R' as follows : 

                {5 E Y =-- b — g (50 , beintB}x{rGR'Ir< 0}.* 

It is immediate that B is an open convex cone in YxRi. 
   We shall show that 

                              Enn=0. 

To show the contradiction, assume that there exists a vector (y, a) e Yx R1 such that 

                           (y, a) E E . 

Then there are vectors b1 G int B, b2 B, xE P(A, and a real number r 0 such 
that 

               (y, a) -= (61—g (I), a) = ((g,(x), f,(x))—(b2, r)) 
or 

                        g,(x)-1-g(X)= (
3.6) 

                       f 2(x) f 2(x) —r -= a < 0 . 

   It follows from Lemma 3.1 in [5] that 

                         g,(x)d-g(X) E int B , 

so that there exists a neighborhood U of the origin in Y such that 

                      g,(x)-Fg(X)+U c int B . 

   Since x P(A, X), it follows from Lemma 2.2 that there are a sequence of posi-

   * If B is a subset of a topological space , then int B denotes the interior of B.
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tive numbers PO, a sequence of integers fmnI, a sequence of vectors (an,, ••• , ann„) 

  Pm., and a sequence of vectors„nnE A such that 

                 Xnin 00X uniformly in i , 

             An(E> x . 
      1=1n co 

Then, we have 

                       mn 

          An[g(ianiXnti) —g()] 

        g(1                  .-1-An• 2,,(anixni—.0) —g(x) 
          1nco> g2(x) , 

                           An 

and hence there is a positive integer M1 such that 

                         mn 

           2.1_4Eanix,,i)— g (2)] E g2(x)+ U whenever nM, .                         i=1 

   Since oo as 72 —> oo, there is a positive integer M2 satisfying An>1 for n M2• 

Let M= max {M1, M2}. For each n M, it is valid that 

                          mn 

             Ang(E anix.i) E g2(x)- - An g(:t-) U 
                                 i=1 

                          Ang(1)—gMd-int B 

                         (An-1)g B c int B B , 
so that 

                                           Tnn 

                         aniXni E H for all n M. 
                                     1=1 

   If A is locally convex at .97, then for sufficiently large M' we have 

                     E anixni e Hn A for all n M' ,                                         1=1 

and, by virtue of Lemma 2.1, we obtain 

                            x E LC(A n H, *.t”) . 

It then follows from Theorem 3.1 and Proposition 3.1 that 

                           f 2(x) 0 , 

which contradicts to (3.6). 

   If A is locally relatively convex with respect to H at x, then we have, by virtue 

of Lemma 3.2, 
                 x E LC(co (A) n H, LC(A n H, . 

Now, it follows from Theorem 3.1 and Proposition 3.1 that 

                           f 2(x) � 0 , 
which contradicts to (3.6).
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   Consequently, we can conclude that 

 Eni)'=0, 

if A is locally convex at x, or if A is locally relatively convex with respect to H 
at X-. Now, it follows, on the basis of the separation theorem in a linear topological 
space (Theorem V.2.8 in [2]), that there is a non-zero continuous linear functional 
z* E (17X R1)* such that 

     z*((y1, a1))�0� z*((y2, a2)) for all (y1, a1) E 13 and all (y2, a2) E E . 

It is true that there are a continuous linear functional 57* E Y* and a real number 
77 such that 

              z*((y, a)) = 57*(y)+77a for all (y, a) E Yx R1, 
and so 

      9*(3,1—g(0+77a1 � 0 9*(gx(x)—b)±77(f2(x)—r) for all y1 E int B , 

                    all a1 < 0, all x E P(A, all b E B and all r . 

Since 0 E P(A, 2) and 0 c B, we have 

                            0 , 

                      y*(0� 0 for all b E B . 
Furthermore, 

               y*(g2(x))+72ft(x) 0 for all x E P(A, 2) . 

