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   1. Introduction. 

   Consider a sequence X1, X2, X3 ••• of independent identically distributed m-

dimensional random vectors having a probability density function, f(x). Van Ryzin 

(1969) has shown that under appropriate conditions, estimates of the form 

(1)fn(x)=n-i E K,i(x, Xj),                                                      j=1 
where 
                        Kn(x, Xj)=1G171K(h1(x—Xj)), 

are strongly consistent. That is, if x is contained in the continuity set C(f), then 

fn(x) —> f (x) with probability one. Here K(u)= K(u1, u2, ••• , um) is a real valued, Borel 
measurable function on R1 , where RITh is the m-fold convolution of the real line, 

such that 

(2)K(u) is a density on Rm-

(3)sup I K(u)i < cc 
                                      Rm 

(4)117,111 K(u)— 0 as 'lull' = E 74— 00 
                                                                         i=1 

and {hn} is a sequence of numbers such that 

(5)hn> 0 , n= 1, 2, ; lim hn = 0 , and lim nhn= 09 . 
                                                                                    n-09 

   Yamato, (1970) considers a modified estimator of the form 

(6)f(x)= n-i E hi-niK(h.7m(x— X j)) 
                                                    j=1 

and shows the weak consistency of this estimator. (That is lim Elfn(x)—f(x)I2 = 0 

at all points x). It is our purpose to show, using Van Ryzin's method that this 
modified estimator is also strongly consistent. However, because of the special form 
that this estimator takes, Van Ryzin's conditions can be somewhat weakened.
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   2. Strong Consistency. 

   Pointwise : In order to show strong consistency we will use the following lemma 

which is proved in Van Ryzin (1969). 

   LEMMA 1. Let { Yn} and { YO be two sequences of random variables on a prob-
ability space (12, F, P) . Let {F0 be a sequence of Borel fields, FnCFn+1c F, where 
Y, and are measurable with respect to F n. If 

   (i) Yii a. e. 

   (ii) EYi< 00 

   (iii) Er Yn+i I F ni Yn+ Y7', a. e. 

   (iv) E1 )77fl < c'c) 
                n=1 

then Y, converges a. e. to a finite limit . 
   THEOREM 1. If K(u) satisfies (2)—(4) and {hn} is a monotone decreasing sequence 

of numbers satisfying (5) and if in addition 

(7) n'hiyn < 00 
                                                 n = 1 

(8)limn-lEhyrnhinn=a, 0<a<1 
                 n .7=1 

then fn(x)->f(x) with probability one if x E C(f). 
   PROOF. a f(x) as n—> 00 (Yamato (1970)). Thus, it is sufficient to show 

in(x)— Ef n(x)- 4) with probability one as n —*co. 
   Let Yn = fin(x)—Eic,i(x)} 2 and Fn= Borel field generated by X1, X2, ••• , X, and 

note that lim E(Yn)= 0 (Yamato (1970)). Since, 
               n 0 0 

(9)in(x)= n-1(n-1)fn-1(x)+n-VcinK(hT,1(x—X0), 
it follows that 

    AH-1(x)—Ein+1(x)=.f.(x)—an(x)—(n+1)-11:in(x)—Ein(x)} 

                  +(n+1)-1 K(h;L(x— Xn+1))—hJi E(K(h;1-1(x— X.+1)))} 
Thus, 

    ELY n+i I F7,1 Yn+ (n+ 1)- Yn — 2(n+ 1)-1 Yn+ (n+1)'haT Var K(h,-;11(x— X)). 

Let = (n+1)' Yn, — 2(n+ 1.)-1 Yn+ (n+ 1)-2hain Var K(h11(x— X)). 
   In order to use Lemma 1 we must verify 

(10)E El I < °° • 
                                                 n=1 

But, 

                E (n+ 1)-1E1 Yn1 = E (n+1)-' Varin(x). 
        n=1n=1 

   Now, Yamato (1970), using a monotone sequence satisfying (5) and (8) has shown 

(Theorem 3) that 

(11)urnnlennVar f n(x) = af(x)fK2(y)dyR0
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   Thus n--1 Var fn(x)=. 0(n-2 icm) for large n. Hence, (n+ Var f,i(x) < Co using 
                                                                                      n=1 

condition (7). 

   The fact that E (n+1)-2h,7;2,7i Var K(hCL(x— X)) < Do is shown to follow from 
                              n=1 

condition (7) by Van Ryzin (1969). 

   Thus E El /77 I < co and the result follows by using Lemma 1 and the fact that 
               n=1 

the mean square limit and the almost sure limit coincide with probability one. 

   Uniform : 

   Let k(t)=k(ti,••• ,tin)= Seit'lf(u)du where t'u= E t jui. Also letq5,i(t) =ewx.i 
            j=1j=1 

and let q5(t)= Eewx. 

   THEOREM 2. If K(u) satisfies conditions (2)—(4) and Ihnl is a monotone decreasing 

sequence of real numbers satisfying (5) and if both hnhVE1--- 1 and nhVni co as co, 

and if 

<10)E (nh7,1,1)' < 
                                                 n=1 

(11)1I1                                                 <00                                  nhi,74-1I 177,+1 hi, 

and if also 

<12)f I k(t)I dt < co 
where I k(u)I is non-decreasing on u< 0 and non-increasing on u� 0, then if f(x) is 
uniformly continuous on RI", sup lf,i(x)—f(x)1-- 0 with probability one as co. 

