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1. Introduction.

In this paper we shall treat Markovian decision processes associated with re-
cursive reward functions, and we shall study the existence of optimal policies in
several senses and the properties of them.

Our Markovian decision processes are specified by four objects S, 4, ¢ and g
S and A are non-empty Borel sets, ¢ is a regular conditional probability on S given

SXx A, and g is a Baire function defined on \Uj U [SaXApXSpii X Apsi X -+ XS, XR]

n=21=m<n

U [SnX Ap X Spay X Aoy X -], where Sy=S, A=A for k=1,2, - and R=(— o0, o).

m=1

We interpret S as the set of states of our system, and A as the set of actions
available to us at each stage. The set of actions available is assumed to be in-
dependent of the state. When the system is at a state s and we taken an action
a, the system moves to a new state s’ according to the probability distribution
q(-|s, a). The process is again repeated from the new state s/, and so on. If we
terminate immediately after observing the past history h,=(s,, a,, Ss, @y, -, Sp) Of
the system up to the n-th stage, we are assumed to receive a reward g(s; a;, -,
Qp_yy Sy, U(Sy, @y, -+, @y y, Sp)) (abbreviated as g(h,, v(h,)), where v(h,) is a generalized
terminal reward at the past history A,=(s,, a,, -, @,_,, S,). We call g a generalized
reward function. In our paper we wish to maximize the expected generalized
reward over the infinite future.

This paper clarifies the essence of stochastic dynamic programming problems,
and especially exposes the important properties peculiar to a broad class of reward
functions which appear in those problems. Such the properties will be introduced,
in Section 5, as a recursiveness, a monotonicity and a Lipschitz condition. The
recursiveness together with the monotonicity is a basement of Bellman’s “ principle
of optimality” and moreover the Lipschitz condition guarantees the existence of
an optimal policy and of the solution to an optimality equation. In Section 5, six
examples of generalized reward functions having the recursive property are given,
while actually we can conceive infinitely many of them.
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80 Nagata FURUKAwWA and Seiichi Iwamoro

Blackwell [1] formulated the dynamic pregramming problem of maximizing the
expected, discounted sum over the infinite future just in the form of Markovian
decision processes, and gave many elegant results. After that, Strauch [2] treated
two problems of maximizing the expected, discounted sum and of maximizing the
expected, undiscounted but negative sum, in a parallel way. Performance indices,
which they wished to maximize in their papers, have the recursive property in our
sense (cf. Section 5). The conception of the monotonicity which we shall impose on
the generalized reward function is a generalization of the “ monotonicity of opera-
tors” in their sense. The Lipschitz condition with coefficients whose infinite pro-
duct converges to zero will play the role similar to the one of “discounting” in their
papers. Many of our proofs are owing to their papers, especially to Balckwell [1].

In Section 2, we prepare the probabilistic definitions and notation used through-
out the paper. Section 3 is devoted to formulate our decision problems associated
with the generalized reward functions. For every >0, there always exists a
(p, e)-optimal policy (Section 4). In Section 5 we shall define a recursiveness,
a monotonicity and a Lipschitz condition, and we shall give an existence theorem for
a (p, e)-optimal Markov policy, assuming the recursiveness and Lipschitz condition
to the generalized reward function. Examples of recursive reward functions, too,
will be given in Section 5. In Section 6 we shall define an operator associated with
measurable mapping f from S into A and define an operator associated with a
Markov policy. Then it will be shown that there exists a (p, ¢)-optimal stationary
policy under two additional assumptions (the monotonicity and stationarity of g).
The relation of the optimal return to the optimality equation will be derived along
the same line as in Blackwell [1]. Moreover we shall give the theorem that if the
action space A is countable, then for any ¢ >0 there exists an s-optimal stationary
policy, and that if A is finite, then there exists an optimal stationary policy.

2. Probabilistic definitions and notation.

In this section we shall give the basic notation and definitions to be used through-
out the paper. These follow to those of [1].

