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1. Introduction and summary.

In testing independence of two random variables based on rank statistics, several
rank statistics such as Spearman’s p, Kendall's 7, normal score statistics, etc. are
available and performance of the tests based on these statistics has been studied for
some models; see, e.g., Bhuchongkul [3], Farlie [5], Hijek and Sidak [8] and Konijn
£91.

In this paper we study the one-sided and two-sided locally most powerful rank
tests (LMPRT) to test the independence of p-dimensional random variables (p=2)
with ¢-parameters, where the independence is characterized by the value zero for
all parameters. The term ‘locally’ means that parameters are included in some
neighbourhood of the origin. Two-sided LMPRT will be considered only when one-
sided LMPRT does not exist.

In Sections 5 and 6 asymptotic normality of the test statistic in the one-sided
LMPRT will be studied.

In this paper, only total independency is adopted as a null hypothesis, so that
neither pairwise independence nor general independency of sets of variables will
not be dealt with. These two independencies have been studied in Puri and Sen
[12] and their other several papers and also in Anderson [2] for the normal case.

2. Notations and assumptions.

Let Xyy, -+, Xyy be mutually independent random variables and each Xy, =
(Xwiy, -+, Xwip)' be distributed with a density function f(x,, -+, xp, Cyu,fy, -+, cnigly),
where the function form of f is known, all ¢’s are known constants and &’s are
parameters each of which has a range containing the origin. We assume that, if

and only if all &’s are zero, there exist some density functions fi, - , fp such that
y4
f(xly ) xp: 03 Tty 0): ;_I.;[lfi(xi)-
To simplify the notations, we shall write f(x, -+, xp, cyis0y, =+, Cyighy), f(%y, -,

Xp, 01, -+, 0g) and f(xy, -+, xp, 0, -+, 0) as f(x, exid), f(x, 0) and f(x) respectively.
Now we give some notations and assumptions to be used throughout the paper.
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12 S. SHIRAHATA

First,

(21) &r(x, 6)=(3/36,) log f(x, 0)

(2.2) (%) = ¢y(x, 0),

(23) ¢rslx, 8) = {(3°/00,00,) f(x, O)} /f(x, 6),
(2.4) Prs(X) = Pr(x, 0),

for , s=1, -+, q and 0=(0, ---, 0). Next,
ASSUMPTION A,. f(x, ) is totally differentiable with respect to # in some open
set which contains the origin of R? and

(2.5) Epl (X, )| —> Eol¢(X)|  as |8]—0 for r=1, -, ¢,
where the expectation E, is computed under the distribution with the density f(x, 6).
ASSUMPTION A,. Constants cyy,t=1,--, N, r=1, -+, q, are known such that

some of them are not equal to zero for every N.
q
ASSUMPTION A, (One-sided hypothesis). > 0, is positive, and
r=1

(2.6) 8, —>0 for r=1,--,q,

(2.7) 0,—( 2‘1: 8,)— 2, for r=1,--,q,
=1

where 4, -+, 4, are fixed numbers.

In the one-parameter case, Assumption A; reduces to the ordinary one-sided
hypothesis. Similary the following A’, reduces to the ordinary two-sided hypothesis.
ASSUMPTION A’; (Two-sided hypothesis). 200, is not equal to zero, and the
r=1
limiting conditions (2.6) and (2.7) hold.
ASSUMPTION A,. (8/00,)f(x, 6) is totally differentiable with respect to 6 in some
open set which contains the origin of R? for r=1, -+, ¢, and
(2.8) Eo| (X, 0)| —> E,|¢p(X)] as |6|—0 for 7, s=1, -, q.

This Assumption A, will be used to derive two-sided LMPRT. Finally we state
the hypotheses involved.

(2.9) Hy,: Each Xy; has a density function f(x).
(2.10) Hye: Each Xy; has a density function f(x, cy:0).
(2.11) Hys: Each Xy; has a density function f(x, 6).

3. Locally most powerful rank tests.

Let Ry=(Ry,, -+, Ryy) be the rank matrix of X=(Xy,, ---, Xyn), where Ry; =
(Ryits ++» Ryip)’ and Ry, denotes the rank of Xy among Xyir, -+, Xyn.. Every
test considered in this paper is based on a function of Ry. First, we state the

following theorem.
THEOREM 1. Under Assumptions A,, A, and A, the test for Hy, against Hyep
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based on the statistic Sy(Ry), where

3. Su(Ri)= 2 3 cuurdr EL$,(Xws) | Ra],

k=171=

that is Hy,, is rejected if Sy(Ry) is larger than a given constant and accepted other-
wise, is locally most powerful among rank tests at the respective level.

