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1. Introduction.

   In this paper we shall treat Markovian decision processes associated with re-

cursive reward functions, and we shall study the existence of optimal policies in 

several senses and the properties of them. 

   Our Markovian decision processes are specified by four objects S, A, q and g. 
S and A are non-empty Borel sets, q is a regular conditional probability on S given 

Sx A, and g is a Baire function defined on J U [S„,x AinX Sm+1X A„,ix ><S„x R] 
                                                          n=21m<n 

     ESm, X Afftx Ani+ix —1, where Sk=S, Ak= A for k=1, 2, ••• and R=(-- 0 0 co). 
  m=1 

We interpret S as the set of states of our system, and A as the set of actions 

available to us at each stage. The set of actions available is assumed to be in-

dependent of the state. When the system is at a state s and we taken an action 
a, the system moves to a new state s' according to the probability distribution 

q(• Is, a). The process is again repeated from the new state s', and so on. If we 
terminate immediately after observing the past history hn = (.51, a1, s2, a2, ••• , sn) of 

the system up to the n-th stage, we are assumed to receive a reward g(si, a1, ••• , 

an_1, sn, v(si, a1i ••• , an_„ sn)) (abbreviated as g(h„, v(h,)), where v(hn) is a generalized 

terminal reward at the past history h„,--(s1, a1, • , an_1, sn). We call g a generalized 

reward function. In our paper we wish to maximize the expected generalized 

reward over the infinite future. 

   This paper clarifies the essence of stochastic dynamic programming problems, 

and especially exposes the important properties peculiar to a broad class of reward 

functions which appear in those problems. Such the properties will be introduced, 

in Section 5, as a recursiveness, a monotonicity and a Lipschitz condition. The 

recursiveness together with the monotonicity is a basement of Bellman's " principle 

of optimality " and moreover the Lipschitz condition guarantees the existence of 
an optimal policy and of the solution to an optimality equation. In Section 5, six 

examples of generalized reward functions having the recursive property are given, 

while actually we can conceive infinitely many of them. 
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   Blackwell [1] formulated the dynamic programming problem of maximizing the 

expected, discounted sum over the infinite future just in the form of Markovian 

decision processes, and gave many elegant results. After that, Strauch [21 treated 

two problems of maximizing the expected, discounted sum and of maximizing the 
expected, undiscounted but negative sum, in a parallel way. Performance indices, 

which they wished to maximize in their papers, have the recursive property in our 

sense (cf. Section 5). The conception of the monotonicity which we shall impose on 

the generalized reward function is a generalization of the "monotonicity of opera-

tors " in their sense. The Lipschitz condition with coefficients whose infinite pro-

duct converges to zero will play the role similar to the one of "discounting" in their 

papers. Many of our proofs are owing to their papers, especially to Balckwell [1]. 
   In Section 2, we prepare the probabilistic definitions and notation used through-

out the paper. Section 3 is devoted to formulate our decision problems associated 

with the generalized reward functions. For every r> 0, there always exists a 

(p, s)-optimal policy (Section 4). In Section 5, we shall define a recursiveness, 
a monotonicity and a Lipschitz condition, and we shall give an existence theorem for 

a (p, r)-optimal Markov policy, assuming the recursiveness and Lipschitz condition 

to the generalized reward function. Examples of recursive reward functions, too, 

will be given in Section 5. In Section 6 we shall define an operator associated with 

measurable mapping f from S into A and define an operator associated with a 
Markov policy. Then it will be shown that there exists a (p, r)-optimal stationary 

policy under two additional assumptions (the monotonicity and stationarity of g). 
The relation of the optimal return to the optimality equation will be derived along 

the same line as in Blackwell [1]. Moreover we shall give the theorem that if the 
action space A is countable, then for any s> 0 there exists an r-optimal stationary 

policy, and that if A is finite, then there exists an optimal stationary policy.

   2. Probabilistic definitions and notation. 

   In this section we shall give the basic notation and definitions to be used through-

out the paper. These follow to those of [1]. 