By a Borel set we mean a Borel subset of some Polish space. A polish space
is the complete separable metric space. Unless otherwise noted, measurable means
with respect to the o-field of Borel subsets of X, which is expressed by B(X).
A probability on a non-empty Borel set X is a probability measure defined over
the measurable space (X, #(X)); the set of all probabilities on X is denoted by P(X).
For any non-empty Borel sets X, Y a conditional probability on Y given X is a
function g(-|-) such that for each x& X, ¢(-|x) is a probability on Y and for each
Be3(Y), g(B|-) is a Baire function on X. The set of all conditional probabilities
on Y given X is denoted by Q(Y|X). The product space of X and Y is denoted by
XY. The set of bounded Baire functions on X is denoted by M(X). If u, ve M(X),
u=zv means u(x)=v(x) for all xe X. For any ¢= Q(Y|X) and g¢-integrable Baire
function on XY, gu denotes the Baire function on X whose value at x= X is qu(x)
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:_f u(x, v)dq(ylx). For any p= P(X) and any u < M(X), pu is the integral of u with
Y

respect to p. For any p< P(X), ¢= Q(Y| X), pq is the probability on XY such that,
for every us M(XY), pg(u) = p(gqu). Every probability m on XY has a factorization
m=7pq; p is unique and is just the marginal distribution of the first coordinate
variable with respect to m; ¢ is not unique; it is a version of the conditional dis-
tribution of the second coordinate variable given the first.

We can extend the above notation in an obvious way to a finite or countable
sequence of non-empty Borel sets. The details are ommitted. A p<= P(X) is
degenerate if it is concentrated at some one point x< X; a ¢ = Q(Y|X) is degenerate
if each ¢(-|x) is so. The degenerate ¢ are exactly those for which there is a Baire
function / mapping X into Y for which ¢(f(x)|x)=1 for all x= X. Any such f will
also denote its associated degenerate ¢, so that, for any u = M(XY), fu(x)=u(x, f(x))
for all x= X,

We shall use the following.

LEMMA 2.1 (Blackwell [1]). For any ¢= Q(Y|X), e>0 and ¢-integrable Baire func-
tion u on XY, there is a degenerate f& Q(Y|X) such that

fu=qu for all xe X
and
q{y; u(x, y) = ulx, f(x)+e} |x)=0  for all x=X.

3. Decision problem definitions.

A Markovian decision problem is defined by S, 4, ¢, g, where S, A are non-empty

Borel sets, ¢ = Q(S|SA), and g a Baire function on [U U [SpXApXSpia X Apyy X

n=2 1=m<n

e XSy X RTU U [Sn X ApX SmarX Ay 1] where S, =S, A, =A for n=1,2 - and

m=1

R=(—o00, c0). A policy r is a sequence {x,, 7, -}, where 7,=Q(A|H,) and H,=SA---S
(2n—1 facters) is the set of possible histories of the system when the n-th actmust be
chosen. A policy = is (non-randomized) Markov if each =, is a degenerate element
of Q(A|S), i.e. m={f,, f,, -}, where each f, is a measurable function from S into
A, and is (non-randomized) stationary if there is a measurable function f mapping
S into A such that m,=/f for all n. The stationary policy defined by f is denoted
by /. For any policies = and o, let 7"0= {m,, Ty, =, Tn, Ons1, Onssr -~} denote the
policy which follows = for the first n stages then switches to o. For any policy
= {my, @, -}, "x denotes {m,.,, Tnss --}. In particular z=r. We shall denote the
sequence of policies by {z"}.

Any policy 7, together with the law of motion ¢ of the system, defines for each
initial state s a conditional probability on the set ASAS--- of futures of the
system, i.e. it defines an element of Q(ASAS-.-|S), namely e-=mqm,q ---. E* and
E'=m=mit-97nt denote the integral operators by e- and TmdTmaq =+ TG Tespectively.
Denote the coordinate functions on SASA - by s, a,, s,, a,, - 8o that our reward
on the n-th day, as a function of the past history up to date of the system, is
8(sy, ay, , qoyy Sy, U(Sy, @4, -+, @,_y, 5,)), and our reward over the infinite future, as a
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function on the history H=SASAS---, is g(s,, a,, Ss, @y, --). An expected reward
function on S from policy = then is given by

](77:) =e-8= ex[g(s], aq, Soy Ay, )] .

For any ve M(H)), we shall denote by I,(z, v) the expected reward we could expect
if we terminate at the n-th stage to receive a generalized terminal reward v(h,)=
v(sy, ay, ++, $,) at the terminal state. Thus

I(m, v)=e-g(sy, @y, -, Sp, V(S1, @y, Sp)) = TqToq +* Tpos8 .
We shall denote I,(7, 0) by [,(z). Here it should be noted that ¥ <v may not imply
I(z, w) < I,(x, v) for all = and all n.

