SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

STRATIFIED RANDOM SAMPLING ; RANK CORRELATION
COEFFICIENTS, TESTS OF INDEPENDENCE AND RANDOM
CONFIDENCE INTERVALS

Yanagawa, Takashi
Department of Mathematics, Kyushu University

https://doi.org/10.5109/13069

HERIEER : #5HE0EMZ2. 15 (3/4), pp.21-30, 1973-03. Research Association of Statistical
Sciences
N—o30:

HEFIBAMR

W2 KYUSHU UNIVERSITY



‘STRATIFIED RANDOM SAMPLING; RANK CORRELATION |
COEFFICIENTS, TESTS OF INDEPENDENCE
AND CONFIDENCE INTERVALS

By
Takashi YANAGAWA*

(Received November 25, 1971)

§1. Intreduction

The problem of giving reasonable measures of association when a population is
-stratified was first investigated by Aoyama [1]. Recently Wakimoto [3] considered
the problem more extensively. He gave an estimator of the correlation coefficient
based on a stratified random sample and showed it to be superior to the one given
by Aoyama. .

The purpose of this paper is to propose new measures of association, test of
independence and confidence intervals based on a stratified random sample. These
measures are stratified version of Kendall and Speaman rank correlation coefficients.
Throughout this paper we assume that each size of stratum is sufficiently large
compared with that of sample taken from it so that the finite correction term may
be neglected. In section 2 measures of association, tests of independence and con-
fidence intervals based on a stratified random sample is given. A stratified version
of Kendall rank correlation coefficient is discussed in section 2.1 and then in section
2.2 the one of Speaman type is discussed. In section 3 gains in efficiency due to
stratification is demonstrated in the case of proportional allocation by comparing
proposed measures with respect to Kendall and Speaman rank correlation coefficient
based on a simple random sample.

§2. Measures of association, tests of independence and confidence intervals

Suppose that the population 7= with two-dimensional distribution function F(x)
is classified into L strata {z, -, 7.}, which may be overlapping, in such a way that
the two-dimensional distribution function F;(x) corresponds to the i-th stratum =;
satisfies the relation

2.1 F()=SwF(® forall x,

. L
where w; is a known weight of F; such that 0w, <1, Sw;=1.
i=1
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22 Takashi YANAGAWA

Now suppose we have a sampling plan to take a two-dimensional random sample:

(X®, XP), -+, (X, X&) from the i-th stratum =; (i=1~L).

Let (X", X{¥), -,
random sample of size n from the population =.

il

the total sample size.

L
We assume n=7n;
i=1

(XP, XP) be a two-dimensional simple

We need the following definitions and notations in the sequel.

—1 if

S(u) = 0 if
1 if

R, ; rank of X¥
S, ; rank of X@
R,,; rank of X{
Sia; rank of X@
R#,; rank of X
S¥ ; rank of X&

We get following equalities.

u<0

u=20

u>0,

among X{, -+, X9,
among X{®, .-, X@,
among Xi, -, X,
among X, -, X&),

among X, --

among X, -+

1 L

’ )(gn)i ’ X,(jl)v Tty
2) 2

’ Xi(JIl ’ X%l)’ ot

[¢Y]
Xjnjfy

2)
’ X,(inj .

(2.2) Ro=2F1y 72 S(XP— X§)

23) Se=-241 +~é— SS(XP—XP)

@4 Ry=Tutly 1 ﬁés(xgzz—xg};)
25 Sia= ; ' —é— éS(X’” X®)
(2.6) R éﬁzjz S(X%—X%)
2.7 Sth—Si="5 +—%*ZS(X‘” Xg).

2.1. Kendall’s type

Kendall’s rank correlation coefficient in the simple random sampling is defined
as

K= D) S SKE—XP)SXE - Xp).

7k is an unbiased estimator of
1=1,2.