   By a Borel set we mean a Borel subset of some Polish space. A polish space 

is the complete separable metric space. Unless otherwise noted, measurable means 

with respect to the a-field of Borel subsets of X, which is expressed by gi(X). 

A probability on a non-empty Borel set X is a probability measure defined over 

the measurable space (X, g(X)); the set of all probabilities on X is denoted by P(X). 

For any non-empty Borel sets X, Y a conditional probability on Y given X is a 

function q(.1.) such that for each x E X, q(• x) is a probability on Y and for each 
B g(Y), q(BI •) is a Baire function on X. The set of all conditional probabilities 

on Y given X is denoted by Q(171 X). The product space of X and Y is denoted by 

XY. The set of bounded Baire functions on X is denoted by M(X). If u, v M(X), 

u v means u(x) v(x) for all XE X. For any q E Q(Y1 X) and q-integrable Baire 

function on XY, qu denotes the Baire function on X whose value at XE X is qu(x)
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 u(x, y)dq(y Ix). For any p E P(X) and any u E M(X), pu is the integral of u with 

respect to p. For any p E P(X), q E Q(YI X), pq is the probability on X Y such that, 

for every u E M(XY), pq(u)= p(qu). Every probability in on XY has a factorization 

in=pq; p is unique and is just the marginal distribution of the first coordinate 

variable with respect to m ; q is not unique it is a version of the conditional dis-

tribution of the second coordinate variable given the first. 

   We can extend the above notation in an obvious way to a finite or countable 

sequence of non-empty Borel sets. The details are ommitted. A pe_P(X) is 

degenerate if it is concentrated at some one point xX; a q Q(Y I X) is degenerate 

if each q(• lx) is so. The degenerate q are exactly those for which there is a Baire 
function f mapping X into Y for which q(f(x)I x) = 1 for all x E X. Any such f will 

also denote its associated degenerate q, so that, for any u E Al(XY), fu(x) = u(x, f(x)) 

for all x X. 
   We shall use the following. 

   LEMMA 2.1 (Blackwell [1]). For any q Q(YI X), s >0 and q-integrable Baire func-

tion u on XY, there is a degenerate f E Q(Y IX) such that 

                      fu qu for all x E X 
and 

           q({y ; u(x, y) >u(x, f(x))+s} x) = 0 for all x E X.

    3. Decision problem definitions. 

   A Markovian decision problem is defined by S, A, q, g, where S, A are non-empty 

Borel sets, q E Q(SISA), and g a Baire function on EU U [S inx Amx Am+, X 
                                                                                                       n=2 11.._m<77 

• X Sri x R]U U [Snix AinxS„,+ix A.+1 -•-]i where Sn= S, An= A for n= 1, 2, •, and 
                       nt=1 

R=(-00, co). A policy 71- is a sequence {7r1, 7r27 •••}, where 277, Q(A 1 HO and 1-17„=SA--• S 

(2n-1 factors) is the set of possible histories of the system when the n-th actmust be 
chosen. A policy 7 is (non-randomized) Markov if each 7 7, is a degenerate element 
of Q(A1S), i. e. 7 = {fit f2, •••}, where each fn is a measurable function from S into 
A, and is (non-randomized) stationary if there is a measurable function f mapping 

S into A such that 7r, =f for all n. The stationary policy defined by f is denoted 

by f("). For any policies 7 and u, let 7na = {717 727 ••' 7n7 6n+17 671+2, •—} denote the 
policy which follows 7r for the first n stages then switches to r. For any policy 
7r = 7r2, ---1, n7C denotes {rrn+17 7n.+27 •"•}. In particular °7 = 77. We shall denote the 
sequence of policies by {7-cm} . 

   Any policy 7, together with the law of motion q of the system , defines for each 
initial state s a conditional probability on the set ASAS ••• of futures of the 

system, i. e. it defines an element of Q(ASAS ••• IS) , namely e,=7riq7r2q •••. E' and 
E('''n'7:7Th+1'...,"n) denote the integral operators by e, and 7rniq7r,,,q ••• rnq respectively. 
Denote the coordinate functions on SASA ••• by sl , a1, s2, a2, ••• so that our reward 
on the n-th day, as a function of the past history up to date of the system , is 
g(s1, a1, , sn, v(s1, a1, ••• , an_i, .50), and our reward over the infinite future , as a
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function on the history H= SASAS •••, is g(s1, a1i s2, a2, •••). An expected reward 

function on S from policy 7,7 then is given by 

                         I(7r)= e,g = e,[g(si, a1, s2, a2, •••)]. 

