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1. Introduction.

This paper is devoted to present the optimality conditions for the minimum in
a Banach space. More specifically, we shall be ultimately concerned with the follow-
ing problem :
minimize  f(x)

P) subject to xe A
g(x)e B,

where the objective function f is a real valued function on a Banach space X, A is
an arbitrary subset of X, g is a mapping of X into a Banach space Y, and B is a
closed convex cone with vertex at the origin in Y, which has a non-empty interior.

In order to discuss the above problem we start in Section 2 with the preparation
of some fundamental notions which are indispensable for our approach in this paper.
It is noted that the local closed convex cone of A at a point ¥ and the pseudo-
convex function f are crucial in our approach. In Section 3, nonlinear programming
in a Banach space is discussed. Theorems 3.1 and 3.2 are concerned with the problem:
minimize {f(x)|x< A}, where A is a set in a Banach space X, and f is a real valued
function defined over X. The necessary conditions for the problem (P) are obtained
in Theorem 3.3 under the assumptions that f and g are both differentiable in the
sense of Neustadt [6], and that A is locally convex at % or is locally relatively
convex with respect to H=g '(B) at %. Theorem 3.4 presents the sufficient con-
ditions for the problem (P) when our objective function is pseudoconvex and the
constraint set AN H is taken as pseudocone. The saddle value problem (P’) asso-
ciated with the original problem (P) is discussed in Section 3. The applications of
Theorems 3.3 and 3.4 yield us Theorems 3.6 and 3.7, which show the interrelation
between these two problems.

In Section 4, we apply the main results given in Theorems 3.3 and 3.4 to the
ordinary convex programming in a Banach space since every continuous convex
function is differentiable in the sense of Neustadt. Section 5 is devoted to discuss
the implication of our assumptions given in Theorem 3.3 in comparison with (i) those
of Varaiya [8] and (ii) those of Neustadt [5] or Nagahisa & Sakawa [4].
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96 S. TacawaA

2. Notations and preliminaries.

Let X and Y be real linear topological spaces, A a non-empty subset of X and
Xe A. We define the cone generated by A as follows:

cone (A)=1{2a|2>0, ac A}.

DEFINITION 2.1. (Varaiya [8]). By the closed cone of A at ¥ we mean the inter-
section of all closed cones* containing the set
A—i={a—Z|lac A}.
We denote this set by C(4, X).
DEFINITION 2.2. By the closed convex cone of A at ¥ we mean the intersection
of all closed convex cones containing the set A—%. We denote this set by CC(4, %).
DEFINITION 2.3. (Varaiya [8]). By the local closed cone of A at ¥ we mean the

set
LC(A,X)= N _C(ANnN, %),
Nen(D)

where (%) is the class of all neighborhoods of x.
DEFINITION 2.4. By the local closed convex cone of A at ¥ we mean the set

P(A, x)= NQ@CC(A NN, %).

It is easily seen that P(A4, X) is a closed convex cone and that
LC(A, x)CP(A, %) .

Now, we can state the following lemmas.

LEMMA 2.1. (Varaiya [8]). Let X be a Banach space and x< A. The vector
z€ LC(A, %) if and only if there exists a sequence of vectors {x,} C A and a sequence
of positive numbers {2,} such that

X, —> % as n—s oo,
An(Xp—%) —> 2 as n—> oo,

LEMMA 2.2. Let X be a Banach space and X< A. The vector z€ P(A, X) if and
only if there exist a sequence of positive numbers {1,}, a sequence of positive integers
{m,}, a sequence of vectors (a,,, -, Apmy) € P™, and a sequence of vectors {Initi=1,ymn
C A such that

ym—rl—*%——wf uniformly in 1,
Mn
2(E s )
n 1§1 Tllynl n 0 y

where P! is the subset of R' (I-Eucledian space) defined by

Pl:{(ah o ;al)eRliaiZO, 1:1! o r[y Zlai:l} .
=1

* A set A in a linear space will be called a cone with vertex at p if p+i(¢g—p)=A when-
ever g<=A and 2=0. If a set is called a cone, it means a cone with vertex at the origin.
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PrROOF. First of all, it is easy to verify that
CC(A, £) = C(co (A), %) = cone (co (A)—%) .*
We shall denote by N,(z) the open spheres centered at z with radious 1/n, n=1,2, ..
If ze P(A4, %), then
zeP(A4, D= N _CCANN, )

NER(T)

=NCC(AN N, (%), %)

= N cone (co(A NN, (E)—%),
and hence
N,(z2) " cone (co (AN N (X)—X) 0 for all n=1,2,: .

