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1. Introduction.

We are concerned with average reward Markovian decision processes on the
arbitrary state and compact action spaces. In general, Markovian decision processes
are determined by four objects; S, A, ¢ and . S and A are non-empty Borel sets,
g is a regular conditional probability on S given SA, and 7 is a Baire function on
SAS. We interpret S as the set of states of some system, and A as the set of
actions available to us at each stage. The set of actions is assumed to be inde-
pendent of the state. When the system is in state s and we take action a, the
system moves to a new state s’ according to the conditional distribution ¢(-|s, a),
and we receive a reward 7(s, a, s’). The process is then repeated from the new
state s’ and so on. We then wish to maximize the expected average reward per
unit time.

The purpose of this paper is to make studies on the existence of an optimal
stationary policy, the policy improvement procedure under Doeblin condition and
the relation between the average reward problem and the discounted total reward
problem. The works of Howard [4], Derman [2] and Ross [6] were made on the
problems, but in their works at least one of the state space or the action space
was rather restrictive in contrast with the one in ours.

In Section 2, we shall give the basic notation and definitions to be used through-
out this paper. In Section 3, assuming our processes keep up a kind of complete
ergodicity resulted from Doeblin condition, we shall give sufficient conditions for
the existence of an optimal stationary policy and show that a policy improvement
procedure can be effectively used under some additional assumptions. In connection
with the existence of an optimal policy, a functional equation fundamental to our
average case will be exposed. In Section 4, we shall give the reduction of the
average reward problem to the discounted total problem, and the method of suc-
cessive approximations to solve the fundamental functional equation treated in
Section 3. The complete ergodicity is not assumed in the reduction of the average
problem to the discounted problem, but in successive approximations it is the con-
sequence of the assumptions just set up.
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2. Probabilistic definitions and the optimization problem.

First we give the probabilistic notation and definitions folloWing closely those
of [1]. A Borel set X is a Borel subset of a Polish space. Polish space is a com-
plete separable metric space. Unless otherwise noted, “ measurable ” means meas-
urable with respect to the o-field of a Borel subset of X, which is expressed by
$B(X). A probability is a probability measure on the measurable space (X, B(X)),
and the set of all probabilities on (X, #(X)) is denoted by P(X). If X and Y are
non-empty Borel sets, a conditional probability on Y given X is a function ¢(-]-)
such that for each x= X, ¢(-|x) is a probability on (Y, 8(Y)) and for each Borel
subset B in B(Y), q(B|-) is a Baire function on X. Q(Y|X) denotes the class of
all conditional probabilities ¢(-|-) defined as above. B(X|Y) will denote the set of
all measurable function from X to Y. It will be shown that B(X|Y)C Q(Y|X).
We denote the Cartesian product of X and Y by XY. Furthermore, the Cartesian
product space of X, X,,--- will be denoted by X,X,, .-, where each X, is a Borel set.
In this paper, the set of all bounded Baire functions on X is denoted by M(X).
Cy(X) denotes the set of all bounded upper semi-continuous function of X. Obviously
C(X)cM(X). If u,ve M(X), u=Zv means u(x)=v(x) for all x= X, and |u|=
sup fu(x)].

For any u < M(XY) and any ¢<= Q(Y|X), qu denotes the element of M(X) whose
value at x= X is given by

qu(x)= [ u(x,»)dg(y|2).

For any pe P(X), qeQ(Y]X), pg is the probability on XY such that for all
ue M(XY), pg(u)=p(qu). Any probability m on XY has a factorization m=pgq;
pe P(X) is unique and is just the marginal distribution of the first coordinate
variable with respect to m, and g<= Q(Y|X) is not unique and is a version of the
conditional distribution of the second coordinate variable given the first.

The above notation may be extended in an obvious way to a finite or countable
sequence of non-empty Borel sets X;, X,, ---. If ¢, € Q(X,4,| X, X, - X)) for n=>1 and
p e P(X,), pq:9, - ¢, is a probability on X, X, -+ X,1,, pg.q, -~ is a probability on the
infinite product space X,X, -, ¢.,q; Q(X,X,|X,X,), for any ue M(X, X, X,.)),
n=1and any m, 1<m=n, q, - quc M(X, - X,), etc.