Finally, it is valid that 

                           9*(g = 0 , 

since 2g (2) e int B. This completes the proof of Theorem 3.3. 
   REMARK : As an example of the function f satisfying the hypothesis in Theorem 

3.3, consider the following one : Let c(t) = (c1(t), • • • , C n(0) be a continuous function 
from the compact interval I = [a, b] into n-Eucledian space Rn and F a differentiable 
function (in the ordinary sence) from R1 into R1. Then, define the function f from 
Rn into Rl by 

                 f(x) =bF (Mx c(t)I1)dt for all x E Rn , 

                                         a where II • II denotes the Eucledian norm. The differential f2(x) at X" E Rn in the sense 

of Neustadt takes the form : 

       f,(x)=FOX —c(t)II) Ex._(ii-c.(t)) dt+ F'(11.T—c(t)II)•11xIldt ,          Iwo211x—c(011/0 

where F' denotes the derivative of F and 

                      0 = {t E [a, b] c(t)1 • 
Hence, if 

                        F'(Ilx—c(t)11)dt 0 , 
                                       Ip 

then the differential f2(x) is convex on Rn.
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   THEOREM 3.4. Let the notations in Theorem 3.3 still hold. Suppose that f and g 

are differentiable at  x in the sense of Neustadt. Then, in order that the vector x E 

is an optimal solution to the problem (P), the conditions (3.1)-(3.5) in Theorem 3.3 are 

sufficient if A nH is a pseudocone with vertex at .5j, if f is pseudoconvex over A nH 

at 2, and if )2 # 0. 

   PROOF. First of all, (3.4) implies .EAnH. Since A n H is a pseudocone with 

vertex at 2, we have 

        x—x LC(A n H, 2)c P(A, 2)n LC(H, 2) for all xEAnH. 

   We shall show that 

                  y*(g2(x))� 0 for all x E LC(H, 2). 

For each xE LC(H, 2), there exist a sequence of positive numbers {20, and a se-

quence of vectors Ix7,1CH such that 

                       xn --> I as n co , 

                        --> x as n co . 

Note that 

                     g2(x) = Urn AnEg(x.)—gMi 
                                         n-. 

Therefore, we can obtain 

                Y*(gAx)) = -701m Anig-(x.)—g(C) 

                       = lim si*(2.[g(x.)—gMi) 

                        = lirn 27,(9*(g(x0)-5)*(g(i))) 

since .5* is a continuous linear functional. It follows from (3.2) and (3.3) that 

                 2,i(54(g(x0)-9*(gM))_-. 0 for all n , 

and hence 

                y*(g2(x))� 0 for all x E LC(H, 2). 

   By virtue of (3.5), we have 

          72f,(x)_� —5)*(g2(x))� 0 for all x E P(A, LC(H, 

Since x-5 EP(A, nLC(H, "4 for all x E A nH, it is valid that 

                   77f,(x-2)�_ 0 for all x E A n H. 

The hypothesis and (3.1) implies 77 > 0, and therefore 

                    f,(x--2)�. 0 for all xEAnH. 

Since f is pseudoconvex over A n H at x, we obtain 

                  f(x)—f(.-T)� 0 for all xEAnH. 

   Consequently, we can conclude that the vector x is a minimum over Anil. 

This completes the proof of Theorem 3.4.
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   Let us generalize Theorem 3.4, since there is the example which does not fall 

into the category of this theorem. Indeed, consider the following example which 

was introduced by  Zlobec [9] : 

                    X= A = R2 , 37, R3 , 

                   B = {(y1, y2, y3) 2Y1Y3 y1 y3 0} , 

                    g1(x1, x2) = 

                     g2(x1, x2) = x1 , 

                     g3(x1,x2)=x2, 

                     f(xi, x2) = x1-1-x3. 

