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§1. Introduction and Summary.

In this paper we shall be concerned with the pattern classification problem related
to “learning with a teacher”. Many previous authors have studied this problem
under the given situation of a training sequence composed of observed patterns
independently sampled from a common population. From the practical point of view,
however, the situation that observed patterns are independently sampled is rather
restrictive. For this reason, in this paper the author treats the pattern classification
problem on the basis of a dependent sequence of observed patterns. In [8], [9] and
[10], K. Tanaka treated same problem as the present author, but restricted himself
to the parametric case. In this paper, we shall consider the non-parametric case,
and appeal to the method which has been developed in [12]. Consequently, our
various conditions imposed are different from those in [8], [9] and [10].

This paper consists of five sections. In Section 2, we shall give the formulation
of our problem and five assumptions necessary for subsequent arguments. In Section
3, we shall define a recursive algorithm for the pattern classification problem, which
is an application of the dynamic stochastic approximation method [3], and investigate
the convergence of it. The meaning of the convergence is “in the mean”. In
Section 4 we shall give two examples.
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§2. The formulation of the problem and Assumptions.

We consider the two-categories classification problem. Let X™ and @ denote a
pattern space at instant n and the set of categories, respectively. We assume that
é consists of two categories 4, and 6,, i.e. O =1{6,, 6,}.

An outcome in pattern classification problem is described by a pair (%, ), where
x is an observed pattern in pattern space and & specifies the category of the observed
pattern x. Generally, 6 is unknown to the observer. For a sequence of observed
patterns Xxj, X,, -, X,, *-, We can consider a sequence:

(2.1) (x5, 6,), (x5, 65), -+, (xp, Op), -+

* Department of Mathematics, Kyushu University, Fukuoka.
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36 M. WATANABE

with x,< X and 0ne@, where 6,=4, if x, is a sample value from a specific
category 4,.

Let X, X,,---,X,, -+ be a sequence of random variables, where X, is a Xm.
valued random variable and can be from either of two classes #, and §,. And let
O, be a O-valued random variable for each n, where ©®,=140, if X, is from the class
6,. Thus (x5, 8), -, (x4, 8,), -+ are outcomes of (X,, ©)), (X, 0,) - (Xn, O,), -+

In this paper, we shall assume X =RY for all n, where RV is N-dimensional
Euclidean space. And we shall assume for each #, random variable X, has a prob-
ability density function p(-) with respect to N-dimensional Lebesgue measure if
X, comes from the class 4,. Furthermore, for each n, suppose that there exists a
distribution (¢{®, ¢*) on @, that is, ¢ =Pr {0,=4,} and ¢ =Pr{0,=40,}. There-
fore, for each i1, a pair of random variables (X,, @,) has a probability density func-
tion p™(x, 0), x RY and f< O, where

(2.2) Px, B) =g pi(x);  xERY and i=1,2,.

Let us assume tentatively that p™(-, ) and p™(-, 6,) are all known to us at
instant n. Let us consider the discriminant function at instant n:

(2.3) D™ (x)=p™(x, §,)—p™(x, 6,), xS RY.

And let us consider the following decision rule based on (2.3); decide X, to be from
the class 8, if D™(x)=0 for the outcome x of X,, and decide X, to be from the
class 8, if D™(x)< 0 for the outcome x of X,. It is well known that this decision
rule minimizes the probability of misclassification at instant n. This decision rule
has been called the Bayes decision rule. In this paper, we shall call (2.3) the optimal
discriminant function at instant 7.

In this paper, we shall treat the case when p(-, #,) and p(-, §,) are unknown
to us for each 7, consequently the optimal discriminant function at instant 7 is
unknown to us. In this situation we are supposed to have a training sequence
{(X,, @)%, with the observed R¥-valued random vector X, and &-valued random
variable ©,. It is assumed that the knowldge of the @, is obtained from a “teacher”
who classifies (without error) the incoming X, for each n.

The pattern classification problem considered here is to find a decision rule to
classify the pattern X, as correctly as possible into either of the two categories for
a sufficently large n on the basis of a training sequence {(X;, ©;)}7%.;. It is reasonable,
therefore, to consider a method of approximation to the limit of D™(-), if it exist,
by a using a training sequence.

