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   § 1. Introduction and Summary. 

   In recent years considerable interests have been given to the pattern classi-

fication problem. This problem includes three main aspects, the engineering aspect, 

the artificial intelligence aspect and the analytical aspect (c. f. [4]). The analytical 

one is concerned with the mathematical techniques of decision, estimation and 
optimization under the uncertainty of information. In this paper, our interest will 

be concentrated on the analytical aspect, especially on the estimation of a dis-

criminant function which is optimum in the sense of the Bayes rule, minize the 

probability of misclassification, but which is unknown to us. We shall call such the 
discriminant function an  "  optimal discriminant function " (o. d. 1.). In previous 

works (e. g. [4], [7], [8], [9] and [11]), under the given situation of a "training 
sequence " of observed patterns corectly classified by an external indicator, authors 

tried to obtain algorithms for finding the o. d. f. on the basis of the training sequence. 

In general, this approach has been called " learning with a teacher" in the pattern 

classification problem. And the method of approach which we shall appeal to in 

this paper is this case. The problem which will be treated in this paper is to 

classify the observed patterns into two categories, and the procedure which will be 

used is an application of the " stochastic approximation method " introduced by H. 

Robbins and S. Monro. Our object is to construct, on the basis of the given train-

ing sequence, estimates of the o. d. f. which are asymptotically optimal in the sense 

that the probabilities of misclassification from the estimates converge (with prob-

ability one or in the mean) to the probability of misclassification from the o. d. f. if 

it is known to us. 

   This paper consists of five sections. In Section 2, we shall give definitions of 

the optimal discriminant function and of asymptotically optimal estimates to the 
o. d. f., and we shall prepare several lemmas to be used throughout subsequent 

sections. In Section 3, we shall treat the case when the o. d. f. is assumed to belong 

in the L2 space, and give an algorithm for constructing the asymptotically optimal 

estimates. J. V. Ryzin [7] treated this case, but his algorithm was not recursive 

and his convergence of the asymptotically optimal estimates was the one in the 
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mean, whereas in ours the algorithm is recursive and the convergence is the one 

with probability one as well as in the mean. In Section 4, we shall consider the 

case when the o. d. f. is assumed to satisfy a uniform Lipschitz condition. Such the 
case was discussed by T. J. Wagner and C. T. Wolverton [11]. Their algorithm was 

of the form ; Dii,(x)= Dn(x)+1/(n+ 1) • 59(en+iN                                       ) K,(x, e÷1)—Dn(x)1, where Dn(x) 

denotes the n-th estimate of the o. d. f.. The coefficient 1/(n+1) in their algorithm 

will be replaced by the more general one in our algorithm. Our convergence will 

be assured by the conditions weaker than theirs. In Section 4 we also consider the 

case when the o. d. f. is assumed to be uniformly continuous.

   § 2. The formulation of the problem and Preliminaries. 

   We consider the two-categories classification problem. Let X and e denote a 

pattern space and the set of categories, respectively. In this paper, we assume that 
X is a proper subset of the N-dimensional Euclidian space RN or equal to RN, and 

  consists of two categories A and B, i. e. O = {A, B} . 

   Let (qA, qB) denote a given priori distribution on e, where qA, qB >0 and qA+qB=1, 

and let fA(x)(fB(x)) denote the probability density function of the observed random 

vector X if X is drawn from the class A(B). 
   Let assume tentatively qA, qB, fA(•) and fB(•) are all known to us. Let consider 

the discriminant function ; 

                   IgAfA(x)—gBfB(x)} f(x) if f(x) > 0 , (2
.1)D°(x)-= 

           0if f(x) = 0 , 

where f(x) = qA-fA(x)+qB•fB(x). And let consider the following decision rule based 

on (2.1) ; decide X to be from the class A if D°(x) _� 0 for the outcome x of X, and 

decide X from the class B if D°(x) < 0 for the outcome x of X. It is well known 

that this decision rule minimizes the probability of misclassification, and this rule 

has been called the Bayes decision rule. 

   Let us put 

(2.2)D(x)— gA f A(X)- (1B •fB(x) • 

Then it is clear that the Bayes decision rule stated above is equivalent to the 

following rule ; decide X to be from A if D(x)� 0, and decide X from B if D(x)<0 

where x is the outcome of X. In this paper we shall call (2.2) the optimal dis-

criminant function (hereafter, abbreviated as o. d. f.). 

   In this paper we shall treat the case when qA, qB, f AN and f B(•) are all unknown 

to us, consequently the o. d. f. is unknown. In this situation we are supposed to 

have a training sequence {(xn, 60)},7=1 with the observed pattern xn E X and the 

category On E e from which xn is actually drawn. It is assumed that which category 

each observed pattern has been drawn from is correctly indicated by a teacher. 

   We assume {(xn, On)},7=1 is independently and identically distributed, each xn has 

a probability density function fA(x)(fB(x)) if On = A (WI= B), and each On is dis-

tributed as q = Pr {On = Al and qB= P,. {On = B} where qA, qB > 0. Throughout this
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paper these assumptions remain valid. 
   Let  Dm(x) be an estimate of the o. d. f. D(x) based on the training sequence 

{(xk , 0)}T, Let Pg(e) be the probability of misclassification using a discriminant 
function g(.). Here, to classify by using g(.) means that we make use of the 

decision rule : decide x comes from A if g(x)� 0, and x from B if g(x) < 0. 

   DEFINITION 1. Let {D,(x)}Z, be a sequence of estimates of the o. d. f. D(x). 

