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1. Introduction and fundamental notions

The object of this paper is to give two kinds of classifications, called genera-
tive and genealogical respectively, of all the configurations in an m X n cell space
with unit square cells, which are subject to all the possible applications of local
majority transformation. This paper is a continuation of our previous papers [17,
T3] and Yamaguchi [2] and several definitions regarding fundamental notions such
as unit cells, 2X2 basic spaces, local majority transformations and applications of
firing points introduced in these previous papers of ours will be also used in this
paper without any further specification.

In particular a configuration C in an mXn cell space is said to be stable, if for
any assigned configuration C’, which is different from C, the probability of occurrance
of the central firing points which induces a mapping transformation from the con-
figuration C to (' is equal to zero. In our previous paper [1], we show that in an
mXxn cell space the number of all the possible stable configurations is 2™, (Theo-
rem in [1]). These 2™™~! stable configurations play the fundamental role in our
classification of all the possible 2™ configurations in an mXn cell space. The main
result of this paper regarding a generative classification of all configurations is
given by

THEOREM 1. Let us denote by K(m, n) the set of all the possible configurations in
an mxn cell space. Then we have

(.01 KGm, n) = 33 K9Gn, ny,
i=1

where each K(m, n) (i=1,2, -, o(m, 0) = Op,n = 2™ P D) is a set of certain 2™}
configurations in an mXxn cell space such that, for i=7],
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86 T. KiTtacawa
(1.02) KO(m, n) - K9(m, n)= 6 .

Furthermore each K®(m, n) is the i-th class, where the 1-st class is called an
Eden generation, while the ¢(m, n)-th class is equivalent to the set of all the stable
configurations in the mXxn cell space.

The meaning of an Eden generation comes from the well known definition of
Eden garden currently used in automation theory. In fact we appeal to

DEFINITION 1.1. A configuration C in an mXn cell space is said to belong to an
Eden generation, if satisfies the following two conditions:

(1°) There is no other configuration from which the configuration C can be ob-
tained by an application of LMT.

(2°) By any application of LMT, the configuration C changes to some other con-
figuration different from C.

Thus an Eden generation and the set of all the stable configurations are the
two extreme types of configurations between which there exists a set of all other
configurations belonging to the classes of the 2nd to the (2™ PP —1)-th.

The classification is due to a systematic scheme of applications of 4-operations,
which will be defined in Section 2, to the set of all the stable configurations in an
mxn cell space, that is, Kym,n(m, n). In Section 3 we shall give the proof of THEO-
REM | on the basis of our three Theorems given in our previous paper [1] and by
means of J-operations. This proof itself gives us a systematic construction proce-
dure of all the possible configurations in an mXn cell space, by which we can ob-
tain each individual configuration without detailed consideration on the situations
from which it has come and to which it will go, by all the possible applications of
local majority transformation (LMT), that is to say, without genealogical con-
siderations.

In this sense the classification of all configurations is called to be generative.

Section 4 gives two simplest examples of our THEOREM [ by showing the results
of the generative classification for 2X2 and 2X3 cell spaces respectively.

In order to discuss a genealogical classification, we introduce the following
fundamental notions in genealogy of configurations in an mXn cell space under all
the possible applications of LMT.

DEFINITION 1.2. A configuration B is called to be a direct descendant of a con-
figuration A if A and B are different configurations and there is at least one firing
point in an mXxn cell space such that the application of LMT af this firing point will
transform the configuration A to the configuration B.

In this case a configuration A is called to be a direct ancestor.

For each assigned set n of configurations the set of all the direct descendants
(ancestors) is denoted by d()(a(ll)). Particularly when U= {A}, let us write simply
d(A)(a(A)) instead of d({A})(a({A})).

We proceed to introduce

DEFINITION 1.3. A configuration A, is called to be a descendant (or ancestor) of
A, if there is a finite sequence of configurations {A;} (i=2,3, ---, n—1) such that each
Ay is a divect descendant (ancestor) of A;, that is, Ay € d(A)( A € a(Ay)) for i=
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1,23 -, n—-1

It is convinient to define a sequence of configurations {d“(A)} and {a™(A)}
such that

d(A)= {4}
d(A)=dd* "(4) (=123

(1.03)
and similarly
a®(A) = {A}
a”(A)y=a(a*P(4)) (=123, ).

DEFINITION 1.4. The set of all the descendants (ancestors) of a configuration A
is called to be the decendant (ancestor) tree of A and is denoted by D(A)A(A)).
Due to this definition we have

(1.04)

1.05) 6(A)= 3 d*(4)
(1.06) WA= %} a“(A).

For any assigned set of configurations &, let us define
(1.07) WS =[WB); B=G]
(1.08) DS =[D(B); B ®]
(1.09) [%, DIG) =BG+WUB)+D(E) =G
(1.10) G™ =AU, DI™(G)

= DIG@" ) @n=zD

(111 GY=6.

Then it follows that
(1.12) GOCES GRS ..,

Because of the finiteness of the set of all the configurations in an mXn sell space,
there is an 7, such that

(1.13) Bro=H C BN = G0 D — ...