PROOF. The proof goes along the same line as in [8], Chapter II. Let Ps(A)
be the probability of an event A under Hye. Let r=(r,, -+, ry) be the observed
rank matrix. Then we have

(32) Po(Ry=7)—P(Ry=1)
(3:3) = [ [ (1L 7Gx, exit)— T F(x)dx, - dxx
RN=r
(34 =3 3 cuunb, [+ [LT Ao i) TLFGED NewnrOfea)™
RN=T

X Ef(xk, CNklal, e CNkrﬁry 0’ ., 0)
—f(xXs, Curify, ) Cupr-10r-1, 0, -+, 0)1dx, - dxy .

For simplicity, let us denote by F the function under the integral sign of (3.4).
Then due to the first half of A,,

N
(35) F—> ¢ (x) T f(x)  as 16]—0,
and we easily get the following relation.

(3.6) [ [ 1F1dx, - dxy
RON

< (e [ [
&P

Using A,, the right side of (3.6) converges to

?%_f(xy CNkloly oty Cag 7—161‘—-1; ty 01 Tty 0) dxdt *

37 [ f|o f | = - f1 g T A, - de
RP RPN

On combining the facts (3.5), (3.6) and (3.7), from Theorem II 4.2 of [8], we get
N
(3.8) [ [ P doey oo docy —> f---j¢,(xk)i[llf(xi)dxl dxy  as |6]—0.
RN=r RN=r B

Therefore,

(39) (PiRy=7)— PRy =1))( 30,

N gq ~
> 3 Beward, [ - [l T FGe)dae, - dey

RN=r

M=

(3.10) =(ND? 3 3 cwa & EL§ (X | Rys =]

k=1
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(3.11) =(N)?Sy(Ry=r),
where the limit was taken subject to A, This fact implies that there exists an

¢>0 such that if 0< 26, <e, |6,]<e and |0,( 3 0,)"—2,|<e for r=1, -, g, then,
=1 =1

(3.12) Sv(Ry=r)>Sy(Ry=71") = Py(Ry=r)>Ps(Ry=717).

In view of Neyman-Pearson lemma, this completes the proof.

In some problems of testing independence, all ¢’s are equal and Sy(Ry) turns
out to be trivial or identically equal to zero (cf. Example (d) in Section 4). In such
cases we consider the two-sided case under the following assumption.

ASSUMPTION A,.

N
(313) ‘ElEo(Sbr(XNk)‘RNk) =0 for r=1, -, ¢.

Two-sided LMPRT is given by the following theorem.

THEOREM 2. Assume Assumptions A,, A’s, A, and A; and also that ’s are equal
to 1. Then locally most powerful rank test for Hy, against Hyg is based on the statistic
Ty(Ry),

Tu(R) =3 £ B 2AELG(Xws) | Ris]

7=1 8$=1

(3.14)
q q
+ kEﬂETZEI s§ A AE LD (Xne)s(Xnp) | Rygy Ryer].
PROOF. As in the proof of Theorem 1, we easily find that

(315)  P(Ry=r)—P(Ry=r)

N q k—1 N 6r 0
=3 3 [ [ I A, 0) I1 fGed| " fen, sy oy Oresy 1, 0, -+, 0)dt d, - ity
k=1 r=1 RN=r i=1 i=k+1 0
. N g k-1 0 N 6r ot o2
@1 =33 £ QJJ (s, 0) I1 fx[ [ (s, 0,70, 0rs, 5,0, -, 0)ds dt dxy---dxy
N q 1—10 k—1 0 N 0 az 0
@31 +X 33 j - rjigﬂxi, ) AL e[ 57 n B3+, B0mss 1,0, 2, 0)
dtdx, - dxy
N ¢ a k—1 N
318)  + 32 20, [ [m5—feu 0)- I f(xs, 0) 11 f(x)dx, - dxy .
k=17=1 T =1 i=k+1

RN=T

Let us denote (3.16), (3.17) and (3.18) by B,, B, and B; respectively and consider

(3.19) (PiRy=7)— PRy =1))(30,)*,

when |6]|—0 subject to A’,.
First it can be easily shown, as in the proof of Theorem 1, by A, and Theorem

1L 4.2 of [8], that B,( 3 8,) and B,( 3 6,)* tend to
r=1 =1
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(3.20) SN 2 B EELG (X Ry =711,
~N r—1

3.2 (N)* 5 ; T2 AEL X)) | Ris=74]

respectively.