Then, ID,(x)1;7,=1 is said to be asymptotically optimal of type I (hereafter, abbreviated 

as AO(I)), if 

(2.3)I P Dn(e)— PD(e)I 0 with pr. 1 as n 00 , 

and {D„(x)}7,_1 is said to be asymptotically optimal of type II (hereafter, abbreviated 

as AO(II)), if 

(2.4)E I PD,i(e)— P D(e) ---> 0 as n co . 

   DEFINITION 2. Let {D.(x)}r2=-1 be a sequence of estimates of the o. d. f. D(x), and 

faril;=, be a sequence of positive numbers such that lim an = 0. Then, {Dn(x)};,°=1 is 

said to be asymptotically optimal of order lan17,-1 (hereafter, abbreviated as 

AO( la7,1)), if 

(2.5)El PD,(e)— PD(e) I C-an for all n , 

where C is a positive constant. 
   REMARK. By the definition of the o. d. f. it holds that Pg(e)—PD(e) 0 for every 

discriminant function g(.). 

   The following lemma can be obtained by a slight modification of Theorem 3 in 

[n]. 
   LEMMA 2.1. Let {D,z(x)}7,=1 be a sequence of estimates of the o. d. f. D(x). 

   (1) If ,*(Dn(x)—D(x))2clx-0 with pr. 1 (in the mean) as n—> 00, then {Dn(x)},",, 

is AO(I) (AO(II)). 

   (2) Let lanl;',=, be a positive sequence such that lim an = 0. And suppose that 

D(.) has a bounded support, and there exists a constant C> 0 such that ELf ,(1),(x)— 

                                                                            x 

   cld D(x))2�C-cvn for all n. Then, {D,(x)}7,is AO({ab). 
   Next, we shall give two lemmas to be needed for the convergence of estimations 

of the o. d. f.. 

   LEMMA 2.2. (Braverman and Rozonoer [1]). Let lYn17,-1 be a stochastic process 

on RN, and let ItInl;',=1, IV.1;,%1 and IC.1;.°,-, be three sequences of non-negative real-

valued measurable functions, where Un, V. and C7, are defined on RnM for each n. Let 

us write Uri =vnvn(yi,                                        y) and Cn =n(y1,•••,Yn).Let 11.17,=1and 

{,u.}.°.-1 be two sequences of real numbers, let no be an integer, and suppose the following 
conditions be satisfied ; 

  (1) EIL/n°1 < 09 and EE vnoi < 00, 

   (2) E[/n+1y% yni (i+poun_rn vn+cn for all n �no, 

   (3) 0 (n = 1, 2, ...), E rn = 00 and lirn In = 0, 
                                          n=1
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   (4)  E  I  P.  I < co and E EECn1 < ()°, 
   n=1n=1 

   (5) if there exists a subsequence of {n};7-1 such that lim Vnk= 0 with pr. 1, 

then lim (Pk = 0 with pr. 1. 
         k-oo 

Then, it holds that 

                         lim Un = 0 with pr. 1 . 
                                                      n--co 

   The above lemma is owing to a semimartingal convergence theorem (see, 
Theorem III of [1] or Lemma 1 of [9]) . 

   LEMMA 2.3. Let {A.}; ti be a non-negative sequence . Suppose that there exist a 
positive integer no, three non-negative sequences fan1Z--1, {bn}Z=1 and W07,1, and a 

positive constant K such that 

(2.6)A, � (1— a„,)An+K. an+I.b.+1+Kn+1 for all n no , 

(2.7)E an= co and lim an= 0 , 
                                        n=1 

(2.8)lim bn = 0 , 

(2.9)E Kn < 00 . 
                                                   n=1 

Then, it holds that 

(2.10)lim An= 0 . 
                                                   n-00 

   If Kn= 0 for all n in the above conditions , and if {b„}7,_, is a positive sequence 
such that 

(2.11)(1— an+1). bn+1 (1—aoan+1) for all no 

where ao is some positive constant (in this case , {bn};„°_, need not satisfy condition (2.8)), 
then there exists a positive constant C such that 

(2.12)An Cbn for all n . 

   PROOF. First, we shall prove (2.10). The repeated application (2.6) for integers 
   no give us 

            (1— an)Ain_i+ K • an,•bm+Km 

      II7/27127/1,171.777,                ( 1 —ak)•Ano+K. E II (1—ak)•ae•be+ E II (1—ak)•Ke.       k=n0+1 k=e+1e=n0+1 k=e+1 

Hence, we have 

(2.13)Am  F (no, m)An0-1-- K• G(flo, m)± Mno, , 

where 
                                         777 m 

            F(no, m)= II (1—ak), G(no, 711)= E II (1 —ak)• ae• be 
                1,470+1e=no+1 k=e+1 

and 

                                    m 

                      H(n0, m).= E II (1— ak)• Ke • 
                                                    k=n0+1 k=e+1
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(2.7) together with  F(no, m)=. H (1— ae) implies 
                                                 e=n0-1-1 

(2.14)lim F(no, m) = 0 . 
                                        m—oo 

Again, (2.7) together with ae•F(e , m)= F(e, m)—F(e-1, m) implies 

                   lim ae•F(e, m)= 1—lim F(no, m)= 1 . 
             m—. e=n0-1Trt—. 

