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1. Statement of problem.

We consider a multiple decision problem for deciding an ordering of 2 unknown
parameters 6,,6,, -+, 8. Let (15,1, -+, 1) be one of the k2! permutations of (1,2, ---, k).

k

Suppose that we are concerned with a set of 2!>(j!)"' hypotheses which are
=1

defined by ’

H:0,=60,=--=86,
(1-1)
Hir“iro: 6[12 20“201'7_“: cee :Bik (7’:1, 2, tety k—l)
where for at last one i, (s=1, ---, r), the strict inequality 8;,> 6,,., holds in H; ...

Let D. be the decision to accept the corresponding hypothesis H., P, {D.|H'} be the
probability of making decision D. when H. is true, and P,{D.|D!|H”} be the con-
ditional probability of making decision D., given the decision D when H” is true.
Under the situation that we can be sure of the existence of the true hypothesis

k
among the above set of k!> (j!)™' hypotheses (1-1), we naturally wish to find a
Jj=1

multiple decision procedure which maximizes the probabilities of correct decisions,
Pr{D;,..;,o| Hi;..i,0}, simulataneously. This problem is too vague to be handled as the
amount of knowledge on the ture situation of ordered parameters is small, but we
have to start somewhere ; in fact, further specialization of the models and/or decision
procedure itself is usually necessary.

We now consider the following type of hypotheses.

Hil"'ir: 0i1 2 o 20”20”_’_1, T 0ik ’ (T: 1, 2; Tty kﬁ]—) . (1_2)

For two sets (1-1) and (1-2) of hypotheses, we have the following logical relations.
If any hypothesis H;,..;(H;,...,0) for fixed iy, -, 7, is true, the preceding hypotheses
Hiipyy s Hy(Hypiyrg0r = s Higig_10) must be true, and if any hypothesis is false
the succeeding ones must be false, that is,

Hy2H;,2 - 2 Hiy, (1-3)
and Hil“‘irO = Hil'“i7+10 c .. = Hil“'ik—l.l) . :
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2 M. Tasaka

And the two sets of hypotheses (1-1) and (1-2) are related by

Hil"‘fr 2 Hil"'iro . (1_4)
We have

Pr{Dil"’i'rO} = Pr{Dil} Pr{DiU'zIDix} Pr{Di1~-irlDi1~-~ir_1} Pr{Dil-ui',«o! Dilu-ir} . (1_5>

Further we consider the following hypotheses

Hepipot Oipyy =+ =04,
Hepotpyipgroigot Oipyy = o 20, =05, = - =0y (1-6)
Hipipyipgroiss Oippy = 0 205,204, -, Oy
Now if the condition
{C1-1) Pri{D;,..;;| Disir_i} = Pr{D iy _1ris}
holds, then we obtain
Pri{D;,...,o} = Pr{D;;} Pr{Dyyis} ** Pr{Dcisir_1ir} PT{Dcisipyo} - 1-7)

We shall desire to find a successive multiple decision procedure which maximizes
the probability of correct decision. In case when, for instance, Hj,.;, is true, our
requirement is, in terms of our notation,

(Cl—z) 11\11211)( PT{Dn lrlH“...”‘..ho} = PT’{D_u JT[H“_”]r“JsO}
(T——«l,z, S, 1§S§k"l)

where the maximum is the one for all possible combinations of (i3, -~ , i,).
Let @. be a class of possible decision functions ¢. satisfying the conditions (C1-1)
and (C1-2). It follows from (1-7) that
Max log Pr{D;,..qs0l Hip-s0}

Diqi50

= Max [log Pr{D; | Hz.c} +10g8 Pr{Dpis-igo | Hizs0} ]

Diqig0

- Max EIOg Pr{Dulez so}+ Max IOg Pr{D(u)zz zsolle 30}]

12150

=[log Pr{D;|Hy,.s} + MaX log Pri{Dyip-is0| Hizso} 1 (1-8)

12150
However, it is difficult in general to satisfy the requirement (C1-2), because it would
be expected to satisfy the relation
Max Pr{Dy,. g0l Hia- s} = Max Pr{Dayiy-iso| Higso}  (for i€ (2,3, ---,5). (1-9)

Dio.ig0 Dig-ig0
In such a situation, it could not be desired to find a successive multiple decision
procedure which maximizes the probability of correct decision. Therefore, instead
of (C1-2) we have to be satisfied with the requirement under any fixed (i, =+, i,):
(C1-3) - Max  Pr{Dgyipyis| Hjpjprjsol = Pr{Daiyinso Hjp jpjso}
1< (ra o ig)

where
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P:Ma;( {(jl: o0 ’jry M rjs)_ﬁ(ilv Tty iT)ﬁ(fl, ot yjr: i ’js)} .
7in fp

1t would be expected that there are a number of possible decision functions satisfy-
ing the condition (C1-3).

The formulation of our problem can be modified to include the case where the
standard value or a control population is present. In this case the hypotheses (1-1)
-should be change to

Hy: 6,=0,= - =0,=40,

Hir"iro: 0= - 29142(91'7.“: :0ik:00 (r=1,2, -, k—1) (1_10)

Hir--ik: 0 =20,= - Zﬁik>0o

k
:and the number of hypotheses is k!(1+ 20 !)"). The discussion made above is
Jj=1

-also valid somewhat in this modified formulation.