To avoid further complicating the notation, we shall use the following con-
vention; for any function u on Y, we shall use the same symbol u to denote the
function v on XY such that v(x, y)=u(y) for all y=Y. Thus, for example, if
geQ(Y|X) and ue M(Y), then gque M(X), and ¢= Q(Y|X) will also denote the
element ¢/ € Q(Y|ZX) such that ¢'(-|z, -)=¢(-|-) for all z€ Z, etc.

A pe P(X) is degenerate if for some x= X, p{x} =1, and will sometimes be
denoted by d(x). A ¢ Q(Y|X) is degenerate if ¢(-|x) is degenerate for each x= X,
The degenerate g are exactly those which there is a measurable function f from
X to Y such that ¢(-|x)=60(f(x)) for each x= X. That is to say the degenerate ¢
is an element of B#(X|Y). Any such fe 8(X|Y) will also denote its associated
degenerate ¢, so that, for any u e M(XY), qu(x)=u(x, f(x)) for any x= X.
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Next we shall formulate our optimization problem in Markovian decision
processes. Our optimization problem is defined by four tuple (S, A4, ¢, 7), where S,
the set of states of some system, is any non-empty Borel set, A, the set of actions
available to us, is also any non-empty Borel set, ¢= Q(S|SA) is the law of the
motion of the system—when the system is in s and action a is chosen, the system
moves to next state s’ according to the conditional distribution ¢(-|s, a); and
< M(SAS) is a reward function—when the system is in state s, choose action a
and s’ is a new state, we will receive a reward r(s, q, s’). We wish to maximize
the expected average reward per unit time, when the process starts on state s.

A policy = is a sequence {x,, 7w,, -}, where each =, Q(A|H,) and H,=SA---S
(2n—1 factors) is the set of possible histories of the system when the zn-th act must
be chosen. The set of all policies is denoted by II. A policy = is (non-randomized)
Markov if each 7, is a degenerate element of Q(A|S), i.e. == {f,f, -}, Where
Jf:€ B(S| A), and is (non-randomized) stationary if there is a f< B(S|A) such that
m,—=f for all n. The stationary policy defined by f is denoted by f“’. The set of
all stationary policies is denoted by II,. It is noted that I, II.

Any policy, together with law of the motion g of the system, defines for each
initial state s a conditional probability distribution on the set X= ASAS:-- of the
future of the system, i e. it defines an element of Q(X|S), namely e.=mgm,q--.
Denote the coordinate functions on SX by s, ay, S, d,, -+, S0 our reward on the n-th
day, as a function of the history of the system, is 7(S,, a,, S,+;), and total reward

by the n-th day also, as a function of the history, is X 7(S, @k, Sk+1). The limiting
k=1

average expected reward J(z) from the policy =, as a function of the initial state
$4, 1S then

J(@)(s)= lim %ez[ér(sk, Qs Sin) |

It should be noted that the ambiguous notations are used.

Forany ve M(S) and 0< S<1, we denote by I8(x, v) the expected B-discounted
total reward if we terminate after the n-th stage and receive a terminal reward
v(s,+;) at the terminal state. Thus,

I8, v)(s,) = ez[kgl BT (i, iy Sua)F B 0(5000) ] -
Let I8(z)=1I8(x, 0) for 0<B8<1 and I,(z)=IXx). Then, it is clear that

J@(s) = lim I (x)(s)

N—00

and that for all r= I
(@<l .

Furthermore, let [°(z) = lim /8(x) for 0=< 5< 1. Note that this limit always exists.

pr—y
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3. Existence of the stationary policy and the policy improvement procedure.

In this section we are concerned with the sufficient conditions for the existence
of an optimal stationary policy in the average reward Markovian decision processes.
on general state and action spaces. It will be shown that Howard’s policy improve-
ment can be generalized to the case of the general state and action spaces under
some weak conditions introduced by Maitra [5].

Let {g,; n=1} be a sequence in P(S) and g =P(S). If p(E) converges to u(E)
uniformly in E< #(S) as n— oo, then we shall say that U, converges to f( Or f,=~>
in symbol.