Therefore, there exist a sequence of positive numbers {4,} and a seqnence of vectors
X, € co (AN Nyp(X)) T N,(X) such that

A (x,—%) € N,(2) for n=1,2, .
Furthermore, there are a sequence of positive integers {m,}, a sequence of vectors
(s, €ym,) € P™, and a sequence of vectors {Vni}i=i,-,mn C AN Ny(Z), such that
My
Xy =2 Qi Vni for n=1,2, .
1=1

It is then valid that
z uniformly in 1,

Yni

n—:o0

ln(i%?aniym’—f) — 2.

n —— oo

Conversely, let z be the vector satisfying the conditions in the lemma. Since
the sequence {Vni}i=1,,ma CA converges to ¥ uniformly in i, for each neighborhood
N of ¥ there is a positive integer 7, such that

YN, 1=1,-,m, for all n=n,.
It is then true that

ﬁ]?amyni eco(ANN) for all n=n,.
Hence, we have

ln(gjaniym —f) € cone (co(ANN)—X).
Letting n tend to co, we obtain

ze cone(co(ANN)—%)=CC(ANN, X).

Since N is arbitrary, we conclude that
ze N CC(ANN,x)=P(4,1x).

N=R(T)

* For any subset A of a linear topological space, A denotes the closure of A, co (A)
denotes the convex hull of A.
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‘This completes the proof of Lemma 2.2.
DEFINITION 2.5. Let f be a real valued function defined on a subset A of X.
We denote by G(f, A) the graph of f on A:

G/, A ={(x, f(x)|x = A} .
By the local closed cone of the graph of f on A at ¥ (€ A) we mean the set
LG(f, 4, ) =LC(G(/, A), (%, [(x))) .
DEFINITION 2.6. For a subset A of X, we define
A - ={a*e X*|a*(a) <0 for all ac A},

where X* is a conjugate space of X which is given the X-topology (see Dunford
and Schwartz [2]).
Note that the set A~ is a closed convex cone with vertex at the origin in X*.
LEMMA 2.3. (Guignard [3]). If A is a cone in a locally convex linear topological
Space, then

A =(co(4A)".
DEFINITION 2.7. Let be given a set A in a linear topological space X which
contains a vector X. The set A is called a pseudocone with vertex at x if

x—X%e LC(A, %) for all x= A.

It is easily verified that if A is a cone with vertex at %, or is convex, then A
is a pseudocone with vertex at %.

3. Nonlinear programming in a Banach space.

In this section, we shall state the main results in this paper.

Let f be a real valued continuous function over a Banach space X, and let A be
an arbitrary subset of x. Then the following theorem holds.

THEOREM 3.1. Let Wr=XX{re R'|\r=0}. If x€ A is an optimal solution to the
problem :

minimize {f(x)|xe A},
then the condition
LG, A, xyc W+

holds.

PROOF. Let (x,7) be an arbitrary element of LG(f, A, X). It then follows from
Lemma 2.1 that there exist a sequence of positive numbers {1,} and a sequence of
vectors (x,, f(x,) € G(f, A) such that

(Xn, f(x2)) S r— (%, f(%))

An((Xn, X)) —(E, FEN) — 55— (% 1)

Since < A is a mimimal point of f over A, we have
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Sx) 2 /(%) for n=1,2, .
Hence, it is clear that
lim 2,(f(x,)—f(X)) =r=0.

This completes the proof of Theorem 3.1.

DEFINITION 3.1. (Neustadt [6]). The function f from an open set D in a linear
topological space X into a linear topological space Y is called differentiable at X = D
in the sence of Neustadt if to every x € X there corresponds a vector fzx) € Y such
that

fGE+ey)—f(X)
> es : e — 0+ FEON

y—>x
Note that the differential f; is necessarily positively homogeneous, i. e.,
filax)=afz(x) for all « =0 and all x X.

LEMMA 3.1. Let f be defined as above. If f is differentiable at X in the sence of
Neustadt, then f is continuous at x.

PROOF. Let N be an arbitrary balanced neighborhood (see [1]) of the origin in
Y. Then, there are a positive number ¢, 0<e<1, and a neighborhood U of the
origin in X such that

wefz(()H-N:N for all yeU,

and hence we have
fE+x)—fX)eeNCN for all x=eU.

Since U is also a neighborhood of the origin in X, this implies the continuity of
f at Z.
PROPOSITION 3.1. If f is differentiable at X = A in the sense of Neustadt, then it

is true that
LG(/f, A, ) ={(x, f2(x)) | x € LC(4, D)} .

