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§1. Introduction.

Markovian Decision Processes (M. D.P’s) in case that transition probabilities are
known to a decision maker have been investigated by many authors (for example
(13, [2D.

However, it happens to a decision maker that transition probabilities, factors
that M. D. P’s are determined by, are unknown to him. Under such circumstances
we must gather data useful in estimating the unknown transition probabilities.

We have an interest that if our efforts of gathering-information and estimation
is good for the improvement of the circumstances for M.D.P’s.

We shall define True Markovian Decision Processes (T.M. D. P’s) and Estimated
Markovian Decision Processes (E.M.D.P’s), and we shall give‘ the answer of the
problem both in the discounted case and in the average case. Also, we shall give
the example.

§ 2. Markovian Decision Processes.

In this section, we shall give the definitions and notations on a class of M. D.P’s.
We follow [1] and [3] closely as possible.

By a Borel set we mean a Borel subset of some complete separable metric space.
The set of all probability measures on a non-empty Borel set X is denoted by P(X).
For any non-empty Borel sets X, Y, a conditional probability on } given X is a
function ¢(-/-) such that for each x< X, ¢(-/x) is a probability measure on 1 and
for each Borel set BCY, ¢(B/-) is a Baire function on X.

The set of all conditional probabilities on Y} given X is denoted by Q(Y/X).
The set of bounded Baire functions on X is denoted by M(X). The product space
of X and Y will be denoted by XYVY.

For any ueM(XY) and any ¢= Q(Y/X), qu denotes the element of M(X) whose
value of x,€ X is
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que) = fyu(xa, yNAq(y/x0) -

For any p= P(X) and any u<s M(X), pu is the integral of u with respect to p.
For any p= P(X), ¢= Q(Y/X), pq is the probability measure on XY such that, for
every u<= M(XY), pglu) = p(qu).

We extend the above notation in an obvious way to a finite or countable
sequence of non-empty Borel sets X,, X,, ---. If ¢, Q(X,../X, - X,) for n=1 and
p < P(X)), pg, -+ q, is a probability measure on X, X, --- X,.,, p¢.q, - is a probability
measure on the infinite product space X, X, -, for any us M(X, X, X,,), n=1
and any m, 1=<m=mn, q, - q, ucs M(X, - X,), etc.

A p= P(X) is degenerate if it is concentrated at some one point x< X; a
g€ Q(Y/X) is degenerate if each ¢(-/x) is degenerate. The degenerate ¢ are exactly
those for which there is a Baire function f mapping X into Y for which ¢({f(x)}/x)
=1 for all x=X. Any such f will also denote its associated degenerate ¢, so that,
for any ue M(XY), fu(x)=u(x, f(x)) for all x& X. Markovian Decision Processes
are controlled dynamic systems defined by S, A4, Q, », where S, A are any non-empty
Borel sets, Q € Q(S/SA), r= M(SAS).

A policy 7 is a sequence (w7, ---), where 7, Q(A/H,) and H,=SA--- AS
(2n—1 factors) is the set of possible histories of the system when the n-th act must
be chosen. 7 =(x,, 7, ---) is a non-randomized stationary policy if each =, is a
degenerate element of Q(A/S), and if there is a Baire function / mapping S into A
such that 7z, =/ for all #. The non-randomized stationary policy defined by f is
denoted by S,

We interpret S as the set of states of some system, and A as the set of actions
available at each state. When the system is in state s and we take action a, we
move to a new state s’ selected according to Q(-/s, a) and we recieve a return
r(s, a, s’). The process is then repeated from the new state s/, and we wish to
maximize the total expected return over the infinite future.

Any policy x, together with the law of motion Q of the system, defines for each
intial state s a conditional distribution on the set 2= ASAS--- of futures of the
system, i.e. it defines an element of Q(2/S), namely, e.=m,qm,q . Denote the
coordinate function on S22 by s, a,, S, @, -+, and our return on the n-th day is
7(Sny py Spa)-

The total expected return starting from s and using = may well be infinite.
There are, however, two case in which the problem is well defined, which may be
described as follows:

(1) The discounted case.

