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§1. Introduction.

A stochastic game is determined by five objects: S, A, B, P, r. Here S is a state
space of N points, 1,2, -+, N; A is a set of actions available to Player I; B is a
set of actions available to Player II; P is the low of motion of the system—it
associates with each pair a= A, b= B a trasition probability P;;(a, b) for ,j€S;
and 7, the immediate reward, is a function on Sx AX B. Throughout this paper we
are concerned with the non-random Markov policies only, then a policy = for
Player I is a sequence (fi, f,, -++), where each f, is a mapping from S into A, and
the policy chooses an action f,(i) in a state i at n-th day; a policy is said to be
stationary if f,=f for some mapping f from S into A for all n, and in this case
7 is denoted by f=. A policy and a stationary policy for Player Il are defined
analogiously, and denoted by ¢ =(g,, £, --*) and ¢ =g~ respectively.

Let X,, X,,--- be a Markov process on the state space S. The expected total
reward with initial state i from a pair (z, o) of policies for Player I and II is given
by

Iz, )= E[ 3 6*'r(X,, £o(X.), &(X,))|z and o are used and X,=i],
n=1

where § is a fixed discount factor, 0 < 3<1, such that a reward at n-th day in
future is worth A" times now. In the stochastic game, then, Player I wishes to
choose = so that each component of the vector I(z, 0)=(I(z, o), 1=1,--,N) is
maximized in some sense, and Player Il wishes to choose ¢ so that I(z, ) simulta-
neously minimized in some sense. A policy =* is optimal for Player I if
inf sup I(n, 0); < I(z*, 6’); for all ¢/ and i< S, and a policy o* is optimal for Player
s n

Il if sup inf I(x, 0); = I(z’, 6*); for all =’ and 1= S. We shall say that the game is
strictly determined if sup inf I(x, ¢); =inf sup I(x, ¢); for all i S.

Throughout this paper we impose the following assumptions: (Al) A and B are
compact convex sets; (A2) P;;(a, b) is a continuous and concave-convex function on
Ax B for each pair 1,7 = S; (A3) 7(i, a, b) is bounded on SXAXB, i.e. sup |7(, q, b)|

i,a,b

=R < co, and for each fixed i = S, is a continuous concave-convex function on AX B.
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Under the assumptions stated above this paper shows that the game is strictly
determined and that both players have optimal stationary policies. Furthermore a
computational procedures for finding ¢-optimal policies is given. Kushner and
Chamberlain [1] treated these problems in the case where the policies feasible to
both players were restricted to the stationary ones.

§2. Some lemmas.

In this section we shall prove several lemmas concerning the expected total
reward by virtue of new-defined operators. For each pair (f, g), where f is a
mapping from S into 4 and g is from S into B, we define an operator L;, on N-
dimentional real vector space V as follows: for v =(vy, - ,vy) €V,

2.1 Lyv= (L), i=1, -, N),

N

‘where (L, 0)@)=r(, f(), g0)+B X2 P (fG), gi))v,, for each i€ S. For each pair
j=1

(=, o) of policies we let ’

(2.2) Iz, 0; v)=Ls g Lye, - LygiV, veV,

where Ly, Lr,pv =Ly, (Lys,v). Denoting the vector (r(i, f(i), g(i)), i=1,-+, N) by
r(f, & and the NXN matrix (P;;(f(1), g@))) by P(f, &), then, (2.2) can be expressed
as follows:

(2.3) Lz, 0; v)=7r(f1, &)
n—1 k n
+k§1 ﬁle:IlP(fz, g0 (Fer gk+1)+ﬁ"gP(fz, v,
k
where [:HlP(fLy g)=P(fi, &) - P(f, g¢). Similarly I(z, o) is expressed by

@4 7, 0)=r(fy 80+ 2 B ILP (o 7 (Frn 80

LEMMA 2.1. (a) sup [|I(z, 0)| ;71—573, where |v|l=max |v;| for veV.
(b) For any veV, I(x, o; v) converges to I(x, 6) as n— o,
PROOF. (a) Since by (A3) sup|7(i, a, b)|= R < oo, from (2.4)

i,a,b

[ {(z, )|l = 20,3"1? :TI%B* for any pair (r, ).
(b) From (2.3) and (2.4), for any z=(f,, f,, --+) and o =(gy, &, "),
(2.5) Iz, 0)—1I,(x,0; V)