PRrROOF. Let C={(x, fz(x))lx= LC(A4, x)}. For each element (x, ¥)LG(/, A4, %),
there exist a sequence of vectors (x,, f(x,)) € G(f, A) and a sequence of positive
numbers {4,} such that

(%n, f(x2)) (&, £(%)

n——oo

An((n, (X)) —=(E, JED)) —r s (% 1)

It is now immediate that

Xy ——————— X%
n—— o

2n(-xn—'f)

x,
n—— oo

and hence, by virtue of Lemma 2.1,

xe LC(A4, x).
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Moreover, we have

r=lim Au(f(e) —f(2)

_, 1 _ _
f x+*—)‘n<xn4x) Af(x)
=lim ( b ) =fa(x).
An

Consequently, we can conclude that
(x,nNeC.

Conversely, let (x, fz(x))& C. Then, the fact that x= LC(4, X) implies the ex-
istence of sequences {4,!2,>0} and {x,}C A such that

Xp —> X as n—> 0,
An(Xp—X) —> x as n—>co.
It is now clear that, by Lemma 3.1,
lim (x,, f(x)) = (%, /(7).
It is also valid that
lim 2,(/Ce)—/(8) =/3(2),
and hence,
lim 2n((tn, fQn))— (%, £(2)) = (x, fo(2)) .
Therefore, we can claim that

(x, f2(x)) € LG(/, 4, 7).

DEFINITION 3.2. Let be given a real valued function f defined over a linear
topological space X. Then, f is called pseudoconvex over A at X if f is differentiable
at ¥ in the sense of Neustadt and if x € A4,

fo(x—%)=0 implies f(x)—f(X)=0.
THEOREM 3.2. Let X be an optimal solution to the problem:
minimize {f(x)|x< A},

where A is a set in a Banach space X, and f is differentiable at ¥ in the sense of
Neustadt. It is then necessary that

f:(x)=0  for all xeLC(A4,X).
It is also sufficient if f is pseudoconvex over A at X, and if A is a pseudocone with

vertex at X.

PROOF. Necessity: It is an immediate consequence of Theorem 3.1 and Prop-
osition 3.1.

Sufficiency: By the definition of pseudocone, it is true that

x—xeLC(A, %) for all x= A.
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Hence, we have
fix—%)=0 for x€A.

By the pseudoconvexity of f over A at X, we can conclude that
J(x)—f(x)=0 for all x= A.

This completes the proof of Theorem 3.2.

In order to obtain the necessary conditions to nonlinear programming, we intro-
duce the following definitions.

DEFINITION 3.3. Let A and H be arbitrary subsets of a linear topological space
X, and let ¥ A~ H Then, the subset A is called to be locally relatively convex
with respect to H at % if there exists a neighborhood N of X in X such that

co(AANHNAN=ANH~N.

DEFINITION 3.4. Let A be an arbitrary subset of a locally convex linear topo-
logical space X and let £= A. Then, A is called to be locally convex at % if there
exists a convex neighborhood N of ¥ in X such that the set AN N is convex.

LEMMA 3.2. If A is locally relatively convex with respect to H at %, then it is
valid that

LC(ANH %)=LC(co(A)NH, %).

PROOF. Since A is locally relatively convex with respect to H at %, there exists
a neighborhood N of *¥ such that

co (A)mHmﬁ:AmHmﬁ.
Then, we have

LC(co(ANH, x)= NQ(f)C(co (A NHANN, %)

= N Cco(AANHNN, %)
NCN
Neq(T)

=N CANHANN, %)
NCN
N=q(Z)

=LC(ANH %).

Now, we shall consider the following nonlinear programming in a Banach space.
Let X and Y be real Banach spaces, A an arbitrary subset of X, B a closed convex
cone with vertex at the origin having a non-empty interior, f a real valued function
defined over X, and g a mapping of X into Y. Then, find a vector ¥ € A satisfying

minimize  f(x)
(P) subject to x= A
g(x)eB.
DEFINITION 3.5. Let B be a closed convex cone with vertex at the origin in Y,
and & a mapping of X into Y. Then, h is called to be B-convex if [h(ax,+ px,)

—ah(x,)—Bh(x,)] = B whenever («, 8) € P* and x,, x, € X.
We can now describe our main theorems.
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THEOREM 3.3. Let T A be the optimal solution to the problem (P). Assume that
(a) A is locally convex at X, or is locally relatively convex with respect to
H=gY(B)={xe X|g(x)= B} at X.
(b) the functions f and g are differentiable at % in the Sense of Neustadt, the
differential fi(x) is convex continuous in x and the differential gy(x) is B-
convex continuous in Xx.
Then there exist a real number n and a linear continuous functional y* € Y*, not both

zero, such that

3.0 7=0,

(3.2) F*(3) <0 for all yeB,

3.3) F*(g(%))=0,

(34 g®)eB,

(35) () +55(g(x) =0  for all x<P(A 7).
PROOF. Let

E={(g:(x), f5(x)—(b, N eYXR' | x€P(A, %), be B, r<0}.