By (2.8) therefore we have 

(2.15)lirn G(no, m) = 0 . 
                                                     ilL 

Furthermore, noting that for an integer N (m� N� no) 

       N mm m 

            H(no, in) = E H ( 1 —ak)-1G+ E H (1—ak)•Ke, 
                 e=n0+1 k=e+1 k=e+1 

we have two positive constants C, and C, for which 

                    H(no, m)' C,• II (1—ak)+ C2* E Ke • 
                       k---Ne—N-1 

Hence, 

<2.16)lim H(no, m) = 0 . 

By (2.13), (2.14), (2.15) and (2.16), we have 

                                lim An= 0 . 

   Next, we shall prove (2.12). Since Kn= 0 (n� no), puting Z7,=- Anlbn (n = 1, 2, •) 

yields that 

(2.17) (1—am)• Z.,• bin+K • am for all m � no , 

and by (2.11) yields that 

        Zm<(1—ao•am)•ZmK • ant 

                                       7ri 77L 

               H ( 1 —ao•ak)•Zno+K E H (1-ao•ak)•cre for all m >= no. 
       k=n0+1c=no k=e+1 

By the same arguments as those in (2.15) and (2.16), we have 

    772,7nm 

<2.18) lim lI (1—ao•ak)= 0 and lim E II (1—ao•ak)•ae= 1/ao          lc,---no+1 e=n0+1 k= a+1 

Hence, there exists a positive constant C such that 

                         Z.� C for all m. 

Thus the proof of the lemma is completed. 

    EXAMPLE. 

   (1) When Kn, =0, bn, =1 for all n� no in (2.6), that is, An+i �-(1—an+i)• An+K • an+1, 
the condition (2.11) is satisfied. In this case, from Lemma 2.3, we have An for 

all n.
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   (2) When  a,=n-', Ur, = n(0 < PG 1), the condition (2.11) is satisfied by a, such' 
that 0 < a0+13 < 1. 

   (3) When an = n-a, bin= n (0 < a, )3 < 1), the condition (2.11) is satisfied by ao 
such that 0 < a, < 1.

    § 3. L2-case. 

   Let L2(X) denote the space of all square Lebesgue integrable functions defined 
on the pattern space X. Throughout this section, we assume fA(•), fB( •) 
Let {Con(•)};;'=„1 be an orthonormal basis in LAX). 

   J. V. Ryzin [7] has proved that the sequence {D0(x)}7,=1 constructed on the basis 
of the training sequence was asymptotically optimal in our sense, under the as-
sumption that fA(•), fB( •) E L2(X). In his work, qA and qB were known and his 
algorithm was not recursive, and the convergence was the one in the mean or in 

probability. In this section, we shall construct a recursive algorithm in which the. 
convergence is the one not only in the mean but also with probability 1. Moreover,, 

we assume that q A and qB are unknown. 

   Let F(.) be any non-decreasing non-negative real-valued function on [0, co) and 

1[(• )] be the integral part of F(.). Then we define the sequence {1-00(x, y)} n=1 by 

                                cr(n)] 

(3.1)Kn(x, y)= E coi(x)•,(y) for all x, y E 
                                                        2=1 

and for all n, where {co,(•)}7,,A is an orthonormal basis in L2(X). 

   Let {(x0, On)}77_1 be a training sequence which was defined in § 2. Then we-

define {p11}7,=1 by 

(3.2)pn p(On) 1 if On = A 

                            = —1 if On = B for all n . 

   By (3.1) and (3.2), we have 

(3.3)•Kn(x, x0)1= 1-C7,(x, y)• D(y)dy 

                                    Cr(i)] 
                          = E Ci • go,(x) for all x 

                                                    1=1 

and for all n, where Ci = D(x)•coi(x)dx i =1, 2, •••. And we put D:(x)= 

E[pn • Kri(x, x0)] for each n. 

   In view of the above arguments, we shall construct the following algorithm. 

which is an application of the dynamic stochastic approximation method (V. Dupae" 

[3]). 
   LEARNING ALGORITHM. Let {an} n=1 be a positive sequence such that 

(3.4)lim = 0 and E an= 00 
                                                                      n=1 

Then {Dn(x)}7,_1 is given by the recursive relation as follows : 

                             Do(x)_-- 0 , x E X
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 ̀ (3.5)D,(x)= Dn(x)-F an+i(p"1- Kn+i(x, xn+1)—Dri(x)), x E 

and n = 0, 1, 2, •••. 

   The above algorithm is transformed to the following one ; 

                          -= 0 i= 1, 2, • , [1(0)] 

(3.6) Crl a„(pn+1 • coi(x')—C7ii) for i= 1, 2, •-• , [F(n)] , 

             an+i• pn+1•goi(xn+1)for i=[r(n)1+1, ••• ,[F(n+1)]. 

Put 

                       Ai(x)=Elin)]C7,?•coi(x) n= 1, 2, • • • , 
                                                        2=1 

then we have nn(x)= Dn(x) for 11= 1, 2, ••-. Thus (3.5) is equivalet to (3.6). 
    REMARK. 

   (1) Coefficients {C1} il';')] in D* (x) minimize the quantity 0(a1, ••• , ceEnn)J)=- 
            CT (n)] 

 ,,(D(x)— E a2•2(x))2clx for each n. Therefore D* (x) is a kind of approximation 
                   i=i 

to D(x) for each n. And by the orthonormality of {c02(•)}71, we have 

                                               cr (n'-1)1 

(3.7)D:,(x)= D* (x)+ E C, • coi(x) for x G X                                           i=CF(n)3+1 

and n = 1, 2, • • • where C1 = D(x)•co,(x)dx i= 1, 2, •-•. 