We discount our future return with a discount factor a, 0<a <1, so that a
return of one unit n stages in the future is worth a® now. The expected total
discounted return from =, as a function of the initial state, is

(s, T =eu= ﬁla"-lle - T,Qr

Where U= Zan_lr(sn’ any S71+l) .
n=1
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(2) The average case.
We give the expected average return per unit day over the infinite future. Let

?]/'"Ti — 1 z -
(s )= BmQ - mQr,

thus, the expected average return per unit day over the infinite future from =, as
a function of the initial state, is

U(s, =) :ITLr?U inf UT(s,, 7).

§3. Estimated and True Markovian Decision Processes.

In this section we shall formulate our problem investigated in this paper. The
Markovian Decision Problem is determined by four objects, S, A, Q and ». We
assume that S, A and » are known to a decision maker but that Q is unknown to
him.

Let Q, be the true value of the unknown transition probability and let @, (n =
1,2, ---) be the estimated value of the unknown transition probabilities.

Markovian Decision Processes determined by S, 4,7, @, will be called True
Markovian Decision Processes and denoted by T.M.D.P (S, A, 7, Q).

We shall call the Markovian Decision Processes determined by S, A,r, Q, by
the Estimated Markovian Decision Processes and denote it by E.M.D.P. (S, A4, r, Q,).

A specific question then arises: How do we construct the good policy for
T.M.D.P (S, A, 7, Q,) from E.M.D.P (S, 4, r, Q).

In section 4, we shall give an answer of the above question both in the dis-
counted case and in the average case. In section 5 we shall give an example
(Automobile Replacement Problem).

§4. Efficiency of E.M.D.P (S, 4,7, Q,) to T.M.D.P (S, A, 7, Q,).

Our main results will be taken in this section. A condition that we shall need
to assume is that

(A) In T.M.D.P (S, 4, r, Q,), there is a non-randomized stationary optimal
policy, denoted by [y =(f,, fu -+), respectively, in the discounted case and in the
average case.

The expected total discounted return from =, as a functional of the initial state,
in T.M.D.P (S, A4, »,Q,) will be denoted by ¢,(-, ), and the expected average
return per unit day over the infieite future in T.M.D.P (S, 4, r, Q,) will be denoted
by (-, z).

Suppose
(B) In each of EM.D.P (S, 4, r,Q, (n=1,2,--), there is a non-randomized
stationary optimal policy, denoted by f§”=(f,, /. --), respectively in the discounted

case and in the average case.
The expected total discounted return with a discounted factor «, as a function
of the initial state, in E.M.D.P (5, 4,7, Q,) will be denoted ¢,(:, z), and the ex-
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pected average return per unit day in E.M.D.P (§, A, », Q,) will be denoted by
(- .

REMARK. When action space A is finite, condition (A) and (B) are sstisfied in
the discounted case, and. when both action space A and state space S are finite,
condition (A) and (B) are satisfied in the average case. (see [1], [2], [4]).

Let ¢,(s’/s, @) be the probability density function of Q,(-/s, @) with respect to
the Lebesque-measure y for n=0,1,2,---. Let

Co=sup [ 14.(s'/5, ) =au(s' /s, @) dpu(s").
uiA
We shall make use of the following conditions.
(D) (Regularity Condition)

C,—>0 (as n— +o0),

4.1. Discounted Case « = (0, 1).

In this sub-section, we shall treat the discounted case. Let f§ and f.°,
respectively, be optimal policies of T.M.D.P (S, 4,7, Q,) and EEM.D.P (S, 4,7, Q,)
in the discounted case.

QOur main results is stated in the following theorem.

THEOREM 1. Under conditions (A), (B) and (C), as n— oo, ¢(sy, %) converges to
Oo(sy, §7) in uniform for s, € S.

The above theorem says that if we use the policy /5’ taken by the E.M.D.P
(S, A, r, Q,) in the place of the f{, the effort of the inference concerning the un-
known transition probabilities is rewarded.

