SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

ON CONVERGENCES OF ASYMPTOTICALLY OPTIMAL
DISCRIMINANT FUNCTIONS FOR PATTERN
CLASSIFICATION PROBLEMS

Watanabe, Masafumi
Department of Mathematics, Kyushu University

https://doi.org/10.5109/13080

HARIEER : FREtEERFZS. 16 (1/2), pp.23-34, 1974-03. Research Association of Statistical
Sciences
N—=2 3

HEFIBAMR

W2 KYUSHU UNIVERSITY

Q

M
e



ON CONVERGENCES OF ASYMPTOTICALLY OPTIMAL
DISCRIMINANT FUNCTIONS FOR PATTERN
CLASSIFICATION PROBLEMS

By
Masafumi WATANABE*

(Received July 10, 1973)

§1. Introduction and Summary.

This is a continuation of the paper [11] and is concerned with the pattern
classification problem related to “learning with a teacher”. In [11], in the case
when the optimal discriminant function is assumed to belong to the L* space and
the case when that is assumed to be uniformly continuous, we gave algorithms,
which were applications of the stochastic approximation method, for constructing
the asymptotically optimal estimates, and investigated the convergence (mean con-
vergence and almost sure convergence) of the algorithms. But we did not consider
the rate of almost sure convergence. In this paper we shall discuss the convergence
of the algorithm in the case when the “optimal discriminant function” (o.d.f.) is con-
tinuous and the rate of the almost sure convergence.

This paper consists of five sections. In Section 2, we shall give definition of
the o.d.f. and of asymptotically optimal estimates to the o.d.f., and we shall pre-
pare several lemmas to be used throughout subsequent sections. In Section 3, we
shall treat the case when the o.d.f. is continuous, and give an algorithm which is
more general than the form in [10]. And we shall discuss the almost sure con-
vergence and the mean convergence of asymptotically optimal estimates. In Sec-
tion 4, we shall give some inequalities concerning the rates of convergences.

§2. The formulation of the problem and Preliminaries.

We consider the two-categories classification problem. In this paper, we assume
that a pattern space is equal to the N-dimensional Euclidian space R", and the set
of categories is equal to {4, B}.

Let (g4, g3) denote a given priori distribution on {A, B}, where g4, ¢8>0 and
ga+qgs=1, and let f(-|A)(f(-B)) denote the probability density function of the ob-
served RY-valued random vector X if X is drown from the class A(B).

Let’s assume tentatively ¢4, ¢, f(-]A) and f(-|B) are all known to us. Let’s
consider the discriminant function;
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24 M. WATANABE

2.1 D(x)=q,f(x|] A)—g5-f(x|B), x=R".

And let’s consider the following decision rule based on (2.1); decide X to be from
the class A if D(x)=0 for outcome x of X, and decide X from the class B if D(x)
<0 for the outcome x of X. It is well known that this decision rule minimizes the
probability of misclassification, and this rule has been called the Bayes decision
rule. In this paper, we shall call (2.1) the optimal discriminant function (hereafter,
abbreviated as o.d.f.).

In this paper we shall treat the case when none of ¢4, ¢z f(-1A4) and f(-|B) is
known to us, consequently the o.d.f. is unknown to us. In this situation we are
supposed to have a training sequence {(X,, ©,)}7-; with the observed pattern X, eR¥
and the category @,< {4, B} from which X, is actually drawn. It is assumed that
the category from which an each observed pattern has been drawn is correctly
indicated by a teacher at each instant n.

We assume the training sequence {(X,, @,)}»=: is independently and identically
distributed, each X, has probability density function f(-|A)(f(-|B)) if ©,= A(®,= B),
and each @, is distributed as g, =P[0,= A] and ¢p=P[O,=B]. Throughout this
paper these assumptions remain valid.

Let D,(x) be an estimate of the o.d.f. D(x) based on {(X, Op}r:.. Let P,e)
be the probability of misclassification using a discriminant function g(-) which is a
realvalued function on RY. Here to classify by using g(-) means that we make use
of the decision rule; decide x come from the class A if g(x)=0, and x from B if
g2(x)<0.

