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1. Summary and introduction.

Let X,, X,, ---, X, be a random sample of size n from a population with an
unknown probability density function f(x). The estimator of the form f(x)=

711 > wa(x—X;) of the unknown density f(x) based on this sample, where w,(») =0
i=1

on R! and J.mwn(y)dyzl, is shown to be not unbiased for any probability density
function. For the class of all continuous probability density functions, the estimator
Ja(x) is asymptotically unbiased if and only if the sequence of functions {j: mwn(y)dy}

converges to the unit distribution function except for the origin. Furthermore for
this class the consistency and the asymptotic normality of the estimator f,(x) is dis-
cussed. In case f(x) is symmetric around zero, we propose an estimator f,(x)=

—é~{fn(x)+fn(——x)}. Then the variance of the proposed estimator f,(x) is asympto-

tically half of the variance of the estimator f,(x) at a non-zero point x of continuity.
We also consider the integration of our estimator F,(x) as an estimator of the dis-
tribution function, which is compared with the empirical distribution function F} (x).

We propose an estimator £,(x)= 17—{Fn(x)+1—Fn(—x)} and the corrected empirical
2

distribution function F¥(x)= ~—%a{F,§“(x)+1—F,:"(—x—O)} for all (absolutely) continuous

symmetric distribution functions. The mean square error of FX(x) is smaller than
half of the mean square error of FX(x) for x with F(x)=0 or 1, and the estimator
F(x) is asymptotically at least as good as F,(x).

The density estimator of the form:

1

n

(LD fl=-, Buax—X))

was introduced by Rosenblatt [87, and several authors have discussed the statistical
properties of the estimator f,(x). Concerning the unbiasedness of density estimators,
the following result is obtained by Rosenblatt [8]: let a function S(y: x,, -+, x,) =0
be Borel measurable in (¥, x,, ---, x,) and symmetric in (x,, ---, x,). Then there are
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114 H. YayaTo

no estimators S(y: X,, -+, X,) unbiased for all continuous probability density func-
tions, f(y). Therefore it is obvious that there are no unbiased estimators f,(x) given
by (1.1) with w,(¥)=0 on R* for all probability density functions. Now there arises a
question if there exists a subset of the class of all continuous densities, where den-
sity functions have unbiased positive estimators f,(x). We shall answer the ques-
tion in section 2.

Next we prepare ourselves with the brief review on the asymptotic unbiased-
ness, asymptotic variance, consistency and asymptotic normality of the density
estimator f,(x) given by (1.1), which were treated by Parzen [7], Leadbetter [3],
Murthy [6] and Craswell [17.

In Parzen [7] it is shown that if a sequence of real positive numbers {k,} con-
verges to zero and a measurable function K(v) satisfies

1.2) sup |KG)| <o
(13) / [ 1Kidy <o,
(L.4) lim yK() =0,
(L5) [ Koy =1,

then the density estimator f,(x) given by (1.1) with wn(y):-hl K(fl—}—r—) satisfies

1.6) lim Ef (x) = f(x)
and
%)) lim nhy Var [ f(01=f(x)|  K*»dy

at all points x of continuity of f. Furthermore, if nh,—ooc as n—co then

1.8) lim E|f(x)=f(0)[*=0

and f,(x) is asymptotically normal at all points x of continuity of f.

If we are intereted in continuous probability density functions, (1.6), (1.7), (1.8)
and the asymptotic normality of f,(x) hold for K(y) satisfying (1.2), (1.3) and (1.5),
but not necessarily (1.4).

Next, we shall state the results in general case given by Leadbetter [3], in
which {w,} is a J-function sequence, that is, {w,} satisfies the following conditions:

f " w ()ldx<A  for all n and some fixed A,

j'whwn(x)dle for all n,

w(x)—0 uniformly in |x|> 2 for any fixed 1>0,

J‘ lw(x)|dx—0 as n—oco for any fixed 1>0.
|z |>2

If {w,} is a o-function sequence, then (1.6) and
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lim ;l Var[ fo(x)]=f(x)

n—eo

hold at a point x of continuity of 7, where an:ra wi(x)dx < co. Furthermore
lim n Cov (f,(x), [(¥) = =) A¥)

at two distinct points x and ¥ of continuity of f. If {w,} be a d-function sequence
such that «, < oo, @, =0(n) and for some constant K,, |w.(u)| < K,a, for all n and u,
then the distribution of
VL0 —Ef ()]
Lanf(x)]"®
-converges to the standardized normal distribution at a point x of continuity of f
with f(x) 0.

