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   1. Statement of problem. 

   We consider a multiple decision problem for deciding an ordering of k unknown 

parameters 01,02,-• ,Ok. Let (                               ••• ik) be one of the k! permutations of (1, 2,•, k). 

Suppose that we are concerned with a set of k!E(j!)-1 hypotheses which are 
                                                                                    =1 

defined by 

          110: 01=02= ••• = 0 k 
                                                         (1-1) 

                 : 9i1 >_ •-•Bir•-• = Oik (r= 1, 2, ••• , k-1) 

where for at last one is (s= 1, ••• , r), the strict inequality Ois > eis+, holds in Hil-irO• 

Let D. be the decision to accept the corresponding hypothesis H., Pr {D.IH'.} be the 

probability of making decision D. when fr. is true, and Pr {D. I H"} be the con-
ditional probability of making decision D., given the decision D'. when is true. 

Under the situation that we can be sure of the existence of the true hypothesis 

among the above set of k! (j!)' hypotheses (1-1), we naturally wish to find a 
                                       j=1 

multiple decision procedure which maximizes the probabilities of correct decisions, 

Pr{Dir-ir0 IHi1simulataneously. This problem is too vague to be handled as the 

amount of knowledge on the ture situation of ordered parameters is small, but we 

have to start somewhere ; in fact, further specialization of the models and/or decision 

procedure itself is usually necessary. 
   We now consider the following type of hypotheses. 

                   0ii •• • � Oir •• • , Oik (r= 1, 2, ••• , k-1).(1-2) 

For two sets (1-1) and (1-2) of hypotheses, we have the following logical relations. 

If any hypothesis for fixed i,,••• , ik is true, the preceding hypotheses 
      • • • , , must be true, and if any hypothesis is false 

the succeeding ones must be false, that is, 

                                                                                                                                                                  ••• 

                                                         (1-3) 
                     and Hii...iro                                                                   .• •'C Hu-4k -10 • 
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And the two sets of hypotheses  (1-1) and (1-2) are related by 

               Hir-iro •(1-4) 

We have 

    Pr = Pr {Dii} Pr {Diii2 Di1} •• • Pr I Pr {Dii...iro I • (1-5) 

   Further we consider the following hypotheses 

            H(ir-ir)0 eik 

                             eir4-1 � • • " eis eis+1 • • = eik(1-6) 

                                    : Oir+, � • • • �: Ois 018+1, • Oik • 

Now if the condition 

(C1-1)Pr = Pr 11)(i1...ir-1)irl 

holds, then we obtain 

                     = Pr {Dii} PrfAii)i21 ••• Pr {D(ii...ir-Dir} Pr ID(ii...ir)01 •(1-7) 

We shall desire to find a successive multiple decision procedure which maximizes 

the probability of correct decision. In case when, for instance, Hn...180 is true, our 

requirement is, in terms of our notation, 

(C1-2) Max Pr {Dir..irl H jr-jr-ls0} = Pr {D I 

                                       (r= 1, 2, ••• , s ; 1�s�k-1) 

where the maximum is the one for all possible combinations of (i1, 
   Let CP. be a class of possible decision functions go. satisfying the conditions (C1-1) 

and (C1-2). It follows from (1-7) that 

• 

            Max log Pr ID11...i801H12...sol 
                  0i1.-1,0 

             = Max [log Pr {Di11 H12...s0}-1-log Pr {DuIH}1 
                              Oil...iso                                                                                                   .2—.s0- 

             = Max [log Pr {Dill 1112,0} + Max log Pr {D(i1)i2..-isol H12-30}1 
                                                                        Oi2...is0 

              = [log Pr {D111112-30} + Max log Pr {D(i)i2.-iso I H12-80}] •(1-8) 

However, it is difficult in general to satisfy the requirement (C1-2), because it would 

be expected to satisfy the relation 

   Max Pr{D(1)12 180I H}Max Pr ID(                     -1)i2•••tis0H12.-SOI (for i E (2, 3, ••• , s)) . (1-9) 
     0/2...iso 

   In such a situation, it could not be desired to find a successive multiple decision 

procedure which maximizes the probability of correct decision. Therefore, instead 
of (C1-2) we have to be satisfied with the requirement under any fixed (i1, 

(C1-3)Max Pr 1.11;1-Jr-Jo} = Pr {D(2:1...ir)p I Hi1—ir-js0} 
                         isE(,7•÷1,•••,ik) 

where



Successive multiple decision procedures for ordered parameters3

 p  =  Max {(j., ir)n(11, .•- , Jr, • is)} • 

                   

r  in  Jr 

'It would b e expected that there are a number of possible decision functions satisfy-

ing the condition (C1-3). 

   The formulation of our problem can be modified to include the case where the 
standard value or a control population is present. In this case the hypotheses (1-1) 

should be change to 

             Ho: 0,=02= ••• =ek=00 

                      � •-• eir eir+i = •-• = Oik=00 (r =1, 2, ••• , k-1) (1-10) 

                : eil � 012 � ••• 01k> 00 

and the number of hypotheses is k! (1+ !)-1). The discussion made above is 
                                                                                 .7=1 

also valid somewhat in this modified formulation. 

   In Section 2 and 3, we propose a successive multiple decision procedure which 

satisfies the condition (C1-1) and would have reasonable power in the likelihood ratio 

test criterion. In Section 4 and 5 we consider linear hypotheses model. A slippage 

problem in the general linear hypotheses model is discussed in Section 4 for specify-
ing the operating characteristics of a successive multiple decision procedure which 

is introduced in Section 5. An example, in Section 6, will show that there does not 
,exists the successive decision procedure which is optimum in the sense that uniformly 

maximizes the probability of correct decision.