   Let 2= 0, then P(A, 2)=-1P. We have 

                                 0                 f2(x), x„ -= (x1) . 
                                                        x2 

Then, the real number 72 and the linear continuous functional 57* E Y* satisfying 

(3.1)-(3.5) turn out to be : 

                         2               72=0, 5* =(0 ) for all 2<0. 
                          0 Hence, Theorem 3.4 can not be applied to this example. On the other hand, Theorem 

3.3 is available. 
   THEOREM 3.5. Let the notations in Theorem 3.3 still hold and let f and g be 

differentiable at 2 in the sence of Neustadt. If there exist a vector 2E A, a real 
number 77, and a sequense of linear continuous functionals lyn Y* such that 

(3.7)72> 0, 

(3.8)5t(y)<0 for all y E B, i= 1, 2, ••• , 

(3.9)jit(g(2))=. 0 for i= 1, 2, •••, 

(3.10)g(2)E B , 

(3.11)lim [72ft(x)+57P(g,(x))J>. 0 for all x E P(A, , 

then the vector 2 is an optimal solution to the problem (P) if A nH is a pseudocone 
with vertex at 2 and if f is pseudoconvex over A n H at 2. 

   PROOF. It follows from the proof of Theorem 3.4 that 

            E LC(A n H, 2)C P(A, .5)n LC(H, 2) for all xGAnH, 

and that 

                 yP(g,(x)) 0 for all x E LC(H, 2). 
Hence, 

                72f ,-(x)-F-51(g 2(x)) 5_ 27f ,(x) for i= 1, 2, •••
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By virtue of (3.11), we have 

      0  lim [72f,(x)+9P(g,(x))]�)2f,(x) for all x E P(A, 2)n LC(H, 2). 

   Therefore, it is true, by (3.7), that 

                      f.,(x--)�_ 0 for all xe AnH. 

The pseudoconvexity of f implies that the vector x is an optimal solution to the 

problem (P). This completes the proof of Theorem 3.5. 
   It is easily verified that Theorem 3.5 is more general than Theorem 3.4 and that 

the preceding example is contained in Theorem 3.5 with 5=(                                                   1=1 ), i-=1, 2, • ••. 
                                        1/2i 

   Let the notations in Theorem 3.3 still hold. We now consider the following 

problems. 
   (Pi) Find 2 E A and .9* E 13- such that 

          y*)� 37*) q5(x, 9*) for all x E A and all y* E B- , 

where 0(x, y*) = f(x)H-y*(g(x)). 

   (P"(9*)) Find 2 which (for fixed 5,-*) solves : 

                  minimize f(x)+51*(g (x)) I x E AI . 

   THEOREM 3.6. (i) Let (2, 9*) be the optimal solution to the problem (PO. Then, 
the conditions 

(3.12)f,(x)--Fy*(g,(x))� 0 for all x E LC(A, 2) , 

(3.13)5-1*( g(x)) -= 0 

(3.14)g(2) E B , 

hold. 

   (ii) If A is a pseudocone with vertex at 2, and if 95(x, 5,-*) is pseudoconvex over 
A at 2, then the conditions (3.12)-(3.14) are sufficient for (2, pc) to solve (P'). 

   (iii) If (2, .9*) solves (P'), then 2 solves (P). 
   PROOF. The condition (3.14) follows from Lemma 5.1 in the sequel. The other 

conditions are easily verified. 
   DEFINITION 3.5. The set A is called to be pseudoconvex at x (E A) if 

                     x--2 E P(A, 2) for all x E A. 

   Note that if the set A is a pseudocone with vertex at 2, then it is pseudoconvex 
at 2. 

   THEOREM 3.7. If 2 solves (P), and if the hypotheses in Theorem 3.3 are satisfied, 

               _ then (2, 1y*) solves (P') if )2 #0, if 0(x,  1 9*) is pseudoconvex over A at 2, and 
if A is pseudoconvex at 2. 

   PROOF. Since 2 solves (P), it follows from Theorem 3.3 that the conditions 

(3.1)-(3.5) hold. Since A is pseudoconvex at 2, the conditions (3.1) and (3.5) imply
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    11           0,(x-2, y*)=f.t(x-2)-F.-y*(g,(x-2)) 0 for all x A . 

Since ¢(x, 1 37*) is pseudoconvex over A at 2", we have 

            cb(x,  1  y*) 0(g,  1 y*) _� 0 for all x E A. 

By virtue of (3.2), (3.3) and (3.4), it is valid that 

                     (1                     y*)y*) for all y* E B- . 

Therefore, (.",  54) solves (P'). 
   THEOREM 3.8. (i) Let 2 solve P"(9*). Then, it is true that 

                f±-(x)d-y*(g2(x))� 0 for all x E LC(A, .t") . 