   (2) If r(t) T 00 as t—> co, then ,,(D:(x)—D(x))2dx= E Ci 1 0 as n—>co, which 
                                                                              (n)]-1 

implies {D:(x)}77=1 is a sequence of approximations of D(x). Thus, from the property 
of {D:(x)};,°=1 stated in (1), our algorithm is considered as an application of the 
dynamic stochastic approximation method. 

   In what follows, all integrals are interpreted Lebesgue integral on X g RN). 
And the Fubini's theorem is invoked without any comment for proofs of lemmas 
and theorems in this section and next section. 

   THEOREM 3.1. Let the following conditions be satisfied; there exists a positive 
constant K such that 

(3.8) s'n(x). f(x) dx K for all n 

where f(x)= qA• f A(x)- qB •fB(x). Let {a,R=1 be a positive sequence statisfying (3.4). 

  (1) If 

(3.9)lim an•F(n)= 0 , 

then it holds that 

(3.10)E[ ,(D,i(x)—D*(x))2clx]--> 0. as 00 . 

  (2) If 

(3.11)E a;22-F(n)< co and r(t)> 0 for some t� 0 , 

then it holds that
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(3.12) ,(1)„(x)—D:(x))2dx ---> 0 with pr. 1. as n—> 00 

                  X 

   PROOF. First we shall prove (2). By the construction of D n(x), we have 

(3.13) f ..,(Dn-F1(x)—Dt_1(x))2dx 

                         D-=(1— an+1)' •.(x)—D:(x))2dx 

                          x 

                                    xn+')—Dtri)2dx 

                          D-F(1—an+1)2 •,(:+i(x)—D:(x))2dx 

                             X 

              -F2(1—an-F1)• an+i.f„(D7,(x)—Ma                                        (x))•(pn+1.Knx, x'+')—D:+i(x))dx 

                                 x 

            +2(1— a„,)2 •S 1,(Dn(x)—(x))•(D: (x)—LI+,(x))dx 

              +2(1—an+1).an+1.5(x)— DtH.(x))*(Pn+l• Kna"-9                                                   x, x—D:+i(x))dx 
                          xD 

Noting that 

        x„,(rin+1.Kn+i(x, xn+1)DiE._r1(x))2dx<25_[02_,_1(x, x.1-1)dx                                          -hzf(D:+i(x))2dx 
                                   ET(n+1)]Ern+1)] 

                             =2 EcoRxn+1)+2 E 
                 i=1i=1 

by (3.8) we have 

(3.14) EF„(ton+1.IC7H-1(x, xn+1)—D:+i(x))2dx] 
            Lx 

               .�_2[F(n+1)1•K+211D112 

                21-C-F(n+1)+211D112 , where Mr =f ,D2(x)dx 
   Next, we have 

(3.15) Ef X,XD„(x)—D: (4). (pn+1. Knax, Xn+1)—D47:+1)dXl(X17 01),, (x n, en)]= 0 , 
(3.16) E[f (x)— Dil'+i(x))-(Pn+1 • Kn+1(x, x')—D:+1(x))dx1(xl, 01), • (Xn, en)]= 0 . 
And by the construction of D„(x), we have 

(3.17)fxD„(„(x)—D: (-Y)) '(D:+i(x)—D:(x))dx = 0 . 
On taking the conditional expectation on both sides of (3.13), by (3.14), (3.15), (3.16), 
(3.4) and (3.11) we have, there exists n, such that 

(3.18) Ers„x(D7,1(x)—D:+1(0))2dx1(x',••• , (x n, On)] 

       L 

                 =D(1— an+i) •.(x)— Wx))2dx-F2K • 4+1• F(n+1)
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 +2(41-1•lID112-Ff  JD:+1(x)—D:(x))2,01x for all n no 
Since 

                                                      Enn+i)] 
                     13,(:+i(x)—D:(x))2dx= E                                                              i=C1 (7?)]+1 

we have 

                  f JD:+i(x)—Dt (x))2dx 5 IIDII2 .                             n=1 X 

In (3.18) put 

                       ,,(Dn(x)—D*(x))2clx=Un , a.= r 

and 

          2K• T(n+1)+ 24-1.1ID 112+S D:(x))2dx = Cn 

                                           X then these quantities satisfy the conditions Lemma 2.2 where pn= 0 and IP Vn 

Therefore, (2) is a direct application of Lemma 2.2. 

   Next, we shall prove (1). Taking the expectation on both sides of (3.18), we 

have 

(3.19) E[f ,(D,i+1(x)—D:+1(x))2dx1=(1—ani-1)E[f„(Dn(x)—D:(x))2clx] 
                                   +2K1•a.+1.(a.+1. r(n+1)+a.+1) 

                               -Ff,.,(Dt-,(x)—D:(x))2dx for all 71 � no , 
where Ki= max {K, 11D112}. In (3.19), we put 

                    DEHSn(x)—D:(x))2dx]=- An , an • i(n)-F an = 1)7, 
                       x and 

                 X,SD:(x)—Dtki(x))2dx= K., 

then these quantities satisfy the conditions of Lemma 2.3. Therefore, (1) is a 
direct application of Lemma 2.3. 

   Thus the proof of Theorem 3.1 is completed. 
   COROLLARY 3.1.1. Let (3.8) be satisfied. Let {an} n=1 be a positive sequence satis-

fying (3.4) and let 1(t) T co as 00. 