Then it is clear that £ is a convex subset of Y XR! by virtue of the convexity of

gz and fz.
Furthermore, define the subset B of Y XR! as follows:

B={eY|b=b—g@), beint B} X {re R'| r<0} *

It is immediate that B is an open convex cone in Y XR!
We shall show that
ENnB=6.

To show the contradiction, assume that there exists a vector (¥, @) €Y X R! such that
(y, ) e En B.

Then there are vectors b, int B, b, B, x P(A, ) and a real number <0 such
that
(9, @) =(b,—g& (@), &) = ((g2(x), [(x))— (b, 7)),
or
g2(x)+g(X) = b,+4-b,,
Fe0) = fe(x)—r=a<0.

It follows from Lemma 3.1 in [5] that

(3.6)

gx(x)+gX&) int B,
so that there exists a neighborhood U of the origin in Y such that
gx(x)+g(X)+UCint B.

Since x & P(4, %), it follows from Lemma 2.2 that there are a sequence of posi-

* If B is a subset of a topological space, then int B denotes the interior of B.
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tive numbers {4,}, a sequence of integers {m,}, a sequence of vectors (@,y, """ , Xpma)
€ P™, and a sequence of vectors {X;:};=1,.,ms C A such that

i = T e x uniformly in 7,

Mn
xn(iglanixni'_x) n —> co X.

Then, we have
zn[g(éjanixni) _g<f):|

g(f—}—%- 271.( ; anixm'—f>) —g(x)

1 n —> oo

An

g:(x),

and hence there is a positive integer M, such that
an:g(zlanixni) —g(f)] e g:(x)+U  whenever n=M,.

Since A,— o0 as n—oo, there is a positive integer M, satisfying 2,>1 for n= M,.
Let M =max {M,, M,}. For each n= M, it is valid that

28( Z tnitai) € 20+ 2 8(B)+ U

C A, 8(X)—g(X)+int B

=(4,—Dg&)+int BCint BC B,
so that

Zna,,ix,,i eH for all n=M.
i=1
If A is locally convex at %, then for sufficiently large M’ we have
mn
Sapuxus e HNA for all n=M",
i=1

and, by virtue of Lemma 2.1, we obtain
xeLC(ANHX).
It then follows from Theorem 3.1 and Proposition 3.1 that
f{x)=0,
which contradicts to (3.6).
If A is locally relatively convex with respect to H at %, then we have, by virtue

of Lemma 3.2,
xeLCco(A)NH,x)=LC(ANH,ZX).

Now, it follows from Theorem 3.1 and Proposition 3.1 that

ff(x) 2 O ’
which contradicts to (3.6).
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Consequently, we can conclude that
Er\§ =0,

if A is locally convex at %, or if A is locally relatively convex with respect to H
at X. Now, it follows, on the basis of the separation theorem in a linear topological
space (Theorem V.2.8 in [2]), that there is a non-zero continuous linear functional
z*¥e (Y X R)* such that

(3, @) S0 24(3y, @) for all (3, @) B and all (3, a)€E.
It is true that there are a continuous linear functional 7* Y* and a real number
7 such that
(9, @) =7*(»)+na  for all (y, &) €Y XR',
and so
F*(n—g @)+ na, = 0=7*(g(x)—b)+7(fa(x)—7r)  for all y,€intB,
all a; <0, all x€P(A, %), all be B and all r<0.
Since 0= P(A4, %) and 0= B, we have
7=0,

F*)Y<0 for all beB.
Furthermore,
T g () +nf(x) =0  for all x=P(A4, 7).

Finally, it is valid that
y*(gx)=0,

since 2g(%) =int B. This completes the proof of Theorem 3.3.