In Section 2 and 3, we propose a successive multiple decision procedure which
satisfies the condition (C1-1) and would have reasonable power in the likelihood ratio
‘test criterion. In Section 4 and 5 we consider linear hypotheses model. A slippage
‘problem in the general linear hypotheses model is discussed in Section 4 for specify-
ing the operating characteristics of a successive multiple decision procedure which
is introduced in Section 5. An example, in Section 6, will show that there does not
-exists the successive decision procedure which is optimum in the sense that uniformly
‘maximizes the probability of correct decision.

2. Nested induced test.

In the problem of testing a given hypothesis about an unknown vector parameter,
:a method of testing has suggested by Hogg [6], and Daroch and Silvey [3] indicated
that this method, which, according to Seber [117], we shall call the nested induced
test, will have reasonable power if the likelihood ratio statistic is used as the test
-criterion. If Hy,., is a prior given hypotheses, then it is possible to use the nested
induced test for testing H,,..,. However, since we are treating our decision problem
under the incomplete information that there exists a true hypothesis among the set

k
of 13 (7)™ hypotheses (1-1), we cannot directly use the nested induced test itself,
i=1

but a successive method for multiple decision may be suggested by examining some
properties of nested induced test as shown in this section.

Suppose for each i=1,2, - , k the random variable X, has the density function
J(x; 60,), and random samples x,, ---, x; are independently taken from the distribution
of X,,++,X;. LetIbean interval of real numbers, 2=1{0,,-,0,; 0; € Ii=1,--, k)}
‘be k& dimensional Euclidean space R* or a subspace of R*, w. denotes the subspace
-of £ that the hypothesis H. is satisfied, and G be a general stochastic model in
which a vector parameter, §=(4,,--,8,) is known to belong to £, that is, § & 2.
Let L[] be the likelihood function
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LL61= T /(x,: 0) 2-1»
and difine the likelihood ratio by
L[H..|H] =, sup L[@]/?Eg Lgol, (2-2y
then we have
LTH;, . ,0|Gl= L[H|GI1LLH iy | HiJ -+ LLH i | it LI H o | Hipoiy ) . (2-3)

As pointed out in Seber [11] and Darroch and Silvey [3], if each of the likelihood
ratios on the right hand side is near one, then left hand side will be near one also.
Therefore, as the likelihood ratio test has, in general, reasonable power, then, the
following nested induced test will also have reasonable power: we accept H, .i0
against G only if all of the hypotheses in the sequence of the tests

(i) H;, against G,
(i1) Hiip against H,,

) H;,... ~against H,. ., _,,
(r+1) Hi.i0 against H;..,
are accepted.

We shall now examine some properties of the nested induced test mentioned
above. In order to do so we shall now specify the nature of the density function
Hx; 6):

(C2-1) f(x; &) has monotone likelihood ratio in 7(x), that is, there exists a real-
valued function 7(x) such that for any § <@’ the distribution F(x; #) and
F(x; ') are distinct, and the ratio f(x; 6')/f(x; 6) is a nondecreasing
function of T(x).

We have the following.

LEMMA 2-1. If there exists a unique 6 which maximizes L[8] in the domain
2 (and w;), then under the condition (C2-1), the likelihood ratio L[H;|G] is a non-
decreasing function of T(x;) and for each j=1,2,---,i—1,1+1,-, k a nonincreasing
Sunction of T(x;).

ProOF. Let #=(4,, -, H,) be a maximum likelihood estimate under H,, then it
maximizes L[#] in the domain w;. Then it should be holds that

9:’ > Max (91, sy Oy, Oigy o, 9k) 2-4)

Let 6'=(8,, ---,0:) be a maximum likelihood estimate of which maximizes L[] in
the domain 2. Assume now we have 6;> §,. Then it follows from (2-4) that

(91’ Tty éi—ly é{’ éi«Hy tty ék) Ew,;. (2_5)‘
On the other hand, from the uniqueness of maximum likelihood estimate we have.

S 9:) > fxy; éz)
and thus
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S 8T Ay 8> T 7y 7).
i
From (2-5) this is a contradiction, and therefore #,= 4, has to be true, as was to
be proved. Similarly, it can be shown that #;=4; (j=1,2,---,i—1,7+1,---, k). This
completes the proof.

For indicating clearly the existence and representation of maximum likelihood
estimate of £ it is necessary to restrict the class of distribution. It is contained
in the works of Brunk [1], van Eeden [13] and others who investigated the problem
for estimating monotone parameters. We are now going to study under the for-
mulation which is similar to the one described by Robertson and Waltman [10].
Suppose that the real parameter family of densities f(x; ) has the following proper-
ties :

(C2-2) f(x; 0) has a support S which is the same for all 617,
(C2-3) for each x in S, f(x; @) is a continuous function of 4 on I,
(C2-4) f(x; 0) is a strictly unimodal function of & in I,

that is, there exists a number M in [ which is a unique mode of f(x; 6).

In Brunk [1], Robertson and Waltman [10] it is shown that under the conditions
(C2-2), (C2-3) and (C2-4) there is a maximum likelihood estimate of # in w,.; and
it may be obtained as follows:

Let M, be the mode of f(x;;8). If My=M,= -+ =M,, then #;,=M;, i=1,2, -, k.
On the other hand, if for some : we have M,< M,,,, then the i-th and i+1-th
samples are pooled and M, is the mode of f(x;;0)-f(x;s,;0). Furthermore
M, =M; for j <i and My, = M;,,, for j>i. This procedure is repeated until a
set of monotone nonincreasing set of modes, M, is obtained. They showed that
sup L[] is obtained as L[M] from the sample by this procedure, which we shall

f=wi

«call R—M procedure.