Murthy [6] discussed the properties (1.6), (1.7), (1.8) and the asymptotic normality
of the same one as the density estimator in Parzen [77, in case a randcm sample
X, -+, X, is obtained from a distribution with no singular part. He proved that if
h,->0 and nh,—oo as n—co and the measurable function K(y) satisfies K(3)=0 on
R', K(—y)=K(¥), (1.4) and (1.5), then the density estimator f,(x) given by (1.1) with

wa(y)= hl— K(‘/f ) have the properties (1.6), (1.7), (1.8) and the asymptotic normality

at a point of continuity of the distribution function and the derivative of the ab-
-solutely continuous part.

At last, we state the results given by Craswell [1] in case the sample space is
R'. Suppose w, is real-valued, non-negative, symmetric and integrable function on
R' such that

(19) [ widy=1,
(1.10) for any >0

e

@  tim | wddy+ [ w,(ddy} =0

()  w,(»)—0 uniformly for almost all y & (—co, —&)\U(co, €).

‘Then the density estimator f,(x) is asymptotically unbiased at a point of continuity
of /. In addition, if {C,} is a sequence of positive constants, converging to zero,
for which {C,wi(¥)} satisfies (1.9), (1.10a) and (1.10b), then

lim nC, Var [ f1(x)]= f(x)

at a point x of continuity of f and {/,(s), f,()} is jointly asymptotically normal and
independent when s and f are two distinct continuous points of f/ with f(s)--/(¥) # 0.
In section 3, we shall treat the necessary and sufficient condition that the den-
sity estimator f,(x) given by (1.1) is asymptotically unbiased for the class of all
continuous density functions.
In section 4, we shall make use of a sequence similar to {C,} in Craswell [1]
and {«,} in Leadbetter [3], determined by {w,} itself and discuss the asymptotic
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properties of Var[ f,(x)] and the consistency of f,(x) for continuous density func-
tions.

In section 5, we shall give the limit distribution of f,(x) for continuous density
functions, which is derived from the result in section 3.

In section 6, we shall treat the case where the density function is symmetric
around the origin. Keeping in mind the fact that the covariance of density esti-
mators f,(x) and f,(v) is asymptotically zero at two distinct points u, v of continuity
of f, whick is given by Leadbetter [3], we propose the estimator

Ful) = A S Do)

for symmetric density functions. We discuss the asymptotic unbiasedness, con-
sistency and asymptotic normality of fn(x), and the variance of fn(x) is shown to be:
asymptotically half of the variance of f,(x).

In section 7, we shall compare the estimator of the distribution function obtained
by integrating the density estimator f,(x) with the empirical distribution function.
We propose the estimator obtained by integrating f"(x) and the corrected empirical
distribution function for all (absolutely) continuous symmetric distribution functions.
and four estimators of distribution functions are compared.

The author would like to acknowledge the continuing guidance and encourage-
ment of Prof. A. Kudo of Kyushu University.

2. TUnbiasedness.

THEOREM 1. Let X, X,, ---, X, be independently, identically distributed radom
variables with a probability density function f(x). Let W be the class of measurable
Junctions w satisfying

@10 w(»)H=0  on R
and
2.2) f iw( Wdy=1.

Then there does not exist any function w, W such that the estimator f(x), given by
(1.1), of the density function f(x) is unbiased.

PROOF. We suppose conversely that there were the function w, € 9 such that

Ef(x)=f(x) on R',
i.e,
23) | wix—=0fdy=7x)  on R
By using Fourier transform of the function w,, @,,,, and the characteristic function,

», we can reduce (2.3) to

2.4 Dy, (W) - () = o(u) on R'.
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Since the characteristic function ¢(u) is equal to 1 and continuous at =0, there
exists a ¢ >0 such that

(2.5) o(w)+0 on (—e¢,¢).
From (2.4) and (2.5) we have

D,,(W)=1 on (—¢,¢).
‘Therefore by Proposition a on p. 202 in Loeve [5] we have
(2.6) D,,(w)=1 on R'.