T= fs(x“)—x“))S(x”)— xP)dF(x)dF(x,), x;=(x®, x®)

In the stratified case we propose following 7% as a measure of association, which
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belongs to the class of U-statistics considered by Yanagawa, T. and Wakimoto, K.

[51.

Mx
M

(2.8) rf= w,w;ts;,
i=1j=1
where
@9) b= 1y S SR — XIS - X5,
ny
(210) b= o 3 S SR -XPSKR-XE)  (#)).
Let us put

Py, %) = S(x P —xP)S(x P —xf),

(2.11)
xa(0) = [ S —x)S(x®— xP)dF (x,),
X= (2P, 59, x=(af, xP).

THEOREM 1. (i) 7% is an unbiased estimator of t and its variance is given by

L 8 , 3
(2.12) Var[r¥]=4 izjl w; Var [or(Xi)1+2 ZL) _L Qg2 ZI: wiw? a

ng =1 ny(ng—1) & oy

where
a;; = Var Lox(Xip, X;2)1—2 Cov Lox( Xy, Xy0), ox( Xy, X;0)].
(ii) Let n— oo in such a way that n;/n—2;, where A; 1S a constant such that
0<2,<1(@i=1~L)and é 2:;=1. Then v/n (r¥—z) has a normal limiting distribution

i=1
with mean 0 and variance

L 32
(2.13) o =42 -0" Var [on(Xu)].

PROOF. (i) is obtained directly by simple but some lengthy computations and
(ii) comes from a slight modification of the proof of Lemma 1.2 of [5], and so we
shall omit the proof.

From the theorem we immediately get following corollaries.
COROLLARY 1. (Asymptotic optimum allocation) The infimum value of ok*

A ¥ over
all A; such that 0< ;<1 and X A4, =1 is
i=1

Y L 2
(2.14) Fope. = (S widy)
where
(2.15) A} = Var [, (X:)].

Further the optimum AFf which attains the infimum value is given by
L

(2.16) XL* - wiAi/ E ijj .
Jj=t

COROLLARY 2. (Asymptotic proportional allocation) When 2, =w; for all i=1~1L
we get a proportional allocation and o%® becomes
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@17) Eonep. =4 [ehatF— S w(JomdF.) }.

Since F and F; are assumed to be unknown and from (2.15)

Ai= [ (oxi—[prdF.) dF,,

then A? is also unknown. Thus for the problem of testing and confidence interval
we need its consistent estimator, which is given by the following Lemma.
LEMMA 1. Put

(218> g(xza) - x“?)+ iar x_;ﬂ)
(2.19) gi:Elg(xia)/ni ,

and

(2.20) St= 3 [8(xi)—E2 /=),

then for A%, given in (2.15), we get
(i) E[S}]—> A} as n—>c0 (i=1~L)
and
(iii) S} — A2 n prob. as n-—> (i=1~1).

PrROOF. See Yanagawa, T. [4] Lemma 2.
COROLLARY 3. Put

(221) Tha=n(t—0/2( Zuisya)

then under the assumption of Theorem 1 T%, has a standard normal limiting distribu-

tion. ‘
PROOF. Proof is immediately obtained from Theorem 1 and Lemma 1.

From the lemma and corollaries we get followmg applications.
APPLICATION 1. An estimator of optimum AF is given as i¥=uw, S/Z w;S,.
APPLICATION 2. Consider the test of independence such that
H; F(x®, x®)=F(x®, 00) - F(co, x¥)
AH; F(x®, x®) % F(x®, o) - F(o0, ).
Since under the hypothesis we get 7=0, T%,, given by (2.21) with =0 is proposed
as a test statistic of the hypothesis based on the stratified random sample.
Especially in the case of proportional allocation since we get t =0 and ¢x,(x)=
[2F(x™®, 00)—1][2F (o0, x®)—17] under the hypothesis, then o}, given by (2.17)

becomes

L 2
Korop. =4[ 1/9— D JerdF) ].
Thus instead of T%,, following T} ... is proposed as a test statistic.