For any v E /VA HO, we shall denote by I „(7t , v) the expected reward we could expect 

if we terminate at the n-th stage to receive a generalized terminal reward v(h,i) = 
v(si, a1, ••• , sn) at the terminal state. Thus 

             In(7r, v)=_e-g(s1,a1, ••• , sn, v(s1, a1, ••• , sn)) = 77,q7r2q ••• 7r„,qg 

We shall denote I M(7r, 0) by 17,W. Here it should be noted that u v may not imply 
I u),(7- c, v) for all r and all n. 

   For any p E P(S), and any E > 0, 7r* will be called (p, E)-Optimal if pli(7*) 
i(70--el =1 for every r. 7r* will be called s-optimal if it is (p, e)-optimal for every 

p E P(S), or equivalently, if /(7r*) I(70—s for all r, and will be called optimal if it 
is s-optimal for every r > 0, or equivalently, if I(7:4)�1(7r) for all 7r. 

   Throughout this paper we assume E'g(h„,) is uniformly bounded for all 7r, n 

and h„,•

   4. Existence of a (p, r)-optimal policy. 

   The proof of the following theorem is similar to that of Theorem 1 in [1]. 

   THEOREM 4.1. For any p E P(S) and any s> 0 there is a (p,)-optimal policy. 

   Let v* = sup I(7r). Then, in general, v* may not be measurable. We call the 

policy 7z* strongly (p, s)-optimal if it holds that 

                 pl1(7c*) v* —r} = 1 .(4.1) 

   Obviously, the strong (p, s)-optimality implies the (p, s)-optimality. Note that 

the set is ; I(7L-*)� v*—s} is in general not Borel. Strauch [2], however, has shown 

that it was Borel in the completion of the Borel sets with respect to every p E P(S). 

Hence the statement (4.1) has the meaning. Furthermore, his method of proof enables 

us to show 

   THEOREM 4.2. For any p E P(S) and any E > 0 there exists a strongly (p, e)-

optimal policy.

   5. Recursiveness, monotonicity and Lipschitz condition. 

   Throughout the remainder of this paper, we assume that g satisfies the 

recursive relations; for any 7t. and 1 7n n 

                                      E{r'ni,-.,7`n}g(sm,am,••• ,sn+i,En'..g.)•(5.1) 

These relations mean that for 1 m� n, 

         7rmq7rm+lq • •• (hm)g(m-lh) 

               = 7-cmq7rm,q••• 7rnq(hm)g(sm,am,,s7rarcaz(                                                    n+i,n+2..••',n„ 

where kh = sk+2, •••) and hk = (s„ a1, ••• , sk) for k 1, 2, and °h = h. The
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'generalized reward function g is called the recursive reward function if g satisfies 
recursive relations. Note that putting in =1 in (5.1) yields 

                           /(7)= /,(7, 1(n7)) . 

    Before proceeding to (p, E)-domination we shall give six examples of g which 

is the recursive reward function. The reward functions in the following examples 

are those which we usually encounter in the dynamic programming problems . (cf. 
Bellman [4]). The recursiveness in these examples occures from the peculiarity of 

the type of g: the accumulation (in some wide sense) of stage-wise rewards . 
   EXAMPLE 1. (Additive process) 

                                                          n-1 

       g(sm, am, ••• • sn, v(s1, a1, ••• , sn))= Ei3k-mr,(sk, ak,i5n-niv(s„a1,••• , sn) 
                                                                           7,-=m 

                                                          (5.2) 
       g(sm, am, Sm+i,•••)= Et3k-mrk(sk, ak, sk+1) 

                                      k=m 

where 0 � /3 1, I-, E M(SAS), v E M(1-10 for k= 1, 2, •••. If 0 /3 <1 and if for some 
K < co, J rk 11 r K (k = 1, 2, •••), then g in (5.2) is well-defined. The case when 0 /3 < 1 
and rk = r for k 1, 2, •••, consequently g becomes to be well-defined , has been called 
the discounted case. 