There does not exist the function w, satisfying (2.1), (2.2) and (2.6), which contradicts
to the assumption. Thus the theorem is proved.

We note that the estimator given by (1.1) with w,= 9 is also a probability
density function. If we allow that the function w, to take negative values, then
we can give an artificial example of the unbiased density estimator f,(x) given by
{1.1). Such the estimator may not be non-negative. Consider the density function

J)= 7217r (751’7;(/952/2),)2

and the function

1 of Sin((1+a,)x/2) |2 sin (x/2) \?
W)= gy, (e (S0 ) =),

where {a,} is a sequence of positive numbers diverging to --co. Then we have

f:own(x)dx: 1,

. 0 if x<0
limf Wo(x)dx = {
nee Y el 1 if x>0
1—|u| on [—1,1]
ot =| ‘
0 on (—oo, —1)'U(1, o)
1 on [—1,1]
0= |
0 on (-OO, —1_an>!‘-} (1'\Lam DO) ’

where ¢ is the characteristic function of / and @,, is Fourier transform of w,
Thus we have

e

Dy, (Wep(u)=¢w)  on R,
and consequently

[ wie—nFG)y =) on R

Therefore the density estimator f,(x) given by (1.1) with the above w,(x) is unbiased.
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3. Asymptotic unbiasedness.

By the similar method to the proof of Theorem 1, we can show the following
LEMMA 1. For arbitrary probability density function f(x), the distribution function
G, satisfying
| Fx=9dGun)=7x)  on R

is the unit distribution function.

Hereafter we shall denote the unit distribution function by G,, i. e,
0 if x<0

G=1{_
1 if x=0

and the distribution function induced by the corresponding function w, e W by W,,
i.e.,

@D W (x) = jj w,(Hhdt  for all w,e W,

where 9 is defined in Theorem 1. It should be noted that the function W, is a
distribution function. Now, we can give the necessary and sufficient condition for
the density estimator f,(x) to be asymptotically unbiased for the class of continuous.
probability density functions.

THEOREM 2. If the sequence of functions {W,} converges to the unit distribution
Sfunction G, except for the origin, then the density estimator f,(x) given by (1.1) is
asymptotically unbiased for all continuous density functions, f(x). Conversely if the
estimator f(x) is asymptotically unbiased for all continuous probability density func-
tions, then the sequence {W,} converges to the unit distribution function G, except for
the origin.

PROOF. At first, we shall note that

Ef(0)= [ wix—7(2)dy
3.2 = [ fe—wn(ndy

= [ Ha—paw ().

If the sequence of the distribution functions {W,} converges to the unit distribution.
function G,, then by the continuity of f(x) and Theorem 11.2 in Ito [2], we have

tim [~ flx=3)dWo(3) = [ fx=3)dG,(2)

=f(x).
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Conversely we assume that

(3.3) sz Ef.(x)=f(x) on R'

for all continucus density functions, f. From (3.2), we can reduce (3.3) to

(3.4) lim [~ fynen(x—3)dy=£z)  on R’

for all continuous density functions, f. Let C, be the class of all continuous func-
tions equal to zero except for on some bounded set on R'. Then, for any he C,
h*(y)=max (h(»), 0) and h™(y)=max(—h(), 0) are also contained in C, and A(y)=
h*(»)—h~(y). Since for any 7 >0 both

_hy—7) k=7

{ :h*(t)dt and { Zh-(z)dt

are continuous density functions in y, inserting these in (3.4), taking off constant
terms and taking the difference, we have

lim [~ h(y—0)W(x—3)dy = h(x—2) . for any heC,.

By the transformation after putting = equal to x, we have

tim | “h(=nwA(Ndy=h0)  for any heC,.
Consequently

tim | T h(Dwa(y)dy=h0) for any heC,,

tim :h( NAW.() = | j° h(3)dG(v)  for any he C,,

which implies that the sequence of distribution functions {W,} converges to the
unit distribution function G, at all points of continuity of G,, that is, except for
the origin (See, for example, Theorem 11.2 in Ito [2]). Thus the theorem is proved.