Here let us introduce

DEFINITION 1.5. For each assigned set & of configurations, the set of all the con-
figurations defined by

(1.14) £(®) = lim @™ =G

is called to be the lineage tree of &.

Specially when & consists of a single configuration 4, then we shall write £(A4)
instead of L({A}).

Now the problems regarding genealogy of configurations in an m X n cell space
are concerned with:

(1°) To find out D(A) and (A) with their respective connections under LMT
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for each assigned configuration A.

(2°) To find out ¥(A) with its connection under LMT for each assigned con-
figuration A.

(3°) To decompose the set of all configurations in an mXn cell space into a
set of mutually disjoint lineages.

In Section 5 we shall give a general procedure to solve these three cell spaces
in a systematic way. It is observed that the decomposition of all the configurations
in an mXn cell space into the set of mutually disjoint lineages corresponds to a
component decomposition of a graph, and we may and we shall call our second
main classification result enunciated in LEMMA 1 given in Section 5 a genealogical
classification of all the conggurations in an mXxn cell space under LMT.

An example is given with respect to a 33 cell space. There are several con-
considerations including rotation groups of configurations which make our enumera-
tion work simpler than otherwise we would be involved as shown in these Examples.

Moreover it turns out that in an m X n cell space all the non-isolated stable
configuration belong to the same one lineage, while each individual isolated stable
configuration constitutes one lineage respectively, which is singular in the sense
that it has no ancestor and no descendent different from itself. THEOREM II shows
an existence of connection route of all the configurations in an mXn cell space
except all isolated stable configurations. Because of THEOREM II our notion of line-
age may seem to be too broad to describe connection relations among the set of
all the configurations in an mXn cell space. In fact, apart from isolated stable
configurations, all the other configurations belong to the same one lineage, which
makes LEMMA 1 to be non-substantial. Neverthless for some proper subsets of all
the configurations the notion of lineage can be expected to have its existence value.

2. J-operation in an mxn cell space

Let a={(a,, as, ---, a,), b=(b,, b,, ---, b,) be any assigned two sets of real num-
bers where each a; and each b; are either of 1 and 0.
Let C(m—1, n—1) be any assigned configuration in an (m—1)x(n—1) cell space
such that
[ Xoo Xpg *** Xgj ** Xon

(2.01) C(m—l, 71_1): ........................ :X.

Now let us introduce

DEFINITION 2.1. A d-operation applied to a configuration X=C(m—1, n—1) with
a boundary condition Bd(a,b) is defined as a transformation of the configuration
C(m—1, n—1) inlo a configuration in an mxn cell space C¢(m, n) and is denoted by
AgX such that
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(2.02) AEX=n¢C(m—1, n—1)= C¢(m, n),

where we put
a, by by b,

Ay Yoz v+ Yo '+ Von

{2.03) Cym, n)=
a; Yis "yij Yin
Am Yme " Ymj Yma
and
(2.04) Vi, =a+b+ 22 22 %, (mod.2)
=2 ¢=

for i=2,--,m; j=2, -, n.
For the sake of brevity, inview of (2.01), we shall write

a; by by b \

az KXoy v xzj s Xy

2.05) Citm, my—=| oo | woeeeeemeeeeinnns

=l . , simply .

am
Now it can be readily seen
COROLLARY 2.1. The set of all the stable configurations in an mXn cell space
can be obtained as the set of all the configurations generated by A¢ X, when a and b
in a boundary condition Bd(a, b) take all the possible combinations with the particular
configuration X, which consists of all zero elements.
In fact we have

{2.06) Vi, =a;+b;, (1=2,3,--,m; j=2,,n)

which shows that C¢(m, n) is a stable configuration for each assigned set of two
vectors a and b as a boundary condition.

This Corollary yields us another proof of the following two fundamental results
given in THEOREMS 2 and 3 in our previous paper [1].

THEOREM 2. A configuration which is complementary to a stable configuration is
stable.

THEOREM 3. A stable configuration in an mxXn cell space has the following pat-

tern:
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(1°) There is a pair of partitions such that

m=m,;+m,+ - +m,;
2.07)

n="n;+n,+ - n

with positive integers m; and n;, 1 <1<k, 1 <j=<I, where k and | are subject to 1<k
=m, 1= n.

(2°) In correspondence with the pair of partitions given in (1°), the whole m X n
cell space is divided into kl subspaces, each of which will be denotea by S(m;, n;) (1=
1,2, k; j=1,2, -, 0.

(8°) (a) The elements of each subspace S(m;, n;) are entirely either 1 or zero.

A subspace S(my, n;) all of whose elements are equal to 1 is called to be of Type
1, while a subspace all of whose elements are equal to zero to be of Type 0.

(b) Subspaces of these two types occur alternatively in an mXn cell space.