q
Next we turn to B;( > 6,.)"?, which can be written as
=1

(322 B30,

=300 3 50 f jtz (o, O)—F(xe) T A 0) T 760}

+ 10701 % %«ﬂxk, 0 11 fCedx, - dy
=1 r 1=kt

62 =(36072n % B [(Mfcx, 0) 11 fx)

RN=r

X (f(xkr 017 Tty Bsr O: Tty 0)_f(xkv 01; Tty 08—17 O, Tty 0))¢'r(xk)dx o de

(324  +( E )

”Mz

B[ for I (e )d, - dacy

Assumption A, means that the term (3.24) is equal to zero, while A, and A’, jointly
imply that the term (3.23) has the limit given by

(3.25) S22 D22 [ e I f)dx, - dx
RN=r
(3.26) =(N)? S35 3 AAELG X Xwi)| Ry =13, Ruw=r].

From (3.20), (3.21), (3.26), the symmetricity with respect to # and %/, and the sym-
metricity with respect to 7 and s, it follows that the expression (3.19) tends to

(327) S ND? 2 2B (X | Rya=74]
+ 5 (VD2 2 S8 4B fra(X) | Rya =7

_(N n-# 22 2 E LAEL P ( Xy i) s(Xnw) | Ryy =71, Ryp = re

r=1 s=1
=—;—(N NP Ty(Ry=r).

The rest of the proof is same as the proof of Theorem 1.

4. Examples.

Sy(Ry) and Tx(Ry) for some models will be given in this section. The latter
is restricted to Hijek’s model only. We assume that the required assumptions are
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er Tty RN
Ry, -, Ry
satisfied. In the bi- or tri-variate case, let ( 0 ) and | Q,, -+, Qx| denote the
1" N
rank matrix respectively. Sy, o, Sy
(a) Bivariate normal distribution.
Let (X, Y,), ,(Xw Yy) be mutually independent bivariate normal random

variables having common mean vector (g, #,) and the dispersion matrix (i P C’“‘{)
k

for (X, Y,), where g, ¢, and p > 0 are unknown parameters.
Then the function ¢ in Section 2 is easily calculated to be (x—p,)(¥y—ps), so we
can get

N
(4.1) Sy(Ry) = El CkEOX(Rk)EO Y(Qp ’

where E X, =E;Y«, is the expectation of the i-th order statistic in the sample of
size N from the standardized normal distribution. If ¢,=1 for k=1, ---, N, then
Sy(Ry) is the well known normal score test statistic.
(b) Trivariate normal distribution.
Let (X, Y,, Z,) k=1, -, N be mutually independent normal random variables
1 ¢np:r Crops

having common mean vector (g, ¢, fs) and the dispersion matrix |z, 1 ¢reps
CrofP2 Cp30s 1

3 3

for (X Y., Z,), where X p, >0, p,( Z‘ipi)“l—vlr and p,—0 for r=1,2,3. A short
r=1 i=

calculation shows that

N N
4.2) Sxv(Ry)= kglcklllEoX(Rk)Eo Y(Qp"‘ kgl CkzleoX(RpEoZ(Sk)

N
+ El CrsAsEoY pEoZisy -

In (a) and (b), Assumption A, is always satisfied.
(¢) Farlie’s model.
Farlie [5] proposed the following model:

(4.3) H(x, ) = F()GM){1+aA(F(x))B(G(»)}, a=0,

where F and G are distribution functions, and A and B satisfy some regularity con-
ditions. In this model, without loss of generality, we assume that F and G have
density functions f and g respectively, and that A and B are bounded and differ-
entiable, and then we adopt (4.3) with a replaced by c,a as the distribution of
(%4, ¥), k=1, .-, N. Then a simple calculation shows that

(449 Sw(Rw) = é CeELAF(X))+F(X) A (F(X4) | Rs]

X ELB(G(Y))+GY B (G(Y)Q.].

Farlie showed that if A=1—F, B=1—G and ¢, =1 for k=1, ---, N, then Spearman’s
p is asymptotically equivalent to either of Kendall’s 7, product moment correlation
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coefficient and probability of concordance. Under Farlie's specification, however,
LMPRT is given by

which is equivalent to Spearman’s p.

(d) Hajek’s model.

Here we consider Hajek’s model proposed in [8], p. 75. Let (X Vi), k=1, -+,
N, be random variables defined by X,= X¥+c¢,4Z,, Y,=Y ¥+c,dZ,, where {X}},
{Y¥} and {Z,} are mutually independent and each one is an i.i.d sequence, while
the ¢’s are known constants and 4 is an unknown parameter. Let f, g and M denote
the density functions of X* and Y* and the distribution function of Z respectively.
Then the density function of (X,, Y;) is given by

(4.6) h(x, =" fla—cid2g(y—cd2)dM().