    2. Nested induced test. 

    In the problem of testing a given hypothesis about an unknown vector parameter, 

a method of testing has suggested by Hogg [6], and Daroch and Silvey [3] indicated 

that this method, which, according to Seber [11], we shall call the nested induced 
test, will have reasonable power if the likelihood ratio statistic is used as the test 

criterion. If 1112...10 is a prior given hypotheses, then it is possible to use the nested 

induced test for testing 1-112..20. However, since we are treating our decision problem 

under the incomplete information that there exists a true hypothesis among the set 

        k of k! E 0-1 hypotheses (1-1), we cannot directly use the nested induced test itself, 

but a successive method for multiple decision may be suggested by examining some 

properties of nested induced test as shown in this section. 
    Suppose for each i= 1, 2, ••• , k the random variable Xi has the density function 

f(x; 0,), and random samples x1, ••• , xk are independently taken from the distribution 
of X1, ••• , Xk. Let I be an interval of real numbers, Q = {0,, ••• , ek; ei E I(i = 1, , k)} 

be k dimensional Euclidean space Rk or a subspace of Rk, (1). denotes the subspace 

of Q that the hypothesis H. is satisfied, and G be a general stochastic model in 

which a vector parameter, 0 = (0,, • ,19k) is known to belong to Q, that is, 0 E Q. 

Let L[0] be the likelihood function
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                H  f(xJ: 0)(2-1) 
                                                       j=1 

and difine the likelihood ratio by 

                 L[II..1 H.] = sup L[8]/sup LEO](2-2) 

then we have 

             G] = LEH„ I GlI.II121,2 I Hi1] • H11...1,11L[Hii...iro I H11.-1J . (2-3) 

As pointed out in Seber [11] and Darroch and Silvey [3], if each of the likelihood 
ratios on the right hand side is near one, then left hand side will be near one also. 
Therefore, as the likelihood ratio test has, in general, reasonable power, then, the 
following nested induced test will also have reasonable power : we accept H„...n.0. 

against G only if all of the hypotheses in the sequence of the tests 

                    ( i)H~1against G , 

                      (ii) Hi112 against Hi, , 

                        (r)H~1...iragainst , 

                          (r+ 1) Hu...no against H11...1, 

are accepted. 
   We shall now examine some properties of the nested induced test mentioned 

above. In order to do so we shall now specify the nature of the density function 

f(x; 0): 

(C2-1) f(x; 0) has monotone likelihood ratio in T(x), that is, there exists a real-
      valued function T(x) such that for any 0 <0' the distribution F(x; 0) and 
      F(x; 0') are distinct, and the ratio f(x; 0')/f(x; 0) is a nondecreasing 

      function of T(x) 

We have the following. 
   LEMMA 2-1. If there exists a unique 0 which maximizes L[0] in the domain 

  (and wi), then under the condition (C2-1), the likelihood ratio L[HilG] is a non-
decreasing function of T(xi) and for each j= 1, 2, ••• , i-1, i+1, ••• , k a nonincreasing 

function of T(xj). 
   PROOF. Let B = , Ok) be a maximum likelihood estimate under Hi, then it 

maximizes L[0] in the domain wi. Then it should be holds that 

               ei > Max (OD 0i -1, , 67C) •(2-4) 

Let 0 f= (0;, ••• Ceic) be a maximum likelihood estimate of which maximizes L[0] in 
the domain Q. Assume now we have Coit> Bi. Then it follows from (2-4) that 

                  (01, 6i-17 ez, 6i-F1f • • 6k) wi •(2-5> 

On the other hand, from the uniqueness of maximum likelihood estimate we have. 

                      Axi; 00> f(xi; 
and thus
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 f(xi  ; II f(x, ; > II f(x; ; 05) . 
                j=1j=1 

From (2-5) this is a contradiction, and therefore 0; Oi has to be true, as was to 
be proved. Similarly, it can be shown that -0";_� 0; (j = 1,2, •-• , i-1, i+1, ••• , k). This 
completes the proof. 

   For indicating clearly the existence and representation of maximum likelihood 

estimate of 6 it is necessary to restrict the class of distribution. It is contained 
in the works of Brunk [1], van Eeden [13] and others who investigated the problem 
for estimating monotone parameters. We are now going to study under the for-
mulation which is similar to the one described by Robertson and Waltman [10]. 
Suppose that the real parameter family of densities f(x; 6) has the following proper-
ties : 

,(C2-2) f(x; 6) has a support S which is the same for all 6 G I , 

,(C2-3) for each x in S, f(x; 6) is a continuous function of 6 on I , 

-(C2-4) f(x; 0) is a strictly unimodal function of 6 in I, 

that is, there exists a number M in I which is a unique mode of f(x; 6). 
   In Brunk [1], Robertson and Waltman [10] it is shown that under the conditions 

.(C2-2), (C2-3) and (C2-4) there is a maximum likelihood estimate of 6 in co12...k                                                                       and 
it may be obtained as follows : 

    Let Mi be the mode of f(xi; 0). If M1>_ M,� ••• Mk, then di = mi, i= 1,2, ••• , k. 
,On the other hand, if for some i we have Mi < M1+1, then the i-th and i+1-th 

samples are pooled and Mii+, is the mode of f(xi; 6) • f(xj,; 0). Furthermore 
    = M.; for j Gi and Mii+1= M j+1 for j> i. This procedure is repeated until a 

set of monotone nonincreasing set of modes, M, is obtained. They showed that 
sup L[0] is obtained as L[M] from the sample by this procedure, which we shall 
.8 =wi 
call R—M procedure. 