= B TLP (i 2){r(Faess Zaut BE TP vt €urdFrvions Erone) =0}

Here, it is noted that the term in the brace in the righthand side of (2.5) expresses
the expected total reward from the pair of policies "z =(fp11, fnis --) and "o =
(Gni1 Bnss ++). Hence, by (a) of Lemma 2.1,
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Thus
e, o)~z 05 vl < 8°( g+l
—8
which yields that I,(x, ¢; v) converges to I(z, 0) as n— oo,
LEMMA 2.2. If both of f(a, b) and g(a, b) are concave-convex functions on AXB,
then af(a, b+a’g(a, b) is a concave-convex function on AXB for a,a’ = 0.

PrROOF, This Lemma is clear from the definition of the concave-convex function
on AXB.

Next we give a minimax lemma useful for our stochastic game.
LEMMA 2.3. For any vector v=_(v,, -, vy)V,

.
(2.6) max min {r (i, a, )+ 3 P (e, b)v;}
a b j=1
~ .
—min max {r(i, a, b)+8 L Pijla, v} for all i=S.
b a =1

PROOF. By the assumptions (Al), (A2), (A3) and Lemma 2.2, (i, q, b)+
N
B2 Pija, b)(v;+|v|) is a continuous concave-convex function on AXB for each
J=1

1€ S. Then, by the general minimax theorem (cf. [4]), it holds that
. N
@7 max min {r(i, a, b)+ 83 Piy(a, b)v,+ v}
a » =1

N .
= min max {r(i, a, b)-+B82 P, (a, D)(v;+ Hvll)} for all 1 S.
b a Jj=1
On the other hand, we get

y
@28 max min {r (i, &, b+ Pijla, B, +vD}
a b Jj=1

v
= max min {r(i, a, b)+8% Pija, b)v,} = Blvl,
a b Jj=1
and
. N n N
2.9) min max {7(1, a, b)+p X P (a, b)(v;+ HUH)}
b a j=1
N
= min max {r(i, a, b)+pX P;a, b)v,}ﬁ—ﬁHvH , forall ieS.
b a j=1
Thus, from (2.7), (2.8) and (2.9), we get (2.6), which completes the proof.
Now we define an operator T on V as follows:
Tv=({Tv)(1), i=1, -, N), veV,

N
where (Tv)(1) = max mbin {r(i, a, by+BX P, (a, b)vj} for every 1€ S.
a Jj=1

LEMMA 2.4. The operator T is a contraction mapping on V, and has an unique
fixed point v¥ eV, i.e. Tv* =v*,

PrOOF. For vectors u, vV, plainly u <v+|u—vj1, where 1 is the identity of
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V. Since it is clear from the definition that 7 is monotone,
Tu<Te+u—vil)=Tv+Blu—21,

and consequently, Tu—Tv < 3iu—vjl. Similarly Tv—Tu £ Bllu—viil. Thus we get
|Tu—Tv| < 8lu—v|, which shows that T is a contraction mapping on V because of

the discount factor j3.
Since V is the Banach space with the supremum norm, 7 has an unique fixed
point v* =V by virtue of the Banach fixed-point theorem. Thus the Lemma is

proved.

§3. Optimal stationary policies.

In this section we give our main theorem, the existence of optimal stationary
policies. The proof of it is very constructive.
THEOREM 3.1. The game is strictly determined, and players I and II have optimal

stationary policies.
PROOF. By the assumptions (Al), (A2), (A3) and lemmas 2.2, 2.3, it holds that

v
v =max min {r(z’, a, by-+-82 P, (a, b)v’}‘}
a b J=1

N .
=minmax {r(i, a, )+ 35 P,j(a, b} for all ieS,
b a j=1

and furthermore there exist two sequences {a;= A, i=1, -, N} and {b;=B, i=1, -+, N}
such that

@1 v¥ = min {T’(i, a;, b)+B 2 Pija, b)l’}‘}
b =
. N _
=max {r(i, ¢, b)+ B2 Piyla, b3} for all ieS.
a =1

We now define the functions f« from S into A and g« from S into B by
Hy=a;,  g«i) =0, for each i=S.

Then (3.1) is expressed as follows:
. . . N - .