For any pe P(S), and any >0, 7* will be called (p, e)-optimal if p{I(z*)=
I(r)—e} =1 for every m. =* will be called e-optimal if it is (p, €)-optimal for every
p e P(S), or equivalently, if I(z*)= I(z)—¢ for all =, and will be called optimal if it
is e-optimal for every ¢ >0, or equivalently, if I(z*)= I(z) for all x.

Throughout this paper we assume E""g(h,,,) is uniformly bounded for all =, n
and h,,;.

4. Existence of a (p, ¢)-optimal policy.

The proof of the following theorem is similar to that of Theorem 1 in [1].
THEOREM 4.1. For any p< P(S) and any >0 there is a (P, )-optimal policy.
Let v*=sup /(z). Then, in general, v* may not be measurable. We call the

policy z* strongly (p, e)-optimal if it holds that
p{I(z*) = v*¥—e} =1. 4.1)

Obviously, the strong (p, ¢)-optimality implies the (p, e)-optimality. Note that
the set {s; I(z*)=v*—¢} is in general not Borel. Strauch [2], however, has shown
that it was Borel in the completion of the Borel sets with respect to every pe& P(S).
Hence the statement (4.1) has the meaning. Furthermore, his method of proof enables
us to show

THEOREM 4.2. For any p< P(S) and any e>0 there exists a strongly (p,e)-
optimal policy.

5. Recursiveness, monotonicity and Lipschitz condition.

Throughout the remainder of this paper, we assume that g satisfies the
recursive relations; for any = and 1=m=n

Emmmmityinydg = EEmrmntg(s, @, -, Spey, £778) . (5.1)
These relations mean that for 1=m=n,
TmqAm1d - ()8 H)
= Tnqmirq - Tnd(Pn)8(Smy Qs =+ 5 Snasy TwirqTnszq - §C°H)),

where *h = (Sgs1, Qe Seso ) @and hy=(sy, ay, -, 8¢) for k=1, 2,---, and °h=~h. The
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generalized reward function g is called the recursive reward function if g satisfies
recursive relations. Note that putting m =1 in (5.1) yields

I(m)=I(x, 1("x)).

Before proceeding to (p, ¢)-domination we shall give six examples of g which
‘is the recursive reward function. The reward functions in the following examples
are those which we usually encounter in the dynamic programming problems. (cf.
Bellman [4]). The recursiveness in these examples occures from the peculiarity of
the type of g: the accumulation (in some wide sense) of stage-wise rewards.
EXAMPLE 1. (Additive process)

n—1
g(smy Ay 22ty Sy, 'L‘(S], ay, -, Sn)>:AZ ﬂk_mrk(skc Ay, Sk+1)_‘“[9n_mv(sl~ Ayy =y Sn)
c=m

(5.2)

o0
g(smy amv Sm+lv am+11 '):E ‘SkAmrk(Skv ak,v SkJrl)

k=m
where 0= 8=1, r, = M(SAS), ve M(H,) for k=1,2,---. 1f 0= B8< 1 and if for some
K <oo, [nll=K (k=1,2,-), then gin (5.2) is well-defined. The case when 0= 8<1

cand 7, =7 for k=1, 2, ---, consequently g becomes to be well-defined, has been called
“the discounted case.

EXAMPLE 2. (Absorbed process)
We consider the additive process (S, 4, ¢, {r}, v, 3=1) where there exist a state
s, S and a positive a <1 such that for any action ¢< A and any state s S

Q<{SO} ‘57 G)Za.

It is convienient to call this process the absorbed process. Let’s define new tran-
sition law ¢’ as follows:

j q(Bls, a) for s,& B
l—a
q'(Bls, a)= ‘
l ,,‘1<_B,113’70)_1a7 for s, =B.
—a

Note that ¢’ is a Markov transition law. It is easy to show that the absorbed
process with {r;} satisfying r.(s, a, s)=0 for all #=1 and all (s, a)=SA can be
‘reduced to the additive process (S, 4, ¢/, {r;}, v, f’) with the discount factor 5 =
1—a < 1. This is essentially the result of the fact

jsrk(sm Ay Ska)AG(Say | S ak>:(17a).[q7/k<sks Ay Sk)Aq (Sery | Sk, Qi)

"Furthermore, if r,=7v for £=1, 2, ---, then all results established for the discounted
Markovian decision processes remain valid for the absorved process, because the
-absorved process (S, 4, ¢, {r}, v) is equivalent to new discounted process (S, 4, ¢/,
{rk}} 7',7 ﬁl)~