   LEMMA 2-2. Under the conditions (C2-2), (C2-3) and (C2-4), the likelihood ratio 
L[HiG] is a nondecreasing function of Mi and a nonincreasing function of M„•••, Mi_1, 
Mi+1, • • • , M k• 

   PROOF. For the sake of simplicity and without loss of generality we consider 
the case of i= 1 and suppose that a maximum likelihood estimate of 6 in Q is given 
by 0"; =M; (j = 1,2, •-• , k) from the sample (x1, •-• , xk) and                          

• � m2 ��� •• �m k 

is obtained. According to R—W procedure it is easily shown that a maximum 
likelihood estimate of 0 in wi is given by 

                            {M12 ..8 for j = 1,2, •-• , s                          j= 
                             M; for j= s+ 1, ••• , k 

.and thus 

                  L[H, 1G] = H f(x; ; M„...,)/f(x;; M;)(2-6) 
                                                  j=1
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holds. On the other hand, it follows from the condition (C2-4) that  Mii, is between' 

Mi and M1+1, and thus 

        Ms � �(2-7> 

It is proved from (2-6) and (2-7) that L[HJG] is a nondecreasing function of M1.. 
It follows from the condition (C2-4) that 

                     M2 -� � , 

and hence M12 does not decrease as M2 increases. Similarly 

                                       M3 � M123 -� M12 7 

                                       MS � M12.-s M12-1-1 

and hence M12...3 does not decrease as M2, ••Ms_i and M, increase respectively. On 

the other hand, since 

                                             M2.•.s -� M12-3 �- M1 

holds, L[H,IG] is a nonincreasing function of In this maner we can prove. 

the argument. 

   An important class of families of distributions that satisfy the condition (C2-1) 

is the one-parameter exponential families 

                        f(x; 0)=- C(0)eQ("(x)h(x) 

where Q is strictly monotone. Brunk [1] considered the present problem when 

f(x ; 6) belongs to a certain exponential family of distributions. It is known from 
Lemma 2-1 and 2-2 that if T(xi) = Mi (i= 1, 2, •-• , k), then the condition (C2-1) and 

the assumption of uniqueness of maximum likelihood estimate in wi are equivalient 

to the condition (C2-4). 
   THEOREM 2-1. Under the conditions (C2-2), (C2-3) and (C2-4) the likelihood ratio          

I is independent of a nondecreasing function of Mir and' 

for each j= r+1, ••• , k a nonincreasing function of M,. 
   PROOF. Consider the following hypotheses 

                    Oir ' • • , eik (r=- 2, 3, ••• ,(2-8). 

It is easily shown from the procedure for obtaining a maximum likelihood estimate. 

of 6 in that 

                                                     =L[Hil...ir _iirI 

where r;       -k-r+1 is a general stochastic model in which a vector parameter 0 =- 

(Oir,Oir+1,••• ,0i,) is known to belong {0 ; Oii E I, j= r, r+ 1, •-• , k}. By using Lemma 
2-2, this completes the argument. 

   (2-3) and Theorem 2-1 indicate that the nested induced test for a given hypoth-
esis Hi1-ir0 satisfies the condition (C1-1), and is a sequence of likelihood ratio test 

based on likelihood ratio which has the property of Lemma 2-2, that is, 

       LIffir-ir01 G1 = L[Hi, I G]LIThi)i21(2-9),
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   3. Successive multiple decision procedure. 

   In our problem the true hypothesis is one of  k! E (j !)-1 hypotheses (1-1) and 
                                                                        j=1 

no a priori knowledge available to us. So we wish to propose a successive test 

procedure for giving mutiple decision in this problem by using the results of the 

preceding Section 2. In order to do this, we first examine the properties of the 
following likelihood ratio test : 

ifL[Hi, I G] -� 21(3-1) 

holds, then we select a decision Dip where Al is a value determined by 

                 Pr {L[HiiIG] < 21} < a, (i, = 1, 2, ••• , k)(3-2) 

and a, is a preassigned value with the condition a, E (0, 1). It is clear that if 

           � "12 Mik(3-3) 

is given from the sample (x1, ••• , xk), and a decision Dir is selected for an integer r, 

then the decisions Dip ••• , Dir_, should be necessarly selected. 

   Now we define 

                       Oil— • •• ir > > Ois— ••• Olt> 04-1-11 • elk •(3-4) 

Then we have 
              Hii n • •• n Hir =(3-5) 

Hence we know that if Di1,••• , Dir are jointly selected (and Dir+i, •-• , Dik are not 

selected) according to the above likelihood ratio test (3-1), then we select the decision 

   By considering of this and (2-9), we shall propose the following successive 

multiple decision procedure : 
   Let A, be a value satisfied by 

                          Pr{L[Hii...ir-1irI H                      < 27-1 ar(3-6) 

and ar be a preassigning value with the condition ar E (0, 1). When the ordering 

modes of f(xi ; i) (i= 1, ••• , k) according to (3-3) are observed from the sample 

(x1, • •• xk), 

(1,) if L[Hii I G] 21 (1= , al) , 

                       >= 2a1+1 (1= a1+1, ai+a2)        

I Hi__                                                                                                       2a1+.•.+ar+1 

                                               = ai+ •-• +ar+1, •-• , k)(3-7) 

and 

       L[Hii...ia,...iai+ ...+ar_f_jai+...+aro I    < 2k+1(3-8) 

hold, then we select Dii...jai...jai+...+ar-f-lai+...+ar° 

(2.) if (3-7) and
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 L[H,T,  (3-9)                                 --ai+.•.+ctr_f•4a1+•••+ar°Hi1–zai"lai+•••+ar—i–lai-F--Ear01 � 

hold, then we select Dir.., 

An example. 