(3.2) vt = min {r(, fu(i), B+ B2 P /D), b)f}
b j=1

=max {r(; a,g*@)mgp”(a, gt} for ieS.
Let fix 1= S arbitrary. For any policies =#=(/,, f, ---) and ¢ =(g, &, ---), by (2.1)
and (3.2),
F S 7, Fali), 20 B Pl 81005
= (L., %)),
V2 7G, Foli), K048 E Pl fald), 2]

=Ly, (), for all n=1.
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Since L;.,, and Ly ,. are monotone for each n=1, as are easily shown by its defi-
nition,
U:'k §(Lf*31[‘f'«g2 e Lfsgnv*)(i>:1n(f*v [ L'*)i H

V= (LyoLrye - Lyg (@) =L(z, g« v¥);,  for all nz=1,

where Iz, 0: V)=, (x, ¢: v);, i1=1,+-,N). By Lemma 2.1 (b), [,(f§ o: v*) con-
verges to I(f§, o) and I,(7, g%: v*) to (=, g%) as n—oo. Hence

Iz, g5 svi= (/5% 0):.
Since &, ¢ and i€ S are arbitrary,
sup I(z, g%); < v¥<inf I(f§, 0);, for all 1&S.
Then we have
inf sup I(x, 0); = sup I(z, g%):
§ ll'lf I(f:kov a)i
a
<sup inf I(z, 0); for all ieS.
T a
Generally it is true that
inf sup I(z, ¢); = sup inf I(z, 6);  for all i S.
a T k4 g
Therefore we have

inf sup I(z, 0); =sup (=, g%);
(-2 T T
=inf I(f§, o);
=sup inf I(z, 0); for all 1= S.

Thus our game is strictly determined, and f3 and g5 are optimal stationary
policies for Player I and Player II respectively.

§4. Computational procedures of :-optimal policies.

Let ¢v° be any vector of V and we shall define the sequence {v*,n=1,2, -} by
v =Ty, n=1,2 -,

where T is the operator defined in § 2.

LEMMA 4.1. The sequence {v*,n=1,2,---} converges to v* which is the fixed point
of the operator T.

PROOF. By the definition of T,

4.1) for—v | < B vt —T for all n=1,

hence {v"} is a Caucy-sequence. Thus {v",n=1,2, -} converges to v*, for V is a
Banach space and T has an unique fixed point v*.
THEOREM 4.1. Fix any ¢>0. Then, for sufficiently large n such that
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(4.2) < Jll_)gf,

it holds that

and we can choose [y and gn. such that
I, gve)i—e <supinf I(z, 0);  for all =’ and i€ S,
T g
I(f e, 0)+e=inf sup I(z, 0); for all ¢ and 1= S.
a T

LThis shows that fge and g%, are s-optimal policies for Players I and II respectively].
PROOF. By Lemma 4.1 and (4.1),

lo"— v < 87— To (14 B+ )
_ B =Tv|

Then trivially

(43) oo < LB

for sufficiently large n for which (4.2) holds, and similarly

(4.4) om+— ] < Q:s@_i .

By Lemma 2.3 and the definitions of {v*, n=1,2,---} and of T, there exist {a; € A,
t=1,-,N} and {b;e B,i=1,---, N} such that

@5 v < min{r(i, a, D+E Pylay, by b+ IP%
[ =1

4.6) vz max {r(, o, b)+ B3 Puta, by - 150
a Jj=1

Now we define the functions f,.,: S— A and g,.,: S— B by
Suot)=ay, Zas(1) = by, for i=1,---, N.
By (4.3), (4.4), (4.5) and (4.6), then we have

@n (i, 0, Gacoli) B S P, oDV —(1— B
S0 7y Frcoli), D482 P Frld), DUF+1— e,

for all a€ A, b= B and i< S. The above inequality (4.7) implies that for any func-
tion f and g

(L)) == e = 0 = Ly, N0+ (1— e

Then, for any policies #=(f1, fy, ---), 0 =(&y, &, ---) and for any integer m=1,
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In(7y @et 7)== B)e(l F-4- - = 3™7)

\

II/

S0P Lfien 01 09 A= Gl 5 e LR

T

"By Lemma 2.1 (b)

Iz, gre)i—e = vF = [5e, 0) e,

for all 7, ¢ and 1= S. By appealing to the proof of Theorem 3.1 we have 1¥=
sup inf I(x, 0); =inf sup I(x, 0); for all i=S. Thus we find that f,. and g, satisfy
n g g T

the inequalities required in the theorem.
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