LEMMA 2-2. Under the conditions (C2-2), (C2-3) and (C2-4), the likelihood ratio
L[H;|G] is a nondecreasing function of M; and a nonincreasing function of My, -, M;_,,
My, -, M.

PrOOF. For the sake of simplicity and without loss of generality we consider
the case of i=1 and suppose that a maximum likelihood estimate of ¢ in £ is given
by 05=M, (j=1,2,-, k) from the sample (xy, -, x;) and

MzM,_,z - =M,2M,=2M,,= - =M,

is obtained. chording to R—W procedure it is easily shown that a maximum
likelihood estimate of 6 in w; is given by

~ lwlzms for ]: 1: 2: t, S
b,=

M; for j=s+1,-,k
and thus

LLH,|G]= n F(x;; Myp )/ f(xy5 M) (2-6)
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holds. On the other hand, it follows from the condition (C2-4) that M,,., is betweemn
Mi and M1;+1, and thus

M=2M,. . =M, . 2-7y
It is proved from (2-6) and (2-7) that L[H,|G] is a nondecreasing function of M,.
It follows from the condition (C2-4) that

MZZM122MII

and hence M,, does not decrease as M, increases. Similarly

Ms 2 *Mlz-'-s 2 M12~~-s—1 ’

and hence M,,., does not decrease as M,, ---, M,_; and M, increase respectively. On
the other hand, since

M2-~s = M12--~s = M1
holds, L[ H,|G] is a nonincreasing function of M,.,. In this maner we can prove

the argument.
An important class of families of distributions that satisfy the condition (C2-1)

is the one-parameter exponential families
F(x; )= C0)e¥OT@ ()

where Q is strictly monotone. Brunk [1] considered the present problem when
f(x; 6) belongs to a certain exponential family of distributions. It is known from
Lemma 2-1 and 2-2 that if T(x))=M; (i=1,2,---, k), then the condition (C2-1) and
the assumption of uniqueness of maximum likelihood estimate in w; are equivalient
to the condition (C2-4).

THEOREM 2-1. Under the conditions (C2-2), (C2-3) and (C2-4) the likelihood ratio
L[H;, i, yir| Higir_;1 15 independent of xy .. x;,_;, a nondecreasing function of M;, and

for each j=vr+1,---, k a nonincreasing function of M;.
PrOOF. Consider the following hypotheses
Hipipopipt 00, 2 0ippy -+, Oy (r=2,3 -, k—1). (2-8)

It is easily shown from the procedure for obtaining a maximum likelihood estimate
of 0 in w;,.; that
L[Hir"ir—lir l Hir"ir—l] — L[Hil'-'ir—lir l Ck—r+1]

where G._,,; is a general stochastic model in which a vector parameter §=
(0:y, 01731, -, 03) is known to belong {#;60;,€1,j=r,r+1,--,k}. By using Lemma
2-2, this completes the argument.

(2-3) and Theorem 2-1 indicate that the nested induced test for a given hypoth-
esis H,,.;,, satisfies the condition (C1-1), and is a sequence of likelihood ratio test
based on likelihood ratio which has the property of Lemma 2-2, that is,

LlH 170G = LLH | GILU H 313101 -+ LEH 3yt i, JLTH 11130 (2-9)
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3. Successive multiple decision procedure.

k
In our problem the true hypothesis is one of k!> (jD)™' hypotheses (1-1) and
j=1

no a priori knowledge available to us. So we wish to propose a successive test
procedure for giving mutiple decision in this problem by using the results of the
preceding Section 2. In order to do this, we first examine the properties of the
following likelihood ratio test:

if L[H, |Gz 4, (3-1)
holds, then we select a decision D,,, where 4, is a value determined by
PriL[H, |G]< A} < ay (G=12 -,k (3-2)
and «, is a preassigned value with the condition a, =(0, 1). It is clear that if
Milgﬂliz_Z_ e ZMzk (3‘3)
is given from the sample (xy, ---, xi), and a decision D, is selected for an integer 7,
then the decisions D, -, D;,_, should be necessarly selected.
Now we define
HT;"_S_Tt 0151: ces :0ir> e > 0is: I — 0“ > 0ib+1’ TN 0”‘ . (3_4)
Then we have
Hyn - NH;, = Hi; . (3-5)
Hence we know that if D,,-,D; are jointly selected (and D,,,,, -+, D;, are not

selected) according to the above likelihood ratio test (3-1), then we select the decision
D=,

By considering of this and (2-9), we shall propose the following successive
multiple decision procedure:

Let A, be a value satisfied by

Pr{L[Hir"ir_lir]Hh“-ir—]] < Zr} é ar, (3—6)
and «, be a preassigning value with the condition «, =(0,1). When the ordering
modes of f(x;;6,) (i=1,---,k) according to (3-3) are observed from the sample
(23, -+ 5 X,

(1) if LLH;1Gl=z4 (=1, a),
Ll | g 12 A U=ait1, -, atay)

H——— - - . — - - >
L[“11‘““11'“1a1+-~+ar—1“‘1a1+~-+arlj l Hll"'la]"“a1+»~+ar41'“1a1+-<-+ar] = ]“1+“'+ar+1

(J=a;+ - +a,+1, -, k) 3-7
and

L. -
L[“ir"iar"iu1+~~+ar—1‘"ia1+---+ar° “il‘“ia1“'ia1+--~+arA1"'ia1+---far:| < e 3-8)

hold, then we select D
2,) if (3-7) and

iy lagtetar_1iatetard
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L]- LT
L[“il”‘”‘al"'ia1+---+urfr“ia1+-~+ ol H Tty iariter 1 darrta0d = 4 (3-9)

hold, then we select D

frtartay+otarorlay st artar bt ary ik
An example.