Furthermore we observe

COROLLARY 2.2. We have

a, bz . bj “es bn
a, ay+by, -+ a,+b; - aytby
(2.08) Cg(m, n): .......................................
a; a;+b, ---a;+b; a;+b,
Amp, am+b2 . am+bj ree am+bn
0 0 «« 0 v 0
0 2y ++- 25 Z2n
G| e ,
0z, 2y Zin
0 zZpy * Zmj Zmn
where
L )
(2.09) Zi; =2 D Xpg (mod. 2)
p=2 q=2

This COROLLARY 2.2 implies that C¢(m, n) can be expressed as the sum of two
matrices one of which is the stable configuration which is uniquely determined by
the boundary condition Bd (a, b), while the other one is A}X induced by X in (2.01)
with the boundary condition B(0, 0).

It is to be noted that

COROLLARY 2.3. The correspondence between two matrices X=(x;;) (i=2,3, -,
m; j=2,3,,n) and Z=(z;;) 0=2,3, -, m; j=2,3,---, n) is one-to-one.

Because of COROLLARIES 2.2 and 2.3, all the possible configurations C¢(m, n) can
be obtained by running through all the possible boundary conditions Bd(q, b) and
all the possible (m—1)X(n—1) matrices with elements 1 or 0.
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3. Proof of the Theorem I

In view of COROLLARY 2.2, let us denote the first and the second matrices in the
right-hand side in (2.08) by S¢ and P, respectively. We may and we shall some-
times write P* instead of P, because of the one-to-one correspondence between x
and z as shown in COROLLARY 2.3.

Now (2.08) amounts to the equality

(3.01) Cg(m, n)=5S¢+P, =S¢ +P%
Let us consider the set of all the possible sets of (ay, @y, -+, A} by, bsy ==+, b))t
(3'02) Bd(iny n—l): [(aly Ayy ***y Oy 5 bZ; bs, Tty bn)y

a;, b;=1,0, G=1~m; j=2~n)].
Furthermore let us consider the set of all the possible configurations
(3.03) Ki(m—1, n—1)=[(2;;); 2:,;=1,0, (i=2~m; j=2~n)].

For the sake of systematic enumerations of all elements in Bd(m, n—1) and of
those in K,(im—1, n—1), let us introduce

(3.04) U, =a; (=12, -, m)

=byom1 (C=m+1, m+2, -, m+n—1),
and

(305) Vi=2Zp,q» for ]: (771—1)(1)*2)*{‘(]**1 ’

where p=2~m, g=2~n.
Then we may and we shall write

(3.06) Bd(im, n—1)=[(uy, uy, =+, Umsn-); u;=1,0 G=1, 2, -+, m+n—1)]
G.07) Kim—1, n—1D=[(vy, v =, Vn-vin-v; v:i=1,0
(=12, (m—=Dn—-1)].

Now the lexicographical representations of all elements in (3.06) can be given
as follows:

Bd(m, n—1)

Uy Uy Ug * Upin-z3 Unin-z Upin-a
)] 0 0 0 0 0 0
2 0 0 0 0 0 1
3 0 0 0 0 1 0
4 0 0 0 0 1 1
5) 0 0 0 1 0 0
(6) 0 0 0 1 0 1
(7 0 0 0 1 1 0
8 0 0 0 1 1 1
@min-zy 1 1 1 1 1
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Let us denote by u®=(u, uf®, -, uPn,,) the element of Bd(m, n—1) whose
number of listing is ¢ in the above lexicographical listing. It is noted that #¥=
@sp, a, -, 4P, ), that is the conjugate of u®, is equal to u®” with g(i)=_2m+"-»
—(@—1) for i=1,2, ---, m+n—2.

Similarly the inverse lexicographical representation of all elements in (3.07) can
be given as follows:

K, (m—1,n—1)

Ui Uy Vs - Va-po-n-2 Ym-pai-p-1 Vm-no-1
@) 1 1 1 1 1 1
2) 1 1 1 1 1 0
(3) 1 1 1 1 0 1
@ 1 1 1 1 0 0
5) 1 1 1 0 1 1
(6) 1 1 1 0 1 0
) 1 1 1 0 0 1
(2m-bn-v-1y 1 g .. 0 0 0
(2m-bn-_L 1) 1 1 1 1 1
(2<m—1)<n—1>) 0 0 0 0 0 0

By means of these lexicographical listings, let us denote
3.08) Sg=S8Y  (j=1,2, -, 2mnohy
for each element (a, b) in Bd(m, n—1) which corresponds to u“”, and
(3.09 P,=P%»  (1=1,2, ..., 207™)
for each element z in K,(m—1, n—1) which corresponds to v°>. Now let us introduce
(3.10) K®m, n)=[SP+PD; j=1,2, -, mt+n—1]

for i=1,2, -, (m—Dn—1.

After these preparations let us turn to the proof of our main THEOREM I enun-
ciated in Section 1.

Now it is evident that

(m,n) .

3.11) S KD (m, n) == K(m, n)
i=1

and also that

(3.12) K®(m, n)KP(m, n)=¢

for i=j, because any element in K(m, n) must have one and only one combination
of (u;, v;) and for each combination (i, j) there exists one and only one element in
K(m, n), as was to prove.