   Let xi (i = 1, 2, 3) be normally independently distributed with mean Oi (i = 1, 2, 3) 

and common variance 1. For example, the rejection of a hypothesis H1: co> 01� 82, 
03> --co when L[HliG] is small, is equivalent to the rejection when —21n L[H,IG] 

is large. 

                 0Xi> X2, X, 

             —21n L[t/ 11G] _(x2- X3)2/ 4X2 >> X3 
                             (X3— X3)2 / 4 , X3> Xi> X2 

                                            3 

                               E (Xr—X)2 , X2, X3> Xi 
                                                            r=1 

where X= Xr/3. 
                   r=1 

   If —21n L[1111G]� 21, Hi is rejected, where 21 satisfies 

                     Pr{-2 In /11-/11G1-�- 211111} <al 

We wish to find 21 under the condition where al is a preassigned value in (0, 1). 

Putting 

                 T21 — X2 X1 /T31 = X1 / 

                    532-81-82 (> 0) , 513=81-03 (> 0) , 

the joint probability density function is given by 

    f(T2i, T31) — /37r exP [ 2 {(T21±o13)2—(T21+512)(T31+o13)+(T31+513)2}] . 
When H1 is true, the probability of rejecting Hi is given by 

                  Pr{-2 In L[H11G]�- Al 11/1} = Pi+P2+-P3, 

where 
              = Pr{(X2> Xi> X3) n (X3—Xi ci) i Hi} 

               = Pr{(0>T3i)n(7121 - ci)11111 

            P2 = Pr {(0 > T21) n (T31 I 

            P3 = Pr{(X2, 21(3 > Xi) n (Xr — X )2 �-d1/4) H1} 
                                                                                            r=1. 

                                   3NI                = Pr{(T2i, T31 > 0) n (711+ T21T31+>.=_.8ci)1131-, 
and 

                           ci= 2•^21 ( > 0) . 

We can easily show that 

           P1=J , 
                     ±o                          ci12
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          P2 =  J  00 0(00(<2512— 01-^3 )dt , 
 rifois 

 and 

         Pa= fv-,-victu—V2a12-01A/3 H-c,IN/2)]dt 
                                        ,-813 

                        +Ci +812                       0(0E1—CA/C1/2—(512—02+ (2313—oi2)/A/3)]dt 
                                      -12 

                                     el —81                      30(ori —oWc1/2-0 .—t)2+(2.3,2—aioh/3 )]dt ,                          813 

where
t 
                  =1 e-22/2 ,g5(x)dx 

                         A/27 

Thus the successive multiple decision procedure in our present example is sum-

marized in the following : Let xi> xi> xi, 

‘(10) if xi—x; �_c, and 

    (10-1) < c2 , select Dm , 

     (1.-2) xi—xk c2 select Duo , 

,(20) if xi—x;<c, and 

    (2.-1) Al, select DTio , 
                          r=1 

     (2.-2) (xr— < A, , select Do 
                            r=1 

where c1, c2 and A, are determined by 

         2 cb(t)0(—t IA/3)dt+3 C6(t)[1-0(—tl-^3 cil-V2)]dt 

                          +2 J v g el95(t)E1-0(1/c1/2—t2)1dt =- a1, 

                                             0 

            1-0(c2/ ) = a2 , 

.and 21= 614.

   4. Slippage problem in linear hypotheses model. 

   We assumed in Section 2 and 3 that the likelihood function is defined by (2-1). 
Under this assumption, our successive multiple decision procedure would be useful 

for selection and ranking problem. However there are many cases which do not 

satisfy (2-1) as in linear hypotheses model. In such a situation it is clear that the 
.condition (C1-1) is not satisfied. 

   In this section we consider a slippage problem in a linear model, and in the
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next section, using the results derived in this section, we propose two successive 
multiple decision procedures which satisfy the condition (01-3) under the  hypotheses, 

(1-10). 
   Let Y= (1717 Y2, •" Yn)' be a random vector distributed according to the multi-

variate normal distribution with mean vector .; and covariance matrix el. About. 

  (1 = 1, 2, , n) we suppose they are divided into k+1 categories consisting of m 
except for the last category consisting n—km for which assume = 0, i=km+1, ••• , n.. 

   We consider the problem of jointly testing the k hypotheses 

                         eCi-l)m+1= = einz, = 0 (i= 1, 2, , k). 

Now we impose the requirement that 

(C4-1) the test procedure should be invariant under the group G,,,••• , Gik and G2 
       of transformations : 

       G1; (j = 1, 2, , k): all orthognal transformations of Yo_,,,,, ••• , Y,m . 

       G2 )7; = c Yi , 1, 2, ••• , n ; c# 0 . 

   It follows that under the condition (04-1), the problem of jointly testing k 
hypotheses IIP),••• , lir reduces to that of jointly testing k hypotheses 1-1,T: Ai = 0 

(i= 1, 2, ••• , k) subject to the k statistics U1/ U, ••• , Uk/U. Here At= VV /20-2 (i=1, 2, 
••• , k ; km = r). It is well known that Ui/o-2 (i = 1, 2, •-• , k) be distributed according 
to the noncentral X2 distributions with the common m degrees of freedom and non-
centrality parameters Ai, and U/a2 has the central X2-distribution with v= n—r 
degrees of freedom, and 111,••• , U k and U are mutually independent. We consider 
a multiple decision problem with respect to testing hypotheses for k unknown. 

parameters 21, • , Ak. 
   There is the k sample slippage problem as an important class of multiple decision 

problems. The classical slippage problems are to find a satistical procedure which 
will, on the basis of the observation, decide if all the k parameters are eqnal to 
each other, and if not, which one out of k parameters has slipped to the right. . 
Hence k±1 decision corresponding to k+1 all possible hypotheses are introduced. 
We now return to the linear model given in the beginning of this section, and intro-
duce a slippage type hypotheses as follows. 