Let x; (1=1,2,3) be normally independently distributed with mean 6; (:=1,2,3)
and common variance 1. For example, the rejection of a hypothesis H;: o0 > 8,=86,,
8, > —oco when L[H,|G] is small, is equivalent to the rejection when —2In L[ H,|G]
is large.

0 Xl > XZr -X3
(Xz"Xl)z/‘ly X2>X1>X3
(X3*X1)2/47 X3>X1>X2

O ES D A A

—2In L[H,|G]=

where X= 3} X,/3.
r=1
If —21n L[H,|G]= 4, H, is rejected, where A, satisfies
Pr{—2InL[H,|G]=A|H} <a,.

We wish to find 4, under the condition where a, is a preassigned value in (0, 1).

Putting
T21:X2_X1y T31:X3“‘X1s

512:‘91’“02 (>O), 513:01_53 (>0),
the joint probability density function is given by

STy, Ty)= 7%7 exp [‘“ "gf {(T3374015)"—(To14010)(To1 4 015)+ (T51+015)%) ] .

When H, is true, the probability of rejecting H, is given by
Pr{—2In L[H,|G]= leHx} = P1+P2+P3 ’

where
P1: Pr{(Xz > X1 > X3) M (XS_XI = Cl) IHI}
=Pri0>Ty)NTyuy=c)|H},
P,=Pri0>T, )N (Tyu=2cy) |H.},
3 —
Py=Pr{(Xy X, > X 0 (S~ Xy 2 /)| 1}
r=1
= Pr{(Tu, Tu> O (T Tu ot Th 2 -5 )| i}
and

=2V, (>0).
We can easily show that

P={" 0@, /V3t,
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Po={" g0tV

and
P=| f/  B(OL1—B((23,—1)/v3 +c,/v/2 )t
'\/%’31 +0312 - _
+ SO O /2= 3,1+ (2010~ 812)/v/3)dt
Y O O G @m0 VM
where

b= s, 0W=[" gdx.
“Thus the successive multiple decision procedure in our present example is sum-
marized in the following: Let x;> x; > xs.
(1,) if x;—x;=c¢, and
(1,-1) xj—x,< €y, select Dy,
(1,-2) Xj— Xy Z Cy, select Dsj,

(2,) if x—x;<c¢, and

@2.-1) éu,ﬁxygzl, select Di,

3
(2.-2) Zi(x,——f)2<21, select D,
‘where ¢,, ¢, and 4, are determined by

2 [ “g0(—t/v3dt+ | ;}3 POL—O(—1/v/3 +e,/v/2)dt

+2f ﬁ“sﬁ(t)[l—@(ﬁ%ﬁfmjdt: a,

1—¢(Cz/'\/7) =y,
:and Ai=ci/4.

4. Slippage problem in linear hypotheses model.

We assumed in Section 2 and 3 that the likelihood function is defined by (2-1).
‘Under this assumption, our successive multiple decision procedure would be useful
for selection and ranking problem. However there are many cases which do not
-gatisfy (2-1) as in linear hypotheses model. In such a situation it is clear that the
.condition (C1-1) is not satisfied.

In this section we consider a slippage problem in a linear model, and in the
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next section, using the results derived in this section, we propose two successive
multiple decision procedures which satisfy the condition (C1-3) under the hypotheses.
(1-10).

Let Y=(Y,, Y, -+, Y,) be a random vector distributed according to the multi-
variate normal distribution with mean vector & and covariance matrix ¢%[. About

§; (i=1,2,---,n) we suppose they are divided into k+1 categories consisting of m

except for the last category consisting n—km for which assume &, =0, 1= km-1,---, n..
We consider the problem of jointly testing the %2 hypotheses
Héi): E(i—l)m+1: :Eim:O (1:1! 27 7k)

Now we impose the requirement that

(C4-1) the test procedure should be invariant under the group G,,--,G,; and G,
of transformations:

G,; (j=1,2, -+, k): all orthognal transformations of Y -pm+1, =** » ¥Yim -
GZZYEZCYiv i=1,2,--',n; c;éo'

It follows that under the condition (C4-1), the problem of jointly testing &
hypotheses H?®, ---, H{® reduces to that of jointly testing 2 hypotheses H{: 2,=0
(i=1,2, -, k) subject to the & statistics U,/U, -, U,/U. Here 2;=EPED/20% (i=1,2,
<+, k; km=vr). It is well known that U;/¢® (i=1,2,---, k) be distributed according
to the noncentral X* distributions with the common m degrees of freedom and non-
centrality parameters 4;, and U/¢® has the central X%distribution with v=n—r
degrees of freedom, and Uy, -, U, and U are mutually independent. We consider
a multiple decision problem with respect to testing hypotheses for 2 unknown
parameters A, -+, A.

There is the k sample slippage problem as an important class of multiple decision
problems. The classical slippage problems are to find a satistical procedure which
will, on the basis of the observation, decide if all the k# parameters are eqnal to
each other, and if not, which one out of % parameters has slipped to the right.
Hence k-1 decision corresponding to k+1 all possible hypotheses are introduced.
We now return to the linear model given in the beginning of this section, and intro-
duce a slippage type hypotheses as follows.

Hy: ,= - =2,=0
Hi:li:A1 21:"':2,;,1:]i+1: "':lk:() (7'21127 “'!k>
where 4> 0.