   (ii) If, in addition, 5* E 13-, then (.2, y*) solves (P') if and only if 

                  g(x) E B and 5,*(g(2))= 0 . 

   PROOF. These are immediate consequences of Theorems 3.2 and 3.6.

   4. An application to convex programming in a Banach space. 

   In this section, we shall present the necessary and sufficient conditions for an 

ordinary convex program in a Banach space. 
   First of all, we can verify the following proposition. 

   PROPOSITION 4.1. Let be given a convex function f defined on an open convex 

subset E of a real linear topological space X. If f is bounded above on some neigh-

borhood of a point in E, then f is differentiable over E in the sense of Neustadt. 

   PROOF. Note that, by virtue of Proposition 21 in [1] (Ch. II, § 2, n°10), f is 

continuous on E. We shall snow that the directional derivative Of(2; x) at x E E 

defined by 

                             f(t-+Ax)-fM                      5f( .2 ; x)= lim 
                                               A-0+ 

is continuous in x on X. Since Of(2; x) is a convex function defined over X, it is 
sufficient to show that Of(2 ; x) is bounded above on a neighborhood of a point, say, 
the origin. But this is an immediate consequence of the continuity of f and the 
fact that 

      Of(2 ; x) f(2- cx)— f(") f(2+ x)—f(2) for all s, 0 < E < 1 . 

   Now, we shall prove the proposition. For every x, y E X and 0 < s < 1, we have 

              f(2 + EY)-fM  —bif(2; x) --aM; x), 

and, moreover,
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 f(2+  EY)—  f  OM; x) 

               f(eX-Fs(y—x)+(1-6)1+sx)—f(X)                                    Of(X; x) 

                     — x))± (1 --E)f(X 6 s—f 

       —  

                                           —Of(X; x) 

                       f (1c+ x)—f(x)                  1—6           =M+(Y—x))—M)-F—Of(X ; x). 

                               1— 

Since of (x ; y) and f(y) are continuous, we conclude that 

                   f("+e,Y)—f(1)                                     „,Of(x;,                                           -->-i- 
                                          y --> x 

which implies that f is differentiable in the sense of Neustadt and that the differen-
tial equals to the directional derivative OM ; x). 

   It is now easily seen that, under the same hypotheses of the above proposition, 
the convex function f is pseudoconvex at each .Z e E. 

   THEOREM 4.1. Let f,gi, be all real valued convex functions defined over an 
open, convex subset E of a Banach space X. Assume that all f, g1, ,g„ are bounded 
above on a neighborhood of a point in E. Given a convex subset A of E, consider the 

following convex programming: 

                   minimize f(x) 

                    subject to xe A 

                                 gi(x) 0 , i= 1, ••• , n . 

Assume that there is at least one point xE A satisfying gi(x)< 0, for i = 1, ••• , n. In 
order that X e A is an optimal solution, it is necessary and sufficient that there exist 
non-negative numbers 22                        -0,-if • •• , A, not all zero, such that 

(a)20 > 0, 

(b)g(2)0, 2igi(t-) = 0 for i= 1, ••• , n, 

(c)Aoaf(; x)-F -Aiagi(X ; x)+ -F-Anagn,(.Z ; x) �0 for all x E P(A, .27). 

   PROOF. Necessity : Since A is convex, it is clear that A is locally convex at 
any point in A. It follows from Proposition 4.1 that f, g1, ••• , g„ are all differentiable 
at X in the sense of Neustadt and that their differentials are coincide with Of(X ; x), 
Ogi(X; x), , Ogn,(X ; x), respectively. It is valid that if we define the closed convex 
cone B in Rn by 

                 B= {(y„ , Y.) E Rn I 0, i = 1, n 

then g = (g1,•, gn) is B-convex and has the differential g2(x) =(Ogi(t ; x),•, Og„(X ; x)). 
Therefore, we can apply Theorem 3.3 to this problem, so that there are a real 
number 20 and a vector A -= (21, AO E (Rn)* = Rn, not both zero, such that
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(4.1)20 0, 

(4.2)2.y 0 for all y E B, 

(4.3) 

(4.4)g(2) c B , 

(4.5)2of,(x)--1-2.g.,(x)_� 0 for all x E P(A, . 