Three lemmas will be given to prove the theorem 1.

The set of the measureable function mapping S into A is denoted by F(S: A).
Associated with each f€ F(S: A) and each n (n=0,1,2,--+) are two corresponding
operators T, and 7y, mapping M(S) into M(S), denoted as following. For
u= M(S),

Toguts) = & | u)a,(v/s, F()dpuv)

F8) = [ 105, ), 0)aav/s, fs)dpv).

LEMMA 1. (i) For any f€ F(S: A) and any n, T¢;,,, s a linear operator on M(S)
and [Ty mlsa<l.
(ii) Under condition (C), for any [ F(S: A4),

Ty —> Tis00 (as n—+09),
and

T (as n— +o0),

PROOF. (i) is immediate.
For (ii),
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: T(f,n)“(5>7T<f,0)“(3) l § H uﬁcn
and
17 (8)—Fep oo tt(8) | 7 IC, for any u= M(S),

where i|uH:sqg lu(s)] for any ue M(S).

This completes the proof.

LEMMA 2. Under condition (C), as n—oo, ¢,(s. /) converges lo ¢ s, ) in
uniform for any s= S and any f< F(S: A).

PROOF. For any n n=0,1,2, ),

Ouls f) = DT Fon eslS)
By Lemma 1,
Sbn(sy f( C;) = (I—T(f,n)>7lrif,n)<s)

where [ is an identity operator.
Also, by Lemma 1,

[[(I—T(f,,,))‘1u~(]*T(f,m)“luﬂ ST mu—Teoul WI=T gm0 =T 00

fiA

1 " ‘
(I—a) 0T m—T 0l

»(1—}—5_}{1‘02 C, for any ue M(S).
Therefore, since |[¥,.,—7 0l Z[71Cy,
lals, ) =o(s, FN =TT =T er,m) s, —UT=Ter,m) g 0(8)
=T s,m) ' 75,0(8) == Tes,00) 71,008
1

1o 17Tl H 1Pl [T =Ty m) ' —T—Tep,0)

(e + o)

A

A

This completes the proof.

LEMMA 3. Under condition (C), as n— o0, ¢,(s, ) converges lo ¢us, /§) in
uniform for se S.

PROOF. By Lemma 2, for any ¢ >0, there is a N= N(¢) such that

[a(e, ) —(-, SN =e  for any n=N,

in uniform for f< F(S: A).

Since the definition f§” and the above result,

Do, [E7)—e = Pals, [§7) = ¢guls, 137)

= s, Si)Fe S uls, fi)Fe
‘Therefore,
H‘/Jn(Sy fﬁ,m))_qjo(s, N <e for any 1= N.

As n—oo and ¢—0, Lemma 3 is proved.
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PROOF OF THEOREM.
[0oCey )= ooy 7 S lidhals 1) —=Daly TN Pnles T35 =l FEDI

As n— +oc, the first term on the right converges to 0 by Lemma 2 and the second
converges to 0 by Lemma 3. This completes the proof of the theorem.

4.2. Average Case.

In this sub-section, we shall treat the average case. Let both S and A be finite:
after this from now.

We shall make use of the following conditions.

(D) The Markov chain induced by any non-randomized stationary policy f© is.
completely ergodic. Let

Cp= Ma)g [g.(s"/s, a)—qu(s'/s, a)| .
8, 8=

a=A
(E) (Regularity condition)
C,—0 (as n—ce).

Let /¢ and f3”, respectively, be optimal policies of T.M.D.P (S, 4, Q,,7) and
E.M.D.P (S, 4, Q,, 7.

We can state the following theorem.

THEOREM 2. Under conditions (D) and (E). as n—oco, s, f§7) converges to
Uols, f5).

Two Lemmas will be given to prove the theorem. We associate with each
feF(S: A.

(1) a Nx1 column vector 7,(f) whose s-th element is 7., ,(s).

(2) a NxN stochastic matrix Q,(7) whose (s, s’) element is ¢,(s"/s, f(s)).