DEFINITION 1. {D,(-)}2.; is said to be the asymptotically optimal sequence of
type I (hereafter, abbreviated as AO(I)), if

(2.2) lim E| Pp,(¢)—Pp(e)| =0,

and {D,(-)}3-; is said to be the asymptotically optimal sequence of type II (here-
after, abbreviated as AO(ID), if

2.3 lim| Pp,(e)—Pp(e)| =0  with pr. 1.

DEFINITION 2. Let {a,};-; be a sequence of positive numbers such that lim «,

n—00

=0. Then, {D,(-)}7-; is said to be the asymptotically optimal sequence of order
{a,} of Type I (AO—I({«,})), if there exists a constant C >0 such that

2.4) E|Pp,()—Pp(e)|£C-a, forallnz=l,

and {D,(-)}7-, is said to be assymptotically optimal sequence of order {a,} of type
II (AO—II({a,})), if for any 0> 0 there exists a constant C(d) > 0 such that

(2.5) P[| Pp,(e)—Pp(e)| = C(0)-a, for all n=1]>1-4.

The following lemma was essentially proved in [11].

LEMMA 2.1. Let {A,}2-, be a sequence of non-negative numbers.

Suppose that there exist three sequences of non-negative numbers {a,}r-,, {b,}o-
and {K,}3-y such that
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(2.6) Apii = (=) At piybpsy+ Koy for all n21,
2.7 é}lan =co and }anlo a,=0,

(2.8) lim b,=0,

(2.9) S Ky <o

Then, it holds that 113)10 A,=0. "

And if K, =0 for all n=1 in (2.6) and there exist a constant a,>0 and some
bositive integer n, such that

(210) (=au) oo S (—atetns)  for all nzm,,

where {b,}5-1 need not satisfy the condition (2.8), then there exists a constant C> 0
such that

(2.11) A, =C-b, foral nz=1.

The following lemma is a direct application of Theorem III in [2] and Lemma
2.1.

LEMMA 2.2. Let {U,}3 and {V,}2-, be two sequences of random variables on a
probability space (2, F, P). Let {F,}7-, be a sequence of o-fields, F,C Fpiy C F,
where U, and V, are measurable with respect to F, for each n. And let {a,}2-; be
a sequence of real numbers. Suppose that the following conditions be satisfied

(i) 0U, a.s. foral n=1
(ii) E[U,]J< o
(iif) ElU,i| F]=(1—a,)Un+V, a.s. forall n=1.

(iv) iEl V,| < oo

(v) a,20(®=12 ), lima,=0 and a,=co.

n=1

Then, lim U, =0 a.s. and lim E[U,]=0.

n—00 n—00

LEMMA 23. Let {U,}n- be a sequence of random variables on a probability space
(2,4, P). Let {F,}3, be a sequence of o-fields, F,C F,,, C F, where U, is measur-
able with respect to F, for each n. And let {a,}3., and {v,}7_, be two sequences of
bositive numbers. Suppose that there exist a positive integer n, and two positive num-
bers 0< M < co and 0< A< 1 satisfying

(2.12) U,=0 a.s. for all n=n,,

(2.13) Mz=U,, a.s.

(214 E[U,n | F 1= (10— )Un+vpis as. for all nzn,.
U, \A

(2.15) (1—nn)( oo Y=1 for all nzn,,
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and

(2.16) St oo,
n=1

Then for any 6> 0 there exists a constant C(9) such that
PLU,ZC0)-v2 foral nz=n,)>1-90.
PrOOF. Let A, be the event such that
(217) A, =[U,ZC-v} for k=mny, ny+1, -, n]

for n=n,, where C is a positive constant. It is easily seen that A, &,. And for
n=n,+1, n,+2, -, we put