LEMMA 1. If p,=p, then Lg(s)dy"(s) converges to Lg(s)dy(s) as n-—»oo for
every g M(S).

PROOF. The proof of this lemma is derived by extending from indicator
functions.

Let py(s'|s)=q(s'|s, f(s)) for any f< B(S|A), where ¢(s’'|s, a) is a given Markov
transition law of the system. For any fe @(S|A) n-step transition probabilities.
PP =pP(s, E) are easily calculated in the following:

9 = s, E) for seE (E= 3(S))
7 =Dr S, =

0 otherwise,

PP =pP(s, E)=p,(s, E),
PUD = plati(s, E) = fsp}”>(s’, ENp¥(s, ds’).

These are also stochastic transition laws.
The following Corollary is an immediate consequence of Lemma 1.

COROLLARY. If for any fixed fe ®(S|A), %E}lp}‘?(s, Yo x(s, ) for each s S
=0

and if m is Markov transition law, then 7711—:%11817}4)(5, ds")g(s’) converges fsx(s, ds’)g(s’)
Jor each s S and any g M(S).

Now we shall set up some hypotheses, called Doeblin condition, for any given
Markov transition law p(s, E) over general state space S. We shall say that the
Markov transition law p(s, E) satisfies Hypothesis (D) (or Doeblin condition) if there
is a finite-valued measure ¢ of sets A= B(S) with ©(S)>0, an integer v=1, and a
positive ¢ such that

(s, A)<1—¢ if o(A)=<e.

Hypothesis (D) will be strengthened to the following Hypothesis (D). We shall say
that the Markov transition law p(s, E) satisfies Hypothesis (D’) if there is a measure
¢ on B(S) sets, with 0 < ¢(S)< oo, an integer v =1, a positive 6 >0, and a B(S) set
C for which

o(C)>0,

p0(s,s)=zd6, seS, seC.

Here pg”(s, -) is the density of the absolutely continuous components of (s, )
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with respect to ¢.

We shall use the following lemma, due to Doob [3], in the policy improvement
procedures.

LEMMA 2. (Doob [3]) If the Markov transition law p(s, E) satisfies Hypothesis
(D7), then there is a stationary absolute probability distribution p(-) < P(S), with p(C,)
= 0¢(C,) when C,CC, for which

1p™(s, A—p(A=[1—dp(C)]" ", n=12, -

In the following we shall use Assumption (I): a Markov transition law resulted
by any stationary policy satisfies Hypothesis (D’). That is, we shall say Assumption
() is satisfied if for any f < B(S|A) there exist, depending on f, a measure ¢, of
B(S) sets, with 0< ¢, (S)< oo, an integer vy=v(f)=1, a 6=04(f)>0, and a B(S) set
C=C(f) such that

o(C)>0 and pif(s,s)=9d, seS, sseC,

where p§(s, ) is the density of the absolutely continuous components of p/'(s, -)
with respect to ¢,. Throughout the paper, the following three assumptions given
in [5] will remain operative: (1) 4 is a compact metric space, (2)  is a bounded
upper semi-continuous function on SA and (3) ¢ = Q(S|SA) is weak continuous, that
is, (s,, a,)—(s, a) implies that q(-|s,, a,) converges weakly to ¢(-ls, a).

LEMMA 3. Under Assumplion (1), for any f= B(S|A)

TGN = [ pAds (s, 7).

Hence average reward from the stationary policy < is independent of the initial state s.

PROOF. For any f=®B(S|A), x={F, f, -} =/ =1l resulting stationary Markov
transition law is p.(s, E)=q(Els, f(s)), and resulting reward is 7.(s)=7(s, f(s)).
Hence, by definition

FFX9=lim =S { 67, dheds).

But Assumption (I) establishes the existence of a stationary absolute probability
distribution p,(-) on S independent of initial state. Furthermore, Lemma 2 yields
that :
PP (s, E)—pi(E) (uniformly in s and E).
Hence, similarly,

%E‘}p}”\‘(s, E)—p{(E) (uniformly in s and E).
v=0

By Lemma 1 —711—712]1 Lp}”)(s, ds")rs(s’) converges to jsj)f(ds’)rf(s’) for each s S. We
conclude that
JFNs) = [ pilds (s

This completes the proof.
In other words, Assumption (I) implies that the setting up the criteria in terms
of a probability p on S, e.g. p-optimal, p(-)-average optimal or (p, ¢)-optimal criteria,
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is of no use. We remark that even if in Lemma 3 7(s, @) € C,(SA) is extended to
r(s, a) = M(SA), the same result remains valid.