The slippage problem is to find an optimum decision procedure in the sense
that maximizes the probability of making the correct decision subject to the following
conditions

(C4-2) Pr{D,|H,} Z1—a where ac=(0,1),
(C4-3) the decision precedure should be symmetric, that is,

PriDi|H\} = - = Pr{D|H} .
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This type of problem has been first investigated by Paulson [9)], Truax [12] for
the mean and the variance of %2 normal populations and in more general formulation.
by Hall, Kudo and Yeh [4], (5], [14] among other authors. According their proce-
dure, we have the following theorem. i

Put U;,=Max(U,, -+, U,), and set out the quantity Su,= U+ zUj. Let D;, be
the decision corresponding to distribution yielding Uj,. =

THEOREM 4-1. The following decision procedure for the splippage problem is
optimum under the conditions (C4-1), (C4-2), and (C4-3).

If Ui/Siw> Lla; v, k, m), select Dy,
If U,/Siww=Lla; v, k,m), select D,,

(4-1)

where L{a; v, k, m) is a constant whose precise value is determined by condition (C4-2)
and does not depend on 4.

PrROOF. Because of the condition (C4-1), it is clear that U, U,, -, U, form the
maximal invariant statistics, and by applying Theorem 1 and 2 of Hall and Kudo
[4] it is straightforward to prove the theorem.

Next we derive an approximative formula for L(«; v, k, m), and this is obtained
in a manner similar to the calculation given by Cochran [2]. Put

Wy=U/(U+30), =12, k.

The joint probability density function of W,, .-, W, is given by

-y X F[L(H—km)—{—im]
S (- Bw) T S A L2 B e, 4-2)
[7(”/2) < i:lw ) i=1mg=0 Ml | r<‘7;1-+ Tni) w ( )

The probability that the largest of the ratios Wy, ---, W, exeeds L is given by
k ; k
Pr{Max W, > L|H} = % (—13( : )Pi(L |H,) (4-3)

where P,(L|H,) is the probability that a specified one of the ratios exeeds L when
H, is correct, P,(L|H,) the probability that a specified pair of the ratios both exeed
L, and so on. Clearly

P (L|H)=0 when L>1/k, (4-4)
so that the number of non-zero terms in (4-3) is the greatest integer less than 1/L.
. k
When D, is correct, we put U,/¢*=1X} and U+ U;/e*= 2%, and hence these
i=1
ij
statistics are independently distributed according to the X*-distributions with # and
v-+(k—1)m degrees of freedom, respectively. Furthermore making the change of
variables Xj=2W,X and X}4+X},=2X, the joint probability density function of W,
and X is given by

[F(J;L)F< v+(k2—1)m )]_lwﬁ*_l(l—w;)'w;ﬂ'lx%ﬂe‘%.
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Integrating from 0 .to oo with respect to x, we obtain the probability density function
of W; as follows..

m Y+&k—m / —
Wy (1—w,) 27“”‘//3<_7;1’ v+(k2 Hm ) (4-5)
‘Thus we have 4
PULIHY =1, (2B 0y - o<p<1, (1-6)

Since Py(L|H,) <[P(L|H,)]* for all values of v, k and m, the upper a level of
significance of L can be evaluated perhaps to a good approximation using only the
first term of (4-3).
Hence, if fa is determined from
P(L.|Hy=a/k, 47
it follows from (4-3) that

a(1—-§) <a(1-*pta) <P |H) =« (4-8)

and this interval is sufficiently narrow when « is small, so that a good approximate
value of L(a; v, km) is given by L,.
From (4-6) it follows that

]ja: Lia; v, by m)=1—x,,
where
k_
Sk = o[ _W(zﬁDm]
is the lower «/k level of significance of the beta distribution. In summary we have
that L(a, v, k, m) is approximately given by

L(a; v, b, m)3= Lo = Fop/ (Fant——+k—1), (4-9)

‘where
Fop= F%(k—l)m(a/k)

is the upper a/k level of significance of the F-distribution with # and v+(k—1)m
degrees of freedom. And the degree of approximation is eveluated by (4-8).

In the next section, we are required that the condition L(a; v, k, m)>1/2, so from
{4-6) and (4-7) we have

0 <a <kP(1/2[Hy) = ki, (- ”ﬂkz;l)ﬂ, m

when 1/2< I, <1. Therefore the values of kP (1/2{ H,) for some values of v, £ and
m are tabulated in the Table. When « is a very small positive number on 0, 1),
it is seen from the Table that the condition L{a; v, k, m)>1/2 is satisfied, if v is
sufficiently large.
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Table. The value of kP,(1/2]| Hy)