    EXAMPLE 2. (Absorbed process) 
    We consider the additive process (S, A, q, {rk} , v, i3 = 1) where there exist a state 

so S and a positive a < 1 such that for any action a w A and any state s E S 

                           q({so} Is, a) a . 

It is convienient to call this process the absorbed process. Let's define new tran-
sition law q' as follows : 

                         q(B I s, a)                                           for so B                                  1—a 
                CBI s, a)= 

                               q(B s, a)—a                                               for s
o E B .                                    1—a 

Note that q' is a Markov transition law. It is easy to show that the absorbed 

process with {rk} satisfying rk(s, a, so)= 0 for all k 1 and all (s, SA can be 
reduced to the additive process (S, A, q', {rk}, v, 13') with the discount factor 45' = 
1—a < 1. This is essentially the result of the fact 

          4sk, ak, sk+i)dq(sk+iISk, ak) =k+i-k,•                                     (1— a)rk(sk, ak, sk+1)dq'(sk+,Isa1             Sr 

Furthermore, if rk= r for k = 1, 2, •••, then all results established for the discounted 

Markovian decision processes remain valid for the absorved process, because the 

absorved process (S, A, q, {rk}, is equivalent to new discounted process (S, A, q', 

Irk}, v, 8'). 
    EXAMPLE 3. (Multiplicative process) 

                                                                n-1 

         g(sn„ am, •••sn, v(s1,a1,,sr)) =rk(sk, ak, sk+i)v(si, a1, s2, a2, ••• SO 
                                                   k=m 

         g(s,„ am, sm,„ (1m,, •••) H rk(sk, ak, Sk+1) , 
                                      k=m
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where 

                   M(1-11) and rk E M(SAS) for k — 1, 2, ••• . 

We assume herein that e,g is well-defined for every 7. We sometimes encounter 

the multiplicative process in a field of system reliability problems. For example, 

suppose that the system consists of a series of state. where an arbitrary large number 

of duplicate components are used. In this system rk(s, a, s')= 1—(1—yk'k(s,a)) is the 

probability of successful performance at the k-th stage, provided that taking an 
action a at state s and the k-th stage implies we use nk(s, a) duplicate components. 

Here Pk is the probability of success in each component at k-th stage. Then, I(7r) 

is the overall probability of successful operation of the system, when a policy 7 is 

used. 

   EXAMPLE 4. (Multiplicated additive process) 

       g(sm, am, ••• , sn, v(s„ a1, •-• , sr)) 

            n-1 j n-1 
          = Erk(sk , ak, sk,i)+H rk(sk, ak, sk+i)v(sl, a1, ••• , sn) , 

      j=m k=mk=m 

      g(sm, am, sni„, a„, •• •)= E 11 rk(sk, ak, sk+i) • 
                                          j=m k=m 

   EXAMPLE 5. 

      g(sm, am, •-• , sn, v(s, a1, ••• , sn)) 

                                                                                                     n-1 
           n-1rk(sk ,ak,sk-1-1)rk(sk,ak,sk+1)           = E {C1—rj(sj, a.„ s,„)lek-in+v(s„a1,••• , sn)ek-' 

                )=m 

                                                                             rk(sk,ak,sk÷i) 

    g(s,„sm„, a„,•••)= Esj,)lek=m1 , 
                                     k=m 

where 

              v E M(1-1,) and rn E M(SAS) for n= 1, 2, •-• . 

   EXAMPLE 6. 