By virtue of (4.1) and (4.2), it is immediate that 2i 0 for i=1, ••• , n. It then follows 

from (4.3) and (4.4) that 2igiM= 0 for i =1, ••• , n. Since f--(x)= 6f(:f; x), (c) holds 

by (4.5). 

   Now, let us verify (a). Since A is convex, it is clear that 

                        E P(A, ;T) for all x E A. 

By virtue of (4.5), we have 

      205.f(X ; x--2)±213gg ; +2„Ogn(.. ; 0 for all x E A . 

From the property of convex functions follow 

                 f(x)—M) > OM; 

                     gi(x)—gi(1) >Ogi(1; , 
and hence 

                     Aof(x)-+Aigi(x)d- ••• ±Ang,i(x) 

                20.1M+ Aigi(10+ = 20M) ,(by (4.3)) . 

   To show the contradiction suppose that 20 = 0. Then, we have 

                          +2„g„(x)_� 0 for all xe A. 

By the hypothesis, there is a vector x0 E A such that gi(xo) < 0 for i= 1, ••• , n, and 
hence 2i = 0 for i=1, ••• , n, which is a contradiction. 

   Sufficiency : Let 11-=g-1(B). Since A nH is convex, it is a pseudocone with 

vertex at 5c- A nH). Moreover, since f is convex, it is a pseudoconvex over 

Anil at x. It now follows from Theorem 3.4 that x is an optimal solution.

   5. On constraint qualification. 

   To begin with, we shall state the following lemma. 

   LEMMA 5.1 (cf. Guignard [3]). Let X be a locally convex linear topological space 

and let A be a cone in X. If the vector xe X satisfies 

                      a*(x)-� 0 for all a* E A- , 

then we have 

                            x co (A) . 

   LEMMA 5.2. Let A and B be cones in a locally convex linear topological space X. 
If "1* E X* is a continuous linear functional satisfying 

                "1*(
x).� 0 for all x E CO (A) n co (B), 

then it is true that
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 P E  A---1-B-  . 

   PROOF. Let P E X* satisfy the condition in the lemma. To show the contra-

diction assume that 

                                     :i* E A--1-B- . 

Since A-±B- is a X-closed convex cone in X*, it follows from the separation 

theorem that there is a non-zero element i E X such that 

(5.1)x*(i) � 0 < i'*(1) for all x* E A- +B- . 

Then, by virtue of Lemma 5.1 and the fact that A-, B- c A- --1--B-, it is easily verified 

that 

                            ..' E co (A) n co (B). 
and hence 

                           P(i') � 0 , 
which contradicts to (5.1). 

   Now, we can present the following proposition. 

   PROPOSITION 5.1. Let A and B be cones in a locally convex linear topological 
space X. Then, the condition 

(5.2)(AnB)-=A-H-B-
holds if and only if 

(5.3)co (A n B), co (A) n co (B) . 

   PROOF. " if " part : Since 

                            A-+B-c(AnB)-, 

and since (A nB)- is X-closed, it is clear that 

                               A--I-B-c (AnB)-. 

Let x* be an arbitrary element of (A n B)- = (co (A n B))-. Then, by (5.3), we obtain 

                x*(x)�. 0 for all x E co (A) n co (B). 

It is valid, on the basis of Lemma 5.2, that 

                                  x* E A-+B- . 

   " only if " part : It is easily s een that 

                   co (A n B)c co (A) n co (B). 

We shall prove by contradiction. If there is a vector yo E X such that 

              Yo e co (A) n co (B) and yo EE CO (A n B) , 

then, on the basis of the separation theorem in a locally convex linear topological 

space (see [2], p. 417, Theorem 10), there exist a real number a, a positive number 

E, and a non-zero continuous linear functional f E X* such that 

             f(x).� a < a+s �f(yo) for all x E CO (A n B),
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or 

(5.4)f(x)�- 0 < f(Yo) for all x E co (A n-8) , 

since co (A n B) is a cone. Then, we have, by (5.2), 

                 f E co (A nB)- =(A nB)- 

It is then true that there exists a generalized sequence (see [2], p. 26, Definition 1) 

{a:+b:} , as E A-, b: E B-, which converges to f. This is equivalent to the fact that 

                lima(d+W(x) -= f(x) for all x E X . 