Now we shall use the following lemmas and Selector Theorem, due to Maitra [5].

LEMMA 4 (Maitra [5]). Let u be a bounded upper semi-conitnuous on SA. Define
u*: S—R by u*(s):maf u(s, a). Then u* is upper semi-continuous on S.

LEMMA 5 (Maitra [5]). Let u be a bounded upper semi-continuous function on
SA. Define U:S—24 by U(s)={as A; u(s, a):rr}gi( u(s, a’)}, where 24 is the set of

all non-empty closed subset in A. Then U is a Borel map.

SELECTOR THEOREM (Maitra [5]). Let u be a bounded upper semi-continuous
Junction on SA. Then there exists a Borel measurable map f from S into A such that
u(s, f(s)= max u(s, a) for all s S,

LEMMA 6 (Maitra [5]). Let w:S— R be a bounded upper semi-continuous func-
tion. Then g: SA— R defined by g(s, a):fu'(-)dq(- |s, a) is upper semi-continuous on
SA.

We can now state and prove our theorem with the aid of above lemmas and
Selector Theorem.

THEOREM 1. If there exists a {g, v(-)} such that v(-)< C(S), satisfying a func-
tional equation

g+u(s)= max {r(s, a)—ﬁ—js q(ds’|s, a)v(s/)} se S, €]

then there exists an f* = B(S| A) such that for s€ S and every we I
g=J(/*=)s)= J(m)(s).

Here, ¥ is the stationary policy which for each state s< S prescribes the action that
maximize the right hand side of (1).

PROOF. The proof of this theorem is similar to that of Derman [2], except for
the use of above lemmas and Selector Theorem. Let a* (s S) be the action which
maximize the right hand side of (1). By Lemma 5 and Lemma 6, U(s)= {a*} is a
Borel map from S to 24. Selector Theorem enables us to choose a Borel measurable
Jf*e B(S|A) from S to A such that

J*(s)e U(s) for every s& S.
“This reduces (1) to

gHuS) =1 ()4 prls, dsus),  ses, (2)
where

rr(8)=1(s, fX(s)) and ps(s, E)=q(Els, *(s).

On integrating (2) by p%¥, v-step transition probability, which is calculated from
psds, E), we have

g+ f Py dsws)= [ pts,, dsirpdo)f ppo(s, dsuts) 3)

An interchange of the order of the integrations in (3) is justified by Fubini’s lemma.
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By taking average over v=20,1,---, T—1 in (3)
_ 1 W) Ll ) ’ ’
=43 [ o0, dsrpts) - [ws)=f pF s, dson(s],

and canceling in the limit, we have

.17 )
g=lim - 5 [ ppsi, ds)r(s) 4y
= J(/*)(s0)
Thus, g is the expected average reward per unit time from the stationary policy

f*(«w).

Now we must show that f*“ is optimal over II. We shall successively define
gn(s); ?’l:O, 1, 2; o bY

g(s)=maxr(s,a) se&8S, (5)
a=zA

gani()=max {r(s, )+ a(ds'|s, (s}  s€S.

Thus g,(+) is well defined because of compact action space and it is clear that
2()=C(S) by Lemma 4. Lemma 4 together with Lemma 6, implies that g,(-),
n=1,2, -+ are well defined and that g,(-)€ C,(S) for each n. By definition, g.(s)
expresses the total expected reward obtained over the periods 0,1, -, 7 operating
optimally. We shall show that there exists a finite M such that for n=0, 1,2,

ng+u(s)—M =< g (s) = ngtuv(s)+M, seS. 6)
For n=0, (6) holds since v(-) and 7(-, -) are bounded functions. Assume (6) holds
for n < N. Then, by (5), (6) and (1), we get
gro(9)=max {r(s, )+ [ a(ds'|s, (s}

< max {r(s. )+ f La(ds’|s, ) Ng+ v(s")+ M1}

= Ng-+ M-+max {r(s, a)—l—j‘ q(s’[s, a)v(s’)}
a4 S

= Ng+ M+ g-+v(s)
=(N+Dg+v(s)+M,

the right hand inequality of (6) for N+1. The left follows in the same way.