(2.18) P,=P[U,=C-v} for k=ny ---,n—1 and U,>C-v}].
Since
P,=P[A,.J-P[A,] for n=n,+1,
we have
(2.19) P[A,]=P[A,,]— 3 P, n=ntl.
k=ng+1
We put
(2:20) EUpul=] E[Upl@,1dP  for nzn,
An
(2.21) E[U]={ U.dP for nzn,.
An
By the definition of the conditional expectation, we have
(2.22) E[U,.]=(  UnndP  for nzn,.
n
From (2.14) we have
(2.23) EfUpi 12 (A=, )ELU ]+ 000 for n=mn,.
And from (2.21) and (2.22), we have
(2:24) EfUnd={ UndP+f  UdP
An+l An-Ang1

2 B Ups1]+C 0341 Poyy for nz=zmn,.
Therefore from (2.23) and (2.24), we have
(2.25) EfUu J+C 03 Poty SELUL]-(1—0p41) 004y for nzn,.

In (2.25) we put z,=E,[U, /vl for each n=n,. Then we have

2
(226) zn+1+C'Pn+1 = ( v:: ) (1—'an+1)zn+v}n_+ll for n _2_. Ny .
Noting (2.15), we have

(2.27) Zy1+C-Pry S 2,054 for n=n,.

Summing the both side of (2.27) from n=mn, to n=cc and note that (2.16), we have
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(2.28) C- 3 Pzt 3 vkt

n=ngp+1 no+1
Note that z,, <E[U,,]-v;d < M-v;} and P[A,,]=1 if C= M-v;}, choosing C accord-
ing C>max {M-v;d, (M-vzi+ §+ Vi3 /3} we obtain
n=ngp+1

(2.29) limP[4,]=1— 3 P,>1—4.

n—oo n=ng+1

Thus the proof of the lemma is completed.

The following lemma can be found in [7].

LEMMA 24. Let {f,()}2-, and f(-) be a sequence of density functions on R" and
a density function on R", respectively. If lim f,(x)=f(x) for almost all x R", then

lgn fs [Fo(N—f(3)|dy=0 uniformly for all Borel sets S in R".

§3. Convergences.

Let K(-) be a real-valued Borel function on R" satisfying
(K1) K(»=0 for all ye RY,

(K2)  supK(»)=K<eo,

®3) | KO)y=1,
N
KO JmKD)=0 where Iyl =(2D" for y=( - oM S RY,

and let {A,}7-1 be a sequence of real numbers satisfying
(H1) 1=2h,>0 for all n=1,
(H2) limh,=0.

Then we can define the sequence {K,(x, )}z, for x, ye R”,
(GAY) K, (x, ) =h¥ - K[h'(x—y)] for n=1,2, .

The following lemma can be found in [5].

LEMMA 31. Let g(-) be a continuous and bounded function on RY and
LN[ g(x)|dx<co. Then, it holds that lim jRNK,,(x, Ne(¥dy—g(x)|=0 at all x< RY,

where K,(x,y) is defined by (3.1).

If f(-]A) and f(-|B) are continuous density function on RY then o.d.f. D(-) is
also continuous and bounded function on R”.

And for x= RY, we have

(32) E[P(@n)Kn(xy Xn)l(le @1) (Xn—ly @n—1>]

=ELp(6n) Kulx, Xu)1=[ | Ko(x,)DO)dy  for n=1,2, .

where
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(3.3) p0,)=1 if @,=A
=—1 if @,=B.
In this paper, we put
(34) D} (x)=E[p(0,)-K.(x, X;)]  for n=1,2, .

In view of the above arguments, we shall construct the following algorithm
which is an application of stochastic approximation methods.

LEARNING ALGORITHM. Let {a,}7-; be a sequence of real numbers satisfying
(AD  4,>0 (r=1,2,-) and X a,=0o,
(A2) lima,=0.

7~—00

Then D,(x) is given by the recursive relation as follows
(3.5) Dy(x)=0, =xeR"

Dyy41(%) = Do)+ @nsi(0(On4 1) Knsa(X, Xiay) — D))
for n=0 and x< RY.