                                                                                    1,•••,sm+i)       g(sm, am, sm+1, v(s1,a1, •••sin+i))= h(rm(sm, am, sm+i))±v(s1,arm(sm, am, sm„)' 

      g(sm, am, ••• , sn, v(v1, a1, •-• , sn)) 

                                       n-2 LI                                    leyk+i,k+2))V(Si, a1,••• ,       =h(r m(sm, am, sm,))+,EaS71 -1 
                                     k=m                                      rj(si, aj, sj+i)IZ r,(s,, a,, s7+1) 

                .7=7n7=7n 

                                               for m+2 n 

                                                     h(rk-Fi(sk+i, ak+i, sk+2))       g(s
m, am, sm,, a,, •••)= h(rm(sm, am, sin,))± 

                                                          k=m                                                         r2(s7, a,, s1+1) 

where 

         v E MHO , h E M(R) and rk E M(SAS) for k= 1, 2, ••• . 

   It is easy to show that these examples satisfy the recursive relations . 
   We now define a monotonicity and a Lipschitz condition for g.
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   DEFINITION 5.1. The generalized reward function g is monotone if  uv (u, v 

_VI(S)) implies that for

(any7, all hT,and all n1              7r,q(hn)gs,„ a2, s„„ u(s„1))._7r„q(in)g(sn, a,„ v(s„+1)) • 

   DEFINITION 5.2. The generalized reward function g satisfies a Lipschitz condition 

if there exists a sequnce {KO of positive numbers such that                

Ila-nqg(sn, an, sn+i, u(s1, a1, •••sn+1)) 
                                 -7r nqg(Sn, an, Sn+1, v(s1, a1, ••• , sn+i))II 

for all u, v G M(H,i+i), all Irn. e Q(A I H2) and every n� 1. 

   Note that the norm 11.11 at the left hand side in above definition is 

               sup 1 7,q,g(s„, an, sn+1, u(s1, a1, ••• S n+1))(h 71) 
                    hniEHn 

                               -7-cnqg(s„, an, sn+i, v(si, a1, ••• , sn+1))(h01 • 

   Now we put the following assumptions. 

   ASSUMPTION (I). g is monotone. 

   ASSUMPTION (II). g satisfies the Lipschitz condition with the Lipschitz coefficients 

such that KiK,••• K 0 as co. 
   THEOREM 5.1. Under Assumption (II), for any p P(S), r > 0 and any 7 there 

exists a Markov policy 7r* which (p, s)-dominates 7r, i. e. pign-*)� I(7r)-r} 1. 

    PROOF. If any two policies 7, 7' agree for the first N stages, i. e., if 7r= 

{71, 72, ••• , 7N, 7CN-1-19 77N+2, •••} and 7' = {7r1, r2, ••• ;TN, 7r v+1, 77'N-1-21 • • I then 

     11/(70-.47011 = 11719g(s1, a1, s2, E'"g)-7riqg(s„ a1, s2, El '"g)11 

                  -Ki 11 El'7g-- E17''g11 

                 =1(111729g(s2, a2, s3, E2'g)-7r29g(s2, a2, s3, E2 g)11 

                 -K1l-C211E2"g-E'g11 

                                                                                                  • 

                  K1K2 ••• KNIIEN7-"g- EN"' K11C2••• KNOIEN'g11+ IIEN'g11) 

                     2KiK2 ••• KN• L 

-where L is a finite number depending on none of 7r, 7r' and N. Hence we may 

suppose that 7 is already Markov from some stage on, say for n> N, namely 7= 

{7r1, 72, -.• , 7N, fN+i, •••} • By the recursiveness of g, 

                E'g=a„•••,sN,EN-1"g). 

On the other hand, by Lemma 2.1, for there exists an fN such that 

                    EN'g 7Ag(sN, aN, 5N+1, EN'g(sN,)) 

                          �Log(sN, aN, SN+1, EN'g(sy+i))-Pr 

                                     with p7r1q ••• %N_,q-prob. 1 .



86Nagata  FUR  illiANN  A and Seiichi INVANIOTO

That is, 

          7N,q7Nqg(sN, av, s,,,, E-v'g)�_ 7,7„-_1(pif,qg(s,„ aN, E-'g)-hr] 

or equivalently 

                           sN. EN-1'g)<77,_iqfNqg(s,, ax, sN+1, E"g)--Hr 

                                           with p7r1q ••• 79q-prob. 1. 