    PROOF. (All integrals are over I?', unless otherwise specified.) We first prove 
sup I f7,(x)Efr,(x)1—, 0 a. s. as co. Since both k(u) and K(u) are in L1, using the 

inversion theorem for a Fourier transform 

         sup If.(x)—E/7,(x)1= sup (27)-1fn-1 i[eli".1-0(u)1k(hiu)e'du 
                                                                          = 1 

                       (27)-mfln-i [el"lxs-0(u)1k(h,u)Idu 
                                                            j=1 

                                        k(h u)                         = (27)-mfln-1 E Ce'"'.7-0(u)1 k(h„21)k(hnu)I du .         j=1 

    Using Schwartz's inequality, this is less than 

• 

         (27)---{f k(h„u)Idu}2{n-1Ce.7-0(2,)1k(h.u)k(hnu)I du} 
                   ,=1k(hnu) 

                                              k(h.n)        =(27)m{flh7-71ilk(u)Idu2„n1E rei'xj-95(u)]k(hriu)lk(hnu)Idul        = 1 

   Since $1 k(u)ldu < Co by assumption (12), we need only consider the term 

                 fhvnin-iDiu,x;cb(74-1k(hjit) 
                                      2

1 k(hnu)I du 
                    7 = 1 k(h,ju) , 

which we will denote by Yn. Taking expectations we get
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            EY,=Si/7:El n-1x —6()1 k(h ,u)I k(hnu) I du . 
                                    k(h nu) 

    But, 

           El eiu" x — yi(u) 1 2 = E Le' — 0(u)11e'x — 95(u)] = 1— 1 ch(u) 1 

 so that, we obtain 

(13)EY „ = (1— I C5(u)12) k(hju) I k(h nu)l du .                                   k(h 
nu) 

 However, since I k(u) I is non-decreasing on u < 0 and non-increasing on u 0, we 
have 

(14)k(h ,u)  <. < n                             k(h 
nu)—'' 

   Thus, using inequality (14) in equation (13) we get 

                  EY ,t 1 h 7T71 I k(h,u)du I = n-1 h 77,27n k(u)du . 

    Condition (12) and the assumption nh2n74-- co ensure that EY „ tends to zero as. 
n--.00. We now prove Yn converges with probability one. Write, 

                            k(hu)       Yn+i = hJnif(n+ 1)-ECei""x-7—95(u)]konj+ioI2k(h-MI du                                           3=1 

         = (n+ 1)-2h27715 Iet""xl— 0(u)] k(h.lu) eiu'xn+1— cb(u) 21 k(hn+iu) I du . 
              i=1k(h nu) 

Let Fn be defined as in Theorem 1. We now expand the first term in the integrah 

using the fact that something of the form I z12=z2 and that 

             E(e."' x n4-1 — cb(u) I Fn) = 0 and E(e-iu'in+1— gi(u) I Fn) = 0 . 

Thus, 

                                                                                                                                                                                                ' 

       EL Y.+1 I= (n+ 1)-2hVnifk(h ,u)kono2I k(h„,u) I du 
                 + hTg-ni(n+ 1)-$(1— I sb(u)1 2) 1 k(11 d-iu)l du . 

But (1— I 0(u)12) < 1 and I k(u) I � 1 since we assume K(u) is a density function. Thus,. 
                                                                                                    '2 

          Er Yn+11FniCei'xi—Cb(u)] k(hju) I k(hnu)I du 
                   j=1k(h nu) 

                         n- h-r-i_2,11' f I k(u) I du . 

Adding and subtracting Yn we obtain 

                                                           n 

      ELY „„I Fn]n-2(h-77,771— h;71)95(u)1k(h
u)u) 21k(h,u)I du 

            f 

                   + n-212-27ThI k(u) I du . 

Let, 

(15)V , = (nhV-11-1)-if I k(u) I du
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 and 

                                       u) (16) j_ n-2(hyn_h77,nl)f E Lenz' X jk(h .J 
                                   k(hu)I k(h

0)1 du . 

Note that V„ is not a random variable. Hence EV n= V n, and, using condition (10), 

we have E ElV,1= 1V7,1<00. Thus, in order to use Lemma 1 we need to show 
     n=1n=1 

now that E El U < o0. From (16) we have, taking expectations, 

(17)El II 7,1 = 2 I —h,-,71 - 0(012) E                                     k(h ,u) I k(h 0)1 du                                    (kilo) 

                 < n-2111,7,74 — n I k(u)I du . 

   By using the fact that (1 — V') = (E t1- 9(1— t) and hnh,Vri---- 1, Van Ryzin (1969) 
                                                             d=i 

shows                        

I 117-gni— hTim I mhri I h I . 

Thus the upper bound in (17) is asymptotically equivalent to 1h7V,1—h77,11 x                                                                   nhr-1  

I k(u)I du. Hence, using condition (11), E El U 7,1 < . Thus conditions (iii) and (iv) 
                                                                 n=1 

of Lemma 1 are satisfied, where Y„' = U.+ V. 

    The conditions of Lemma 1 are satisfied for Y, and so Y., tends to zero almost 

everywhere. Thus, 

                sup If „,(x)— „,(x)1 0 a. s. as n 00 . 

Now, 

    sup I E. 72(x)— f(x)l= sup (n 2 E K,(u)f(x— u)—K ,(u)f(x)) du 
           j=ij=i 

                 < sup fn-1 E K>(u) I f(x—u)--f(x)  du 
              xj=1 

                    sup .1liu,i,on-1,(u) I f(x—u)— f(x)I du                     x

+sup 1 f(x u)— f(x)In-i E K,(u)du 
         xu'ij=1 

                  sup sup /1)—./(x)1+ 2 sup 71-1f(x) E K(u)du 
          xIIuIIj=1>a/h) 

   Since f(x) is uniformly continuous, the first term can be made arbitrarily small 

by choosing 5 sufficiently small. In the second term, notice that for this fixed 5 

                        f(x)K(u)du--> 0 

as n --> 00 at all points x. Hence the CesAro sum approaches zero and the proof is 
complete.
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