For each n, we assume that (X,, @,) has a probability density function p™(x, ),
x€RY and fe @, which is defined in (2.2). Furthermore, for each n and m,
(Xp4+m) @rnen) has a conditional probability density function given the first m histry
(X, ©)=(x,, 0), (X,, ©)= (x5, 8,), -, (X, On) = (%, ). We denote this transition
probability density funcsion by

24 P, 0] (xy, 01, -+, (Xmy Om)) .

Next, we shall give assumptions.
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AssuMPTION 1. There exists a positive constant P, such that

(2.5) Sup PM(x, )< Py
ASSUMPTION 2. We put for n,m=1,2, -,

(2.6) Hyn= sup [p™(x, )—p™(x, 6)] .

Then

2.7 lim H, »=0.

ASSUMPTION 3. We put for n=0,1,2,--- and m=1,2, -,

(2.8) Gam = sup [P™(x, 0](xy, 0) =+ (Xmy On))—D"™(x, O)] .
(x,8), (21,61), - (T, 0m)

Then

(2.9) lim Gpn=0.

n, m—oo

ASSUMPTION 4. For each n, p™(-, §,) and p(-, §,) are uniformly continuous
functions on R”.

ASSUMPTION 5. For all n, p(-, 8,) and p™(-, §,) satisfy an uniform Lipschitz
conditions with constants C, and C,, respectively : the following inequality holds for
all n,

(2.10) |p™(x, 6:)—p™(y, )| < Ci-lx—y|  for all =,
xr,yeRY and i=1,2,
N 1 N
where [y = (Z1)? for y=(o, -, yx) € R".
REMARK. For each n and m, putting
(2.11) H}m=sup | D™(x)—D™(x)| ,
(2'12) D(n+m)(x|xl, 01)1 Tty (xmr 0m))
:p(n-l-m)(x’ 91I(x1) 01); Tty (x'm.y 0m))_p(n+m)(x, 92|(x1! 01)! Tty (xm,y 07](,)) s

and

(2.13) Gum=  sup  |D™™(x|(xy, 6,), =+, (Xm, O)) = D™D,
(@1,60), ", @, 0m)

we have

(2.14) Hyn<2H,,

and

(2.15) Grm = 2Gn,m .

Then it is easily seen that

(2.16) sup | D™ (x)| = 2P,,

@2.17) limn~* 33 H,,, =0,

and
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218) lim =3 3G,y =0
n—00 1=1J=

under Assumptions 1, 2 and 3, respectively.
And if Assumption 5 holds, then we have

(2.19) | D®(x)=D™()| = Cy- =3I,  x,yR”

and for all n, where C,=max {C,, C,}.

§ 3. Main results.
In this paper, all integrals are interpreted N-dimensional Lebesgue integral on
RY. We denote f Ng(x)d;z(x) simply by fg(x)dx, where ¢ is N-dimensional Lebesgue
R

measure. And Fubini’s theorem is invoked without any comments.
Let K(-) be a real-valued measurable function on R" satisfying the following
conditions:

(K1) K»=0 forall yeR",
(K2) sup K(3)=K,<oo,
y=RN

K3  [K(dy=1,

(K4) SuDNHJ’]]”‘"K(y) =K, <o  for some a>0,
YER

K5 [Iyl-K(3)dy =K, <co.

Let {A,}7-1 be a sequence of positive numbers satisfying the following conditions:

(S2)  limh,=0,

N—-00

(S3) lim nhY =0,

Then we can define the sequence {K,(x, y)}2; by
(31 Ku(x, ) =hz"-K[hz'-(x—»)], x,yeR".

The following lemma is a modification of Theorem 1A in [5].

LEMMA 1. Let Assumption 1, Assumption 2 and Assumption 4 hold. Let K(-) be
a real-valued measurable function on RY satisfying (K1), (K2), (K3) and (K4), and let
{hn} =1 be a sequence of positive numbers satisfying (S1) and (S2). Define g,(-) by

(32) 2.0 = [Ko(x, \D™(3)dy  for n=1,2, -,

where K, (x,y) is defined by (3.1). Then it holds that
(3.3) sup | gn(x)—D™(x)|—0 as n—oo,
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PRrROOF. Note first that

(3:4) 88— D) = [ {DP(5—3) = D(0)} - g K (=) .
Let choose a’ satisfying
(3.5) a-1+a)y*>a’ >0,

and split the region of integration into two regions, [¥|=0, and |ly|>d,, where
0,=h%. Then