   (1) If (3.9) holds, then E[5,,(Dn(x)—D(x))2dx]—>0 as n—,00. 
   (2) If (3.11) holds, then ,,(D7,(x)—D(x))2dx—,0 with pr. 1 as 

   PROOF. We can easily prove the corollary by Theorem 3.1 and the inequality 

         ,.(Dii(x)—D(x))2clx 2$ ,(D„(x)—D:(x))2dx+2f,SD:(x)—D(x))2dx 
   COROLLARY 3.1.2. Let the conditions in Corollary 3.1.1 be satisfied. 

   (1) If (3.11) holds, then {D.(x)},7=1 is AO(I). 

   (2) If (3.9) holds, then {D.(x)}7,1 is AO(II).
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   PROOF. It is easily proved by Lemma 2.1 and Corollary 3.1.1. 

   Next, we shall discuss the order of the mean convergence. By the assumption 

that  DHE L2()?), it is easily seen that C y 0 as n—>oo, where Ci= f ,,D(x)•,(x)dx 
                                                                   i=i 

(i= 1, 2, •••). Therefore we have the following theorem. 
   THEOREM 3.2. Let (3.8) be satisfied. Let the following conditions be satisfied ; 

(3.20)E C Ki•g(m) for all m, 

where Ci ,D(x)•yo,(x)dx (i= 1, 2, --), K' is some positive constant, and g(.) is a non-

increasing positive function on [0, 00). For a positive sequence lc/J(77=1 satisfying (3.4), 

there exist a positive integer n, and a positive constant a, such that 

(3.21)(1—an-F1)•bnlb,,+1 (1—ao• an+i) for all n no 

where b„= max Ian• F(n), an, g([r(n)])} for n=1, 2, ••. Then, there exists some positive 

constant C satisfying 

(3.22)E[f(D,,(x)—D(x))2dx]�_C•b„ for all n . 
   PROOF. By the construction of D„(x), we have 

(3.23) SXJDn+i(x)—D(x))2dx 

            = (1— an+1)2 • fs(D„(x)—D(x))2dx-1-(4,1•S (tonn- • K,,(x, xn+')—D(x))2dx 
              +2(1— an+1). an+1. „(Dn(x)—D(x))•(rin+1' Kn+,(x, xn+1)—D(x))dx 

And we have 

(3.24) E[f „,(pn' • K,(x, xn+1)—D(x))2dx] 

             2E [Xn+1)dd+211D112 

                          X 

               K1•(r(n+1)+ 1) , where K1= max {2K, 211DII2} . 

(3.20) yields that 

(3.25) E [ f (Dn(x)—D(x))• (pn'• K,,,(x, xn+1)—D(x))dx1(x1, 01), ••• , (x n, Ond 

             X 

           = ,,(D„(x)— D(x))-(Dt+,(x)—D(x))dx 

           = f ,(Dn(x)—M_Fi(x))•(,V,'-Fi(x)— D(x))dx+ f,(Dtd-i(x)—D(x))2dx 

          = fJD:+1(x)—D(x))2dx 

               EC •g([1-7(n+1)]) for all n . 
                          (n+-1)J L1
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Taking the expectation on both sides of (3.23), from (3.23), (3.24) and (3.25) we have, 

there exists some integer  n1 such that 

(3.26) E [5,,(D„,(x)—D(x))2d.d-< (1— an„)• E[ .(D,i(x)—D(x))2dx] 

                              +K,•cd,• r(n+1)--FK1•4+,±2K' • an,•g([r(n+1)1) 

                                              for all n �n„ 

which implies 

(3.27)DE[L(D„,(x)— D(x))2 d xl� (1— an+1)•E7,(x)— D(x))2 d                         [SX 
                                        + K2. an„•bn+, for all n�- 

where IC2= max 11C1, 2K'} and bn= max fan• T(n), an, g(E.r(n)1)} . Putting [5„(D,,(x)— 
D(x))2 dd= An in (3.27), the theorem is easily derived from Lemma 2.3. 
   COROLLARY 3.2.1. If the conditions in Theorem 3.2 and (3.9) are satisfied, if 

r(t) Tco, g(t) 0 as t --> 00, and if f A(.) and f•) have bounded supports, then {D,i(x)}7,1 

is AO({5.}) where 5„= [max Ian• h(i), an, g(Er(n)DA 
   PROOF. This corollary is obvious from Theorem 3.2 and Lemma 2.1, (2). 

   EXAMPLE. When g(t)= ra (a > 0), we choose the sequence {an} 7-1and the 

function r (0 by the following way ; 

      an= 1/n (n = 1, 2, •••) and r (0= t 1+” (satisfying, r( g(t)) = . 
Then, we have 

             E[f JDn(x)—D(x))2dx] C • n-ai(i+n) for all n . 

Therefore ID.(x)1,7=1 is AO( frca'al ), under the assumption that fA(•) and fB(•) have 

bounded supports.

   § 4. Uniform Continuous case. 

   In this section, we assume that the density functions f A(•) and .f.R(•) are uni-

formly continuous on RN. And let X be equal to RN. 

   Let K(.) be a real valued measurable function on RN satisfying 

(4.1) K(y)�._ 0 for all y E RN , 

(4.2) sup K(y) K < 00 , 
             y ERN 

(4.3) RNK(y)dy = 1, 

(4.4)N                                      Y         SIlY *K(Y)dy = K* where M.Y11=(E??2 fory= (y1, *.• , Y N) E RN   RNz-i) 

C. T. Wolverton and T. J. Wagner ([11]) and J. V. Ryzin ([7], [8]) used this function 

for a pattern classification problem. In this section, our method is due to Wolverton
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and Wagner. 