ExaMPLE 3. (Multiplicative process)

n—1
g(smr Amy *** Sy v(sli Qg vy Sn)) :kH rk(sk’ Ay, Sk+l)v(517 Ay Spy Uy, ==+, Sn) ’
=m

(o)
8(Smy Ay Sy Qs =) :kll YelSky @iy Sg+1)
=m
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where
ve M(H,) and r.e M(SAS) for k=1,2, -

We assume herein that e¢.g is well-defined for everv zm. We sometimes encounter
the multiplicative process in a field of system reliability problems. For example,
suppose that the system consists of a series of state, where an arbitrary large number
of duplicate components are used. In this system 7.(s, a, s')=1—(1—pp:®) is the
probability of successful performance at the k-th stage, provided that taking an
action a at state s and the k-th stage implies we use n.(s, a) duplicate components.
Here p, is the probability of success in each component at k-th stage. Then, I(7)
is the overall probability of successful operation of the system, when a policy 7 is
used.
ExAMPLE 4. (Multiplicated additive process)

(S, Ay *++y Spo U(S1L Ay, o+, S,)

= Z II 7k(Skr @y 5k+1>+ H 7ilSe Qier Ske)V(Sy, @y, o0, Sy) s

j=m k=m

E(Smy Ay Smsrs Aays =) = 2 H 7i(Sky Qs Sgsa) ©

j=mk
EXAMPLE 5.
g(smv Amy =ty Sy Z"(sl! Ay -, Sn))
1 é n—1 p
s Tk Sk, Qg Sk 1) z Tk Sky O ks Sk 4-1)
. {[1 v < ]7 ]r 5]+1)]ek m }JFU(SM Ay oy n)e »
j=m

J
o z, Tk (8K, Ok Sk 1)
g(smy Amy Smt1y Ay, )_kz {[1 7’]<S], i J+l):|ek ’
m

where
ve M(H,) and 7, M(SAS) for n=1,2, -
EXAMPLE 6.
‘ Cv(sy, ay, v, S
Bl T Sy DSt oy S ) = R G S 250 B Sms)
m Smy amy Sm+1)
&(Smy Ay =+, Spy w(vy, Ay, -+, Sp)
=0 (Smy Ay Smss))+ 2 h("k+1(5k+1v A1y Sk+2)) + U,(lsh Ay, vty Sn)
f=m H v ( Sjy Qjy Sjs1) H 7’;‘(51‘, aj, 5j+1)
j=m

for m+2=n,.

&(Sms Amy Sy Qs =) = AP (S s Ay Sme))+ i ’ﬁgtkkﬂ(lgk“’ akﬂy';’kﬂ)l ,
fe=m jgnrj<sjr ajy Sj+1)
where
ve M(H,), he M(R) and r,< M(SAS) for k=1,2, ---.

It is easy to show that these examples satisfy the recursive relations..
We now define a monotonicity and a Lipschitz condition for g.
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DEFINITION 5.1. The generalized reward function g is monotone if u=v (u,ve&
M(S)) implies that for any =, all h, and all n=1
nq(h )g(sm nr n+1y u<5n+l)> < TRQ(hn)Q<‘Sn’ ns Sn-l'l' L"(‘Sn*-l)) .

DEFINITION 5.2. The generalized reward function g satisfies a Lipschitz condition
if there exists a sequnce {K,} of positive numbers such that

nqg(sny n Sn+1s H(Sl Ay, ooty Sn+1))
—ﬂlnqg(sm py Spers 7/i(sli Ay, =, Sn+l>)”
= Kyllu—v]

for all u, ve M(H,,,), all =, Q(A|H,) and every n=1.

Note that the norm ||| at the left hand side in above definition is
}Sup Inqu(gm Qpy Sns1y u(slv Ay vy Sn+1>)(hn)
in=Hn

i nqg<snv ny Sn+1s 1(91, ayy * Sn+1))(hn>| .
Now we put the following assumptions.
ASSUMPTION (I). g is monotone.
AssUMPTION (II). g satisfies the Lipschitz condition with the Lipschitz coefficients
such that K K, - Ky—0 as N—co,
THEOREM 5.1. Under Assumption (I1), for any p< P(S), ¢>0 and any = there
exists a Markov policy n* which (p, ¢)-dominates =, 1. e. p{I(n*)= I(w)—e} = 1.
PRrROOF. If any two policies =, #’ agree for the first N stages, i.e., if 7=
{Tcly Ty ** 3 TNy TN+1 TN+2y } and n’= {ﬁlr Toy "'y TNy 71-:\7*17 Ef‘\'+27 "'} then
Hl(ﬂ')‘](ﬂ'/)“ - H‘qug(sly ay, Sy, El:g)gnlqg(sly Ay, Sy El_g>“
<K,|E"g—E'"g|
:Klllﬂiaqg(szv aZr S3y Ez:g)*n-zqg(sw a2r SSv El‘g>“
< K, K,|E*g—E*g]|