The above algorithm is transformed to the following one

(3.6) D=3 11 (1-a)a;-p(@)-Kix X),  where 11 (-a)=1,
1= =1 J=n+

1j
THEOREM 3.1. Let f(-|A) and f(-|B) be continuous on R”,
(1) If lima,h;¥ =0, then it holds that

(3.7) EmE[ | (Du()—D(x)ydx]=0.

() If 3 ahi¥ <oo, then it holds that
n=1

(3.8) lim jRN(Dn(x)_D(x)ydx:o with pr. 1 and (3.7).
PROOF. For each n=1, we put
(3.9) A= (ELDA(x)]—~D() dx,
(3.10) Un={ (Dy(x)=E[Dy(x)])dx
and
M:sgplD(x)I.

First, we shall prove that lim A,=0. From the construction of D,(x), (3.2) and
(3.4), we have

(311) sup|ELDr(0)]—D(x)| = (1—ay4,)-sup| ELDx(x)]—D(x)|

F @i | DF(x)— D(x)|
S (1—apy) sup|E[D,(0)]—D(x)| +2M - a4,
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for all n=n,, where n, is a positive integer such that 0<a,=1 for all n=n,.
Therefore, from Lemma 2.1, we have

(3.12) sup IELD(x)]—D(x)|=M, foralln=x1l,

where M, is some positive constant. By the same arguments similar to (3.11), we
have

(3.13) i = (U= ne) At | DEa(x)— D)l dx

for all n=n,, where

(3.14) A, =‘fRNIE[Dn(x)]—D(x)| dx  for n=1,2,--.

In (38.13), noting that

(3.15) |DE@ =D =40 |f Kalr, 97001 A)dy— (x| A)

[ Eux, /(| Brdy—£ix1B)|

+ 4B

for all n=1 and from Lemma 2.4 and Lemma 3.1, we have

(3.16) lim | | D¥(x)—D(x)|dx=0.
n—oo v R

Therefore, from Lemma 2.1, we have

3.17) lim A, =0.

And noting that
(3.18) A, £ sup|E[D,(x)]-D(x)| - A,

<M, A, forall n=1.
Thus, we have lim A,=0.

Noting that {(X,, ©,)}>=: is a sequence of independent random vectors, we have
(3-19) E[Un+1l(-le @1)7 Sty (-an @n):]

= (1_an+1)Un+a$t+1°EI:j' N(p(@n+1)Kn+l(xv K1) —DEL(0)) dx]
R
with pr. 1 for all n=n, From (K2) and sup|D(x)|= M, we have
(3.20) EURN(P(@n)K"(x’ X,)—D¥ (x))zdx] <2h;¥.K+42M  for all n=1.

Therefore, from Lemma 2.2, if E} ai h;¥ < oo then imE[U,]=0, and lim U,=0 with
n=1

n—00 n—o0

pr. 1. And taking the expectation on the both side (3.19) and by (3.20), we have

3.21) ELU+] £ (01— )ELU1+2K - a} yhzly +2Ma},,  for all
n=n, Therefore, from Lemma 2.1, if lim a,4;¥ =0 then lim ELU,]=0.

Thus the proof of the theorem is completed.
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It is easily seen that for any ¢ >0 there exists a bounded Borel set S. in RY
such that

(3.22) | Pp,(e)—Pp(e)| = fRN | Dy(x)—D(x)| - Ise(x)dx+e

for all =1, where Is(+) is the indicator function of S (see [101).
By the above argument and Theorem 3.1, we have the following corollary.
COROLLARY 3.1.1. Let f(-|A) and f(-|B) be continuous densities on R".
(1) If lim a,ho¥ =0, then {D,(-)}=s is AO(D).

Gi) If S ahs?, then {D,(-)}o is AO() and AOL).
n=1

NOTE ON DENSITY ESTIMATION. Consider a sequence X, X,, -+ of independent
identically distributed N-dimensional random vectors having a probability density
function f(-).