REMARK: As an example of the function f satisfying the hypothesis in Theorem
3.3, consider the following one: Let c(t)={(c,(¥), -+, c,(t)) be a continuous function
from the compact interval I=[aq, b] into n-Eucledian space R™ and F a differentiable
function (in the ordinary sence) from R'into R'. Then, define the function f from
R™ into R' by

f@=[ Fle—e®hdt  for all x<R",

where ||-|| denotes the Eucledian norm. The differential f;(x) at ¥ < R in the sense
of Neustadt takes the form:

fe(x) =fI\IOFf(nx—c(t) ll)lgfgi:(%(lf)) di+ [ F(E=cOl)- |xldt,

where F/ denotes the derivative of F and

Li={telaq b]|Z=c(®)}.
Hence, if

[ Faz—cidtz0,

then the differential f;(x) is convex on R™.
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THEOREM 3.4. Let the notations in Theorem 3.3 still hold. Suppose that f and g
are differentiable at X in the sense of Neustadt. Then, in order that the vector € A
is an optimal solution to the problem (P), the conditions (3.1)-(3.5) in Theorem 3.3 are
sufficient if ANH is a pseudocone with vertex at X%, if f is pseudoconvex over ANH

at x, and if p=+0.
PrROOF. First of all, (3.4) implies x= AN H. Since A~ H is a pseudocone with

vertex at X, we have
x—xcLC(ANH, x)CP(A, Xx)LC(H, %) for all xe AnH.
We shall show that
F*(g(x) <0  for all xeLC(H, %).

For each x & LC(H, %), there exist a sequence of positive numbers {2,}, and a se-
quence of vectors {x,} C H such that

Xy —> X as n—> oo,
An(Xp—X) —> x as n—>oco,
Note that
ga(0) =1im 2,[ g (x,)—£(%)] .
Therefore, we can obtain

7*(8:(x)) = 74(lim 2L g (x,)—g(D)])
= lim F*(A,Lg(x)—g(®)])
= lim 2,(7*(g(x))—7(g (D))

since ¥* is a continuous linear functional. It follows from (3.2) and (3.3) that

2 (F*(g(x,))—7*(g (X)) =0  for all n,
and hence
T g(x))<0  for all x=LC(H, %).

By virtue of (3.5), we have
(%) = —F*(gx(x)) =0  for all x<P(A, £)\LC(H, 3).
Since x—X < P(A, X) "LC(H, %) for all xe A H, it is valid that
7fe(x—%)=0 for all x€ ANH.
The hypothesis and (3.1) implies 7 >0, and therefore
f:(x—%)=0 for all xe AnH.
Since f is pseudoconvex over A\ H at X, we obtain
fxX)—f(x)=0 for all x€ AnH.

Consequently, we can conclude that the vector ¥ is a minimum over ANH.
This completes the proof of Theorem 3.4.
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Let us generalize Theorem 3.4, since there is the example which does not fall
into the category of this theorem. Indeed, consider the following example which
was introduced by Zlobec [9]:

X=A=R}, Y=R®,

B={(y1, Y2 9 | 20, ¥: 235, 5,20, , 20},
&%y, X5) = —xi,

&%y, X)) =%y,

gs(x1, X2) = X,

F(xy, x0) = x, 43

Let £=0, then P(4, ¥)=RK%. We have

0
fa(0)=1x,, g:(x) = (xl) .

X2

Then, the real number » and the linear continuous functional 7*eY* satisfying
(3.1)-(3.5) turn out to be:

A
=0, y*:(o) for all 41<0.
0

Hence, Theorem 3.4 can not be applied to this example. On the other hand, Theorem
3.3 is available.

THEOREM 3.5. Let the notations in Theorvem 3.3 still hold and let f and g be
differentiable at X in the sence of Neustadt. If there exist a vector X< A, a real
number 7, and a sequense of linear continuous functionals {F}} CY* such that

3.7 2>0,
(3.8) FH)<O0  for all yeB,i=1,2, -,

(3.9) FHe@®@)=0  for i=1,2, -,

(3.10) gx)eB,

(3.11) lim [7/+(0)+7F(g:()IZ0  for all x=P(4, %),

then the vector % is an optimal solution to the problem (P) if AnH is a pseudocone
with vertex at X and if f is pseudoconvex over ANH at .
PrOOF. It follows from the proof of Theorem 3.4 that

x—¥eLC(ANH, 5)CP(A, x)"LC(H, %) for all x€ANnH,
and that
Y¥g(x)<0  for all xeLCH, 7).

Hence,
nfe(0)+7¥(gx(x) S pfax(x)  for 1=1,2, .
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By virtue of (3.11), we have
0=lim [nfe(x)+F¥(g:(D]1< 9fa(x)  for all x=P(4, D)NLC(H, 7).
Therefore, it is true, by (3.7), that
Ffa(x—%)=0 for all x€e AnH.