<K,K, - Ky|EY"g—E""g| £ K.K, -+ Ky(|E™"g|-+|EY=g|))
,§_2K1K2 KN' L
where L is a finite number depending on none of 7, #” and N. Hence we may

-guppose that 7 is already Markov from some stage on, say for n > N, namely 7=
{ry @oy -+ 5 T, [vsrs Fyses ). By the recursiveness of g,

Erg=E™rmy-0g(s,, ay, - , sy, EY 7g).

On the other hand, by Lemma 2.1, for 7:% there exists an fy such that

E¥7%g=ryqg(sy, ay, Sy+1 £ 78 (5y41)
= fvqg(sy, Ay, Syers E‘v:g(sxﬂ))‘}‘?’
with pm,q - %y_,q-prob. 1.
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That is,
Ty147xq8 sy, Ay, Syvr EV78) 7wy 1l fvq8(sy. ay, sy EV70)+7],
or equivalently
Ty-198(Sy-y, Ay o1 Sy EY g < Ty-10fvqE(Sx, Ay Sy, EN'-'g)’%r
with pz,¢ - 7y_,g-prob. 1.
Using this procedure N times will produce a Markov z*= {/, f,. ---} such that
Efg < EVidaniy¥@gr Ny = E¥g+¢  with p-prob. 1.

This completes the proof.

COROLLARY. Under Assumption (I11), for any e>0 there exists a (p, e)-optimal’
Markov policy =*.

6. Stationary policies and operators.
‘We shall say that g is stationary if for every m=1 and k=1
IS A ApX St X R =g|Sn i X Apyx X Spegaa X R

by identifying S,nX ApX Spei X R and Sy X Ak X Spirs1 X R, where g|E denotes the
restriction of g on E.
Throughout this section we assume that g is stationary. The stationarity of
g vields that r,=7,= .- =r, = =(say 7) in every example stated in Section 5.
DEFINITION 6.1, For each measurable function f mapping S into A, and u € M(S),
let

T u(s)=fqg(s, a, s’, u(s’))
= § (5. 7(9). 8", ulsNdg(s' |5, £(5)).

It is easily verified that the operator T, associated with measurable function f
mapping S into A is a mapping from M(S) into M(S).

Now we shall express the operator T, explicitly for each example. For Example
1, also for Example 2, we have

Tiu(s) = fqlr+ gul(s)
— ‘;IS[I’<S, F(s), s")4Bu(s)1dq(s |'s, £(5)).

The operator T, in this case was originally given by Blackwell [17.
For Example 3, we have

Tyu(s) = fqlr-ul(s)
= L [r(s, £(s), su(s")1dq(s"|s, /(s)) .

For Example 4, we have
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Tyu(s)=fqlr+r-ul(s)
= L[r(s, J(), s)+r(s, F(s), sHu(s")1dq(s"|s, f(s)).
For Example 5, we have
Tyu(s) =fql(1—r)e"+e"ul(s)
= [ L5, 7 () speraeons

e Jdg(s' |5, £(5)

And for Example 6 we have

Tu(s) = fq[ h(n+ - (s)

_ ' o us) /
= [ L1006 0 Ty Jdats'1s, 7).
The following two lemmas are immediate consequences of the assumptions.

LEMMA 6.1. Under Assumption (1), the operator T, is monotone for any measurable
f from S into A. That is, u <v implies

Tfu § TfU .

LEMMA 6.2. Under Assumption (II), T, is a contraction mapping on M(S) with
some contraction coefficient 0 < K <1 for all measurable f from S into A.

We now return to Examples and look over whether the operator T; is a
monotone or contraction mapping.