          Ho: 21= ••• = Ak= 0 

              Ai=d, 21= ••• = Aj_i= ••• ='k=0 (i= 1, 2, ••• , k) 

where 4> 0. 
   The slippage problem is to find an optimum decision procedure in the sense 

that maximizes the probability of making the correct decision subject to the following 
conditions 

(C4-2)Pr{DolHo} �. 1—a where a E (0, 1) , 

(C4-3)the decision precedure should be symmetric, that is, 

                                 = ••• = Pr{DkiH,} .
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 This type of problem has been first investigated by Paulson [9], Truax [12] for 

 the mean and the variance of k normal populations and in more general formulation_ 

 by Hall, Kudo and Yeh [4], [5], [14] among other authors. According their proce-

 dure, we have the following theorem. 

    Put Max (U,,••• , Uk), and set out the quantity S(0)= U + E Up Let D11 be 

 the decision corresponding to distribution yielding Ui1. 

    THEOREM 4-1. The following decision procedure for the splippage problem is 

optimum under the conditions (C4-1), (C4-2), and (C4-3). 

                   If UiiI.S(k)> L(a ; v, k, m), select Di, , 
                                                                   (4-1), 

                 If L(a; v, k, m), select Do, 

where L(a; v, k, m) is a constant whose precise value is determined by condition (C4-2) 

and does not depend on LI. 

    PROOF. Because of the condition (C4-1), it is clear that U,U1,••• , Uk form the 

maximal invariant statistics, and by applying Theorem 1 and 2 of Hall and Kudo, 

[4] it is straightforward to prove the theorem. 
    Next we derive an approximative formula for L(a; v, k, m), and this is obtained 

in a manner similar to the calculation given by Cochran [2]. Put 

                W U / (U E , j = 1,2, , k . 

The joint probability density function of W1, ••• k is given by 

                        1  —+E 
  e i='2m2r[(v+km)mi]2i=1(4 -2),•r(v/2)1=1i=lmi=0 m,) 

                                2 The probability that the largest of the ratios W1, , Wk exeeds L is given by 

               Pr{Max P{Max Wi> L11/01 = E(-1)'1(k.i(L !Ho)(4-3). 

where P1(LIH0) is the probability that a specified one of the ratios exeeds L when 

Ho is correct, P2(LIH0) the probability that a specified pair of the ratios both exeed 
L, and so on. Clearly 

               Pk(L I HO= 0 when L> 11 ,(4-4) 

so that the number of non-zero terms in (4-3) is the greatest integer less than 1/L . 

   When Do is correct, we put U;/a2= Z.1 and UH-EUi/o-2=Xj), and hence these-                                                                              i=1                                                      i$j 
statistics are independently distributed according to the V-distributions with m and 
vd-(k —1)m degrees of freedom, respectively. Furthermore making the change of 
variables 4=2WiX and X.,d-rsp = 2X, the joint probability density function of Wi, 
and X is given by 

                                                          x        [r(  m )r(  v-{-.(k-1)m )]- 1nij) v+(k2 2 v+km1ex      2)2
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 Integrating from 0 to CO with respect to x , we obtain the probability density function 
 of HT; as follows.. 

               wj2 (k-1)m1/13(  M v+(k-1)m)                                                           (4-5)                    / 2 ' 2 

Thus we have 

               Pi(L11-1,,)= I,_,(  1)±(1?-1)M2M0 L1.(4-6)                              2) ' 

Since P2(1,1110) <CP1W HO for all values of v, k and m, the upper a level of 
significance of L can be evaluated perhaps to a good approximation using only the 
first term of (4-3). 

    Hence, ifra is determined from 

               PIZ IHo)= a/k ,(4-7) 
it follows from (4-3) that 

             a(1   < a(1 
          2k-1                               2k a) < P(1.,(II o) a(4-8) 

:and this interval is sufficiently narrow when a is small , so that a good approximate 
value of L(a; v, km) is given by La. 

   From (4-6) it follows that 

                         Ea= L(a; v, k, m)=1—xaik 
where 

                                 m v+-(k—i)m                            Xcek — Xa/ k[ 2 ' 2 

is the lower a/k level of significance of the beta distribution . In summary we have 
that L(a, v, k, m) is approximately given by 

               L(a; v, k, m)=-: Ea= Folkl(Faik+ 1;,1C + k-1) ,(4-9) 
where 

                  F c,,k= Fy+ck-1>m(a/k) 

is the upper a/k level of significance of the F-distribution with m and v+(k-1)m 

degrees of freedom. And the degree of approximation is eveluated by (4-8) . 
   In the next section, we are required that the condition L(a; v, k, m)> 1/2, so from 

(4-6) and (4-7) we have 

              0 < a < kP1(1/2 I Ho) = kiv2(v+(k2-1)m 
                                        2 ) 

when 1/2 < La < 1. Therefore the values of kPi(1/21 HO for some values of v, k and 
m are tabulated in the Table. When a is a very small positive number on (0, 1), 
it is seen from the Table that the condition L(a; v, k, m)> 1/2 is satisfied , if v is 
sufficiently large.
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Table. The value of kP1(1/21 Ho)

