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1. Introduction.

Consider a sequence X, X;, X,--- of independent identically distributed m-

dimensional random vectors having a probability density function, f(x). Van Ryzin
(1969) has shown that under appropriate conditions, estimates of the form

W D=0 B Kilx, X,

where
Ki(x, X;)= himK(h3'(x— X)),

are strongly consistent. That is, if x is contained in the continuity set C(f), then
fa(x)— f(x) with probability one. Here K(u)= K(uy, u,, ---, u,) is a real valued, Borel
measurable function on R™, where R™ is the m-fold convolution of the real line,
such that

2 K(u) is a density on R™
3 sup | K(u)| < o0
u=RM
4) ful K(u)—0 as HuHZZE Uj— 00
and {h,} is a sequence of numbers such that
5) h,>0, n=1,2,--; limh,=0, and limnh,= 0.

Yamato, (1970) considers a modified estimator of the form

N n

(6) Fx)= n‘ljzl himK(h;™(x— X))

and shows the weak consistency of this estimator. (That is lim Elfn(x)—f(x)lzzO

at all points x). It is our purpose to show, using Van Ryzin’s method that this
modified estimator is also strongly consistent. However, because of the special form
that this estimator takes, Van Ryzin’s conditions can be somewhat weakened.

1 This research was supported by a C.S. 1. R.O. postgraduate studentship. This research
forms part of the author’s doctoral dissertation.
* Department of Statistics, University of North Carolina.
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2. Strong Consistency.

Pointwise: In order to show strong consistency we will use the following lemma
which is proved in Van Ryzin (1969).

LEMMA 1. Let {Y,} and {Y)} be two sequences of random variables on a prob-
ability space (2, F, P). Let {F,} be a sequence of Borel fields, F,C F,.,CF, where
Y, and Y, are measurable with respect to F,. If

(i) 0L5Y, a.e.

(ii) EY,< oo

(i) E[Y,u|FIZY,+Y] a.e.

(iv) T E|YiI<o
then Y, converges a.e. to a finite limit.

THEOREM 1. If K(u) satisfies (2)—(4) and {h,} is a monotone decreasing sequence
of numbers satisfying (5) and if in addition

) S n thym < oo
n=1
(8) limn D hmhr=a, O<a<l
-0 j=1

then fn(x)—af(x) with probability one if x< C(f).

PROOF., Ef,,(x)—»f(x) as n— oo (Yamato (1970)). Thus, it is sufficient to show
fﬂ(x)—Efn(x)—AO with probability one as n— oo.

Let Y,= {fo(x)—Ef,(0)}* and F,=Borel field generated by X, X,, -+, X, and
note that lim E(Y,)=0 (Yamato (1970)). Since,
9 Fal®)=n""(n—1)fos(0)+ 0 hm K (x— X)) ,
it follows that

Faer@) = Efpas(0) = Fo()— Ef () — (n+ 1) { () — Ef ()}

+m+1D)"HhyT Khiti(x— X)) — Rl E(K(hii(x— Xoy )N} -
Thus,

E[Y | F =Y+ (n+ 1)Y= 2(n+ 1) Yo+ (n+1) k537 Var K(hih(x— X)) .
Let Y/=(n-+1)2Y,—2(n-+1)Y,+(n+1)"*h2p Var Kzl (x— X)).
In order to use Lemma 1 we must verify
(10) "§E|Y,:1<oo.
But,
SE+DE Y, = B a1 Var fu®).

Now, Yamato (1970), using a monotone sequence satisfying (5) and (8) has shown
{Theorem 3) that

(1n lim nh? Var fo(x) =af)f  K*5)dy .
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Thus n-! Var f,(x) = 0(n~%h;™) for large n. Hence, i(nJr 1)7! Var f,(x) < co using
condition (7). =

The fact that 2(n+ 1)72h;2e Var K(hl(x— X)) < oo is shown to follow from
«<condition (7) by Van Ryzm (1969).

Thus §1E1 Y/| <co and the result follows by using Lemma 1 and the fact that
the mean square limit and the almost sure limit coincide with probability one.

Uniform:

Let k(1) =Fk(t,, -+, tn)= je”'“K(u)du where t'u= % tiu; Alsolet @ ()=n" Zn et
and let ¢(f) = Ee''X, ~ ~

THEOREM 2. If K(u) satisfies conditions (2)—(4) and {h,} is a monotone decreasing

sequence of real numbers satisfying (5) and if both h,h;t—1 and nh7’™— o0 as n— oo,
and if

(10) X (nhpy < oo
© 1 1 1
A IR i I P P
and if also
12 j| k(1)| dt < oo

where |k(w)| is non-decreasing on u <0 and non-increasing on u =0, then if f(x) is
uniformly continuous on R™, sup Ifn(x)——f(x)l—>0 with probability one as n— oo,
x