In Example 1, T, is always a monotone and contraction mapping on M(S) for
0=p<1. If »=0 then, 7, in both of Example 3 and Example 4 is monotone. T,
is always monotone for Example 5. If [7|<1, then 7, in both of Example 3 and
Example 4 is a contraction mapping. In Example 5, if lle”|| <1 then T, is a contraction.
In Example 6, if >0 then T, is monotone, and if inf Sh’(s, a,s’)|>1 then T,

(s,a,8)=84

is a contraction.

THEOREM 6.1. (a) Under Assumption (II) for any u EM(S) and constant ¢,
[ Tr(u+c)—Trull < Ke.

(b) For any Markov policy == {f,, f,, -}, TKz)=If, ), where {f, =} denotes the
Markov one {f, fi, fs ).

For any Markov == {f, f;, -} we shall say that f mapping S into 4 is =
generated if there exists a partition of S into Borel sets S,, S,, -+, such that /=7,
on S,; we say that a Markov n’'={gy, &, -} is zm-generated if each g, is so. We
associate with each Markov = = {/,, /,, -} the operator U., mapping M(S) into M(S),
defined by U.u :Sﬁ? Ty

THEOREM 6.2. (a) If Ty, is monotone for n=1, then U, is so.
®) If ITpu=Trwl = Klu—vl for k=12, -, then |Um—U| < K|u—v}.
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(¢) For any T; assoicated with z-generated f, T,u=U-u.

(d) For any u<e M(S) and any >0, there exists a w-generated f whose associated
T, satisfies Tjuz= U u—e.

PROOF. (a) is trivial. (c) is immediate from the definition. For (b), consider
arbitrary u, v and s, and write (U.u)(s) =(U.v)(s)+k. Consider the case #>0. For
any integer n, there exists an m such that

Ty puls) 2 Unls)— ®6.1)
On the other hand,

Uauls)— * 2 U9~k = V() 2 T, (5). 6.2)
Hence, (6.1), (6.2) and the assumption yield
0= Ustl(9)=Unt(s)— & = Typuls) =T ,0(5)
= Klu—v|. (6.3)
Since above (6.3) is valid for each n, it follows that
| U u(s)— U v(s)| < K|lu—v] .
This inequality is trivial for #=0 and is similarly established for 2 <0. Then
Uu—Uv| = Klu—v].

For (d), the proof is similar to Theorem 4 (d) in [1].

THEOREM 6.3. (a) For any ue M(S) and ¢>0, there exists a n-generated f whose
associated Ty satisfies |Tyu—Uzu| Ze.

(b) For any ue M(S), n=1 and >0, there exists a =-generated m’ such that
oz, w)—Uzul = .

PROOF. (a) is immediate from Theorem 6.2 (d). For (b), then there exists a
m-generated f, such that

1Ty u—Uzull Ze,.

Similarly for e,_, >0 there exists m-generated f,., such that

”Tf'n—1<Tf’n u)—U'(Tf’nu)“ =é€p-1-

Then
ITr Tru—Usul STy, Tru—ULT s |+ 1 ULT sy u)—U(Uztt)|
Sen HKIT s u—Uzul
SentKe,.
In ganzral thare exist fi, f5, -+, fa such that for i=1,2, -+, n
ITsy o Tru—Uz"u =d,;,
where d; =¢;+Ke;y,+ - +K" %, In particular we can choose ¢, -+, ¢, so that

d, <e. This showes the existence of the desired n’.
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Note that Theorem 6.3 (b) implies that for any u e M(S), n=1 and ¢ >0, there
exists a w-generated n’ such that I,(z/, u)= Uiu—e.

THEOREM 6.4, Under Assumptions (I) and (I1), U. is a contraction mapping on
M(S) with the contraction coefficient K, i.e. |U-u—Uv| < K|u—v|, so that, from the
Banach fixed-point theorem, U, has a unique fixed point u*, and || Uu—u*|| < K™|u—u*||
Sfor all n.

PROOF. v=u+|u—v| yields

U = U(utu—vl) < Usut Kjlu—v||
using Theorem 6.2 (b). Interchange u and v to obtain
Uu=Uv+Kllv—uf,
completing the proof.

THEOREM 6.5. Let Assumptions (1), (II) be satisfied.

(a) For any Markov policy nm=1{fy, fs -}, denoting by T, associated with f, and
by U::SE? T;,, the operator associated with =, the fixed point u* of U, is the optimal
return among m-genervated policies: I(x’) < u* for every m-generated n’, and for every
&> 0 there is a m-generated f such that I(f*) = u¥—e. Any f with Tyu* =z u*—e(1—K)
satisfies this inequality.  Furthermore, any f with |T,u*r—u*| <e(1—K) satisfies
(S ) —u*|| <e.