Since yo G co (A) and yo E CO (B), we have 

                (a:±b:)(Y0) = a:(.310)+b:(3,0) 0+0= 0 , 
and hence 

                    f(Y0) = lima(a:+b:)(3/0) < 0 . 

This contradicts to (5.4). This completes the proof of Proposition 5.1. 

   EXAMPLE 1. Let us discuss the hypothesis under which the necessary conditions 

are obtained in Varaiya [8] and Guignard [3]. Let us consider the following ex-

ample : 

                  X = R2 , Y = R' , 

                 A =- {(x„ x2) E R2) —1� x,� 1, 0<x2<1}, 

                 .f(x) =f(x1, x2) = x2 , 

                   g(x) =g(x1, x2) -= 

                 B {re R1Ir�.0} . 

It is clear that the optimal solution x to this problem is the origin. Note that 

            co (LC(A n H, 0)) E co (LC(A, 0)) n co (LC(H, 0)) , 

Where g-1(B), and hence, on the basis of Proposition 5.1, we have 

                 LC(A n H, 0)- LC(A, 0)- +LC(H, 0)- . 

That is, this example does not satisfy the hypothesis stated in Varaiya [8] and 
Guignard [3]. We can, however, treat this example since A is convex, and since 

B has a non-empty interior. 

   EXAMPLE 2. Let 

                  X= Y = R2 , 

                 A= {(x1, x2) E R21-1 xi� 1, 0 x2 1} 

                       {(xi, x2) E R2I0� xi �_1, —1x2 � 0} 

                  B = {(Yi, Y2) E R213/1 � 0, 3/2 , 

                     g1(X2, x2) x2-2x1, 

                   g2(x1, x2) =  1xx                            212 '
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 f(x1, x2) = x2 - 

It is then clear that the optimal solution x is the origin. In this case, A is locally 

relatively convex with respect to H g-1(B) at 0, though A is not locally convex 

at 0. Note that 

                          P(A, 0) = X = R2 , 

on the other hand, 

                         LC(A, 0) X. 

Hence, every convex set K satisfying 

                         0 E KC LC(A, 0) , 

is strictly contained in P(A, 0) = X. Consequently, our necessary conditions are 

different from the necessary conditions in Neustadt [5] or Nagahisa & Sakawa [4]. 

   EXAMPLE 3. In the last example, consider the following one. We shall show 

through this example that the hypotheses in Theorem 3.3 are not omitted to obtain 

the necessary conditions. Let 

                      X = Y= R2 , 

                   A= {(xi, x2) E R2I x2 0} 

                         {(x„x2) E R21 x20, xix21 , 

                         g1(x1, x2)- —2x1—x2 , 

                         g2(x1, x2) = 2x1d-x2-2 

                   B {(y1, y2) E R2Iy1 0, y2 50} , 

                       f(x1, x2) = x1+x2 

It is then immediate that the optimal solution t- is the origin. In this case, A is 

not locally convex at 0, nor locally relatively convex with respect to H at 0. 

Furthermore, note that P(A, 0) = X = R2. 

   For this example, we cannot obtain the necessary conditions in Theorem 3.3. 

Indeed, if we assume that the above necessary conditions hold, then, there are a 

real number 77 and a vector y* = (yik, yt) E R2, not both zero, such that 

              7211,(z)-kytgix(z)d-y2g,z(z) 0 for all z E R2 , 

                      ytg1(0)+31g2(0) = 0 , 

                                   0 , 

                    y*(y) 0 for all y G B. 

It is easily seen that 

                         22= = = 0 , 

which is a contradiction. 
   REMARK. This example also shows that there is a set A (D 0) satisfying 

                     co (LC(A, 0)) P(A, 0) .
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