(36)  |g(x)—DP@)
< sup |D™(x—y)—D"(x)| - [K(2)dz

Nyl Son
| D™ (x—y)]| | yH K n 1 y
d D™ —K(=—)d
+jnyn>5n [l ( ) Y+ D] ‘flhlllsﬁn hy (hn> y
< sup |D™(x—y)— D(”)(X)|
livil 267
+a= sup |2l -K(@)- [ID™(9) dy+1 D) - | K(3)dy.
n Nzl 2én/hn Iyl 28n/hn
From (K4), we have
3.1 sup |\z|-K(2) < K,-h2/é2,
lzll Z6n/hpn
and from the definition of the optimal discriminent function
(3.8) [ID™(3)|dy = gP+g =1  for all n.
Therefore we have, from (3.6), (3.7), (3.8) and Assumption 1,
@9 sup |£,()—D"()|= | sup [ DVR)—DVG)+ Ky k570
x -yl =on
+2Py| K(y)dy.
ol 28pny

Noting that
(3.10) sup lD‘"’(X)—D‘""(X)H sup | D™ (x)—D™(y)|

le—yil =ép z—yll =8y

+ sup [D™(y)—D™(y)

lz—yll £dn

S2H;,+ sup |D™(x)—D™(y)]

lz—yll =8,

where m is a arbitrary integer. From Assumption 2, we can choose ¢ >0 and let N,
be such that n, m = N, implies 2H,,, <e&. Let m, be some integer satisfying m,= N,,
then we have

(3.11) sup | 2,(x)—D™(x)]
§6+” sup | D™ (x)— D™O(y) |+ K, - hg - 0747

z—yli=s,
+2Pu-j K(y)dy for all n=N,.

-1
oyl zép-n,
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By (3.5), it is easily seen that

(3.12) 0, =hy —>0 as n—oo,
(3.13) h3/okie = paeta —» ()  as n-—oo,
and

(3.14) On/hy = h;47% —> co as n—co,

Therefore the right side in (3.11) tends to 0 by letting n—oc at first and then ¢—0.
Thus the proof of the lemma is completed.

The following lemma was proved in [12] (Lemma 4).

LEMMA 2. Let Assumption 5 holds. Let K(-) be a real-valued measurable function
on RY satisfying (K1), (K3) and (K5), and let {h,}3., be a sequence of positive numbers.
Then it hold that

{3.15) sup |g(N—DP(x)|=Co-Ky-hy  for n=1,2, -
TER
where g,(-) was defined in Lemma 1.

Let {(X,, ©,)}7; be a training sequence which was defined in §2. Then we
define {p"}7-; by

(3.16) ot =p"6,)=1 if 6,=40,,
=—1 if 6,=40,.
for n=1,2, .
From (3.1) and (3.16), we have
(317) ELo" Kn(x, X)1= [Kn(x, )DP(9)dy  for n=1,2, .

In view of the above arguments, we now construct the following algorithm
which is an application of the dynamic stochastic approximation method [3].
LEARING ALGORITHM. Let us define the following recursive algorithm:

(3.18) Dy(x)=0, xeRY,
(3.19) Dyi(x)= Dn(x)+(77:+1)_1 (" Kpia(x, Xni)—Dr(%)),

xeRY and n=0,1,2, .
The above algorithm is equivalent to the following one;

(3.20) Dy(x)=n"-p K,(x, X;), x€R" and n=1,2, .
1=1

From the above algorithm we can obtain the following lemmas.

LEMMA 3. Let Assumptions 1,2 and 4 hold. Let K(-) be a real-valued measurable
function on RY satisfying (K1), (K2), (K3) and (K4), and let {h,}7-; be a positive
sequence satisfying (S1) and (S2). Then, it holds that

3.21) lim j (ELD,(x)]—D™(x))*dx = 0.

PrROOF. From (3.20) and (3.17), we have
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(3.22) |ELDA(x)]— D) | < n™ 33 £,(x) ~ D¥(x)|
+n7 3 | DP(x)— D)

where g;(+) was defined in (3.2). From Lemma 1, we have

(3.23) sup | g;(x)—D(x)] — 0 as j—oo,

And by Assumptions 1 and 2, we have

(3.24) supn! i‘, | DP(x)—D™(x)| < n? f}Hg,n — 0 as n—oo,
z Jj=1 j=1
Note that
(3.25) JED,(01— D)y

= sup |ELD,(x)]—=D™(x)] JUEIDA@ 1+ D™(x) |} dx
<sup |[E[D,(x)]—D™(x)|  for all n.