PROOF. (All integrals are over R™, unless otherwise specified.) We first prove
sup |fu(0)Efu(x)|—0 a.s. as n—oco. Since both k(u) and K(u) are in L,, using the

inversion theorem for a Fourier transform

sup |u(0)— Efa(0)| = sup| @) fn =1 5 Lot g Th(h e du

nt 3 Lo %5 g(u)Jk(h )| du

k(hju)

= @m0 S L0 g3 | ol du

Using Schwartz’s inequality, this is less than

@2m){f lk(hﬂu) a3

= (2m)”

w3 Lt g [ k) du}

) B du}F{ f 7t 35 L 0= gl | ko) du)

Since flk(u)ldu<oo by assumption (12), we need only consider the term

k(h ;u)

Jramint Bre =g g ) [tk da

which we will denote by Y,. Taking expectations we get
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EY,=| h;{"E[n"ljé [t Xi— ()] ’ZEZJZ)) rik(h,,u)\du.

But,
E| e %— g(u)|* = E[e™ % — g(u)]Le-Ti— ] = 1— | $(u)|*

so that, we obtain

(13) EY, =y (1= 16019 |- 1) du

However, since |k(«)| is non-decreasing on u <0 and non-increasing on u =0, we
have

(14) Wik |E1 s

Thus, using inequality (14) in equation (13) we get
EY, = n‘lh;”ﬂ klh,uw)du| = n"h;z”‘j'i k(uw)du .

Condition (12) and the assumption nhA¥— oo ensure that EY, tends to zero as.
n—oo, We now prove Y, converges with probability one. Write,

3 rem =g 4 Lty du

Yoo =haty f(’l'i" 1)

— (-1 *hn } 3 Lo xi— g(uy] HAA) L piwxnis gy | | k(i) |t .
Jj=1 (hnu)
Let F, be defined as in Theorem 1. We now expand the first term in the integral;
using the fact that something of the form |z|?=2z% and that

E(e"n1—g(u)| F,) =0 and E(e-™Xnni—3w)| F,)=0.
Thus,

2

k(h u)

e T g)] it | | Rhneatd)] du

ELY,ul Fl=m+1D"%hn

+ R+ 172 (1= | ) ) (g i1e) du

But (1—|¢(w)|*) =<1 and [k(u)| =1 since we assume K(u) is a density function. Thus.,.

3 L g1t 1 h,0)] du

ETY,nlF,0=n""han

+nthinf | kw) du.
Adding and subtracting Y, we obtain

ELY sl FLS Yo i —hat)f| 3 et = ] 0 | h,0) du

+n-2h-2mf[k(u)4du.

Let,
(1) Va= (nhin) [ 1 kw) | du



Strong consistency of a sequential estimator of a probability density function 53

and

k(hu) |

(16) U= n-ti— ) f| 3 e xi— ] 0 [ it du

Note that V, is not a random variable. Hence EV,=1V,, and, using condition (10),

we have iE] V.= 1V, <oo. Thus, in order to use Lemma 1 we need to show
n=1 n=1

now that %E]Unl < oo, From (16) we have, taking expectations,
n=1

k(hu)
(khau)

(an ENU =ity [ 1)) 3| [ a0 du

Sn thm—hyT [h;’"jn Th(u)| du .

By using the fact that (1—i™)= (zm t)(1—1) and hyhzt,—1, Van Ryzin (1969)
j=1
‘shows

|2y —hy™ | ~mhg =  hat—ha']
Thus the upper bound in (17) is asymptotically equivalent to #Jh;@—hﬂx
f;k(u)idu. Hence, using condition (11), X E|U,| <. Thus conditions (iii) and (iv)
n=1

of Lemma 1 are satisfied, where Y,=U,+ V,.

The conditions of Lemma 1 are satisfied for Y, and so Y, tends to zero almost
everywhere. Thus,

sup [for(0)—Efuir(®)|—0  a.s. as n—oo,
Now,

sup | Efo(x)—f(x)| = S\ip{ {(n El K (u)f(x—u)—n g K (0)f(x)) du

élK;(u)hf(x—u)__f(x) | du

<sup jn"l
X

é&(@i!f(x—u)wf(x)1du

< -1
= sgp fnuugan
-Fsup j.]‘ o [fx—u)—Ff(x)|n? ﬁl K (uw)du
x fwil>a j=
<sup |'Shlpa [ f(x—u)—f(x)|+2 sup n~f(x) if K(u)du
x jull= x j=1

Il >8/nj
Since f(x) is uniformly continuous, the first term can be made arbitrarily small
by choosing ¢ sufficiently small. In the second term, notice that for this fixed o

f<x>j  Ku)du—0

Hullzé/

as n— oo at all points x. Hence the Cesaro sum approaches zero and the proof is
complete.
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