Furthermore it is noted that K¥™™(m, n) is the set of all the stable configura-
tion, because P¥™™ ig the mXn configuration matrix whose elements are all zero.
On the other hand K(m, n) is the set of all the configurations in an mxn cell space
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which belong to the Eden generation defined in DEFINITION 1.1, because P has, for

zxample, the form

P(l) —

p—t

which amounts to say that every (m—1)(n—1) possible firing point yields a change
of each basic cell associated with it and that the two conditions given in DEFINITION

1.1 are satisfied.

4. Examples

EXAMPLE 4.1. 2X 2 cell space. Since m=2, n=2, the fundamental numbers
m-+n—1=3 and (m—1)(n—1)=1 give that there are 2°=8§ stable configurations and
that the set of all the configurations K(2, 2) is the sum of the two subsets K“(2, 2)
and K®(2, 2) where the former is the set of all 8 stable configurations and the latter

the set of all 8 configuration belonging to the Eden generation.

An application of

of general considerations given in Sections 2 and 3 yield us the following details:

(1°) The lexicographical listing of u = (u,, Uy, u;, Uy)

m
@
®
@

Uy

0
0
0
0

Uy

0
0
1
1

Us
0
1
0
1

®
®
@
®

U,

Y e

=
[

== OO

=
w

—_ o O

(2°) The set of all 8 stable configurations K(2, 2). In correspondence with (1°),

we have

@ (§
(4.01) @ (‘1’

™ (1

0)—c
H-c
0)-c

@ (o

o ()

® (i

H-c
0)-c
e

® (1

® (o

0)-c

H-a

(3°) The set of all 8 configurations belonging to the Eden generation K(2, 2).
The Boolean matrix addition of the matrix

ri=(g 1)

to each of the matrix (4.01) gives us the set of all 8 configurations belonging to the

4.02)

Eden generation
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o (3 D= o} H-er o (¢ Heer
awm @ ¢ Decv oG Decr o (0 Hece

o (¢ e @ (4 Decr.

(4°) The transition aspects in K(2,2) There are merely two subsets K®(2, 2)
(Eden) and K®(2, 2) (stable).

9 oS

(i=2,34,
5,6,7).

(a) (c)

Fig. 4.1, (a), (b), (c). Genealogical lineages in the 2x2 cell space.

It is to be noted that the mutual conjugate relations hold true

(4.04) Ci=0C,.; (i=1,2 --,8)
(4.05) CPp=C®, (=12 -,8).

Thus Figure 4.1, (b) is a conjugate picture of Figure 4.1, (a). Figure 4.1, (c)
consists of two mutually conjugate pictures of isolated stable corfigurations.

EXAMPLE 4.2. 2X3 cell space. This is the case when m=2 and n=8. The
procedure similar to EXAMPLE 2.1 gives us

(1°) The lexicographical listing of u=(u,, u,, u,, u,). This consists the set of
2* vectors which can be divided into two mutually conjugate subset each consisting
of 2% vectors.

(2°) The set of all 16 stable configurations K“(2, 3). This consists of two sub-
sets. The first subset consists of

® (5 o o)=cr @ (§ 5 1)=cp
® (51 Do @ (31 Heeo
(409 o 700 0N g 0 0 1N\_ ~q
® (1 1 )= © (7 | ¢)=0
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@ (1 D=c ® (5 o)=c

while the second subset consists of the conjugates of the stable configurations be-
longing to the first subset, namely C® (1=1,2 3,4,5,6,7, 8).
(3°) The lexicographical listing of v=(v,, v,) gives us

v, Uy v, Uy
®n 1 1 3 0 1
@ 1 0 @ 0 0.
Consequently we have
@.07) K2, 3):[su+(8 (1) (1));ueBd(2, 2]
@ —Tcuy (0 0 0y,
(4.08) K®@,3=[s +(0 1 0),ueBd(2, 2]
® _Tou 0 0 0.
(4.09) K®(2,3)=|S“+ ;ues Bd2, 2)
0 01
@ Tou 0 0 0y,
(4.10) K®(2,3)=|S*+ cue Bd2, 2)|.
000
The systematic enumerations give us
4.11) K®2,3)=[CP,CP;j=1,23,-,8],
J
where
4.12) CP=CP+P*®
with

=11 v®=(,0)
@ =(0,1) v*=(0,0).

(4°) Each of the following sixteen stable configurations is an isolated stable
configuration.

(4.13)

) (4) ¢ ¢ ¢
c3 ’ Cﬁ H ce“: C74)y C84)

4.14) L
C§4)’ Cg&)’ Cé4), C;Ai)’ Cé@ .
(5°) For each non-isolated stable configuration we show its genealogy until we

find out all its ancestors.

(a) CP= 8 8 8) This has the following six direct ancestors, among which

two have no ancestors, and are in fact belonging to the Eden generation, as shown

by (E).

an (g g o) @ (g g 1)
(4.15) (1.3) (8 ‘i 8) (E) (14) ((1) 8 g)

w (50 an (§ 5 @
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We proceed to find out the set of all the direct ancestors for (1.1) in (4.15).

w16 (LLD) (8 <1) é)@m) (1.1.2) (8 g é) (NA)
(1.1.3) ((1) 8 (1))<E) (1.1.4) ((1) 8 é)(E),

where configurations having no direct ancestor are denoted by (NA).
There are simple transformations S; (=1, 2) such that

Fig. 4.2, (a). Genealogical lineage in the 2x3 cell space (1).
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00 1y_,0 0 O 0 01y _,0 0 O
(4.17) $(o 0 0)=(o 0 1) (o0 0)=(1 0 0)
which give us immediately direct ancestors for (1.2), and (1.5), in view of (5.16).