4. Variance.

In section 3, we showed that the density estimator f,(x) given by (1.1) is asymp-
totically unbiased if and only if the sequence of functions {W,} converges to the
unite distribution function, in other words, the sequence of functions {W,} converges
to Dirac d-function 6 in distribution. Whereas the above convergence does not
imply that iin:town(x):é(x) on R'. We shall consider the convergence of sup w,(x)

—colr oo

in the following

LEMMA 2. Let w,&W be continuous on [—c, c] for all n and some positive con-
stant ¢ and
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4.1) M,= sup wyx)<oco  forall n.

—oog<o0

Let the corresponding sequence of distribution functions {W,} converge to the unit
distribution function G, except for the origin. Then we have

limM,=o0.

oo
Proor. Conversely, we suppose that there exist a constant K >0 and a sequence

of positive integers {n;} such that

“4.2) M, <K for all #n,.

For the above constant ¢ >0, let us put

(4.3) G1(D=[" waulndt  for all n, on [, c].
The function G%,(x) is continuous on [—¢, ¢] for all n; and

4.4 ni@oG’ik(X)zGo(x) for x>0 on [—¢, c].

By the first mean value theorem and the continuity of w, we have

4.5) [GH (=GR =1x—y|w,(§)  for all n,,
where £ is some value between x and y=[—c¢, ¢]. From (4.3) and (4.5), we have
|Gh(D)—GCH (M= |x—y|K

for all n, and x, y €[—¢, c], which implies that {G¥%,(x)} are equicontinuous on [—¢,
¢]. On the other hand, it is obvious that |G%.(x)|<1 for all n, and xe&[-c, c],
that is, {G%. (%)} is uniformly bounded. Therefore by Ascoli-Arzela’s theorem the
convergence of (4.4) holds uniformly. On the other hand we have

sup | GR(0)—Go(0)|=max {G7,(0), 1-G7,(0)}

—C=r=c

which does not converge to zero. Thus the lemma is proved.

The result in Lemma 2.1 of Leadbetter [3] can be generalized to the case where
the sequence of functions {W,}, induced by {w,}, converges to the unit distribution
except for the origin, because the property that

A
limj an(y)dyzl for any A>0

holds also for our sequence {w,}. Note that {w,} contains the J-function sequences
which he considered, in non-negative case.

LEMMA 3. If the sequence of functions {W,} converges to the unit distribution
function except for the origin and

(4.6) an:mei(X)dx<oo for all n,
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then we have
lima,=oc0.
N—00

PrROOF. Although the proof is identical with that of Leadbetter [3], we dare
to present the proof as the present author is not able to locate any literature, widely

available, which gives the proof.
Since the sequence of distribution functions {W,} converges to the unit distri-

bution function, we have easily
limf wx)dx=1 for any ¢>0.
By Scharz’s inequality we have

€ K3 2
0= [ wi@dxs @[ widx)
Hence it follows that
co 1/2
(26) lim inf ( j wi(x)dx)

= tim inf 2y([ " witodx)

> lim infj'e w()dx=1.
Thus for any ¢>0 we have

.. 1
liminf a, = e

n—os

which yields the conclusion.
Obviously for M, and «, given by (4.1) and (4.6) respectively

0<—%n_

=y, =1

and the limit also lies, if exists, between 0 and 1.

THEOREM 3. Let w, W be continuous on [ —c, ¢] for all n and some constant
¢>0. Suppose that the corresponding sequence of functions {W,} converges to the
unit distribution G, except for the origin and the limit in the left hand side of (4.7)
exists

47 lim - ¢r = 8.

n—oo iVip

Then for the density estimator f,(x) of continuous density functions f(x), given by (1.1),
we have

(4.8) lim 7~ Var[f(x]=pf(x)  on R'.

n—-00 n

PROOF. In case of 3=0, (4.8) is obvious. We consider the case of 0. We
have



122 H. YamaTto

(4.9) P Varff]= [ Ay
an a'n —00
=T )

The second term of the right hand side of (4.9) tends to zero as n tends to oo by
Theorem 2 and Lemma 3. On the other hand we can reduce the first term of the
right hand side of (4.9) to

§ fa—ndH ),

where H,,(y):—}{lj wi(Hdt. By (4.1), (4.6), (4.7) and the convergence of {W,} it is

shown that {H,} is a sequence of distribution functions and converges to the unit
distribution function G, except for the origin. Therefore, from the continuity of
f(x), we have

(4.10) tim | fa—3)dH,() = | fx—3)dGo()

n—00

= f(x) on R'.
Consequently we have

lim i Var L, = lim —ia—-2— (™ fe—yi(5)dy

= Bf(x) on R.