   Let  {hn},7=1 be a positive sequence satisfying 

(4.5)1� hi�h2�- ••• >hn> ••• 

Then we can define the sequence {Kn(x, Y)},7=1 by 

(4.6) Kn(x, y)= hwN • K[hrh-1•(x—y)] for all x, y e RN and n 1, 2, ••• . 

   The following lemma can be obtained by a slight modification of Lemma 1 and. 

Lemma 4 in [111. 
   LEMMA 4.1. Let g(.) be a uniformly continuous function on RN and sup Ig(y)i 

                                                                                     yORN 

  M <c.Let K(.) be measurable function on RN satisfying (4.1), (4.2) and (4.3), and 

let Ihnl;",_, be a positive sequence such that lim hri= O. Define the function gn(.) by 
                                                         n-00 

(4.7) gn(x)=-- Kn(x, y)•g(y)dy for all x G RN and n= 1, 2, ••• . 
                   RN 

where Kn(x, y) is defined by (4.6). Then it holds that 

                   gn(x)   g(x) uniformly in x . 

   (2) Let g(•) be a real-valued measurable function on RN satisfying a uniform 
Lipschitz condition ;                

I g(x)—g(y)1 C•11-x—Yll for all x, y E RN . 

Let K(•) be a real-valued measurable function on RN satisfying (4.1), (4.2), (4.3) and 

(4.4), and let {hn};=1 be a positive sequence satisfying (4.5). Define gn(x) by (4.7). Then. 
it holds that 

        gn(x)— g„,(x)1�. Cg • K* • (hn—h,) for all x G RN and n = 1, 2, ••• , 
and        

I gn(x)—g(x) C • K* •hnfor all x RN and n 1, 2, .••. 

   If f k) and fB(•) are uniformly continuous functions, then D(x) is bounded and 
uniformly continuous on RN. 

   And we have 

(4.8)E[pn • Kn(x, xn)]--= NKjx, y)-D(y)dy for n= 1, 2, 

where pn is defined by (3.2). And we put E[pn•Km(x, xn)]-= Dt(x). 
   In view of above arguments, we now construct the following algorithm which 

is an application of dynamic stochastic approximations. 
    LEARNING ALGORITHM. Let fanIZ=1 be a positive sequence satisfying 

(4.9)lirn an= 0 and E an = 00 . 
                                                                     n=1 

Then {Dn(x)}7,=, is given by the recursive relation as follows : 

                    Do(x) x RN , 

(4.10)Dn,(x)= Dn(x)-Fan+1 •(Pn+1•1C+1(x, xn+1)—D.(x)) 

                                          RN and n= 0, 1, 2, .•• .
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   As for the above algorithm we have two main theorems. First, we shall 

consider the case when  fA(•) and fB(•) satisfy the uniform Lcpschitz conditions. 

   THEOREM 4.1. Let K(•) be a real-valued measurable function on RN satisfying 

(4.1), (4.2), (4.3) and (4.4), and let Ihnr.„°_, be a positive sequence satisfying (4.5). Let 
fA(•) and f•) satisfy the uniform Lipschitz conditions with constants CA and CB, 
respectively. Let {an} n-1 be a positive sequence satisfying (4.9). 

   (1) If lim an -11;N =0, then E (Dit(x)—D*(x))2dx]-0 as n-,00. 
   n—coRN 

   (2) If E h,TN <co, then (13,(x)—D:(x))2dx—,0 with pr. 1 asCO. 
   n=1RN 

   PROOF. First, we shall prove (2). By (4.10), we have 

(4.11) f (Dri-E1(x)—M1(x))2dx 
            RN 

           = (1— an+02 • f (D.(x)—D:(x))2dx 
                            RN 

                        (p"1 • Kn-Fi(x, x"')—Dt-i(x))2clx 
                         RN 

             +(1—an1-1)2 • f (D:+1(x)—D*(x))2clx 
                             RN 

               +2(1—an+1)•an+1 •f RN(Dri(x)—D*(x))•(971+1•K7,4,(x, x')—At_1(x))d-r 
            +2(1— a,)2 

RN(Dn(x)—D:(x)).(Ig+,(x)—D:(x))dx 

              +2(1—an+1)• an+i.f (D:4-1(x)—D:(x))-(pn+1.1(.+1(x, xn+1)—Dt-1(x))dx 
                                    RN 

Noting that fA(•) and fB(•) are bounded so that D,t(x) is bounded, we have 

(4.12)f N(pn+1 • Kn.+1(x, xn+1)—Mi(x))2dx 

                R 

                    -2$RNK4,(x,xn+l)dx+2$RN(D:,i(x))2dx 
                     -2K•hZ+2M for all n 

where M= sup f(x) for f(x)= q A. f A(x)d qB. fB(x). By Lemma 4.2, we have 

(4.13) f RN(Dt4x)—D*(x))2dx� CD• K*•(h7,-11,) for all n , 
where CD = max {CA, CB} , and we have 

(4.14)f RN(Dn(x)—D*(x)).(fg-Ft(x)—D:(x))dx 

                 (fRND7i(x) I dx +1)• CD• K* •(h7,—hn+1) 
                 = CD•K*•(117,117H-1)•$ iDn(x)Idx+CD• K*.(h.—hn+i). 