Therefore, by (3.23), (3.24) and (3.25), we have (3.21). Thus the proof of the lemma
is completed.

LEMMA 4. Let Assumption 3 hold. Let K(-) be a real-valued measurable function
on RY satisfying (K1) and (K3), and let {h,}2-, be a positive sequence. Then, it holds
that

(3.26) JIELp™ K, X+ 0™ ™ Koo, Xpim)]
_E[pm'Km(x; Xm)] E[Pn+m' n+m(xy Xn-i-m):] !dx
éan,my n=0,1,2 and m=1,2, .

PROOF- We put Un: Pn'Kn(xx Xn) fOr n= 17 25 T and Ym = ((Xlr 91), Ty (Xm; @m»
for m=1,2,:--. Then we have

(3.27) |ELUn Unsnl—ELUn]-ELUp+m]l
=] E[Um {E[Un+7nl Ym]'_E[Unﬂn]}] |

SELIUnl- [ Knin(%, 3)- | D™™(3] Y )= D™ ™(5){dy] .
From Assumption 3 and (3.27)
(328)  [IE[Un:Unin]—ELUn)-EQUp:n] | d% < 2 E[ [ Ko(x, X)d2 | = 2G, m.

Thus the proof of the lemma is completed.

From Lemma 4 we have the following lemma.

LEMMA 5. Let the conditions in Lemma 4 be satisfied. Moreover, suppose that
K(-) satisfies (K2), and {h,}5-; satisfies (S1) and (S3). Then it holds that

(3.29) lim f E(D,(x)—E[D,(x)])%dx=0.



42 M. WATANABE
PROOF. At first note that
(3.30) ELD,(x)—E[DA ()]}
—E[n. é(U,.—E[Uj])]Z
=n-2-§1 E[U,-—E[U,-jjz—l—n'zéi (ELU,-U,1—ELU,J-ELU;T} .
From Lemma 4 we have
(3:31) nt [ 3 {BLU, U,1—BLU]-ELU, ]} dx

<273 éj}E[UHj' U;1—ELU:;]-ELU,J1dx

i=1j=1

§4n‘2_§_,‘ i‘, Gi; for all n,

1=1j+i
Next we have

(332) | LELU,—E[U 1T dx
J=1

<n? f é E[K(x, X;)J*dx
j=1

=n-2§1 hy™ - [{ (57 K*Chy(x=3)1-pP(dy}pdx  for all n,

where p9(3)=pP(y, 8)+pP(y, 6,), ye RY and j=1,2,---. By (K2) and (S1), we
have

(3.33) n‘zjﬁjE[Uj——E[U,I]zdxgKl-(n-h,,N)‘l for n=1,2, .
=1
Therefore by (3.31), (3.33), Assumption 3 and (S3), we have
jE[D,,(x)—EDn(x)jde——»o as n—oo.

Thus the proof of the lemma is completed.

From Lemma 3 and Lemma 5, we have the following theorem.

THEOREM 1. Let Assumption 1, 2, 3 and 4 hold. Let K(-) be a real-valued
measurable function on RY satisfying (K1), (K2), (K3) and (K4), and let {h,}5- be a
sequence of positive numbers satisfying (S1), (S2) and (S3). Then it holds that

(3.34) tim E[ {(D,(x)—D™(x))dx ] =0.
ProOOF. Noting that
(3.35) E[ f (Do(x)—D™(x))%dx |
= [ BLDA()—E(Dx(x)1dx+ [ (LD ()] D™(x))dx,

it is easily seen that (3.34) is direct from Lemmas 3 and 5.
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Next, we shall give a theorem concerning the order of the convergence. The
following lemma was given by the present author in [11].

LEMMA 6. Let {A,}7-1 be a sequence of non-negative numbers. Suppose that there
exist a position integer n,, two sequences of positive numbers {a,}3-; and {b,}>-, and
two positive constants C and «, such that

(3.36) Apii E(1—ap4)Ap+Crpiybrsy for all nz=n,,
(3.37) % a,=co and lima,=0,
n=1 n—oco
(3.38) 0<a,<1,
and
(3.39) (A—ps) br/bps1 = (1= psy) Jor all nzn,.

Then, there exists a positive constant C, such that
(3.40) A, <Cy-b, foral n.