Thus the theorem is proved.
In the above theorem with S+ 0, (4.9) is reduced to
(4.11) lim —'—Var [ f,()]=/(®),

which is the same representation as in Theorem 2.5 of Leadbetter [3]. Now we

shall put wn(x):~hlr—r K(fc—), where {h,} is a sequence of positive constants con-

verging to zero and K(x) is a continuous, positive, bounded function and j‘ K(x)dx
=1. Then we have

M, = A Syp/ K(x),
« :—l—mez(x)dx
LI T
and
L, JHe
M, =  sup K(x) -

—os X0

In Theorem 3 if we asssume furthermore lim (M,/n)=0, then we have

Te—00

(4.12) lim Var [ f,(x)]=0 on R'.

n—w
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and the combination of Theorem 2 and (4.12) yields
fim EC|fu(x)—f(0[*]=0  on R'.
Thus we have the following

COROLLARY. If we assume

(4.13) lim A%" =0

n—x

in addition to the assumption in Theorem 3, then we have
Iim Var[ f(x)]=0 on R?
n—c

and

(4.14) liln EC|fa(x)—f(x)|*1=0 on R'.

Now by (4.14) we have

p
folx)—> f(x)  on R',

and therefore the estimator f,(x) is consistent at all point x. We assume in Theo-
rem 3 that w, e 9% is continuous on [—c, ¢] for all n and some positive constant ¢
and it is natural that we use the continuous function w, <9 in order to estimate
a unknown continuous density.

5. Asymptotic normality.

We shall show the asymptotic normality of the density estimator f,(x) for con-
tinuous density functions.

THEOREM 4. Under the same assumptions as in Theorvem 3 and its covollary ex-
cept for B=0, the density estimator f,(x) is asymptotically normal.

PrOOF. By putting
Vai=w,(x—X;) for j=1,2, -, n
our estimator can be expressed as

_ 13
fn(x)*“ ngnjy

where V., Vs, -+, V., are statistically independent and identically distributed as
V,=w,(x—X,). By (4.10) we have
G.1) L vetvi= toveln@l— 0 as oo,

On the other hand,
5.2) BV, = wie—nfdy= [ wi() fx—3)dy

= M| Wi fx—3)dy.
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By applying (4.10) on. (5.2), we have

63 tim B0 < ).

n—oo

From (4.7), (4.13), (5.1) and (5.3), we have

BV
' {Var [V,

)

> E|Vayl°

lim = [im —

n—00 { Zl Va’/[vﬂj]}:},z
j=

o M N2 Mo N2 ENVLE /1 ;Y

4522( n ) ( (Xn - anM;L*/ (‘—an*‘ Var[vn:[>

=0.

The condition of the basic lemma on p. 277 in Loeve [5] is satisfied and therefore
the distribution of

f— B 2V BV

Jj=1
converges to the normal distribution N(0, 1). Thus the theorem is proved.

6. Estimation of symmetric density functions.

In this section, we suppose that {w,} is a sequence of measurable functions

satisfying

{6.1) wa(y) = w(—y) for all ye R,

(6.2) w3 =0 on R!,

(6.3) | wiay=1,

(6.4) lim (" w,(ndy=1 " for any >0,

(6.5) w,(¥)—0 uniformly as n—o on (—oo, —8)U (4, o) for any 6 >0.

Following the definition given in Craswell [1] and Leadbetter [3], we call the
sequence of these functions {w,} as a J-function sequence. It can be easily seen
that the sequence of functions {W,}, induced by the d-function sequence with (3.1),
converges to the unit distribution function G, except for the origin. We state the
asymptotic unbiasedness, asymptotic covariance and asymptotic variance of the
estimators f,(x), given by (1.1) with the d-function sequence {w,}, in the following
Lemmas 4 and 5, which are found in Craswell [1] and Leadbetter [3].