We assume here that required assumtions hold and that the first and second differ-
entiation with respect to 4 can be taken under the integral sign and also that Z
has a finite variance. Then we can get

7 SvB)=—Ez % o B[ LG | R+ E[£580.]).

If either EZ=0 or c,=1 for any k, then Sy(Ry) is identically equal to zero,
and hence useless. Now a straight-forward calculation leads to
_ u S(Xe) g (Y,)
48) Tw(R)=2(var 2) 3 B 2258~ | Ry JE[ 575 |@u].

The statistic (4.8) is equivalent to that of [8], p. 76, but the assumptions right here
is stronger than those in [8].

5. Asymptotic normality of the statistic Sy(Ry) under the null hypothesis.

The exact distribution of the statistic Sy(Ry) is hard to obtain when the sample
size N is large, so that we show that when 8 =0 the limiting distribution is normal
under some regularity conditions. First we need the following lemma which is a
slight generalization of Lemma 6.1 of [6], but a variation of Lemma 2.1 of [11] as
well, and which can be proved by using the martingale theory due to Doob [4] as

in [111.
LEMMA 1. Let Xy, -, Xwy be an i.i.d sequence of p-variate random variables
whose components are also independent. Let Ry, k=1, -, N, be the rank vector of

Xy, and ¢ be a Borel measurable function of p variables such that EQ*(X) < oo. Then
it holds that

(5.1) lim ELE(G(Xy) | By)—¢(Xy) ) =0.

Next we define
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v
(5.2) Ty=N""3% écm,zr%(xw),
and
v
(53) Cur =N-1 > Cher for r= 1,-,q.
k=1

And we assume that
ASSUMPTION A,

4 max e =001).

ASSUMPTION A,. ’
(5'5) Ni-zp OZ)LEogbr(XN(ix)ly Tty XN(i;,)p)EoSbs(XN(jlm Tty XN(;'p)p) =o(1)
for t=1,-+,p and r, s=1,--,q, where Xyciyr 18 the i-th order statistic among
Xy oy Xuwr, and (Z)}L means the sum over all possible sets of ranks, (i;, -+, ¢,) and
{Ju, ***, Jp), under the sole condition that 7, =7J,.

Verification of Assumption A, may happen to cause some difficulty. But A, is
satisfied for Examples (a), (b) and (c) in Section 4 and the following lemma stated
without proof gives a simple sufficient condition for A, to be satisfied.

LEMMA 2. [f Sb'r(x) = % hltr(xl) o hptr(xp) fO?’ r=1, -, Y and 1f
=1
(5.6) ;ﬁ E[hgr(Xnes)| Ryas]=0  for s, r=1,-,pand t=1,--,n
=1

then {{,} -y,.,p satisfies (5.5).

Asymptotic equivalence of N-V2Sy(Ry) and Ty is shown by the following lemma.

LEMMA 3. Assume that Assumptions A, As and A, are satisfied and also that
Epi(X) < oo for r=1,--,q. Then N-2Sy(Ry)—Ty converges to zero in probability
as N—oo under Hy,.

PROOF. We shall show that E,(N"V2Sy(Ry)—Tx)*—0 as N—oo. Define

(5-7) YNkr = Eo[¢r(XVk) | RNk]_‘(ﬁr(X;Vk) .
‘Then
{5.8) Eo(N“:Sy(Ry)—Ty)*

N q
=NTE( X 2 cnprdr Y wnr)’

k=1 r=1

—-

N
:*’V lkzl 21 i} N}zrcl\lks'2 Z E YNerle
{5.9)
q g
+N_1 Z 2 E CNerNk'sxr]sEOYNlryst .
kERT r=1 s=1

In view of symmetricity of Y, with respect to the subscript 2. By virtue of A,
and Lemma 1, the first term of (5.9) tends to zero as N—oo. Now we turn to the
second term of (5.9). Since

(5.10) N_l 22 CNErCNRis = O(]V) ’
kEk
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by Assumption A;, we have only to show that

(5.11) Eo(Y y1: Y nos) =0 (N7
Now A, implies that
(5.12) EW.(X)=0 for r=1,-,q,
and hence
Eo(Y w1rY was)
(5.13) = E{Eo(r(Xx) | By ) Eo(§o(Xno) | Byo) — pr(Xn1) Eo(o(Xyo) | Ry

— O Xy Eohr(Xnr) | R} .