   1. k = 2 

------.m 

12--------,1235102030 
   1  .58579 . 70711 j . 76256 1 . 81781 .87238 . 90826 . 92777 

   2 . 36338 . 50000 . 57559 . 66047 . 75391 . 82380 . 85554 
   5 . 09965 . 17678 . 23776 . 32839 . 46289 . 59355 . 65836 
  10 . 01374 . 03125 I .05049 . 09006 . 17957 . 30746 . 39153 
  20 . 00032 . 00098 . 00211 . 00544 . 01921 . 06143 . 10813 
  30 . 00001 . 00003 . 00008 . 00026 . 00154  . 00904 . 02263 
 50. 00001 . 00011 . 00054 

   2. k =3 

  

1-— Hin1235102030  /.,--_' 

   1  . 54507 . 53033 . 48141 . 38440 . 21929 . 07815 . 02904 

   2 . 34835 . 37500 . 35664 . 29818 . 17770 . 06416 . 02414 

   5 . 09944 . 13258 . 14188 . 13509 . 09439 . 03713 . 01447 

  10 .01405 . 02344 . 02913 . 13551 .02882 . 01356 . 00570 

  20  . 00034 . 00073 . 00112 .00175 . 00232 .00160 . 00080 

  30 . 00001 . 00002 . 00004 . 00008 ' .00016 . 00016 . 00010 

   3. k = 5 

\\I ----------H 12351020  1.,  

   1 . 37793 . 22097 . 12623 . 04197 . 00307 . 00002 

   2 . 24913 . 15625 . 09195 . 03143 . 00228 . 00001 

   5 1 . 07478 . 05524 . 03521 . 01371 . 00106 . 00001 

  10 . 01095 . 00977 . 00694 . 00291 . 00026 

  20 . 00027 . 00031 . 00026 . 00013 . 00002 

  30 . 00001 . 00001 . 00001 . 00001 

   4. k = 10 

vm1235 

 v 

   1 . 10120 . 01381 . 00193 . 00004 

   2 . 06872 . 00977 . 00046 . 00003 

   5 . 02189 . 00366 . 00051 . 00001 

  10 . 00338 . 00061 . 00010 

   5. k = 20 

 1.,\m,    12 
 --

--
-, ,' 

   1  . 00676 . 00003 

   2 . 00323 . 00001 

   5 . 00019 

  10 .00001
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    5. Successive multiple decision procedures. 

    Using the results in Section 4, we propose and consider an algorithm related 

 with successive multiple decision procedure for testing hypotheses (1-10) stated in 

Section 1. The parameters Oi (i=1, ••• , k) and Oo in Section 1 correspond to 

Ai (i=1, ••• , k) and 0 in Section 4, respectively. We arrange the observations 

211, ••• , uk in decending order of magnitude as Ili,?ui2and set out the 

quantity s,k-a+1)— 14+ E Our algorithm is as follows. 
                              j=1     P

rocedure I. 

        (10) if uii/s(k)� L(ai ; v, 1 111)select Dc, 

        (20) if uji/s(k) > L(a1; v, k, m) 

             and ui2/s(k_i)� L(a2 ; 1), k-1, m) ,select Dig 

       (r0) if L(a1; v, k-1, m) 

                       Ui21 S(k--1)> L(a2; v, k-1, m) 

                             •9(k-r+2)> L(ar-, ; v, k—r+2, m) 

          and u Is                             (k-r+1) � Mar; v, k—r+1, m) , select D1:17:2••ir-10 

     (m+10) if s(k)> L(a1; v, k, m) 

                    ui21s(k-1)> L(a2 ; 1), k-1, m) 

             and uik/s(i) > L(ak ; 1), k-1, m) ,select Di44                                                                                                                   1.2-4 • 

   We will show that Procedure I has some desirable properties. We at first 

prepare with some Lemmas for this purpose. 
    LEMMA 5-1. Let ANM, AMN, T1, T2 be some positive constants. If ANm > AMN for 

M > N and T2> T„ then 

                 E E 77AN31 > ET2 E TflAmN                   N=0 M=0N=0 fft----0 
holds. 

   The proof of this Lemma is simple and it omited. Consider only a hypothesis 

H12...r for the sake of simplicity. 

   LEMMA 5-2. When 21; _� 0 and L(a ; v, k, m)> 1/2, the slippage test (4-1) 

satisfies 

                      PrID;11112...7.01 Pr{Di11112...70}(5-1) 

for i, j =1, 2, ••• , k and the equality holds when d; = zli. 
   PROOF. Putting L= L(a; v, k, m), we have 

 PrID;11112...0 = Pr{ U; > U1, -.• , U U;+1, , Uk and I/JO+ Ui) > L / 112-4 •
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It follows from  L> 1/2 that 

Pr {Di11112...k} 

   = PrILI  (U+' (11)1112...k}1—L i�j 
           -Z di 

    e t-1coo rootitrjri 1 _t•                                     t 2e 
     r(v12)Jo••JoLm                        tizmi=01•r(m  

                                        2 ' 

         coAm;  .(E1                                  t/e-tjdt j)dtddt        mi=oinj r(ni +77/f 
                 2.1) 1-1 (t+                                       -"LE'ti) 

           - Z di 

  ei=1 " •t 2v1  t               1ti    =r( V/2)JoJoer( mm i)i2 +mi le                                           2' 

                                            m    -Jr, 1 z1v1  7(  2 d-mi)L 
   E( 1— L)mmi=o ml! r( M mi)m=° mir( 2+M s=0T(s-1) 

   2 'j 

     • (s. Xt+E" ti)3-1(1— L)7 +rni+iF( M2+ Mt+Odtildt . 
    i=i1=1 

We here put 

             BmN=1"( +N) E EL)--2--hm-ir( m+m+i). 
           2s=0 i=0\2 

When M> N, we have 

         tn/2±M-1M  BNM—BMN= E+±(1—L)7r + N+i) 
     s=m/2+Ni=02 

                       1-ft+N-1 

        +E r( m+N)E(1 L)mM+N+i) 
    s =0 22 

          

• [( M2 +N) ••• 2-FM1)(1L)3I-N(+N±i) ••• (m+N+i)]. 