LEMMA 4. Let {w,} be a d-function sequence. Then the density estimators fp(x)
and f,(¥) satisfy

6) lim Ef,(x) = /()
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at a point x of continuity of density f and
6.7 lim n Cov (f(%), f2(3)) = —/(x) ()

n—00

at two distinct poinis x, v of continuity of f.

The above lemma implies that

(6.8) lim Cov (f(x), S2(m=0

at two distinct points x, ¥ of continuity of f.

LEMMA 5. Let {w,} be a é-function sequence with an:f wi(y)dy < oo for all n.
Then for the density estimator fp(x) we have

69) lim = Var [f,(0)]= f(x)

n—oo

at a point x of continuity of f.

We give the asymptotic normality of f,(x) in the following lemma, which is
essentially identical with Theorem 2.7 in Leadbetter [3] except for the condition of
continuity of w,.

LEMMA 6. Let {w,} be a 8-function sequence and continuous on [—c, c¢] for all
n and some positive constant c. Suppose that M,=0(n) and M,=0a,), where M,

= sup wy(y)<oco and an:fmwi(y)dy for all n. Then the density estimator f,(x) is
—colyloo —o0

asymptotically normal at all points x of continuity of f.

PROOF. We dare to present the different proof from the one given by Leadbetter
[31.

From the assumption M, < co it is obvious that a, < co. Hence, by Lemma 2.2 in
Leadbetter [3], {wi(y)/a,} is also a é-function sequence. Consequently we can prove
the lemma by the same method as that of Theorem 4.

Motivated by the asymptotic property of the covariance of the density estimator
fa(%), (6.8), let us propose the density estimator

(6.10) Ful) =G (o))

of density function f(x) which is symmetric with respect to the axis of ordinates.
The density estimators f,(x) are asymptotically at least better than the density
estimators f,(x) given by (1.1).

THEOREM 5. Let the density function f(x) be symmetric with respect to the axis
of ordinates and {w,} be a 6-funciion sequence with a, < oo for all n. Then for den-
sity estimators fq(x) and f.(x), given by (1.1) and (6.10) respectively, we have

(6.11) Var [fo(X)]1< Var[f(x)]  for all n and x,
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(6.12) lim 4= Var Lfy(0] =4 /0

n-—co

at all points x of continuity of f and

- Ef(0—f(01%
6.13) bm =g @) =

at all non-zero points x of continuily of f.

PRrROOF. (6.11) is obvious. (6.12) is proved as follows: we have
(6.14) L Var LA = (- Var LA+ Var L=

21 Cov (Fu(), £l =) .

By applying (6.7) and (6.9) on the right hand side of (6.14), we have (6.12). (6.13) is
easily obtained by (6.9) and (6.12). Thus the theorem is proved.

At all points x of continuity of the symmetric density function f, it follows that
the density estimator f,(x) given by (6.10) is asymptotically unbiased under the con-
dition of Lemma 4, and consistent under the condition of Lemma 4, 5 and, in addi-
tion, a,/n—0 as n—co. The asymptotic normality of fn(x) holds under the condi-
tion of Lemma 6.

In case the density function f(x) is symmetric with respect to the axis of ordi-
nates and continuous on R?, it follows that the density estimator f,,(x) is asympto-
tically unbiased at all points x under the condition of Theorem 2 and consistent at
all points A under the condition of Corollary of Theorem 3. Furthermore we have
the asymptotic normality of fn(x) under the condition of Theorem 4.

In practice we may not be sure that the underlying distribution is symmetric.
The use of the estimator f,(x) may be still recommended over the use of the ordi-
nary estimator f,(x), after testing the symmetry of the distribution by the method
such as the permutation test, etc. Because the bias of the estimator f,(x) is identical
with the one of the estimator fn(x) for all » and x, which converges to zero and
the variance of the estimator fn(x) is asymptotically half of the one of the estimator

Sal2).