13

1. k=2
\;\\\Zf\ T 2 3 5 10 | 20 30
10 58579 70711 76256 | . 81781 87238 | .90826 92777
2 .36338 50000 57559 | . 66047 75391 | . 82380 . 85554
5 .09965 17678 . 23776 . 32839 4628 | 59355 . 65836
10 01374 | 03125 05049 . 09006 17957 30746 39153
20 .00032 | . 00098 00211 ' . 00544 01921 | . 06143 .10813
30 00001 . .00003 . 00008 . 00026 .00154 00904 . 02263
50 | | ©.00001 | 00011 00054
2. k=3
\;\\\"1‘ 1 2 3 | 5 10 20 30
1| 54507 .53033 48141 | . 38440 21929 . 07815 . 02904
2 ! . 34835 . 37500 .35664 . 29818 17770 . 06416 02414
5 | 09944 .13258 .14188 . 13509 . 09439 .03713 01447
10 | 01405 . 02344 .02913 .13551 02882 . .01356 . 00570
20 | .00034 . 00073 . 00112 . 00175 00232 | . 00160 . 00080
30 .00001 .00002 | . 00004 . 00008 00016 . 00016 . 00010
3. k=5
> -~ | 1 2 3 5 10 20
1 | 37793 | 22097 12623 . 04197 00307 . 00002
2 . 24913 (15625 | 09195 .03143 | .00228 . 00001
5 .07478 . 05524 03521 01371 | . 00106 . 00001
10 . 01095 . 00977 . 00694 00291 00026
20 . 00027 . 00031 . 00026 .00013 | . 00002
30 .00001 . 00601 .00001 | . 00001
4 k=10
o~ 1 2 3 5
1 .10120 01381 . 00193 } . 00004
. 06872 . 00977 .00046 | .00003
5 02189 | 00366 . 00051 . 00001
10 00338 | 00061  .000L0 |
5. k=20
1Nj 1 2
1 | .00676 . 00003
00323 | . 00001
5 .00019
10 & 00001
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5. Successive multiple decision procedures.

Using the results in Section 4, we propose and consider an algorithm related
with successive multiple decision procedure for testing hypotheses (1-10) stated in

Section 1. The parameters 6; (i=1, .-,k and #, in Section 1 correspond to
A; i=1,--,k) and 0 in Section 4, respectively. We arrange the observations
uy, -+, U, in decending order of magnitude as wu;,=u;, = - =u;, and set out the

k
quantity Sg-g+=u+2u;. Our algorithm is as follows.
Jj=1
Procedure 1.

(1) it uy/se=Llag; v, ky,m), select D,
(2,) if un/s(k) > Lla,; v, k, m)

and Uip/Sx-1n = L{aty; v, k—1, m), select Dy,

(r) if  wuy/sao> Ll v, k—1, m)
Usp/Sk-1y > Llag; v, k—1, m)

...................................................

uir_1/s(k—r+2) > L(ar—l Y k—7’+2, m)

and Ui /Sk-rin = L(ar; v, k—7+1,m), select Dijipeirgo

(m+10) if uil/s(k) > L(“l y Y k: m)
Usp/Sek-1 > Llay; v, k—1, m)

and Ui/Sqay > Llay; v, B—1, m), select Djjipeiy -

We will show that Procedure I has some desirable properties. We at first
prepare with some Lemmas for this purpose.

LEMMA 5-1. Let Ayy, Aun, T1, T, be some positive constants. If Ayy> Aun for
M>N and T,>T,, then

NEOTFAEOTQIANM >N§0TQM§OT{WAMN

holds.

The proof of this Lemma is simple and it omited. Consider only a hypothesis
H,,., for the sake of simplicity.

LEMMA 5-2. When 4;24,20 and Lla; v, k, m)>1/2, the slippage test (4-1)
satisfies

PriD;|Higro} = Pri{D;| Hy...o0} G-D

for 1,j=1,2,-, k and the equality holds when 4;= 4,
ProOOF. Putting L= L(a; v, k, m), we have

Pr(D,| sy = Pr{U,;> Uy, -, U, Upayy = , Uy and U,/(U+ﬁ:l U.) > LI} .
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It follows from L >1/2 that
Pr {DjIlewk}

—P?’{U > 1= L <U+ U)‘Hm k}

iy 4;
e =1 —t LI 1 Tmg=1 g
—. 11> ) 12 i
ropr bl U Ry T
© Am; 1 had me
N> J I £ _tidt dt; \dt
(mj:o mj! F(%—}—m,) j‘l'l’l.(t#ii;{i) 7 ) ]
_ e_‘zldl j“”t; -1t [H” & 4yt 1 t——+m, 1e-—ltf,j
T T2 =Y 1mro mp(gm,)
& dr ) = s ) amy T(Sg+m,) ( L )3
Tt my ! F(lzr}“" ml) my=o Mj! F(%erf) =0 I'(s—1) 1-L

2231 (: )(t+§:” ti)s_l(l—L)"z"**"”“F(%-k moti)dt;]dt.

15,1
We here put
BMN—F< m +N) 2 z=:(1 Ly ‘F(léi+M+i).

‘When M > N, we have

'm/2+M 1

Byy—Byy= r( m +M) CES o) *+””F(%+N+ i)

s$= m/2+N

m

+ iv P(G+N) Sa-0 7 T (4 Ni) |
[N o (g M=1) = L (G Noi) e (4 N+ ]
Using max i=-+N—1 in the last term of the right hand side, the inside of the
brackets becomes
[(G+N) - (B+M=1)—1—D*¥(m+2N-1) - (m+M+N-2)]
= (B N) - (B M—1) 20— Dy (P N1 e (et MR )

Since L >1/2 and thus 2(1—L)< 1, the right hand side clearly takes the positive
value. Therefore Byy > Byy for M > N. From Lemma 5-1, we know that
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PT{D][lek} > Pr{Dille...k} for AJ > Ai (5“2)’
and

Pr{D;|Hyy.i} = Pr{D;| Hs.4} for 4;,=4,. (5-3)
Putting 4,,, = --- =4,=0 and using (5-2) and (5-3), the proof is complete.

From Theorem 4-1 and Lemma 5-2, we have the following.

THEOREM 5-1. In each step of Procedure I, the condition (C1-3) is satisfied.