The pseudoconvexity of f implies that the vector ¥ is an optimal solution to the
problem (P). This completes the proof of Theorem 3.5.
It is easily verified that Theorem 3.5 is more general than Theorem 3.4 and that

1
the preceding example is contained in Theorem 3.5 with ¥} =<1/12.>, 1=1,2,-.
i

Let the notations in Theorem 3.3 still hold. We now consider the following
problems.
(P’) Find = A and 7* < B~ such that

O, v < ¢(F, 7*) < ¢(x,5*) for all x= A and all y*B-,

where @(x, y¥) = f(x)+y*(g(x)).
(P”(#*)) Find X which (for fixed 7*) solves:

minimize {f(x)+7*(g(x))|x< A}.

THEOREM 3.6. (i) Let (%, 7*) be the optimal solution to the problem (P’). Then,
the conditions

(3.12) e+ g(x)) =0 for all xeLC(4,%),
(3.13) y*(g(x) =0,

(3.14) g(x) e B,

hold.

(ii) If A is a pseudocone with vertex at %, and if ¢(x, ¥*) is pseudoconvex over
A at X, then the conditions (3.12)~(3.14) are sufficient for (%, ¥*) to solve (P’).

(iii) If (%, 3*) solves (P'), then % solves (P).

PRrROOF. The condition (3.14) follows from Lemma 5.1 in the sequel. The other
conditions are easily verified.

DEFINITION 3.5. The set A is called to be pseudoconvex at (€ A) if

x—XeP(4, x) for all x= A.
Note that if the set A is a pseudocone with vertex at %, then it is pseudoconvex
at x.
THEOREM 3.7. If X solves (P), and if the hypotheses in Theorem 3.3 are satisfied,
then (f, %ﬁ*) solves (P') if p=+0, if ¢<x, %;V*) s pseudoconvex over A at %, and
if A is pseudoconvex at X.

PROOF. Since % solves (P), it follows from Theorem 3.3 that the conditions
(3.1)-(3.5) hold. Since A is pseudoconvex at %, the conditions (3.1) and (3.5) imply
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¢5<x—x, ——y*) =[i(x—=E)+-5*(g:(x—%)) =0 for all x= A.
7 7
Since ¢<x, —;—5*) is pseudoconvex over A at X, we have
¢<X, —}/—}7*>—¢<-’?, %ﬁ*) >0 forall xeA.
By virtue of (3.2), (3.3) and (3.4), it is valid that
(%, 39 = 6 (%, —71]—5*) for all y*e B~
Therefore, (JE, %}*) solves (P).
THEOREM 3.8. (i) Let x solve P"(5*). Then, it is true that
Fe0)+7*(gs(x)=0  for all xeLC(A4,*%).
(ii) If, in addition, 5* € B™, then (X, 3*) solves (P’) if and only if

gx)eB and  3*(g(x)=0.

PROOF. These are immediate consequences of Theorems 3.2 and 3.6.

4. An application to convex programming in a Banach space.

In this section, we shall present the necessary and sufficient conditions for an
ordinary convex program in a Banach space.

First of all, we can verify the following proposition.

PROPOSITION 4.1. Let be given a convex function f defined on an open convex
subset E of a real linear topological space X. If f is bounded above on Some neigh-
borhood of a point in E, then [ is differentiable over E in the sense of Neustadt.

PROOF. Note that, by virtue of Proposition 21 in [1] (Ch. II, §2, n°10), f is
continuous on E. We shall snow that the directional derivative 6/(¥;x) at x€ E
defined by

of(Z; x):%m f(-f-k_]_)%__f@ ,

is continuous in x on X. Since df(%; x) is a convex function defined over X, it is
sufficient to show that df(%; x) is bounded above on a neighborhood of a point, say,
the origin. But this is an immediate consequence of the continuity of f and the
fact that

of(x; x)ém:ﬂﬁéf@—i—x)—f(i) for all ¢ 0<e<1.

Now, we shall prove the proposition. For every x,ye X and 0<e<1, we have

JERDZIE 51055 1) = 8f(r; -3 ),

and, moreover,
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_ fleiteQy—0)+(A—f+en)=f(F) 50z, 5

3

& (F+(y— D)+ (U= (F+7—7%)—/(®)

3

IA

—0f(%; x)

e ) A0
lf—e

=fE+(—x)—fZ)+ —0f(%; x).

Since df(X; ») and f(») are continuous, we conclude that

[(Z+ey)—f(%)
3

0 D),

y—>Xx

which implies that f is differentiable in the sense of Neustadt and that the differen-
tial equals to the directional derivative /(% ; x).