H. Yamato [9] proposed the recursive estimator of the form

(3.23) Ful@)=n"t3 K,(x, X;) for all n=1 and xe R",
J=1

where K,(x, y) is defined by (3.1), and he showed lim E|f,(x)—f(x)]|2=0 at all points
xe RY if f(+) is continuous and lim nhY = oo,

In this problem, we consider a following modified algorithm
(3.24) folx)=0  for all xe RY
(X)) = Fa(2)F+ 0n1(Kpia(x, Xnar)) for n=0, xe RY.

If we put an=Ln (n=1, 2, ---) then (3.24) is same as (3.23).

And in this case, by the same arguments similar to Theorem 3.1, it is easily
seen that lim E(f,(x)—f(x)2=0 at all xe RY if lima,h;¥ =0 and lim (f,(x)—f(x))?

n—o

=0 with pr. 1 at all xe RY if f}aﬁh;N<oo,
n=:1

§4. Rates of Convergences.

Let K(-) be a real-valued Borel function on R satisfying (K1), (K2), (K3), (K4)
and

K5 [ IIK()dy=FK,<oo.

And let {a,}g-; and {Ah,}7-; be two sequences of real numbers satisfying the condi-
tions in §3 ((Al), (A2) and (H1), (H2), respectively). In this section, we assume that
the above conditions are always satisfied.

ASSUMPTION 1. f(-]A) and f(-|B) are continuous functions on R”. And there
exists a constant 0 < C, < co such that
4.1) max RNIf(x+yl'9)—f(yI0)ldy§ Co-fixl

6={4, B
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for all xe R”,
ASSUMPTION 2. f(-1A) and f(-|B) satisfy uniform Lipschitz conditions with
positive constants C, and Cp, respectively. And we put C;=max {Cy, Cg}.
THEOREM 4.1. Let Assumption 1 or Assumption 2 be satisfied. And if there exist
two positive constant 0 < a,, a, <1 and some positive integer n, such that

4.2 <1—an+l>hfj—jl <(—aan,) for all nz=n,,
ah;¥
(43) <l—an+1)7n+1h;% = (l_azan+1) f07’ all n =y,

then there exists a constant 0 < C < co such that

—_— 2 .
4.4) E[ jRN(D,,(x) D(x)ydx|<C-b,  for all nz1l
where
(4.5) b, =max {h,, a,h;¥} for each n=1.

PROOF. Let A,, A, and U, be defined by (3.9), (3.14) and (3.10), respectively.
First, if Assumption 1 holds then

(4.6) J‘ | D} (x)—D(xﬂdx J‘ U K(z)- D(x h,,z.’)dz D(x)|d
® RN|Y RN B X
= -g‘mvjmv @) f(x—hnz| A)—f(x| A)| dzdx

+] J K@If(x—haz|B)=f(x| B) | dzdx
=<2K,-Cy+h, foralln=1.

We apply Lemma 2.1 to (3.13). Then we have

“.7 A, <Cihy, for all n=1

and for some positive constant C,. Therefore, by (3.18) we have

(4.8) A, E£M,-C,-h, far all n=1.

In (3.21), by the some argument similar to (4.7) we have

4.9 ELU™]=C,-a,hY  for all nz1

and for some positive constant C,. Therefore from (4.8) and (4.9) we have (4.5).
Next, if Assumption 2 holds then we have

4.10) sup|D¥ (x)—D(x)| = Cs- K, h, for all n=1.
And note that
(4.11) A, =sup|E[D,(x)]—D(x)|- A7 .

and
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(4.12) Sup|EL D5+, (0)]=D(0)| = (1 —ap41) sup| ELD,(x)]—D(x)|
+apsq-sup| D¥(x)—D(x)]

= (1_an+1) SgplE[Dn(x)]—D(x) | +c_f Ky M1y,

for all n=1.
We apply Lemma 2.1 to (4.12). Then we have

(4.13) sup|E[D,(x)]—D(x)| £Cs+-h, for alln=1

and for some positive constant C,. From (4.11) and lim 4, =0, we have

(4.14) A, =C.h, for all n=1

and for some positive constant C,. And (4.9) also holds. Therefore from (4.14) and
(4.9), we have (4.5). Thus the proof of the theorem is completed.