It is easily seen from Theorem 4-1 that if H;,, (i=1, -+, k) is true, then Proce-
dure I is optimum in the sense that it maximizes the probability of correct decision.
However, it is shown in the following section that if H;,.., (r>1) is true, then

Procedure I attaines to the maximum: Max Pr{Dyir_pirol Hipipo}, but in
Dir0CirFiy, ir_1)

general does not attain to the maximum of Pr{D;,.;,_; | Hijiro}-

We next propose and consider another algorithm related with successive multiple
decision procedure which is perhaps more robust against the erroneous decisions
previously made in each steps. It is as follows:

Procedure II

(1) if U /u=<S(a,; v, k,m), select D,,
(2,) if U, /u>Sla,; v, k,m),
and U /u < Slay; v, k—1, m), select Dy,

(70> lf uil/u > S(al : Vy ky m)

U/t > S(ay; v, k—1, m)

uir—]/u > S(arfl y Y k_r—%zy m)

and ui /u=Sla,; v, k—r+1, m), select Dijip 10,

(k+1,) if Uy, /u>S(ay; v, k, m)

U, /u =Sty ; v, k—1, m)

and Uy, /u> Slag; v, b, m), select Djjqp s

where S(a;; v, k, m) is a constant whose precise value is determined by condition
(C4-2).

According to similar method to that of proof in Theorem 5-1, we have the
following.

THEOREM 5-2. In each step of Procedure II, the condition (C1-3) is satisfied.

REMARK. The general aspect of Procedure I and II in a linear hypotheses model
can be observed in terms of the general formulation and discussion of the following
successive multiple decision procedure. First we constract a sequence of decision
sets as follows:
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@0 =(D0) DlOy”'ka0>’ )

@uo = (Dm)o» D(i])izm Tty D(i1)1‘1—10D(1’1)i1+10y Tty D(miko)
...................................................................... (5-4)

Diiyipy = (Deiyeinor Deiyeipzo s E= trsy Traes » )

@(i1-~ik4) - (D(ix---ik_no’ D(il---ik_x)ik) ’ /

where D. denotes the decision to accept the corresponding hypothesis H. in the
following

Hipeipo 2 Oy = =04, ="0,, » A
Hepoimyivgnot Oippy > Oipye= - =0y =0, (=12, ,k—2) (5-5)
Hepoigovi : 0ip> 0. ' |

We now impose the requirements for selecting an element of Dy, ., that

(C5-1)  Pr{Dayiro| Heiyoipo} = 1— sy, @iy (0, 1) (r=0,1,--, k=1

(C5-2)  Pr{Duyipyiyere Hirimirsrod = =+ Pr{Deiysmixe Hareipig)  (r=0,1, =, k=1)

where
D(n»«-mo =D,
and ‘
D\ when »=0,
D(il'"ir)ir+10 =
D(il“‘ik~l>ik When r= k—l .
Let us consider the following rule of statistical procedures for selecting a
decision to accept one of the hypotheses (1-10):

(1) First an element of ®, is selected with the help of a procedure which satisfies
the condition (C5-1) and (C5-2) with »r=0.
(1,) If D, is selected in step (1), then we stop and hence decide D,.
(1) If D, is selected in step (1), then further examine ®,,.

(2) In the case (1,) an element of ®,, is selected with the help of a procedure
which satisfies the condition (C5-1) and (C5-2) with r=1.
(2,) If Dy is selected in step (2), then we stop and decide D;,.
(2,) If Deyigo is selected in step (2), then further examine D, ;).

We continue until an element Dgy..ip50 Of Deiyoiy 18 selected with the help of a proce-
dure which satisfies the condition (C5-1) and (C5-2), and hence we stop and decide
Diyirer ’
And we shall call the procedure proposed above a local optimal procedure if the
condition (C1-3) is satisfied in each of all steps. Under this definition, Theorem 5-1
and 5-2 can be rewrited as “ Procedure 1 and II are local optimal ”.
It is easily seen from Theorem 4-1 that if H;,, (i;,=1, -+, k) is true, then Proce-
dure I is optimum in the sense that is maximized the probability of correct decision.

However note that when Hj,.., (#¥>0) is true, this local optimal procedure (and
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hence Procedure I too) enjoyes a kind of local optimum property that is, if the
outcome of the previuos step of the test happens to be correct the present test has
an optimum property.

It should be noted that in case of m=1, our present Procedure I and II is
applicable to find a successive procedure of fitting a sequence of orthogonal functions
that was suggested by T. Kitagawa [7], [8].

6. Comparison of Procedure I and II.

In this section, we compare the powers of Procedure I and II. For the sake of
simplicity, we consider the case of m=2 and a random model instead of parametric
model in the preceding sections.

We assume the mean squares U; (i=0,1,2) are independently distributed as
Xiol/n,, where X} is the central X® statistics based on 7; degrees of freedom. Suppose
that we are interested in testing the following multiple hypotheses

H,:0,=6,=1
Hy: 0,>60,= Hy,:0,>60,=1 (4-1)
H21202>61>1 H12:01>02>1

where 0;=0}/0} (i=1,2). When the observations u,, u, are arranged in decending
order of magnitude as u, > Uy, Procedure I and Il are given by

Procedure I

1,) if Uey/(UgFUg) S L, , select D,,
2-1,) if Ugay/ (Ugt1Uepy) > Ly
and  wuy/uy=L,, select Dy,

2-20)  if wuey/(ugtug) > L,
and Uay/ Uy > Ly, select Dy, -
Procedure II
1,) if ku@/uo <S,, select D,,
2-1,) if Uy/Ug> S, and  uqy/uy < S;, select Deyy,
2-2,) if Uey/Ue >SS, and  uqy/u, > S, , select Dy -