                                         RN
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And by (4.8), we have 

(4.15)E[f RN(D,i(x)— (x))  • (p"1 • Kn+i(x, xn+1) 
                        —D:+1(x))dx1(x1, 0), ••• , (xn, On)] = 0 , 

and 

(4.16)EL .RN(Dt+1(x)—(x)) • (pn+1 • Kfl,,(x, x') 

                        —D:+1(x))dx1(x1, 01), • •• , (xn, On)] = 0 . 

On taking the conditional expectation on both sides of (4.11), by (4.12), (4.13), (4.14), 

(4.15) and (4.16) we have, there exists no such that 

(4.17) E[f   RN(DTH-1(x)—Dt+i(x))2dx1(xl, 01), •-• , (xn, On)] 
                  (1— an+i). (D,i(x)— (x))2dx± Kl • a2,41.h,71 

                                RN 

                 + 2CD • K* -(h7,—hm+i)+2CD• K* • (h„—ki+i) • f IDii(x)1dx 
                                                                 RN 

                                             for all n� no , 

where Kl = max {2K, MI . Noting that 

(4'18) E LfRNID,L+1(x)dx1� (1—an,)•ELRN                                    f1D,i(x)Idd+ a,for n--=1, 2, ••• , 
and by Example (1) of Lemma 2.3 we have, there exists a positive constant Do such 

that 

(4.19)E[f I D.(x)I dx] Do for all n . 
                             RN 

In (4.18), put 

     Un = f (D7,(x)—D:(x))2dx , Un = Vn , In = an 
             RN 

and 

      Cn+1= IC' • am+i-h-Y1+2CD•K* • (hn—hii+i)+2CD • K* • (lin— hn+i) •dx , 
                                                                    RN 

then these quantities satisfy the conditions of Lemma 2.2. Therefore (2) is a direct 

application of Lemma 2.2. 
   Next, we shall prove (1). Taking the expectation on both sides of (4.17) and by 

(4.19), we have 

(4.20)E [ SRN(Dn+1(x)—D*+1(x))2dx] 
               (1— an+i)• E [ RN(D,i(x)—Dt(x))2dx] 

                    K' • a;,,•hT,±7,+K" • (h,i—h,i+i) for all n� no , 

where K" = max {2CD- K*, 2CD- K* • DO . In (4.20), put
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             (D,,(x)—D:(x))2dd=  An, bri= an•hT,Nand (11,1-110=Kn, 
             RN 

then these quantities satisfy the conditions of Lemma 2.3. 

   Thus the proof of the theorem is completed. 

   COROLLARY 4.1.1. Let the conditions in Theorem 4.1 be satisfied and lim h„= 0. 

   (1) If lim a„•hn- v =0, then E [ RN(Da(x)—D(x))2dx] — 0 as n-,00. 
   (2) If Eanh,Tiv<Do, then(1),(x)—D(x))2dx--0 with pr. 1 asCO. 

  1RN 

   PROOF. We can easily prove the corollary by Theorem 4.1, (2) of Lemma 4.1 
and the inequality, 

          RN          (.0,(x)—D(x))2dx2$ (Dn(x)— D:(x))2dx-}-2RND(x))2dx    RN 

   COROLLARY 4.1.2. Let the conditions in Corollary 4.1.1 be satisfied. 

   (1) If E an hnN < co, then ID,(x)1;7=-1 is AO(I). 
                 n=1 

   (2) If lim an• h;,-N = 0, then ID7,(41;2c=i is AO(II). 

   PROOF. It is easily proved by Lemma 2.1 and Corollary 3.1.1. 

   REMARK. In [11], Wolverton and Wagner constructed the following algorithm, 

(4.21)Dn,(x)= Dn(x)±(n+1)-1 .(pn+1 •K„,(x, xn'1)—Dn(x)). 

In their work, in the case when D(x) satisfies the uniform Lipschitz condition the 

convergence with probability 1 was assured by 

(4.22)E hn•n-1 < 00 and E < co , 
     n=1n=1 

and some additional conditions same as in ours. 

   Next, we shall consider the case when the o. d. f. is assumed to be uniformly 

continuous. In this case, we shall prove that {Dn(x)}en°=, is AO(II). 

   THEOREM 4.2. Let fA(•) and fB(•) be uniformly continuous functions on RN, and 

let K(•) be a real-valued measurable function on RN satisfying (4.1), (4.2) and (4.3). 

Let Ihn1,7=1 be a positive sequence satisfying (4.5) and 

(4.23)lim hn =0 , lim an•h,7-v= 0 
                             n—x 

where {an} n-1 is a positive sequence satisfying (4.9). Then it holds that 

              E[f(Dn(x)—D(x))2dx] >0 as n—cio . 
                         RN 

   PROOF. By the construction of Dn(x), we have 

(4.24) RN(D„,(x)—D(x))2dx 

            =a—an-EX' f RN(Dn(x)—D(x))2dx 
              +04+1• RN(pn+1 • K„,(x, xn+1)—D(x))2dx
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               2a„,- (1— an+1)•$ (Dn(x)—D(x))'(Pn+1 • Kn+i(x, x'1)—D(x))dx 
                                  RN 

By the arguments similar to (4.12), we have 

(4.25)E [ (pn+1 • Km,(x, xn+1)— D(x))2dx] <2K.2/11for all n . 
                  RN 

And 

(4.26)E [ RN(D,i(x)— D(x))•(pn+1 • Kn+i(x, xn+1)—D(x))dx] 
                = E [E[ (D7,(x)—D(x))•(pn+l• Kn+i(x, xn+1) 

                              RN 

                             —D(x))dxi(xl, 01), ••• , (xn, On)]] 

               = E-(D„(x)—D(x))•(D:+i(x)—D(x))dx]                             RN 

                 RNET I D7i(x)—D(x)I11Dt+i(x)— D(x)Idx . 