(b) Cé“’:(g 8 i) This has the following four direct ancestors.

e (@i he el he
(4.18)

(2.3) (? 8 i)(NA) (2.4) (é 8 })(A%)

Each of these four configurations has no direct ancestor.

(c) CP= 8 i }) This has the following four direct ancestors.

w1 D@ @l Hwy
4.19)
(@1 He a2 s

Again here each of these four configurations has no direct ancestor.

E)

(NA)

€)

Fig. 4.2, (b). Genealogical lineage in the 2x3 cell space (2).

5. Genealogical classification of all the configurations in an mXxn cell space

97

In an mXn cell space there exists a set of (m—1)(n—1) firing points {g;;} (=1,
2,,m—1;7=1,2,--,n—1). Let us denote the local majority transformation ap-
plied at the firing points ¢;,; by T(,j). To each pair of assigned configuration C
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and LMT T(, j) in an mxn cell space we are concerned with the result of applica-
tion of T(4, ) to the configuration C, that is, T(i, /)C and also with the solution of
finding another configuration C’ such that T, j))C’ = C for the assigned configuration
C. The location of each g;,; can be illustrated in the following Figure 5.1.

Ciyj Ci,jr1

Civy,y City,541

Fig. 5.1. The location of the firing point g, ;.

Now the following two observations are sufficient enough to obtain all the direct
descendants and ancestors of any given configuration C.
OBSERVATION (a): At each firing point g¢;; for which

(5.01) ViVt Yoim Vi =1 (mod. 2),

T(@, j)C gives a direct descendant of C which is different from the configuration C,
but C has no direct ancestor for which T(, ))C’' =C.
OBSERVATION (b): At each firing point ¢;; for which

(5.02) ViitYirs,; Vi, 501 Vi, 00 =0 (mod. 2),

T(, 7)C is coincident with C. Regarding direct ancestors of C, there are two distinct
cases (i) and (ii): ‘

(i) When just two cells among the four cells have the value 1 and the other
two cells have the value 0, then there is no direct ancestor C’ such that 7(, /)C’'=C.

(ii) When each of all the four cells has the same value, either of 1 and 0, then
there are four direct ancestors C’ such that T(, j)C’' =C.

We now introduce

DEFINITION 5.1. A stable configuration is said to be isolated under the LMT if it
has no direct ancestor.

The set of all the isolated stable configurations in an m Xn cell space is denoted
by S,(m, n), and hence the set of all the non-isolated stable configurations in an mXxn
cell space is Kyn,n(m, n)—S,(m, n).

DEFINITION 5.2. The sequence {d*(A)} (v=1, 2, 3, ---) of configurations defined by

(5.03) d¥(A)=d(d* P4y, (=23, )
with the relations
(5.04) dP(A)=d(A), d9(AY=A.

is called to be the sequence of descendants of a configuration A in an mXn cell
Space.
DEFINITION 5.3. The sequence {a*(A)} (v=1, 2,3, ---) of configurations defined by
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(5.05) a(A) = a{a® P(A)) (v=23, )
with the relations
(5.06) aP(A) = a(A), a®(A)=A

is called to be the sequence of ancestors of a configuration A in an mxn cell space.
In view of these Definitions we have
COROLLARY 5.1. For any configuration A there is a pair of non-negative integers
Ni(A) and N,(A) depending up the configuration A such that

Ng(4)

(5.07) DAY= S dD(A)
=0
Ng(4)

(5.08) WA= 3 a>(A).
v=0

Now a systematic procedure for determining a genealogical classification of all
the configurations in an mxn cell space can be given in the following way.

(1°) By means of THEOREM 3 in [17, the set of all the possible 2™i"! stable
configurations K, .,(m, n) in an mXn cell space can be given in a systematic way,
by a lexicographical listing of all the possible combinations of {m;} (¢:=1,2,3, --+)
and {n;} (j=1,2, ) given in (2.07).

(2°) In view of THEOREM 1 in [2], all the possible isolated stable configurations
can be enumerated Systematically. In fact a stable configuration is isolated if and
only if at least one of the following two conditions (i) and (ii) is satisfied for (2.07):

(i) Mmy=my= - =m,=1
(5.09)
(i) ny=n,=-»=n;=1.

(3°) In view of the observations given above, we can determine a®(S) (vil,
2,3, -+, N,(A)) and hence
a(4)

.10) AS) =" § a(S)

p=

to each assigned S belonging to K (m, n)—S,(m, n).
(4°) In view of the observations given above, we can determine d®X(B) (v=1,
2,3, -+, Ni(B)) and hence

61 B)= 3 d(B)

to each assigned B belonging to %(S).
(5°) We construct

(5.12) LS)=[DB); B=WS)].