It is now easily seen that, under the same hypotheses of the above proposition,
the convex function f is pseudoconvex at each X< E.

THEOREM 4.1. Let f, g, -, 4. be all real valued convex functions defined over an
open, convex subset E of a Banach space X. Assume that all f,g,,---,8, are bounded
above on a neighborhood of a point in E. Given a convex subset A of E, consider the
following convex programming:

minimize f(x)
subject to x€ A
g(x=0, =1, ,n.

Assume that there is at least one point x € A satisfying g;(x) <0, for i=1,--,n. In
order that X< A is an optimal solution, it is necessary and sufficient that there exist

non-negative numbers Ay, Ay, -+, Aq, n0t all zero, such that

(@) 2> 0,

(b) G0, A&®=0 for i=1-,n,

© A0f(E; )+ A08,(F; 1)+ -+ +2.08(F; ©)Z0  for all xe P(4,%).

PROOF. Necessity: Since A is convex, it is clear that A is locally convex at
any point in A. It follows from Proposition 4.1 that f, g, -, &, are all differentiable
at ¥ in the sense of Neustadt and that their differentials are coincide with df(%; x),
0g,(X; x), -+, 08,(%; x), respectively. It is valid that if we define the closed convex
cone B in R" by

B={(y,,¥9)€eR"|»:=0,i=1,--,n},

then g=(g,, -**, &) is B-convex and has the differential gz(x) =(0g,(%; x), --+, 08,(% ; x)).
Therefore, we can apply Theorem 3.3 to this problem, so that there are a real
number A, and a vector A=(4, -+, 4,) € (R")*= R", not both zero, such that
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4.1 2, =0,

4.2) Av=0 for all y= B,

4.3) Ag(X)=0,

(4.4) g(x)eB,

(4.5) Aofe(X)+2-g:(x)=0  for all xe P(A,%).

By virtue of (4.1) and (4.2), it is immediate that 4;,=0 for i=1,---,n. It then follows
from (4.3) and (4.4) that 1;£,(X)=0 for i=1,-,n. Since fz(x)=26f(%; x), (c) holds
by (4.5).
Now, let us verify (a). Since A is convex, it is clear that
x—%e P(A, %) for all x= A.
By virtue of (4.5), we have
20 (X ; x—X)+2,08(X; x—%)+ -+ +2,08,(%; x—%) =0 for all x€ A.
From the property of convex functions follow
f)—f(B) =z of(%; x—%),
gi(x)—gi(%) = dg:(X; x—3X),
and hence
Ao J(X)F2,8:(x0)+ -+ +2,8,(%)
= 2 f(X)F28(F)+ - +2.8.(X) = A S (%), (by (4.3)).
To show the contradiction suppose that 4,=0. Then, we have
L8(0)+ - +2,8,(x) =0  for all xeA.

By the hypothesis, there is a vector x,< A such that g;(x,) <0 for i=1, -+, n, and
hence 4;,=0 for :=1, ---, n, which is a contradiction.

Sufficiency: Let H=g*(B). Since ANH is convex, it is a pseudocone with
vertex at ¥ (€ AnH). Moreover, since f is convex, it is a pseudoconvex over
ANH at %. It now follows from Theorem 3.4 that % is an optimal solution.

5. On constraint qualification.

To begin with, we shall state the following lemma.
LEMMA 51 (cf. Guignard [3]). Let X be a locally convex linear topological space
and let A be a cone in X. If the vector x € X satisfies

a*(x)£0  for adl a*e A,
then we have
xeco(4).

LEMMA 5.2, Let A and B be cones in a locally convex linear topological space X.
If ¥ < X* is a continuous linear functional satisfying

<0 forall xeco(Aynco(B),
then it is true that
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X*e A~+B-.
PROOF. Let #* = X* satisfy the condition in the lemma. To show the contra-
diction assume that
*¢ AT+B-.
Since A"+B~ is a X-closed convex cone in X* it follows from the separation
theorem that there is a non-zero element ¥ <= X such that
(5.1) HE)Z 0 < EX(F) for all x*< A~+B~.

Then, by virtue of Lemma 5.1 and the fact that A-, B-C A-+B, it is easily verified
that

and hence
X)) =0,
which contradicts to (5.1).
Now, we can present the following proposition.
PROPOSITION 5.1. Let A and B be cones in a locally convex linear topological
space X. Then, the condition

(5.2) (ANB) =A+B"-
holds if and only if
(5.3 co(ANnB)=co(A)nco(B).