From the definition it follows that for any =< I, I(z)(s) is the total expected
reward over the periods 0,1, --,7n from =, started from state s. Since g£,(s) is the
results from optimal policy for those periods, we have

In(ﬂ)(s)ggn(s)y 7’l:1, 2; .
Hence,
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Ln(7)(s) - 8als) n=1 2 -
" v 2y

= 71 ’
Then (6) yields that

tim inf SO < iy &5

n—oo n—00

=g, seS.
This states that
J@X)=g=J(/*)s), s&8§,

which completes the proof.
COROLLARY. Under the same conditions as in Theorem 1, it holds that

lg{s)—ngl<2M  for n=1,2, .

Next we shall consider a generalization of the policy improvement routine
originally achieved by Howard [4]. Here, we set up the Assumption (II): for any

J€ B(S|A), there exists a {g, v(s)} such that 1(-)e C,(S), satisfying the functional
equation

g+v(s)=r(s, f(S))-i—fSl](dS’ Is, f(sHv(s”), s S Y

We now define our improvement procedure under Assumptions (I) and (II). For
any given fe& B(S|A) we construct f/ € B(S| A) as follows: set f/(s)=f(s) for each
state s< S such that

(s, F(s)+ [ ads'|s, F(o)u(s) = max {r(s, )+ gds'ls, p(sn}, ®
and put f(s)=a’ for the state s not satisfying (8), by using an action a’ such that
r(s, @)+ [ alds' s, () > r(s, £(s)+ [ _q(ds'Is, FHu(s). (9)
That is,
F(s) on {s; u(s, f(S))zrnaf u(s, a)}
f1(s)= =8()e ()
a’ on S(r),
where

u(s, a)=r(s, a)—}—js g(ds’|s, a)v(s’) e C,(SA).

We remark that for example, Selector Theorem enables us to choose f/ as Borel
measurable, since there exists a measurable f/ such that

u(s, f/(s)) = max u(s, a) on S¢e ().

The following theorem shows that the policy can be properly improved in the
case of general state.

THEOREM 2. Assume that Assumptions (I) and (II) hold. If §=S, then f is
optimal over II. If S+, then
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JTN)Z2J([)s) s S.
Furthermore if (,of,(gc(f)m C(f)>0, then
JEN)>J(f)s)  sES.
PrROOF. Let ¢(s'|s, f/(s))=p(s, ds’). Let ¢(s) be the difference between the left

hand side and right one in (9); that is,

[ r(s F)+] atds']s, F(s)s)

kmaic {r (s, a)+jsq(ds’ s, a)v(s’)} =0 on § ,
e(s>: a -
r(s, @)+ a(ds'| s, a (s (s, £5")

~f ads's, f@u(sH>0  on 5.

C

For any’s,; S and integer v we have, using Assumption (II), that
J s, d)els)= [ p5iCss, dsyr(s, £(s))

+f sy, dsu(s")

—g— [ pysi, dsyucs). (10)
On averaging over v=20,1,---,n—1"in (10) we get
[ o)+ o, dsy=—5 [ piss, dsyre(s)
N n =0 e - n ,=ovs o b I
e (f ptss, dsu(s)—0(s) g (11)

By Assumption (I), there exists the limit

lim = 5 p&(s,, ds) = p;(ds).
=0

e N5

Then on letting n— oo in (11) we have, because of boundedness of &(s),
[JECRCOENCAVIENETS

On the other hand, it follows that
j (Op(ds)= f gce(s)p (ds)= 0.

In particular ¢;(8°NC(/)>0 implies pr(S°NC(f)>0 by Lemma 2. Thus, if
@S NC(f) >0, then

[ eopa={,  «o)psds)>0,
Se sencasn
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namely
J7Ns0) > g = J(F)s0) s;ES.