Using this procedure N times will produce a Markov 77* =f1,f2, •••} such that 

         E"g = E'g4,-s with p-prob. 1. 

This completes the proof. 

   COROLLARY. Under Assumption (II), for any s > 0 there exists a (p, r)-optimal 
Markot, policy r*.

   6. Stationary policies and operators. 

   We shall say that g is stationary if for every m 1 and k 1 

                        AmX S,t+ix R = gISni+kX Ain+kxSin+k,-iX R 

by identifying snix A„ix s„,x R and Sm+k x Am,+k X Sm+k+i X R, where gl E denotes the 
restriction of g on E. 

   Throughout this section we assume that g is stationary. The stationarity of 

g yields that r1= r2= ••• =rn= ••• = (say r) in every example stated in Section 5. 
   DEFINITION 6.1. For each measurable function f mapping S into A, and u E M(S), 

let 
                  Tfu(s)= fqg(s, a, s', u(s')) 

                         g(s, f (s), s', u(s'))dq(s' i s, f (s)) • 

   It is easily verified that the operator Tf associated with measurable function f 
mapping S into A is a mapping from M(S) into M(S). 

   Now we shall express the operator Tf explicitly for each example. For Example 
1, also for Example 2, we have 

              T fu(s)= fq[r+ i3u](s) 

                   = 1r(s, f (s). st)-1, Pu(s91dq(si I s, f(s)) . 

The operator Tf in this case was originally given by Blackwell [1]. 
   For Example 3, we have 

           T fu(s) fq[r • u](s) 

                 = Er(s, .f (s), s')u(s1)1c1q(s' s, f(s)) 

    For Example 4, we have
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 T  fU(s) = fq[r+r • il](s) 

                = [r(s, f (s), s')+ r(s f (s), s')u(s1)1clq(s' 1s, f (s)) 

   For Example 5, we have 

           T U(S) f r) er er ul(s) 

                   = 
J S [(1—r(s, f(s), sTer",f("," 

                             -Fer",-""o')u(s1)1dq(s' 1s, f (s)) 

   And for Example 6 we have 

          T fu(s) =fq[h(r)+ r-](s) 

                = [h(r(s, f(s), s'))+ r(s, f(s),u(s')                                     s')]dq(s' Is, f(s)) 
   The following two lemmas are immediate consequences of the assumptions . 

   LEMMA 6.1. Under Assumption (I), the operator Tf is monotone for any measurable 

f from S into A. That is, u� v implies 

                                  Tfu�Tfv. 

   LEMMA 6.2. Under Assumption (II), Tf is a contraction mapping on M(S) with 
some contraction coefficient 0 < K < 1 for all measurable f from S into A. 

   We now return to Examples and look over whether the operator Tf is a 

monotone or contraction mapping. 

   In Example 1, T f is always a monotone and contraction mapping on M(S) for 

    < 1. If r� 0 then, T f in both of Example 3 and Example 4 is monotone . Tf 
is always monotone for Example 5. If ;HI < 1, then Tf in both of Example 3 and 

Example 4 is a contraction mapping. In Example 5, if 11 er II < 1 then T f is a contraction . 
In Example 6, if r> 0 then Tf is monotone, and if inf I r(s , a, s')1> 1 then Tf                                                                            cs,a, s' SAS i
s a contraction. 

   THEOREM 6.1. (a) Under Assumption (II) for any u EM(S) and constant c, 
1Tf(u+c)—Tfu11 <Kc. 

   (b) For any Markov policy = {f1, f2,--•}, TI(7) = I( f, ;7), where If, 71 denotes the 
Markov one {f, f,, f2, •••}. 

   For any Markov 7r= {f1, f2, •••} we shall say that f mapping S into A is 7. 
generated if there exists a partition of S into Borel sets Si, S2, •••, such that f 
on Sn; we say that a Markov = {g1, g2, •••} is 77-generated if each g„ is so . We 
associate with each Markov f2, •••} the operator U,, mapping M(S) into Al(S), 

defined by U,u = sup T 

   THEOREM 6.2. (a) If Tfn is monotone for n 1, then U, is so. 