PrOOF. “if” part: Since
A+B-C(ANnB),
and since (AN B)™ is X-closed, it is clear that
AFB C(ANB) .
Let x* be an arbitrary element of (A B) = (co (AN B))". Then, by (5.3), we obtain
x*¥x)=0 for all xeco(A)co(B).
It is valid, on the basis of Lemma 5.2, that
x*e A +B.
“only if ” part: It is easily seen that

co(ANnB)CTco(A)Nco(B).

We shall prove by contradiction. If there is a vector y, = X such that
Yoeco(A)Nco(B) and y,Eco(ANB),

then, on the basis of the separation theorem in a locally convex linear topological
space (see [2], p. 417, Theorem 10), there exist a real number «, a positive number
¢, and a non-zero continuous linear functional f & X* such that

fsa<at+e=<f(y,) forall xeco(ANB),
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or
(5.4) fx)<0<f(y) for all xeco(ANB),
since co (AN B) is a cone. Then, we have, by (5.2),

feco(ANB)y =(AnB) =A+5".

It is then true that there exists a generalized sequence (see [2], p. 26, Definition 1)
{ak+-b%}, ak= A-, bk < B-, which converges to f. This is equivalent to the fact that
lim (aX-+0%)(x) = f(x) for all xe X.

Since ¥, € co (4) and ¥, < co (B), we have

(@E+08) (o) = a(3)+0%(y)) = 0+0=0,
and hence
(o) = lim (a%+b%)(y,) < 0.

This contradicts to (5.4). This completes the proof of Proposition 5.1.

EXAMPLE 1. Let us discuss the hypothesis under which the necessary conditions
are obtained in Varaiya [8] and Guignard [3]. Let us consider the following ex-
ample:

X=Rz?, Y=R!,
A={(x, x)eR|-1Zx=1, 05,1},
J(0) = f(xy, 2)=x,,
g(x) :g(xlv xZ) == x?_x% ’
B={reRr<0}.
It is clear that the optimal solution ¥ to this problem is the origin. Note that
co (LC(ANH, 0) g co (LC(A, 0)) N co (LC(H, 0)) ,
Where H=g"!(B), and hence, on the basis of Proposition 5.1, we have
LC(ANH, 0)-2LC(4, 0)-+LC(H, 0)-.

That is, this example does not satisfy the hypothesis stated in Varaiya [8] and
Guignard [3]. We can, however, treat this example since A4 is convex, and since
B has a non-empty interior.

EXAMPLE 2. Let
X=Y=Re,
A={(x;, r)e R*-1=x,=1, 051, <1}
VA(x, ) e R*0=x, =51, —1=5x,=0},
B={(y,y) e R0, y, =0},

&i(%,, x5) = x,— 21, ,

1
8oy, Xp) = 73'1"7‘2 )
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F(xy, %) =1x,.

It is then clear that the optimal solution X is the origin. In this case, A is locally
relatively convex with respect to H=g"*(B) at 0, though A is not locally convex
at 0. Note that

P(A,0)=X=R?,

on the other hand,
LC(4, 0 X.
Hence, every convex set K satisfying

0e KCLC(4,0),

is strictly contained in P(A4, 0)=X. Consequently, our necessary conditions are
different from the necessary conditions in Neustadt [5] or Nagahisa & Sakawa [4].
ExAMPLE 3. In the last example, consider the following one. We shall show

through this example that the hypotheses in Theorem 3.3 are not omitted to obtain
the necessary conditions. Let

X=Y=R?,

A={(x, x,) € R*| x, < 0}

U {(xh x2>E Rzlngor xléx%} ’

&i(xy, %) = —2x,—x,,

8oy, %) =2x,4+%,—2,

B: {(ylryz) € Rz]yl_—<_.0’ y2_<—_0} ’

flx, 2)=x,4x,.

It is then immediate that the optimal solution X is the origin. In this case, 4 is
not locally convex at 0, nor locally relatively convex with respect to H at 0.
Furthermore, note that P(4, 0) = X=R%

For this example, we cannot obtain the necessary conditions in Theorem 3.3.
Indeed, if we assume that the above necessary conditions hold, then, there are a
real number » and a vector y*=(¥¥, ¥¥) € R?, not both zero, such that

N () + ¥ 81(2)+¥F () =0 for all ze R?,
g (0)+3¥g(0)=0,
7=0,
y¥(¥») <0 for all yeB.
It is easily seen that
7=yF=yF=0,
which is a contradiction.

REMARK. This example also shows that there is a set A (20) satisfying

co(LC(4, 0) S P(4,0).
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