T:‘prop. = \/ﬁrri/z[.l/gféwl'gg]llzy
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where &, is given by (2.19).
APPLICATION 3. Approximate confidence intervals of confidence coefficient
{1—a) is given as follows.

. L 1/2
Vuri—2k(a/( Zwisi/1) =<
=1
— L 1/2
< VnrE—2k(a/2( ZuiS/A)
=1
where k(a) is an upper a percentile point of a standard normal distribution.

2.2. Speaman’s type in the case of proportional allocation

In the simple random sampling Speaman’s rank correlation coefficient is

(2.22) ro = (R B n+1>(s o n+l>

n-nal

It is an unbiased estimator of

(2.23) p=——r n+1 [(n Z)fs(xm—x“))s(xm x%m)]i[ldF(xi)

- [SGrp— ) S~ ) TTAF (1]

In this section we shall give a stratified version of Speaman’s rank correlation
coefficient. It is quite complicated and that we shall consider it only the case of
proportional allocation. Through similar discussions as previous section we can get
an unbiased estimator of p based on U-statistics. But here we shall concentrate
our considerations to estimators based on ranks and that we shall propose following
7*¥ as a measure of association in the case of proportional allocation.

020 rt= it B S [ S RU-L-DRa— T ][ S5 (L-2s.—"L].
Put

(225 051 % 1) = S(xP— xS P—xP),

(2.26) Dy, Xy X3) = O Xiy, Xagy X13)/2,

‘where the sum 3V is taken over all permutation (i, i,, ;) of (1,2,3). Then we get
the following theorem.
THEOREM 2. (i) E@¥)= p+B/(n+1), where

L 3
B=33w{ [¢(x, x, x3)g1dFi(xj)dF(x3)—2 [@ts, 20 2) TLAF ()}

(i) Let n—oco in such a way that n;/n—w; for all i=1~1L, then V1 (r¥—p) has
a normal limiting distribution with mean 0 and variance

2.27) o = 95w, [[4,(9)—p (),

where
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(2.28) 92 = [ ¢, 3, 1) TLAF(x)
and
(2.29) o= P(0dF ().

PROOF. As the proof of the theorem is complicated, we shall give it in the

appendix.

Now let us consider the test of independence. Under the hypothesis we get
0=0 and ¢,(x) =[2F(x, c0)—1][2F (co, x*®—17, then it follows that o¥*=90%.p/4,
where 6% ,.0p. is given by (2.17). Thus we get the following test statistic for the:
test of independence.

L 1/2
Th=~nr¥/3[1/9-Zw.gi]

where Z; is given by (2.19).

§3. Gain in efficiency due to stratification

In this section we shall consider the gain in efficiency due to stratification.
Let X,=(X®, XP), «a=1,2,3 be i.i.d. random variables with distribution function.
F(x), Xip= (X, XF) be i.i.d. random variables with distribution function F(x),.
1=1~1L, and let us put

ok = [ox(x, NAF (), j=1~L.
LEMMA 2.
(i) Var [ox(X,, Xp)1=2 Var [og(X)].

(ii) 2 wiw; (Cov Lox(Xuns Xy, ox(Xizs Xjo)]1—Var [or(Xi) ]}

éjwiij{[so;me)—Esai(Xn)]ftgom(X“)—E«pKl(Xu)]}2 .