Considering the rank conditional expectation, we can easily get

Eo(Y 517 Y v2s)
(5‘14) = _EO(ED(¢T(XN1) | RN1>E0(§[)s(XN2) ] RNZ))
(5.15) =—(NN=-1))"* - > » Evpr(Xnapn = s Xnapp) Eefs(Xnesprs = s Xncipn)
UFjL - ipFip
(516  =—(NN—-1)?{S T —3 T +B, ¥ I+ +B, T3 }

1 ipip t=1 () L1t :.zl=j_z1 u=Jj1 ip=ip
te=Jty

X Ep(Xnan = Xncapp) Eols(Xncipn = Xncipp) s

where B,, ---, B, are constants depending only on p and each summation extends
over all possible values of ranks subject to the specified conditions. Using (5.12)
and A, it can be easily shown that (5.11) holds. This completes the proof.

Using above lemmas, we can get the following Theorem.

THEOREM 3. Assume that Assumptions A, A, and A, are satisfied and E),(X)
exists for r=1, ---,q. Then, under Hy, N*Sy(Ry) is asymptotically normal with
mean 0 and variance o®y as N— oo, where

Q

N
(5.17) oty = N3 3 3 CyrCunsde s Eothy (X)X .

k=11=1 s=1

PROOF. By virtue of Lemma 3, it sufficies to show that Ty has the asserted
asymptotic distribution. It can be easily shown that E,7y=0 and Var,Ty=o0%y. If
o’y —0 as N—oo, then Ty is asymptotically degenerate normal. Now suppose
o’y —M>0 as N—oo and put

N
(5.18) Tyr=N2 kZ CverArPr(Xns)
=1
then it holds that
N
(5.19) TNTN N(O, N-lkz Cszrzerogbzr(X)) ]
=1

(see [8], Theorem V. 1.2). Using the method used in [8], p. 218, we can easily
verify the Lindeberg condition and get the desired result.
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6. Asymptotic normality of the statistic Sy(Ry) under local alternatives.

In this section we investigate the limiting distribution of N~ '*Sy(Ry) under
local alternatives, using the notion of contiguity due to LeCam [10] and developed
by Hajek [7] and in particular LeCam’s lemmas stated elegantly in [8]. Let 6=

(69, ---, 6%) be fixed numbers such that 20" 0 and A% ‘—‘0") t=4, for r=1, -

Alternative hypothesis to be con31dered is that XM has a density function

flx, N"V%¢y;0% independently for i=1, -, N. We use the same analysis as in [1],
[77, [8] and [11], and so necessary statistics and quantities are given here.
6.1) Ve =S Xy, N"2eni0°)//(Xna) k=1,-,N,
¥
(6.2) Lypo=log (kl;Il Ve,
N
(6.3) Wy= 2k§(V}’v’ifl) ,
(64) Ty =N % 3 cutig— (X, /7K
(6.5) b* _}Yll'n N-? E E 2 CxnrrCrsOE P (X)P(X) .
—00 =1 r=1 s=1

We give a lemma needed to establish the asymptotic distribution of N-*Sy(Ry)
without proof because it is similar to that stated in [8], VL 2.1.

LEMMA 4. If EpXX) exists for every r and Assumptions A, and Ag hold, then
for any >0,
(6.6) lim max P(| Vy,—1|>¢€)=0

N—wo 1S2kSN

(6.7) lim E,Wy = ——}1-1)2 ,
N~

(6.8) lim Var(Wy—Tx) =0

(6.9) Ty~ N(0, b%)

and (TN, T‘N—%lﬂ) is asymptotically bivariate normal under Hy,.

Lemma 4 implies that Wy is asymptotically normal under Hy, and that the
alternative hypothesis considered is contiguous to Hy,, so that we can apply LeCam’s
lemma.

THEOREM 4. If E,QXX) exists for every r and the Assumption A, A; and A,
are satisfied, then the asympiotic distribution of N~ '2Sy(Ry) under the alternative

sequence 0y = N0 is normal with mean (20) b® and variance (ZqIHE)‘sz.
r=1
PROOF. By LeCam’s third lemma in [8] and Lemma 4, asymptotic equivalence

of (N"12Sy(Ry), Ly,) and (TN, YN‘N——%—bZ) implies that we may calculate Cov, (TN,

Ty ——é—b2> =E,TxTy to get the asymptotic mean. Now
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9 4
(6.10) E TNTN =E,N"Y( 2 U 2 ; CNerNk‘sﬁgaggbr(XNk)(,!)s(XNk/)

1\7— 1( 2 00) g‘

i
L

VerNks0 00E0SJT(X)¢S('X)

? $

i
-

(26 as Nooo.
r=1

The asymptotic variance may be obtained under the null hypothesis and hence it
is expressed as given in the statement of the theorem. This completes the proof
with the aid of LeCam’s third lemma.
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