(6°) Let us choose any S, belonging to Km,n(1m, n)—S,(m, n).
(.13 S(S) = Kpom,m(m, n) NL(Sy)
(5.14) RE(S) = Kpimn(m, n)—Sm, n)—S(S)) .

Let us choose a configuration S, belonging to RK(S,).



100 T. KITAGAWA

(7°) Proceeding on S, similarly, as we have done for S; in (3°)~(5°), we con-
struct ¥(B), and hence we define

(5.15) S(Sp) = Kpm,m(m, 1) N E(S,)
(5.16) RK (S, S) = RK(S)—S5(Sy).

Then let us choose a configuration S, belonging to RA,(S;, S,).
(8°) The process indicated in (7°) will be repeated until a sequence of non-
isolated stable configurations {S;; i=1, 2, ---, k} can be found which satisfies the

following conditions.
(i) BSINLUSP=9¢ (O=xj;4,7=12,k)
(i) {SHnS(m,n)y=¢  (@=1,2,--, k)
(i) RHoomm(An Az -, A)x0 (v=1,2,--,k=-1)

(5.17)
(Av) REowmn(Ay Ay, o A= ¢

(V) Ky, 1)= Silom, m)-+ 5 S(S)
(v Km, n)= S, m+ 2 US).

The construction procedure just given yields us the following result, which we:
may and we shall call a genealogical classification Lemma regarding the set of ail
the possible configurations in an mxn cell space.

LEMMA 1. In the set of all the 2™ possible configurations in an mXn cell space
under LMT we can find a set of finite numbers of stable configurations {S;; i=1, 2,
<+, g} such that

A7) 8SINSH=¢ (for ix=j; i,j=1,2,,8)

(2°) For a certain positive integer (< g), we have

8SH=1{S;} (=123 -,h
3 Km, )= £US)

(4 Koimumlm, )= 3 K(S),

where
(5'18) K(St) == Q(S‘Jm K«;o(m,n)(m: n) (l = 1! 2v tty g) .

In performing the procedure given above, there are several considerations which
are required to overcome the complex multiplitude caused by the existence of tre-
mendous number of all the possible configurations in an mXn cell space amounting
to be 2™". At least two considerations are necessary for treating with even simple
cases such as 3X3 and 4x4 and so on. The first one is to take into our considera-
tion that rotation group inherited in the sets of configuration in an nXn cell space
and induced by a rotation ¢ such that
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[ @y Qgp vt dip Qpy Qp-y 1 dgy

Ayy  Qgy v Qgq Apy Ap-y 3 = Qyp

{(5.19) Ay Aag ** Qg |=| Qpy Qp-y 3 """ Qg3
Apy Qpg - Qpp App Qp-1n " Qip

In factjthere are three groups induced by #:

O=1{1, 6, 6, 6%
(5.20) 0 =11, 6%
r={1)

where #*=1 (identitical transformation).

The rotation group considerations make our enumeration works and findings of
transition relations among configurations simpler by making no distinction among
the configurations belonging to the same #-group such as @ and Q.

This implies that we are actually concerned with structural aspect of configura-
tions from the standpoint of category rather than with each individual configura-

tions.
The second one is to be pragmatic in choosing a set of {S;} in LEMMA 1 in
the sense that £(S,) (¢t=1, 2, ---, g) may have an order of somewhat increasing com-

plexity, that is, the simpler, the earlier.
ExAMPLE 5.1. A genealogical classification of the set K(3, 3) of all the configura-

‘tions in a 3Xx3 cell space under LMT.
(a) The set of all the stable configurations K“%(3, 3). The lexicographical listing
procedure given in Section 2 yields us the 16 stable configurations

¢ 0 0 0 01 0 10 011
(000) (OOI) (010) (011)
0 0 0 0 01 010 011
0 01 1 0 0 1
( 0 ) ( 01> 10) (0 1)
1 10 0 1 1 0
(5.21)

0 0 0 1 10 011
SHNGHNIRGY
0 0 0 1 10 011
0 0 0 0 01 010 011
(111) (110) (101) (100)
111 1 0 1 01 1 00

and the set of the remaining 16 stable configurations is a conjugate set of (5.21).
In combination with rotation group consideration the whole set of 32 stable con-
figurations can be classified into the following:
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0 0 0 1 1 1
1°) w(o 0 0 a w(l 1 1)
0 0 0 11 1
0 0 1 1 1 0
(2°) @(o 0 1) 2% @(1 1 o)
0 0 1/ 1 1 0
0 1 0 1 0 1
(3% (D(O 1 0) 3 @(1 0 1)
0 1 0 1 0 1
(5.22)
0 1 1 1 0 0
(4°) @(1 0 o) ‘D) @(o 1 1)
1 0 0 0 1 1
0 1 0 1 0 1
(5% @(0 1 0) G% @(1 0 1)
1 0 1 0 1 0
01 0 1 0 1
©6) Tli1 o 1) @& wlo 1 o)
01 0 1 0 1

Each © group has 4 configurations, each @ group 2 configurations, while each ¥
group just one configuration. Consequently (5.22) represents the set of all the pos-
sible stable configurations in a 33 cell space, whose total number is 32.