PROOF. (i) See Fraser [2], p. 227, Theorem 5.2. (ii) Since
Cov Lor( Xy, Xjo), @x(Xiy, Xj)1—Var [@xi(X;))]

= ELpi(X0)— Eoi( X)) — ELox (X)) — Epg,(Xi)]?,
and
%wiij{¢£(Xil>—E@Z&(Xil)][som(XnFE@m(Xn)]

= BwELe(Xo)— Bor(X)T,
then we get
2 wia; {Cov Lor(Xu, Xjo), 0r(Xuy Xjo)]—Var Lor (X))
= Bwaw, B[k Xi)— Epk(Xi) 1~ Loxi Xo)— Ber( X) 1

THEOREM 3. Suppose the proportional allocation. (i) Put
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L 2
Pzgwi CEox\(Xi)—Epr (X%,

L L
Q= Zwiwj[E(PK(Xih ij)"E@K(Xn Xz)]2_221L’i[E§9K1(Xi1)“ESDKx(Xl)]Z
1,7 1=

™~

+2_ , Wil 5 {Cov [ox( Xy, ij), or(Xi, st)];Var [GDKJ(XU)]} ,

%,

<.

then we get
o4 2 onol L
Var [rxg]—Var [7¥] _TP+7(n——T)QTO( 4 >
and

4 2
w P ey 9=0-

(ii) E[r—pP—E[r¥—pl*= 2 élwi[jgbs(x)dFi(x)—P]z—}-O(’nlz )

ProOOF. (i) Variance of Kendall’s rank correlation coefficient rx is given by

4(n—2)

Var [TK] = 71(”4_1)‘

Var [pm( X0+ gy Var [ox(X,, X

Substituting (2.1), it follows
4 1& & 2
Var [re] = { Zwi Var [or( Xa) T+ SwilL Epxi(Xu)— Epri( )T}

2 L
1y L S Var Do X, X;)]

L

+ Zwiwj[ESDK(Xiu XjQ)_E(PK(Xh Xp)

7
L
~2%wi{Var [ps(Xu) 1+ Lo Xo)— Eor X) T} -
Thus from (2.12) we get

S LE g XiD)— Eor( X))

=1

Var [rx]—Var [r¥]= %
2 L .
o 1w LEex(Xa, X~ Bpx(X, X1
L
“2t§1wiEESDK1(Xi1>—E90K1(X1)]2
L
+2 2w (Cov Lox(Xa, Xy, ox(Xa, X 1= Var [o(Xu)D}

2 L w;iW
o B st (Var [oa(Xa, X,u)1—2Cov [on(Xu, X0, @x(Xus, X;o)])

=1

L 2
— 2 2 (Var [ox(Xu, X,01-2 Cov [ox(Xa, X2, ox(Xuw, X;0D}

= P gy 0.



28 Takashi YANAGAWA

From Lemma 2, - P+ n(n iy Q=0 is clear. Thus we get (i).
(ii) From Theorem 2
Elri—p)P—E[rf —p]2 Var [r,]—Var [r¥]+0(1/n?)
= Var [K]—Var [K*]+0(1/n?),

where K =6X" (X, X3 Xy)/n(n—1)(n—2), the summation 3’ being over all com-
binations («, 8, 7) such that 1<a<pB<y=n and K* is given by (2) in the appendix.
Since K and K* are U-statistics, and through some similar discussions as (i), we get
from the proof of Theorem 2 that

Var LK1= Var [¢(X)]+0(55)

and
9 L .
Var [K*]= - 3w, [[4.0)—p:dF(x) ,
where
o= [o0dFx), i=1~L.
Thus

Var [K1—Var [£*]=--{ élw,- oot} +0(L)

:—u—Zw[j‘g),,(x)dF(x) u] +0( ~~~~~~ 7).

Thus we complete the proof of the theorem.

NOTE. From Theorem 3 we get inequalities such that Var (r,)= Var () and
E[r,—pl*= E[r¥—p]* asymptotically in the case of proportional allocation, which
show the gain in efficiency due to stratification. Unfortunately these relations
do not hold even asymptotically for arbitrary allocation. For example suppose
F,=--=F;, which is considered as a ‘““bad stratification”, then we get the inverse
inequality % = 0%%,0p, Where equality holds only when A, =w; for all i=1~L.
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Appendix. PROOF OF THEOREM 2. (i) Put

. 3
01 =3 ¢(x, x,, x) ITdF(x),
then p can be written as follows

@ o=[(n—2)p,+3z]/(n+1),

29

where 7 is given in section 2.1. From Yanagawa, T. and Wakimoto, K. [5] U.M. V.
unbiased estimator of p, based on stratified random sample is given as following K*.