REMARK. In Lemma 6, when a,=n"! and b,=n"* (0<8<1) the conditions
(3.37) and (3.39) are satisfied by a, such that 0< @, <1. And when An=n-{"z1 b,
f=
the condition (3.36) is satisfied by C=1. Therefore, there exists a position constant
C, such that

n-llebjgco-b,, for all n.
P

THEOREM 2. Let Assumption 1, 2, 3 and 5 hold. Let K(-), be a real-valued
measurable function satisfying (K1), (K2), (K3) and (K5), and let {h;}5-1 be a sequence
of positive numbers satisfying (S1), (S2) and (S3). Moreover, let the following conditions
be satisfied: there exist positive constant H, G and «,, and positive integer n, such that

(341) nHy 1o <Hb, for n=12, -,
(3.42) s?np Gon=<G:b, for n=1,2, -,
(3.43) 0<a,<1,

and

(3.44) bo/bpin E14an™  for all nz=n,
where

(3.45) b, =max {h,, (n-hY)"'} for n=1,2, .

Then, there exists a positive constant C* such that
(3.46) E[ f(Dn(x)—D‘"’(x))zdx] <C*.b, foral n.

PROOF. From (3.22) and (3.25) in the proof of Lemma 3, and from Lemma 2
we have
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(347) JELDA)1—DP(x)dx
<Cy Ky Shy+n S H,,  for n=1,2, .
Jj=1 Jj=1

From (3.31) and (3.33) in the proof of Lemma 5 we have

(3.48) [ E(D.(9)~ELD.(x)]ydx
<4nt3 BG,;+ K, (nhd)? for n=1,2, -
i=1j=1
Therefore,
(3.49) E[ [(Du(x)— D™(x))dx ]
< CyKyr Shyt2n S Hu+4072 3 36, 4+ K, (nhd) ™
j=1 j=1 i=1j=1
for n=1,2, -
Noting that
(350) .7 n = 2(H1,1+1+ +1,j+2+ +Hn—1,n) ’
by (3.41) we have
as o By oS (Bt e +2)
) =l = Jj+1
<2H-n'3b; for n=1,2, -
j=1
By (3.42)
(352) nre i G, <G-n'3b, for n=1,2,
PP P2

There by (3.45), (3.49), (3.51) and (3.52), we have

(3.53) E[ j(D,,(x)—Dm(x))”a’x]gC-<n’1]§b,«+bn> for n=1,2, -,

where C=max {C,-K,, 4H, 4G, K,}. And by (3.44) we have
A=(m+1)"Dby/bps = 1—ag-(n+1)"")  for all n=n,,

where aj=1—a, Therefore from Lemma 6 and its remark, there exists a positive
constant C’/ such that

(3.54) ni3b,<C-b,  for all n.
J=1
By (3.53) and (3.54), we have
(3.55) E[ j (Da(x)—D™(x)ydx | < C*-b,  for all =,

where C* =max {C,-K,-C’,4H-C’, K;}. Thus the proof of the theorem is completed.
REMARK. When A,=n¢ (0< A< N7, we can remove the conditions (3.43) and
(3.44). In this case, we have

E[ [(Du(x)~D™(x)y'dx ] <C*-n"%  where fo=min {8, 1—Np} .
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Let P@(e) be the probability of misclassification by using a discriminant func-
tion d(-) at instant 7z, and let P(e) be the probability of misclassification by using
the optimal discriminant function D™(.) at instant n.

We put p™(x)=p™(x, 6,)+p™(x, 8,), x= RY. Choose ¢>0. Let {S™}2., be a
sequence of bounded sets in R” such that for each n, the following inequality is
satisfied
(3.56) { PPz

Se

THEOREM 3. Let the hypotheses in Theorem 1 hold. In addition, let ¢ >0 be given
then there exists a positive constant M, such that

(3.57) wSPYSM, forall n,

where p is N-dimensional Lebesgue measure on RY and {S™}x., is sequence of bounded
sets in RY such that for each n, (3.56) is satisfied. Then it holds that

lim E [P (e)—P™(e)| =0.

ProOF. For each n, define sets

(358) H® = (xe RY; D™(x)= 0}
and
(3.59) H,={xeRY; D,(x)=0}.