(b) The set of all the isolated stable configurations Sy(3, 3). The observations
given in this Section shows that each of 14 stable configurations in (3°), 3%, 69,
(5%), (6°) and (6°) is isolated, and that the other 32—14=18 stable configurations are
non-isolated.

(c-1) Ancestor trees of (4°) and (4°)

011 011
(5.23) 9((@(1 0 0)):@(1 10

1 00 100

011 011
—I—@101>+@(100),

1 00 101

where each of the right-hand side has no direct ancestor. Consequently we have

011 011
o143zl [3 5 )
1 00 - 1 00

011 011
:@( 1 00 100 )) 3
10 0/
as shown in Figure 5.2.

100
The ancestor tree of (4°) can be obtained as the conjugates of (5.23) and (5.24).

(5.24)

+al®
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0 1 1
Fig. 5.2. Ancestor tree %9( 1 0 0 )
1 0 0

(S) =stable configuration
(E)=a configuration belonging to the Eden generation
(NA)=a configuration without ancestor.

In what follows we shall make use of the abbreviated notation

Ay Gy Ay Ay Gy Ay
(5.25) aB| ay Gy Gy |=a 0| ay, (CTANY
Q3 Q3 Qg Q3 gy Qg

and similar ones dO(.), AO(-) and DO(-), for the sake of brevity.
(c-2) Ancestor trees of (2°) and (2°),

0 01 101 011 001 001
(5.26) a@(O 0 1\):9(0 0 1]|4+6{0 0 1)+9 101]+6|01 1),
0 0 1/ 0 01 001 001 001

where the third and the fourth summands in the right-hand side have no direct
ancestor. Regarding the first and the second summands we have

101 101 101 101 101
(5.27) a@(OOl=@101)¢@(011+(~)001+@001)
00 1 001 00 1 101 011
011 011 011 011 011
(5.28) a@(oo1):@<101)+@(011+@(001)+@(001)
00 1/ 00 1 0 0 1 101 01 1/

Now each of all the summands of the right-hand side in (5.27) and (5.28) has no
direct ancestor: some of them belong to the Eden generation. In the consequence
we have

001 001
(5.29) ?I@( 0 01 ) = Z}Oa(”’@( 0 01 )
0 0 1 0 01
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as shown in Figure 5.3. Similarly for (2°).

(NA) (NA)
101
0(101) ﬁ(é‘l’})
001 001
101
s1001] )(NA)
101
101
5[001) 101
00
! 6(001) E)
011
011
(011 1001 E)
4 001) 101
001
011
6loo1l| e
011
011
T RCHE
001 001
(NA) (NA)
0 0 1
Fig. 5.3. Ancestor tree ‘)I@( 0 0 1 )
0 0 1
(c-3) Ancestor trees of (1°) and (1°)
0 00 0 0O 0 0 1 0 00
(5.30) a@(o 0 0)-——@(0 0 1|4+6|0 0 0}+%10 1 0).
0 0 0 0 0 0 0 0 O 0 00

In the right-hand side of (5.30), the third term belongs to the Eden generation,
while the applications of observations mentioned in this Section yield us

0 00 1 0 0, 010 000
a@(O 0 1>:@(0 0 1)—{—@ 0 0 l)+@ 10 1)
000 0 00 0 0 0 0 00
(6.31)
0 00 000 0 00
+@(0 1 1]+60{0 0 1]|+6{00 1).
000 100 010

In the right-hand side of (5.31), the third term belongs to the Eden generation
and the fourth one has no ancestor, and we have also
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001 101 011 00 1 001
(5.32) a6(001>=0(001+@001+@(101+@011),
100 100 100 100 100

(NA) (E) (NA) (E)

010 010 010 010 010

(5.33) a@(OOl):@(lOl+@(011+9001+@001)
000 000 000 100 010/

(NA) (NA) (E) (NA4)

It is now convenient to introduce a set of configurations defined by

Gy Qe Gy dy 4y dgs dyy Qyy Gy
(5.39) O, ay A s |=O| ay ay ay |+ Ol a; 0 4y
Gy Qgy Qg A3y A3y g 3y Qgs Qo

Then the ancestor tree of the first term of the right-hand side of (5.30) can be
shown as in Figure 5.4.
We summarize the result:

000 000
ar@(001>:§%a<v>@(001)
00 0 000
000 00 0 000
:@(001)+@101)+@(011)
000 00 0 00 0
00 1 010
+@1001)+@1001)
100 00 0
(5.35)
101 01 1 0
+@1001+@1(o11)+@110 >
100 10 0 10
00 1 010 010
+@1011+91(101)+@1(011)
100 000 00 0/
010 010
+@1(001)+@1(001).
100 010
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S
—_——
oo o
coo
O -~
N——