By (4.19) and the definition of o. d. f. D(x), we have 

(4.27) RNET I Dri(x)—D(x)I]dx-�M' <00for all n , 

where M' is some positive constant. Therefore, 

(4.28)E 1 RN(Dn(x)—D(x))• (Pn+1.Kn+i(x, xn+1) D(x))dx] 
                 sup I Dt+,(x)— D(x)I• M' for all n . 

                      x RN 

On taking the expectation on both sides of (4.24), by (4.25) and (4.28), there exists 

a integer no such that 

(4.29) E [ RN(1),,(x)—D(x))2dx] 

               (1— an+i) • E[ (D7(x)—D(x))2]-1-Ki • al+1• hiTAH-K1• and-l•cn+i                                RN 

                                            for all n no 

where K' =max {2K, 2M, 2M'} and cn= sup 1/3t (x)—D(x) I . By Lemma 4.1, (1), we 
                                                     x-RN 

have lim c„,=- 0. Therefore the theorem is a direct application of Example (1) of 
       n--

Lemma 2.3. Thus the proof of the theorem is completed. 

    The following corollary is obvious from Tneorem 4.2. 

    COROLLARY 4.2.1. Let the conditions in Theorem 4.2 be satisfied. Then {D(x)} 7_1 

is AO(II). 

    Next, we shall discuss the order of the mean convergence when D(.) satisfies 

a uniform Lipschitz condition. 

   THEOREM 4.3. Let the conditions of Theorem 4.1 be satisfied. If there exist a 

Positive integer n, and a positive constant oto such that
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 (4.30)(1—ari,)•bn/bn+1- (1—ao • an+i) for all n �120, 

where bn= max fan•h,N, kJ for n= 1, 2, Then there exists some positive constant 
C satisfying 

(4.31)E[ (D,i(x)—D(x))2dx] �C-bn for all n. 
                         RN 

   PROOF. By the same argument as in Theorem 3.2, we can easily prove the 

theorem. 

   By Theorem 4.3 and Lemma 2.1, we have the following corollary. 

   COROLLARY 4.3.1. If the conditions in Theorem 4.3 hold, if f•) and fi3(•) have 

bounded supports, and if lim bn= 0. Then {Dn(x)}Z=1 is AO({d}). 
                                   n-09 

   EXAMPLE. In Theorem 4.3, we put an= n', hn=n-,' for 0 < a 1, a—NP> 0 
and )3 > 0. Then we have 

          E[ (D„(x)—D(x))2dx] �C•71,-'9if al(N± 1), 
                  RN 

                                  n-(a'-NR) if a/(N± 1) < iS . 

If fii(•) and fB(-) have bounded supports, from Corollary 4.3.1 then it follows that 

{D7,(x)}7,1 is AO(n-Pl2) if a/(N-F-1) �48, and AO({n'''''')12) if a/(N+1) < P. 

   § 5. Acknowledgment. 

   The author is deeply indepted to Professor N. Furukawa of Kyushu University 
for helpful advices and critical reading of the original manuscript. The author also 
expresses his hearty thanks to Professor T. Kitagawa of Kyushu University and 
Professor K. Tanaka of Niigata University for their helpful advices and encourage-
ment.

References

[ 1 ] BRAVERMAN, E. M. and ROZONOER, L. I.: Convergence of random processes in the theory 
     of learning machines, Part I. Automation and Remote Control, 30, No. 1, (1969), 44-64. 

[ 2 ] BRAVERMAN, E. M. and ROZONOER, L. I.: Convergence of random processes in the theory 
     of learning machines, Part II. Automation and Remote Control, 30, No. 3, (1969), 386-402. 

[ 3 ] DuPAC, V.: A dynamic stochastic approximation method. Ann. Math. Stat., 36, (1965), 
     1695-1702. 

,[ 4 ] Ho, Y. and AGRAWALA, A. K.: "On pattern classification algorithms introduction and 
     survey". IEEE Trans. Aut. Cont., AC-31, No. 6, (1968), 676-690. 

[ 5 ] LOGINOV, N. V.: The methods of stochastic approximation. Automation and Remote 
     Control, 27, No. 4, (1966), 706-728. 

[ 6 ] PARZEN, E.: "On the estimation of probability density function and mode". Ann. Math. 
     Stat., 33, (1962), 1065-1076. 

[ 7 ] RYZIN, J. V. : Bayes risk consistency of classification procedure using density estimation. 
     Sankyä, Series A, 28, (1966), 261-270. 

[ 8 ] RYZIN, J. V. : A stochastic a posteriori apdating algorithm for pattern recognition. J. 
     Math. Anal. Appl., 20, No. 2, (1967), 359-379. 

.11 9 ] TANAKA, K.: On the pattern classification problem by learning (I). Bull. Math. Stat.,



48Masafumi WATANABE

     14, No. 1-2, (1970), 31-49. 

 [10] TSYPKIN, Y. Z. : Use of the stochastic approximation method in estimating unknown dis-
     tribution densities from observation. Automation and Remote Control, 27, No. 3, (1966), 

     432-434. 

L11] WOLVERTON, C. T. and WAGNER, T. J.: Asymptotically optimal discriminant function for 
     Pattern classification. IEEE Trans. on Information Theory, IT-15, No. 2, (1969), 258-265.