7. Estimation of distribution functions.

We shall consider the estimation of the absolutely continuous distribution func-
tion F(x) with the unknown density function f(x). We can easily obtain the esti-
mator of the distribution function F(x) by integrating the density estimator f,(x),

Fi0)={" r(dt

which may be denoted in another form by W,
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@1 P =1 B Wi~ X)),

where W, is given by (3.1) for w, € W. The estimator F,(x) is absolutely continuous.
We have

(7.2) EFy(x)= | W (x—0)dF ()
and
7.3) n Var (R = [~ Wi—0dFo—{ [~ Wx—ndF) :

If W,—G, as n—oo, then W% —G, as n—co. Therefore we have by the continuity
of F(x)

(7.4) lim EF,(x)= jj Cox—1)dF @)
=F(x) at all points x
and
(7.5) lim n Var [F(x)]= j f Go(x—DdF(®)— { j _” Gy(x—DdF (t)} :

=F(x)[1-F(x)] at all points x.

Thus the condition W,—G, as n— oo is sufficient for the asymptotic unbiaseness
of F,(x). It is interesting to note that this condition is necessary and sufficient for
the asymptotic unbiasedness of the estimator f,(x) of a continuous density, and is
satisfied if {w,} is a d-function sequence, which is the sufficient condition for f,(x)
to be asymptotically unbiased at all continuous points x of a density.

Now let us denote the empirical distribution function by F¥(x), which can be
expressed by G,

@.6) Fi@=-1 $6,—X).

i=1

For the empirical distribution function F%(n), we have

(1.7) EF¥(x)=F(x) for all » and x
and
(7.8) n Var [Ff(x)]=Fx[1—-F{x)] for all » and x,

which is given by Rosenblatt [8]. From (7.5) and (7.8) we have

oy EIET()=F)|* _ :
7.9 ,{moi EF(0—F(o|F = 1 for all x with F(xX)#0 or 1.

Thus we have the following

THEOREM 6. If the distribution funciion F(x) is absolutely continuous and the
sequence of distribution functions {W,} satisfies that {W(3)—G,3)} —0 as n—oco for
y#0. Then for estimators F,(x) and F*(x) of F(x) we have

(7.10) lim EF,(x)=F(x),
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(7.11) limn Var [F(x)]=F()[1—F(x)]

for all x and
i EIFE@=F@I* _
noo B Fp(x)—F(x)]

for all x with F(x)+#0 or 1.

1

(7.10) and (7.11) are a generalization of the result given by Leadbetter, which is
stated on p. 25 in [5], where he considered the case of d-function sequence, whereas
we discussed on the more general class of functions w,, in nonnegative case.

On the other hand for arbitrarily fixed x the empirical distribution function
F*(x) is the uniformly minimum variance unbiased estimator of F(x) for Fe Z,
where & is the family of all absolutely continuous distribution functions or the
family of all continuous distribution functions. Because the order statistic is suffi-
cient and complete for & (See, for example, p. 40-42 and p. 133 in Lehmann [4]),
and F#(x) is symmetric in X,, ---, X, and satisfies (7.7) for all Fe &.

The empirical distribution function F}(x) may be said to be preferable as it is
the uniformly minimum variance unbiased estimator. Also the estimator F,(x) is
not the uniformly minimum variance unbiased estimator but it may be still said to
to preferable because of its absolutely continuity and asymptotic properties.

Concerning the covariance of estimators F,(x) and F,(y) we have the following
result.

LEMMA 7. If the sequence of distribution functions {W,} converges to the unit
distribution function except for the origin, then we have

(7.12) Zim n Cov (Fu(x), Fp(¥)) = F(min (x, y)—F(x)F(y) for x+y.

ProoOr. We have

n Cov (F(x), F(3) =~ Wa(x—W.(y—dF(®)

— " Waa—ndF @[ WAy—dF @)
(7.13) —>f00Go(x—t)Go(y—t)dF(t)—F(x)F(y) as n—oo.
Application of the equality G (x—)G(y—1)=G(min (x, ¥)—t) on (7.13) implies (7.12).
For the empirical distribution functions F¥(x) and F}*(»), it hold that
(7.14) n Cov (Fox), Fo(¥) = F(min (x, )~ F(x)F(y)  for x+y,

which is given by Rosenblatt [8].
Next we consider the estimation of the symmetric and absolutely continuous
distribution function F(x) with the derivative f(x), in which case for all x

F(x)=1—F(—x) and f(x)=f(—x).