                                               2 Using max in2 +N-1 in the last term of the right hand side, the inside of the 

brackets becomes 

   [( 72n +N) ••• ( M2 +M-1)—(1—L)m-N(m+2N-1) ••• (m+M+N-2)] 

    =( 2+N) ••• ( 2+M-1) 12(1—L)Im-N(M   
          222                                +N-1) •-•  N 1) 

Since L> 1/2 and thus 2(1—L) < 1, the right hand side clearly takes the positive 

value. Therefore BNm>BmN for M> N. From Lemma 5-1, we know that
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                Pi-{D;(1112-k} > Pr {DiI 1112...k} for 4i>4i(5-2) 

and 

                 Pr{DilH12...k} = Pr {Di I 1/12.-k} for 4;=4,.(5-3) 

Putting 4,,1=•••= 4k= 0 and using (5-2) and (5-3), the proof is complete. 

    From Theorem 4-1 and Lemma 5-2, we have the following. 
   THEOREM 5-1. In each step of Procedure I, the condition (C1-3) is satisfied. 

   It is easily seen from Theorem 4-1 that if Hi10 (i= 1, ••• , k) is true, then Proce-

dure I is optimum in the sense that it maximizes the probability of correct decision. 

However, it is shown in the following section that if Hil-ir0 (r> 1) is true, then 

Procedure I attaines to the maximum : Max Pr ID(ii-ir_i>iro , but in 
                                                      oiro(ir�ii, • , it-1) 

general does not attain to the maximum of PrIDii...ir_i 
   We next propose and consider another algorithm related with successive multiple 

decision procedure which is perhaps more robust against the erroneous decisions 

previously made in each steps. It is as follows : 
   Procedure II 

           (10 if uji/u S(a1; v, k, m) ,select Do , 

           (20) if uii/u > S(a1; v, k, m) , 

                and ut,/u S(a2 ; v, k-1, m)select Dio 

           (r0) if uiilu> S(a1; v, k, m) 

                       ui,lu> S(a2; v, k-1, m) 

                        uir_,/ u > S(ar_, ; v, k—r+ 2, m) 

                and uir/it S(ar ; v, k—r+1, m) select 

        (k+10) if uillu> S(a1; v, k, m) 

                       ui2/u S(a2; v, k-1, m) 

                and uik/u > S(ak ; v, k, m) ,select Dil..ik , 

where S(ai; v, k, m) is a constant whose precise value is determined by condition 

(C4-2). 
   According to similar method to that of proof in Theorem 5-1, we have the 

following. 

   THEOREM 5-2. In each step of Procedure II, the condition (C1-3) is satisfied. 

   REMARK. The general aspect of Procedure I and II in a linear hypotheses model 

can be observed in terms of the general formulation and discussion of the following 

successive multiple decision procedure. First we constract a sequence of decision 

sets as follows :
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 To = (Do, D10, •••DkO) 9 

             Z(il)(D(11)07 Ai1)i207 ••• D(il)i1-10D(ii)i1+107 7 Ai1)ik0) 

                                                         (5-4) 
                 — Dur-i r):0 — ir+1, ir+27 ik) 

               T(il-tk -1) (1)(21.-ik -DO/ DCir-ik-1)/k) 

where D. denotes the decision to accept the corresponding hypothesis H. in the 

following 

                                   — •• • — Oik— 00 7 

            11(il-ir)tr÷10 eir+1 flir+2 • °tic— 00(r =1, 2, ••• , k —2)(5-5) 

                         eik> 00 • 

We now impose the requirements for selecting an element of Z(ii...ir) that 

(C5-1) Pr ID(ii-ir)01Hur-ir)01 1—ar+i, ar+i E (0, 1) (r =0, 1, • • , k-1) 

(C5-2) Pr{Dcil...ir)ir+10I H(ii-ir)ir+10} "' PrID(tr-ir)ik0 H(ir-ir)ik0} (r= 0, 1, ••• , k —1) 

where 
                        = Do 

and 

                               D110when r = 0 , 

                   — 

                                             when r= k-1 . 

   Let us consider the following rule of statistical procedures for selecting a 

decision to accept one of the hypotheses (1-10) : 

   (1) First an element of Zo is selected with the help of a procedure which satisfies 
      the condition (C5-1) and (C5-2) with r = 0. 

      (11) If Do is selected in step (1), then we stop and hence decide Do. 

      (12) If Di,o is selected in step (1), then further examine Z(i1)• 

   (2) In the case (12) an element of Z(ii) is selected with the help of a procedure 
      which satisfies the condition (C5-1) and (C5-2) with r =1. 

      (21) If Dci1,0 is selected in step (2), then we stop and decideDi10. 

      (22) IfAi 1)020 is selected in step (2), then further examineZ(1112). 

We continue until an element D(ii...wo of is selected with the help of a proce-

dure which satisfies the condition (C5-1) and (C5-2), and hence we stop and decide 

   And we shall call the procedure proposed above a local optimal procedure if the 

condition (C1-3) is satisfied in each of all steps. Under this definition, Theorem 5-1 
and 5-2 can be rewrited as " Procedure I and II are local optimal ". 