(b) For any p<= P(S), ¢ >0, there exists a (p, &)-optimal policy which is stationary.

(c) For any e=0, if there is an ¢-optimal =* = {x,, m,, -}, there exists an e/(1—K)-
optimal policy which is stationary.

(d) Denote for each a< A by T, the operator associated with f=a. Any u with
Tou=<u for all a is an upper bounded on reward: I(z)<u for all =.

() If for every e>0 there exists an s-optimal policy, then the optimal return w*
15 a Baive function and it satisfies the optimality equation u*:squ T u*.

(f) A policy = is optimal if and only if its return I(z) satisfies the optimality
equaltion.

PROOF. (a) For any n-generated =’ = {g,, &, -}, we have I(z/) = To Ty, - Topin
where %, =1(g,11, nie +-). Since each Tgl_ is a contraction operator with contraction

coefficient K,
”Tnggg Tgnun_Tnggg Tgnu*” = KM —u*||

= K™(lgli-llw*i) .

Thus Ty, -+ T, u*—I(n’) as n—oo. But Ty o Tou* < Upu* =u*, so that I(z') < u*.
From Theorem 6.3 (a), there is a 7-generated f for which T,u* = U.u*—¢' = u*—¢’,
where ¢’ =¢(1—K). We can verify inductively that

Tru* zu*—e'(1+ K+ - K™ for all n=1.
Since THu*— I(f“?), we conclude that
I ) 2 wi—[e (1~ K)] =wr—e

Last two inequalities are immediate from Theorem 6.3 (a).
(b) This is immediate from Corollary to Theorem 5.1 and above (a).
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(¢) For any =*={m, 7y, -}, I(@*)=e.g=rm,qg(s, a,s, E'7g), where E'"g=
E'=g(s, a, s,) = I(m,,4)(s,) and 7, denotes the policy which z* specifies starting with
the second stage, when the first state and action are s, a respectively, i.e. 7, =
{m], 74 ---} where

(- 1Sy, Ay, o0y Sp) =Taea(- ]S, @, sy, @y, -+, $5)
If =% is c-optimal, E'7g(s, a, s,) = [(m,,0)(s,) < [(x*)(sy)--¢ for all s, S, so that, by
monotonicity of g
I(7*) =m,qg(s,, a,, s,, E*"g)
= w98 (81, a4y, Sy, H(m*)(s0)+¢)
=nx,h, say .

From the Lemma 2.1, there exists an f for which = < fh for all s, namely

T1qg (s1, av Sy, [@¥)(s,)+¢) = fqg(sy, a5, s, [(@*)(s,)+¢)
=T;I(z*)+¢).
Then,
Ia*) =T, ((z*)+e) =T, I(z*)+ Ke .
Again,
T(I(7*) =T (T;I(zx*)+ Ke) = T3 [(w*)+ K.
By induction on n we obtain
) = TH(n*)+ Ke-+ K2+ -+ +K"¢.

Letting n-— oo yields

(@) = I(/*)+Ke/(1-K).

Since ©* is e-optimal, f* is ¢/(1—K)-optimal.
-~ (d) The proof of (d) is similar to that of Theorem 6 (d) in [1], and is omitted..
(e) From (c), the hypothesis implies that there exists a 1/n-optimal stationary
policy /37, say. With zm={f,, f; ---}, the fixed u* of the U_, is, from (a), the optimal
reward among z-generated policies. In particular u* = I(f§”), so that u* = I(x) for
all 7, and u* is the optimal return. We have sqg T,u*=U_u*=u*. On the other
hand, for any a < A4, o
Tawr < ToI(F ) +(U/m) £ Tl i)+
oy K _ . K
=g, i)+ S wr
where (a, /77) is the Markov policy {g, /., /o -} with g=a. Letting n— oo yields
T.u*<u*. Thus w* satisfies the optimality equation.
(f) The proof is same as in Theorem 6 (f) of [1].
Finally we give a theorem in the case when A is countable or finite, without
stating the proof.
THEOREM 6.6. Let Assumptions (I) and (II) be satisfied. (i) If A is countable,
then for any e>0 there exists an e-optimal policy which is stationary. (ii) If A is
finite, then there exists an optimal policy which is stationary.
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