This completes the proof of Theorem 2.

4. Reduction of average problem to discounted problem and the method of
successive approximations.

We shall treat the Markovian decision processes satisfying Assumption (III):
there are a state s, and @ >0 such that

gl{sg}!s,a)=a for all s€S, acs A.

For convenience we call the average reward Markovian decision process which has
been stated as above the original M. D. P., and we shall define a modified M. P.D.
with state space, action space and reward function not altered, but with transition
probability ¢’ altered.

In the modified M.D.P., ¢’ is to be given by

|
a(Bls, a) for s, & B
l—a
q'(Bls, a)= l
9Bis,a)—a o oo p
l—«a

for any B e 8(S).

Note that ¢’ is a Markov transition law.

We now consider the modified M.D.P. with j-discounted total expected reward
over the infinite future and study its connection to the original M.D.P. with
average criterion satisfying Assumption (III).

One of Maitra’s results, which we shall use, is stated in

LEMMA 7 (Maitra [5]). For any Markovian decision process (S, A, q,r) and
0= 8<1, there exists a stationary policy which is B-optimal over IlI, and the optimal
reward (= ig%[fg(n')(s)) 1S upper semi-continuous on S.

COROLLARY. For our modified M.D.P. (S, 4, ¢q',r) and 0= B<1, there exists a
B-optimal stationary policy over II,

It should be noted that the (s, a)-weak continuity of ¢(-|s, a) implies that of
q'(-]s, a), since

[ &(da (515, == [ e()da(s')s, =% -gls)  for g(-)= M(S).
S N [24

l—a

Hence we may assume that for the modified M.D.P. (S, 4, ¢/,7) A is compact, 7 is
bounded upper semi-continuous, and ¢’ € Q(S|SA) is weak continuous.

Let 73 be the B-optimal policy with respect to the modified M.D.P., and let
I'K(zp)(s) be the B-discounted total expected reward with respect to the modified
M.D.P., when the process starts in state s and policy =z is used. Note that any
policy for the original M.D.P. can also be considered as a policy for the modified
one and vice versa. The fundamental theorem on the reduction is the following:
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THEOREM 3. Under Assumption (III), there exists an optimal stationary policy for
the original M.D. P., and the optimal average reward per unit time is al’*“(m{_)(S,).
Furthermore, the optimal stationary policy is the one which takes the actions which
maximize the vight hand Side of

al"~(zlo)(s0) +/(s)= max [ r(s, )+ | F(s)da(s's, )], (an
where
()= I (o)) =1 (l-a)(50) (12)

PrOOF. Blackwell [1] has shown that since z{_, is (1—a)-optimal with respect
to the modified M.D.P. (S, 4, ¢/, 7), I'""%(xn]_.)s) satisfies the optimal equation,
namely,

1"z = max [ (s, )+ (A=) | (=l )()dg(s']s, ], seS.
By (12) we have
JOHI(@a)(s) = (L=a) "~ (mi_0)(so)

+max [r(s, a)+(1—a)f 7(s)dq'(s']s, a)]
a4 S .
This yields that

al"= (i o)+ (s) =max [ r(s, @)+ [ F(s)dg(s'[s, @)]. (13)

Thus, {al""“(z1_2)(s,), ()} (f'(+)= C\(S)) satisfies the optimal equation with respect
to the average case, that is, condition of Theorem 1 is satisfied. It follows that
there exists an optimal stationary policy f*“’ < /], with respect to the original
M.D.P. ie.
al"(m_ o)) = J(f*Ns)= J(=)(s) seS, nell,

and that /*“> is the stationary one which takes the actions that maximize the right
hand side of (11). This completes the proof of the Theorem 3.