We now consider the simplest case as n,=n,=2. The joint probability density
function of W= U,/U, and V=U,/U, is given by

: 1 mm, VoW N2

f(w; U: 02! 01)_ 0102 2 2 +1)(1+ 01 + 02 2
In the 1, step, let a; and ay; be the sizes of Procedure I and II, Bi(6,, 6,) and By(6,, 8,)
denote the powers of Procedure I and II assumed #,>6,, respectively. Hence we
have



Successive multiple decision procedures for ordered parameters 19
l—ay=Pr{iV=W < LI+ V)| H}+PriW = V= L1+ W) H}

o (1+-w)
2'[ JLZ! flw, v; 1, D)dvdw for L,>1,
0 w

Z(L%LN i jLZ [ 7Y, v; 1 Ddvdw for L<1,

and then
7!97;
{ 2/(1+Ly)2 for L,>1
- ny ny
A1+ L,(1—L) 2 J/(1+Ly)2 " for L,<1.

Similarly, we have

an = 2(1+S,) 02 —(1428,) "2,

(1+%3L2)_1(1+ G%LZ)VW - for L,>1,

[-31(02,01); 1—(1+-5 o) {1+ +91 (1+ )(1 )}
f1{1,01(1+ (12 )}] for L,<1

-ng/2

and
-ng/2

Bu8y, 6= (1+- 015)_"0/2 (1+ 0 2y Ti+(+? " )0 S, |

As an example, we consider the case of n,=2 and a;=a;=0.05 We obtain
L,=532455 and S,=28.82952. If the hypothesis H,, is true, then it should be
satisfied according to Theorem 4-1 that

B1(0: 1) = Bulf,, 1).

It is easily shown from the above results that this statement is correct and the
inequality holds strictly. However, when the hypothesis H,, is true, we cannot
expect the relation that the power of Procedure I is better than that of Procedure
1 for all possible values of 6, and #,. These relations is clearly shown in Figure.

Fig. Power of Procedure I and II (k=m=2)
1.0 1.0 1.0

s =5 A 6=10 B 6= 20
1 T 7
05 0.5 0 0.5 /
T
/ T
1 1 1 N | 1 I} 1 | Il L ! 1 H
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
— 0, ) — b6 — 6> — 6

Consequently, it was observed that in our successive multiple decision problem
there does not exist an overall optimum procedure in the sense that jointly maxi-
‘mizes the probabilities of correct decisions for all possible hypotheses under the
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condition (C5-1), (C5-2) and (C1-3).

By considering of the present example, the following procedure may be sug-
gested in case’ of successive multiple decision problem in linear model. First we-
apply Procedure II, that is, if

ul—j/u>5(a]-; v, k—j+1, m) (=1, ,r—1) (5-1)
and U, /u=Sa,; v, k—r+1, m)
hold, and further we apply the slippage test, that is, if

Ui /Se-rin S Llar; v, k—r+1, m) , (5-2)-

holds, then we select D;,.;, .. And if (5-2) does not hold, then we return to (5-1)
with j=7+1, and so on. Of course, such an algorithm as proposed above involves.
a large scale table which has to be evaluated by numerical computation.

Acknowledgements

The author is deeply indebted to Professor A. Kudd, who went through the
original manuscript and improved the exposition very thoroughly. And the auther
is gratful for the encouragements and criticism given by Professor T. Kitagawa
and Professor A. Kudo while this paper is being worked out.

References

[ 1] Bruxk, H.D. (1955). Maximum likelihood estimation of monotone parameters. Ann. Math..
Statist. 26, 607-616.

[ 27 CocHrAN, W.G. (1941). The distribution of the largest of a set of estimated variances
as a fraction of their total. Ann. Eugen., London. 11, 47-52.

[371 DarrocH, J.N. and SiveELY, S.D. (1963). On testing more than one hypothesis. Ann..
Math. Statist. 34, 555-567.

[47 Harr, I.J. and Kupo, A. (1968). On slippage tests—(I), A generalization of Neyman
Pearson’s lemma. Ann. Math. Statist. 39, 1693-1699.

{57 Havrr, IJ. and Kupd, A. (1968). On slippage tests—(II), Similar slippage tests. Ann.
Math. Statist. 39, 2029-2037.

[ 6] Hocag, R.V. (1961). On the resolution of statistical hypotheses. J. Amer. Statist. Assoc..
56, 978-989. -

[7] Krracawa, T. (1956). Some aspects of stochastically approximative analysis. Bull. Math.
Statist. 6, 109-120.

(871 Kitacawa, T. (1963). Estimation after preliminary tests of significance. Univ. California
Publications in Statist. 3, 147-186.

{97 Paurson, E. (1952). An optimum solution to the k-sample slippage problem for the normal
distribution. Ann. Math. Statist. 23, 610-616.

[107 RoBERrRTsoxN, T. and WaLTMAN, P. (1968). On estimating monotone parameters. Ann.
Math. Statist. 39, 1030-1039.

[117 SEBER, G.A.F. (1964). Liner hypotheses and induced tests. Biometrika. 51, 41-47,

[12] Truax, D.R. (1953). An optimum slippage test for the variance of k normal distributions.
Ann. Math. Statost. 24, 669-674.

[137 van Epen, C. (157). Maximum likelihood estimation of partially or completely ordered”
parameters, 1 and II. Indag. Math. 19, 128-136, 201-211.

[147 Yen, N.C. and Kupo, A. (1970). On slippage tests—(II1I), The least favorable distribution..
Tamkang J. Math. 1, 57-64. :