   It is easily seen from Theorem 4-1 that if Hi                                             10 1, ••• , k) is true, then Proce-

dure I is optimum in the sense that is maximized the probability of correct decision. 

However note that when (r > 0) is true, this local optimal procedure (and
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hence Procedure I too) enjoyes a kind of local optimum property that is, if the 

outcome of the previuos step of the test happens to be correct the present test has 

an optimum property. 

   It should be noted that in case of m  =  1, our present Procedure I and II is 

applicable to find a successive procedure of fitting a sequence of orthogonal functions 

that was suggested by T. Kitagawa [7], [8].

   6. Comparison of Procedure I and II. 

   In this section, we compare the powers of Procedure I and II. For the sake of 
simplicity, we consider the case of m = 2 and a random model instead of parametric 

model in the preceding sections. 

   We assume the mean squares Ui (i = 0, 1, 2) are independently distributed as 

Xio-i/ni, where XI is the central X2 statistics based on ni degrees of freedom . Suppose 
that we are interested in testing the following multiple hypotheses 

                     H0 : e2=01=1 

                112o: 02> 01= 1 1110 : 01>02= 1(4-1) 

                   1121: 02 > 01> 1 H„: 01>02> 1 

where 0 = (i = 1, 2). When the observations u1, u2 are arranged in decending 
order of magnitude as u(2)> U(1), Procedure I and II are given by 

   Procedure I 

          10) if u(2)/(uo-i-uw) L2select Do , 

         2-10) if u(2)/(uo+ um) > L2 

           and u(,)/uo L1,select D(2,0 , 

         2-20) if u(2)/(uo±u(i)) > L2 

           and umluo> L1,select D(2)(1). 

   Procedure II 

         10) if 1-1(2)/u0 � S2 ,select Do , 

          2-10) if u(2)/u0 > S2 and u(i)/uo S,, select D(2)0 

          2-20) if u(2)/u0 > S2 and ucilito > S,, select D(2)(1) . 

   We now consider the simplest case as n1= n2 = 2. The joint probability density 

function of W=U2IU0 and V= 1111110 is given by 

                                                                                   no  

           f(w, v, 02, 0,)=1  n0102 2'(2° +1)(1+ vw                                    01 e222 

In the 10 step, let a, and all be the sizes of Procedure I and II, PI(02, 01) and 1311(02, 01) 
denote the powers of Procedure I and II assumed 02 > 01, respectively. Hence we 
have
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      1—cri=Pr{V-�W �L,(1±V)1110}+PrIW V L2(1+W)11101 

                               L2(1w) 
            2       ff 

                                          w-- 

                      f(w, v ; 1, 1)dv dwfor L2 > 1 , 

                         L2  

              2( f 1-L2-Ff  L2)/(W, v ; 1, 1)dv dw for L2 < 1 , 
                       0 L2(1 -v)                                                                 1-L2 

and then 
                                     no , 

             2/(1+L2) 2for L2 > 1 
      ai-=nOno 

                     2[1-+L2(1— L2) 2 1/(1-+L2)2 1 for L2 < 1. 

Similarly, we have 

       all = 2(1+ SO- no' 2— (1+ 2S2)- , 

              (1+ elL2)-1(1+ 1 L2)"/2for L2 > 1 ,           022 

     131(02, 0 = 1—(1-} eel)11++ ni (1+el)(L2 
                2l/ 2tz021—L2 

                   —1{1+1(1+el)( L2)1-74"2] 
                    01021—L2for L2 < 1 

and 

      43102, 01) = (1+ B1 "/2 — (1+ 6102 ) 1[1-41+ °02 ) 02 s2] 2 
   As an example, we consider the case of n0 = 2 and a1= au = 0.05. We obtain 
L2 = 5.32455 and S2 = 28.82952. If the hypothesis H2O is true, then it should be 
satisfied according to Theorem 4-1 that 

                        '31(0 2, 1) > PH(02, 1) 

It is easily shown from the above results that this statement is correct and the 
inequality holds strictly. However, when the hypothesis I-1.21 is true, we cannot 
-expect the relation that the power of Procedure I is better than that of Procedure 

II for all possible values of 02 and 01. These relations is clearly shown in Figure.

                   Fig. Power of Procedure I and II (k=m.---2) 

1.0-1.0 -1.0-1.0'- 1313138
1=101ei= 58,---20       Or=1     T 

      1 0.5-0.5 -
z,,,.,..„--0.5-z,..------- 

                                                    0.5.5II 

   III-.,,------------                         II                                            -----.
----I---- 

       1III IIIII   I I 1 1 II I I I II  

   0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 
    -)0,•-- 02-, 0,--).02

   Consequently, it was observed that in our successive multiple decision problem 

there does not exist an overall optimum procedure in the sense that jointly maxi-

mizes the probabilities of correct decisions for all possible hypotheses under the
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condition (C5-1), (C5-2) and  (C1-3). 
   By considering of the present example, the following procedure may be sug-

gested in case of successive multiple decision problem in linear model. First we-
apply Procedure II, that is, if 

                    u,,/u> S(a; ; v, k—j+1, m) (1= 1, ••• , r-1) (5-1)-

andu,r/u S(ar; v, k—r+1, m) 

hold, and further we apply the slippage test, that is, if 

                  1107 S(k-r+1).� L(Cir; v, k—r+1, m)(5-2) 

holds, then we select Dii. ir_o. And if (5-2) does not hold, then we return to (5-1) 

with j = r+ 1, and so on. Of course, such an algorithm as proposed above involves 

a large scale table which has to be evaluated by numerical computation.
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