(2) K*= Af}’Az“"As y
where

621’03 2 ¢(xlflV zpy xu)/nz(nl 1)(7’[1'2),

L Ty Ny
A2:62u" 2 2 (/"(xzm zp, x,]/)/nl(nl 1)7’1._,
and
L ny My Ny
A3 = Z WW Wy E E 2 gl)(xi(ry xj,?y Xk?’) .
i jFER a=13=1y=1

i#k

By (2.25), (2.26), (2.2), (2.3), (2.4), (2.5), (2.6) and (2.7) and using the re}ation n; =w;n

for all i=1~L (proportional allication), we get

(n 2)14 32 nz(”z 1) wt it §0(Xm, Xigy X iT)+A11 ’
11?#,9

(n 2) 42— 32711 w; 2 2 w<x1m xJﬁ; x]l)/n nJ

0‘*}'1

35w, ¥ (2R (n b DIASE—Si)—n,]

HL2ARE—R)—n,; 1028 —(ni+ D1} /nin -+ Ay,

and
(n-2)4,=3 3 2 ’;jf 3 (2ARA—Ruo)—n TTASH— Su) =] — Aoy
j oa=1
iFk
where
L Ty
Ay= 6}; wi(l—w,) Eqﬁ o(Xia Xi8 xi)/n(n—1)(n;—2),
- e
L njo Ny
Ay = 3,2 1L'i“1'1(142wi)21 > [@(-’fim X8 Xir)
i#=j r=1a#3
Tsﬁ(xiﬁ, X7, xm)‘l—@(xjr, Xias xiﬁ)]/ni(ni_l)nj
and
31A6 Z L ukaﬁZJ)I leu(xm, Xjgs Xpr) /MMy
=1p=1l7

J¢k

Note that [(n—2)K*-+3r¥]/(n+-1) is an unbiased estimator of p.
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Now
L

(n—2)K*+37,’f_ o

fl) Z[2R‘Nl (nz+l)][251a_nl(nz+l>:]
+3Ew w; EEZ(R”_ m)—nj][z(s%%z“Sia)—nj]/ntnj

+3 5 waw; 3 (2R i+ DIASH—Sia)—n,]
‘f‘[2(R§{r_Ria)_nj][zsia_(ni+1)]} /ninj

L n; )
+, E ww; [Z(R::{t—Ria>_nj][2(Sy& —“Sin)_nkj/ninj
lqﬁﬁk a=1

+Aut+ An— Ay
3 1, 7’L+1 & i Lﬂ
T DS RU—(L-DR— S St (L2 "5 )
+A11+ A21—‘A31+ A.u 3
where

Ay =350 3 (2R (et DIT2S e (mi4 DY)

Thus we finally get the equation
2) rf=[(n—2)K*+3rf— A, — As+ Ay—Ayul/(n+1)

where 7¥ is given by (2.24).
Now
Erf)=p—E[An+ Ay —Ay+Ayd/(n+ 1),

and we get easily the relation E[A,,+ A,,—A,+A,]=DB, where B is given in
Theorem 2. Thus the proof of (i) is completed. (ii) Since it is easily shown that

An+ Ay, —Ay+A,, —> 0 in prob. as n—> o

and from Theorem 1, /n (K*—p,) has a normal limiting distribution, then from (2)
the asymptotic distribution of ~'n (r*—p) is equivalent to that of +/n (K*—p,).
But it is known from Yanagawa, T. and Wakimoto, K. [5] vn (K*—pl) has, as
n—oco, a normal limiting distribution with mean 0 and variance ¢¥* given by (2.27).
Thus we complete the proof of the theorem.