   (b) If 11Tfnu—Tfmv11 K11u—v11 for k =1, 2, then 11U,u—U,v11
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    (c) For any Tf assoicated with ;7-generated f, Tfu 

    (d) For any u M(S) and any E> 0, there exists a 7-generated f whose associated 
If satisfies Tfu 

    PROOF. (a) is trivial. (c) is immediate from the definition. For (b), consider 

arbitrary u, v and s, and write (U,u)(s)=(U,v)(s)H-k. Consider the case k > 0. For 

any integer n, there exists an m such that 

                 T fmu(s)� U,u(s)---- .(6.1) 

On the other hand, 

                 U,u(s)— k -� U,u(s)—k = U,v(s)�T fm,z;(s) .(6.2) 

Hence, (6.1), (6.2) and the assumption yield 

                   0 U,u(s)—U,v(s) finu(s)—T fmv(s) 

                                                          (6.3) 

Since above (6.3) is valid for each n, it follows that 

                          U,u(s)—U,,v(s) Mu-0 

This inequality is trivial for k 0 and is similarly established for k < 0. Then 

For (d), the proof is similar to Theorem 4 (d) in [1]. 

    THEOREM 6.3. (a) For any u E M(S) and E> 0, there exists a 7-generated f whose 
associated Tf satisfies 1lTfu—U,ull s. 

    (b) For any uE M(S), n� 1 and s > 0, there exists a 7-generated 7' such that 

11/7(71, u)—Ugull s. 
   PROOF. (a) is immediate from Theorem 6.2 (d). For (b), then there exists a 

7-generated fn such that 

                                                                                                                                                                                    . Similarly for En_i> 0 there exists 7-generated f„_, such that 

          11 _ i(T.rn u)— U,(Tfnu)II en_, 

Then 

                            5- 611-1±KIIT f;iii-L174111 

                                        71-1+.1(67, 

In general there exist f f ••• , f„' such that for i = 1, 2, ••• , n 

                             IlTfi•••Tf;,u—U772, di , 

where d1=sid-KEi+1+ ••• +Kn'En. In particular we can choose en so that 
d1 < E. This showes the existence of the desired 7Cf.
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    Note that Theorem 6.3 (b) implies that for any  u E  M(S), n 1 and e > 0, there 

exists a r-generated such that /,(71, u) >_ U; 

    THEOREM 6.4. Under Assumptions (I) and (II), U. is a contraction mapping on 

M(S) with the contraction coefficient K, i. e. K11 u — v II, so that, from the 

Banach fixed-point theorem, U, has a unique fixed point u*, and 11 Ugu—u*11_ u — 011 

for all n. 
    PROOF. v u+ it-0 yields 

     U,v vII 

using Theorem 6.2 (b). Interchange u and v to obtain 

                         U,u U,v+Kilv—u 11 , 

completing the proof. 

   THEOREM 6.5. Let Assumptions (I), (II) be satisfied. 

    (a) For any Markov policy 7r = {f,, f2, •••}, denoting by T fn associated with fa and 
by U,= sup T fn, the operator associated with 77, the fixed point u* of U„ is the optimal 

return among 7r-generated policies: Arc') for every 7r-generated 7e, and for every 

 > 0 there is a 7r-generated f such that I(P")) �u* —E. Any f with Tfu* �u*—e(1—K) 
satisfies this inequality. Furthermore, any f with IlTfu*-011 s(1—K) satisfies 

 11.(f(-))—u*I1 5„. E. 

   (b) For any p P(S), s> 0, there exists a (p, a)-optimal policy which is stationary. 

    (c) For any E 0, if there is an s-optimal Jr* = {7r„ 77 „ • there exists an e/(1—K)-
.optimal policy which is stationary . 

   (d) Denote for each a E A by Ta the operator associated with f a. Any u with 
Tau �u for all a is an upper bounded on reward: I(7r).�u for all 77. 

   (e) If for every e> 0 there exists an e-optimal policy, then the optimal return u* 
is a Baire function and it satisfies the optimality equation u* sup Tau* . 