Integrating the estimator f"(x) of f(x), given by (6.10), we have an estimator of the
distributian function
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A xr A
R)={ fuxdx

=5 [ fudx+ [ ful—nd}
which can be expressed by the estimator F,(x) given by (7.1),
(7.15) B = (F()+H1-Fu(— )}

Our estimator may be understood as the arithmetic mean of the estimators of
quantities F(x) and 1—F(—x). Motivated by the above consideration we propose to
revise the empirical distribution function F3}(x) as follows,

(.16) P =5 (FE(+1-Fi(—x—0)) .

The estimator F#*(x) may be called as the corrected empirical distribution function
for symmetric distribution functions. Both estimators F,(x) and F%(x) are sym-
metric, that is,

F(0)=1—F,(—x—0) and F¥@x)=1—F%(—x-0).
We discuss the unbiasedness and variances of F,(x) and F}(x) in the following
THEOREM 7. Let the distribution function F(x) be symmetric and absolutely con-
tinuous and the sequence of symmetric distribution functions {W,} converge to the unit

distribution function except for the origin. Then for estimators F,(x) and F*(x), we
have

(7.17) lim EF,()=F()  for all x,

(7.18) EFf(x)=F(x) for all n and x,

(7.19) lim n Var [By(x)] = S AFQF(-0~F¥~|x])}  for all x
and

(7.20) n Var [Ff(x)]:%{F(x)F(—x)—Fz(—le)} for all n and x.

PrOOF. (7.17) is easily seen by applying (7.4) on (7.15) and (7.19) is from (7.5),
(7.12) and (7.15). (7.18) and (7.20) areIproved as follows: at first we note that

Pr() =3 B 1Gr—X)+Ga+ X))

and (7.18) is easily seen. Since

0 if x<0
Golx—)Colx+3) = {
when —x=<y<xif x=0

we have
0 if x<0

Cov (Gy(x— X)), G(x+ X)) = l F—F(—9—F%0)  if x20
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for j=1,2, ---, n. By applying the above relation and

Var [Go(x—X,)]= Var [G(x+ X )] = F(x)[1—F(x)] for j=1,2,--,n
on

Var [F* ()] = 4711 - ; {Var [Gy(x—X,) ]+ Var [Gy(x+ X))

+2 Cov [Go(x—X;), Go(x+X )1},
we have (7.20).

On the other hand for arbitrarily fixed x the corrected empirical distribution
function F%¥(x) is the uniformly minimum variance unbiased estimator of F(x) for
Fe g/, where g’ is the family of all absolutely continuous symmetric distribution
functions or the family of all continuous symmetric distribution functions. Because
F*(x) can be reduced to

o BOGHIXD i x=0

Fi(x)=
1 1 .
2+2n EGo(x 1 XD if x>0,
which is symmetric in |X,|, -, |X,|, and it is well known that the statistic
XD, - 1 X[™), where | X|®, -, | X|™ are values | X,], --, | X,| arranged in order

of magnitude, is sufficient and complete for .

Now we shall compare the mean square error of the corrected empirical distri-
bution function, which is best in the above sense, with the mean square error of
other estimators. It is easily shown that

(7.21) F()F(—x)—F —|x|)< F)[1—-F(x)]  for all x,

where the equality holds for x with F(x)=0 or 1. Combination of Theorem 6, 7
and (7.21) yields

COROLLARY. Under the assumptions in Theorem 7, for estimators F(x), Fu{x),
F¥(x) and F¥(x) we have

E|F¥(0)—F(x)|*

|F*(X) F(x>|2 < =5 f07’ all n and x with F(X)$0 07’1,
lim - EfF Eg ;gg}z <1 for all x with F(x)=0 or 1
and
% 2
(7.22) 7{1_00 Eg[l; ((j:)) ?gg"z -<1 for all x with F(x)+0, 7; or 1.

At the point x=0 both F¥(x) and F,(x) are equal to F(x)=1/2 with probability
one. Thus the point x=0 is excepted from (7.22). From the above corollary it fol-
lows that the corrected empirical distribution function F}(x) has less than half of
the variance of the empirical distribution function.

In this section up to this point we considered the case where the distribution
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is absolultely continuous. But the above discussion can be extended to the case of
continuous distribution functions. Theorem 6, Lemma 7, Theorem 7 and its Corol-
lary also hold for continuous distribution functions and a sequence of given distri-
bution functions {W,}.
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