THEOREM 4.2. Let Assumption 1 or Assumption 2 be satisfied. And if there exist
two positive constant 0< a; =1, 0< A< 1 and same positive integer n, such that (4.2)
holds and

2 Lh—-N rs

(4.15) At (22 Y <1 for all nzn,
n+iint+l

and

(4.16) 3 (@haahi i)' < o0,

then for any 6> 0 there exists a constadt C(0) >0 such that

(4.17) P[j (D, (x)—D(x))2dx < C(0)- b, for all n= 1] >1—0,
RN

where

(4.18) b, =max {h,, (a2 h;™)*}  for all n=1.

PROOF. From (3.19), (3.20) and (H1), we have
(4.19) ELU 1 1(Xy, 6y), -+, (X5, ©4)]
S(A—a, DU +2(M+K)a2 kY, with pr. 1

for all n=n,, where n, is some positive integer. Noting (3.6), (K2) and (K3) and
applying Lemma 2.3 to (4.19), it holds that for any d >0 there exists a constant
C’'(0) such that

(4.20) Pl U, < C'(d) (a2 h;¥)? for all n=11>1—9.
And from the proof of Theorem 4.1 we have
4.21) A, ZC"h, forall n<1i,

where C” is some positive constant. Therefore we put C(é) =max {C”, C’(d)}, then
(4.17) holds. Thus the proof of the theorem is completed.
If /(-] A) and f(-|B) have bounded supports, then we have
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(4.22) IPDn(e)—PD(eHg‘f Nan(x)~D(x)|Is(x)dx for all n=1
R
where S is the bounded support of f(+|A)+f(-|B). From (4.22), we have

(4.23) | Po(e)=Po(@)| = | |ELDA(x)]=D(x)|dx

1
2

+[f_(ELD®]- Do) | Js(x)dx]

for all n=1. And noting the proof of Theorem 4.1 and Theorem 4.2 we have the

following theorem.
THEOREM 4.3. Let Assumption 1 or Assumption 2 be satisfied. And let f(-|A)
and f(-|B) have bounded supports and lim a,h,¥ =0.

n-—00

(i) If the conditions in Theorem 4.1 hold, then {D,()}y. is AO—1{8,}) where
(4.24) B, =max {h,, (a,h;")3}  for each n=1.

(ii) If the conditions in Theorem 4.2 hold, then {D,(-)}7a is AO—II({8,}) where
(4.25) B, =max {h,, (a2 h;¥)*} for each n=1.

EXAMPLES. We put ¢,=n"% and h,=n"* for each n=1. And suppose that

(4.26) —§~<a§1 and  0<t<-227L

In this case, the conditions (4.2) and (4.3) in Theorem 4.1 are satisfied and the con-
ditions (4.15) and (4.16) in Theorem 4.2 are also satisfied by 4 such that

2a—Nt—1
4.27) W> A>0,

moreover (Al), (A2), (H1) and (H2) be satisfied.
And if we put a=1 and t=N—1+l— then we have

-1

(4.28) E[[ (Dux)—D(x)ydz]<C-n¥T  for all nz1
RN
and for some constant C>0, and for any 0 >0 there exists a constant C(J) such
that
1
(4.29) P[[ (Du0)—D@rdx=0@-n %% for all n21]>1-5
RN

for any 2 such that 0<Z<_N—1&—_2‘

Moreover, if f(-|A) and f(-|B) have bounded supports then {D,(:)}3. is
AO—I({n™7}) and AO—Ii({n ¥ }) for any 0<2< ks

If we put a=1 and t= gip, then (D)7 is AO—K({n™7)) and

—AC

N+4)
T 1_
AO—II({n ¥+ }) for any 0< A< N1
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