We now show that the solution {g, v(-)} of the functional equation (1) can be
solved by the method of successive approximations under Assumption (III): there

exist an integer v=0, a quantity 0<a =1, and a state s,=S such that for all
a,, 4y, - ,0,,, A and s S

g ({so} 55 ay, ay, -+, ay)Z a

holds. This is a generalization of White’s method. It should be noted that Assump-
tion (III) implies Assumption (III).
THEOREM 4. Under Assumption (IIIY, the sequence {gn, va(+), n =1} defined by

Va(s)= max {r(s, a)—i—L q(ds’]s, a)vn_l(s’)} , ses§,

&n=Vn(s0), (14)y
'Un(S) - Vn(s)_gn ’

converges uniformly to the solution {g, v(-)} of the functional equation (1)
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g+v(s)= m?f {r(s, a)+‘fsq(ds’ s, a)v(s’)} se S, 1)
where

vo(s)=max r(s, a) .
ac4

PROOF. By Lemma 4 and Lemma 6, it follows that V,(-), v,(-) are well-defined
and that V,.(.), v,(-)€ C(S). We need only prove the uniformity of convergence,
since this implies that the limiting form is a solution of (1). For any sequence of
upper semi-continuous functions {V,(s)} define

VoY) =inf LVa(5)= Vri(5)]

4(V)=sup [V()=Vas(s)],
and similarly,
Vn(v) = 12; [v,,(s)—vn_l(s)]

4:(v) = sup [va(8)=va-1(s)] -
When n=v+3, it can be easily shown that

V()= Vaes($) Z inf [ a(ds' |5, a){vn-s()=n-o(s")]

=inf { { 4(ds'|s, LV is(s)= VoM~ (Vars(s0)— Vaslso))}

Hence,
Vn(s)_ Vn—l(s)+ {Vn-l(so)— Vn—z(so)}
= int { [ a(ds’Is, [ int [ o(ds”|s', @) ]LVa-s(s”)= Vari(s")]
—{Vao(8)= Vaos(sol} }»
namely,

V()= Vaoi($)1H AVaci(80)— Vaca(s)} + {Vaa(So)— Vao(So)}

= inf { [ g(@s'ls, @) int [ g(ds”|s', @) JEVaes(s) = Vaes(s)]}

=inf [ ¢2(ds"|s; @, ) Vaols)— Vaoo(s)] -
a,a’ VS
Repeating this interation procedure (v—1) times, we have

V()= Va8 + S AVacsls0)— Vasoslsi))

= inf [ g Is; @y @y, Ve )= Vo), e

ay, a2,

Va(8)—=Vaos(8)+H{Vaoi(50)— Vauoi(So)}

= S I L O EI T TR TN ) BN )
a1,02, - 0p31Y S
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Now by hypothesis

Vpoyo1(Se) = Vp-y-o(S0)= 0

and
q{so} s ay, @y, -+, ) Z @,
then we have
VoV {Vaca(80) = Vacwaa(so)} Z(L—a)l o s(0) (15)
Similarly,
Ay (V)H AV es(80)= Vo a5} = (A—a)dpoi(v) . (16)
{15) and (16) imply that
4 (V)=V (V)= (L=a)(dpors(0)—F onea(v)) . an
By the way,
Va)=V (V)= (82—&n-1)
and
4,()= 4V )—(8n—Ln-1)
yield

4,)—V ,(v)= 4, (V)=F (V). (18)
From (17), (18)
An(v)_Vn(v)é(l_a){An—v—l(v);anvfl(v» .
Let D,(v)=d,(v)—V (). Then we have for some finite C, and for n= Ny+1+r
V=r=y),
D,(n)=(1-a)¥D,(v) =(1—a)"C.

Since v,(8,)—Vn-1(Sy) =0, it follows that

Vi) =0=4,(v).
If
Un( Vv): %ug i Vn(s)— Vn—l(s) l
and '
U(v) = sup [ ()00 ()],
‘then

Un(v) = Dn(v> = (1_a>VC .

‘Hence {v,(s), n =1} converges uniformly to the function v(s).

On the other hand, U, (V)< U,_,(v) implies the uniform convergence of {V,(s)}
‘to the function V(s), so does the sequence {v,(s,)} = {g,}. The interchange of the
order of maximum and limit can be justified by the inequalities

|max f,(s, d)—max f (s, )| = sup | fo(s, )—f(s, a)]

:and
“fnffH ,S, an—l_vH y

‘where



68

and

Seiichi IwaMoTO

Fols y=r(s, a)+[ als'ls, apass(s) € C(SA)

Fls, y=r(s, 0+ als']s, a)u(s) € C(SA).
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