                                                                                aEA 

   (f) A policy 7r is optimal if and only if its return alr(n-) satisfies the optimality 
equation. 

    PROOF. (a) For any 7-generated e= { g1, gr,, ••• } , we have 1(7r1)=Tg1Tg2•••Tg nun, 
where un=-- I(g„,, g„,, •••)• Since each Tgi is a contraction operator with contraction 
coefficient K,                

17giTg,••• Tgnun—Tg1Tg2Tgnusl�Knilun—u*I1 

                                               1111* II) • 

Thus Tgi•-• T gnu* Az') as n co. But Tgi••• T gnu* Ugu* u*, so that Az') u*. 
From Theorem 6.3 (a), there is a 77-generated f for which T fu* U ,u* — £1 = u* et , 

where s' = E(1—K). We can verify inductively that 

                Tip* �u*—st(l+K+ ••• H-Kn-') for all n� 1. 

Since Tip* I(f('')), we conclude that 

                     I(f(n >u*—[6.1(1—K)]=0—e . 

Last two inequalities are immediate from Theorem 6.3 (a). 
   (b) This is immediate from Corollary to Theorem 5.1 and above (a).
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   (c) For any 7* = {71, 72, •••}, 1(7*)=e,g= 71qg(s, a, s2, g), where El'g=- 
E1'*g(s, a, s2)= g7 ,,,,,)(s2) and rs,a denotes the policy which 7* specifies starting with 
the second stage, when the first state and action are s, a respectively, i. e. n-s,a = 
{7r, • } where 

                      (•sn) = 7n-F1(• Is, a, s1, a1, SO • 

If 7* is s-optimal, E'g(s, a, s2) I(rs,a)(s2) --1-(77,-*)(S2)-1--E for all s, S, so that, by 

monotonicity of g 

                         I(zr*)=7,7,qg(s,, a1, s2, E1 g) 

                            71qg(s1, a1, s2, grc*)(s2)+E) 

                               =77111 , say . 

From the Lemma 2.1, there existsan f for which,hfhforall s, namely 

             7riqg(si, a1, S2,g7*)(7.                            S2)+E)s2, I(7*)(s2)+6) 

                                     =Tf(I(7*)-1-6). 

Then, 

                  I(e) T f(I(7:*)+ 6) T fI(7*)+ . 

Again, 

               T f(I(7*)) �Tf(Tf(I(7r*)+Ks) �T:21. I(77*)+K2s . 

By induction on n we obtain 

                        I(71-*) __TyI(2.-c*)+1(6.-1- K26+ • • • -IF K . 

Letting n— Do yields 

                      I(7r*) I( f '"))+Kel(l—K) . 

Since 2r* is s-optimal, f(") is s/(1—K)-optimal. 

   (d) The proof of (d) is similar to that of Theorem 6 (d) in [1], and is omitted.. 

   (e) From (c), the hypothesis implies that there exists a 1/n-optimal stationary 
policy say. With 7= ff1,f2, ••• 1, the fixed u* of the U,, is, from (a), the optimal 
reward among 7-generated policies. In particular u* I(f;,-)), so that u*� I(7) for 

all 7, and u* is the optimal return. We have sup Tau* �U,u* =u*. On the other 
                                                                                 a Ti.A 

hand, for any a A, 

                   Tau* C 7.',i(1(f ;r)H-(1171))-_,Ta(gf';,-)-H                                                               71 

          KK                   fn+ -
71n , 

where (a, f;,-)) is the Markov policy {g, fa, fn, —} with g_=-_ a. Letting co yields 
Tau* Thus u* satisfies the optimality equation. 

   (f) The proof is same as in Theorem 6 (f) of [11. 
   Finally we give a theorem in the case when A is countable or finite, without 

stating the proof. 

   THEOREM 6.6. Let Assumptions (I) and (II) be satisfied. (i) If A is countable, 

then for any e> 0 there exists an e-optimal policy which is stationary. (ii) If A is. 

finite, then there exists an optimal policy which is stationary.
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