And for a set A in RY denote the complement of A by /Nl, and by I, the indicator
of A.
Now, we have

(3.60) P =[PP Odxt [ p™(x, B)dx

= "+ [ [= D™ Ly )dx

and

(3.61) Pge) =g+ [ [—D™(x)]Lu,(x)dx .
Therefore

(3.62) Pg(e)—P™(e) = [ D) Lyen(x) ~Lun() - Lggmo(x)dx

+ [ DO L yeno(1) = Tra() ] Tgem(x)dx
Noting that
(363) JT=Da) T [gem(3) = Lirn(0)] - Lym(x)dx 2 0
for each 7, and 0= P§)(e)—P™(e) for each n, we have

(3.64) 0= Pg(e)—P™(e)

= [ D)= Da() - Uym(0) —Lta () (D)
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_I__j‘D(M(x) .[IH(n)(x)—-IHn(X)] Iggn)(x)d.x

+ [ IDPE) =D)Ly W)z [ gomr p(x)elx
By (3.64)
(3.65) E| P (e)— P(0)] < E[ [(D®(x)— Do) dx- pu(S) |75

< E[ [ (D®(0) D))z ]2 ME+-5-.

Thus, the theorem is proved.

The following theorem can be obtained by modified arguments of the proof in
Theorem 3.

THEOREM 4. Let the hypotheses of Theorem 2 hold. In addition, let, for each
n, p™(-, 8,) and p™(-, 8,) have bounded supports. We put

(3.67) S@={xe R"; p™(x, 0)#0} i=1,2, and for n=1,2, .

If there exist a positive constant M such that

(3.68) wSMYEM  forall iand n,
then it holds that
(3.69) E| PR (e)— P™(e)| < (Cb)F-M?  for all n,

where b, was defined in Theorem 2 and C* is a positive constant which satisfies (3.46).

§4. Examples.

EXAMPLE 1. Let {(X,, ©,)}%; be a strictly stationary Markov process satisfying
the condition D, (See [2], p. 221), and let p(x, 8) and p™(x, 8| (x’, 6’)) be a initial
probability density function and a n-step transition probability density function,
respectively. From [2].

4.1 sup [p™(x, 0] (x, 0)—p(x, )| =20-2" for all n=1,2, -,
(=',8)
where 0<y and 0< A< 1.

If p(x, 4,) and p(x, 8,) are uniformly continuous functions on RY, then Assump-
tions 1, 2, 3 and 4 hold. And it is easily seen that the hypotheses of Theorem 3
are satisfied. Thus, the results of Theorem 1 and Theorem 3 hold.

If p(x, 6,) and p(x, §,) satisfy the uniform Lipschitz conditions:

4.2) Ip(x, 0)—p(y, 0 S Ci-lx—al, i=1,2,-

and let A, =n"""* then Assumptions 1, 2, 3 and 5 hold, and there exists positive
constant G such that

(4.3) AL GonYNH for all n=1,2, -,

and b, =max {h,, n7'h;¥}=h,=n"Y¥*, Therefore, Theorem 2 hold. In addition, if
#(-, 6,) and p(-, 6,) have bounded supports in R”, then Theorem 4 also hold.



On a Pattern Classification Problem on the Basis 47

EXAMPLE 2. Let the following conditions be satisfied :

(44) p(TH'm)(x’ éi l (xl: 01)» ) (x‘m.y 0m))
:q(n+M)<9i l 01? ) 0m)pz(x) 1= 1,2 and n,m=1,2, -,

45) 3B, 1 6, -, ) =1 for mom=L2, -,
i=1

that is, ¢"+™(4,|8,, -, 0,) is a conditional probability of a category 4; at instant
n+m for given categories 6,,6,, -+, O,
(4.6) sup ™06, 0, -+, 0x)—q™| —>0  as n,m—oco,
61 0m
And
4.7 lgW—g™| —> 0 as n,m—oo
for i=1,2.

If p(-) and p,(-) are uniformly continuous functions on R”, then the hypothese
of Theorem 1 and Theorem 3 hold. Therefore, the results of Theorem 1 and
Theorem 3 hold.

If pi(-) and p,(-) satisfy uniform Lipschitz conditions,

(4.8) sup [¢"™(G;] 0y, -+, Op)—g"* ™| <G’ hy  for all m,
01, 0m

where G’ is some positive constant and
(4.9) lgP—g™|=n ' h, for n=1,2, -,

then Theorem 2 hold. In addition, if p;(+) and p,(-) have bounded supports in RY,
then Theorem 4 also hold.
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