Then, for each n (n=0,1,2, -,

Vs, 1) =X N 1)

where X, is a N1 column vector and a stationary absolute probability, and X, is.
uniquely determined as a solution of

X () =QUNX()) under condition (E).

For N1 vector sequence {u,} and Nx1 vector u, that u, converges to u means
that each element of u, converges to the same element of u.

LEMMA 4. Under condition (D) and (E). as n— <o,

(i) for any f=F(S: A), X,(f)— X (f),

(ii) for any fe F(S: A), U.(s, f=)—U (s, ).

PrROOF. For (i), suppose that X* is a limit point of {X,(/)}, and there exists
a subsequence {X,(f)} such that X, converges to AX* Since Xo,=Qi (N X
X*=Qif)X*. Because of the uniqueness of a solution, X* = X,(f).

For (ii), since ¥, (s, ) = XX )r.(f), Tls, )= X )r,(f) and »,(f) converges to
ro(f), (s, f) converges to (s, /).
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This completes the proof.

LEMMA 5. Under conditions (D) and (E), as n—coo, W,(s, fi®) converges to
(s, £57).

PROOF. There exists a sub-sequence {7,;} and j such f,;=/ for all j. Since
T (s, Fa)=U(s, [ =W, (s, fo), by Lemma 4, as n—cc (s, f)Z W (s, /).

On the other hand, ¥ (s, [N = (s, 7¢). Therefore, ¥ (s, f) =T s, f5).
‘This completes the proof.

PROOF OF THEOREM 2.

Iwo(sr f;;d))*yfn(s’ fﬂx\) ! g |¢ﬂn(sv fn(c‘)_wo(sa f(\)x:) A — | wn(& fncc )"—wo(sy j‘;&m» ‘ .

‘The first term on the right converges to 0 by Lemma 5, and the second term con-
verges to 0 by Lemma 4. This completes the proof.

§5. Example (Automobile Replacement Problem).

Let us consider the problem of Automobile Replacement over a time interval
of six years. We agree to review our current situation every six months and to
make a decision whether to keep our present car or to trade it in at that time.
“The state of the system, s, is decribed by the age of the car in six month periods;
s may run from 0 to 12 and the State Space is S=1{0,1,---,12}. The immediate
return function r is Table 1. We denote by X = X(s, s’) the transition probability
that the car is in age s’ after six months, given that the car is in age s at that
time. Then,

q(s’/s, a)=X(a, s’y for s, s=Sand a= 4.

We denote by ¢(X) the transition probability determined by X. We will change
X step by step for the purpose of illustrating out results. The first step X is
‘Table 2.

The n-th step X, for n=2,3,---, is determined iteratively by the following
way;

(1) X(s, s)y=X""1(s, s7) for s=10,11,12, s’ =0,1,--,12.
o Q2= DX, )

> (12—s' 1) XV, 87y ?

88

X(IU(Sy s =0, if s/<s for s=0,1,--,9.

Then, X® and X% are, respectively, Table 3 and Table 4.

We find the optimal policy in Average Case, f,, of EEM.D.P (S, A, 7, (X)) by
using Howard’s Policy Iteration Algorithm. The optimal policies, {/,, n=1, 2, ---, 30},
are Table 5.

Table 5 shows that f,=/f,, for n =2, 3, ---,29. In other words, this example is
dependent upon a tendency of the distribution of Estimated transition Probability
for the determination of the optimal policy of T.M.D.P (S, A, r, g(X©")).

We conjecture that the determination of the optimal policy of Markovian
Decision Processes is generally more dependent on a return function than on a
transition probability.

(ii) X™(s, 8") =

if s>,
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Table 5. (Optimal policy).

s o 1 2 3 4 5 6 7 8 9 10 11 12
fi oy 10 10 10 10 10 10 10 10 10 10 10 10 12
ol 8 8 8 8 8 8 8 8 8 8 8 8 1
T T T T T B B
fos 8 8 8 & 8 & 8 8 & & & & 12 |
) 8 8 8 8 8 8 8 8 8 8 8 8 12
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