(NA)
0 0 0
Fig. 5.4. Ancestor tree %I@( 0 0 1 )
0 0 0
We have
0 01
(5.36) a@(o 0 0>
0 00
1 0 1 011 0 01 0 01
:@(0 0 0)+@(0 0 0)—}-@ 10 0]+0|01 O)
0 0 0 0 0 0 0 0 0 0 0 0
0 01 0 01 0 01 0 0 1
+6(0 0 1 |+60[0 0 0|+6[0 0 0)*@(0 0 0)
0 0 0 100/ 010 0 01
1 0 1 1 01 0 01 0 0 1 0 01
:@(000>+@1000 —’;—@1(100 +6©l 0 0 0 —|—@010>,
0 0 0 00 0 00 0 1 0 0 0 00

where the fifth term of the right hand side has no direct ancestor. We can proceed
to find direct ancestors of the right-hand side quite similarly as before. Here we
shall be content with giving the ancestor tree of the second summand
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001 1 01 011 0 01
a@(O 0 1>:91(0 0 1)|+6,/ 0 0 1|46,/ 1 0 1)
0 0 0 000 0 00 000
(5.37)
001 /0 0 1 0 01
+6,0 1 1 +@1( 0 01 )—f—@l( 0 01 )
0 00 100 010

In the right hand side of (5.37) we have a+tc+ed-f4-b+d, say.

1 01 1 01 1 01 1 01 1 01
(5.38) a@l( 0 01 ):@ 1 01 )—i—@l 011 )+@,( 0 01 )+@1( 0 01 )
000 000 0 00 1 00 01 0/

= a,+a,+a,+a, say

00 1 101 01 1, 101, 4001
(5.39) a@1(001>:@1 00 1|46, 001)+91(1o1)}~@1(011)
100 100 100 100 100

= b1+b2+b3+b4y say

011 011 011 011 011
(5.40) a@l( 0 01 ) =6,/101)|+6,/ 01 1|4+6,]0 0 1 )+@1( 0 01 )
0 00 0 00 000 1 0 0 010

011 10 0 1 ;01 0 011 011
(5.41) a@l( 011 ):@1( 011 \)—l-@l( 011 )q'—@l( 0 01 )+@1( 01 0)
000 00 0/ 0 0 0 0 0 0 0 00

= Cp,1H o0t Cap3tCop, SAY

001 1 01 011 0 01 0 01
(5.42) a@l( 001 ): 6, 0 01 >—|—@1 00 1 )-{—@1 1 01 )+91 0 11 )
01 0 010/ 010 ‘0 1 0 010

=d,+d,+d;+d,, say.

Here we notice that e, f, a;, b;, ¢y,1, €5 €4, dyy dy, dy and d, has no ancestor, in
fact some of them belong to Eden generation and that a,=b,, b,=c¢,, ¢,=d,, d,= a,.

The considerations given just now are sufficient to construct an ancestor tree
for (5.37), as shown in Figure 5.5.

(d) The lineage

There are no novelities in finding out descendant trees. The completion of the
whole ancestor and descendant relations among all the configurations would be
laborous and tedious even in this simple Example. In order to observe the lineage
relations among all the configurations in a 33 cell space, we have to be concerned
with the problem how many components do there exist. So far as this problem is
concerned, our answer is given by Figure 5.6 in which a route connecting all the
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d,=ay as= b,
ds " b
{
d b
- /. ’
e
L
dsy by
dy=c,

C2

c
2,1 Cz2, 2 C2, 4

Fig. 5.5. The ancestor tree
0 01
6( 0 0 1 )
0 0 0
non-isolated stable configurations (1°), (1°), (2°), (2°), (4°) and (4°) in (5.22) are shown,
where the notion of € rotations is not described for the same of brevity. This
implies that all the non-isolated stable configurations constitute one lineage. It is
evident that each isolated stable configuration has no ancestor and no descendant
different from itself and hence constitute a (singular) lineage respectively.
Now we proceed to prove
THEOREM IL.  The set of all the configurations in an mXn cell space, for m, n =3,
which are not isolated stable configurations consiitutes one lineage. Fach individual
isolated stable configuration constitutes one lineage consisted of itself.
In order to prove this Theorem, we prapare a few Lemmas which have some
interests in themselves. In a general pattern of all the stable configurations in an
mXn cell space given in THEOREM 3 in Kitagawa-Yamaguchi [1], let us define

(5.43) m, = Max {m;} .

1=isk

G.44) n,= Max {n,} .

1=i=!

In what follows we shall be concerned with the cases when #, n =3, because
other cases have been either substantially discussed in our previous Examples or
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—- e O
~—

00 000 000
(NA)(Ol1)——(001)-——(000)(1°)
101 101 000

‘ (E)
000 000
/111 111\

000 000
<_°)(111) (000)@)
111 111
\111 111/
(101]———-(100)

000 00
(E) r
111 111
(1 0]————(100}(NA)
/010 010
(111 011 011
(°)(111]-.——(110)—-(100)(4°)
111 100 100

(E)
Fig. 5.6. A lineage route connecting all the non-isolated stable
configurations (1°), (1°), (2°), (2°), (4°) and (4°) in (5.22).

can be deduced from what we will discuss.
LEMMA 2. A stable configuration is isolated if and only if it satisfies either one
of the following three conditions

(a) Mmy=n,=1
(5.45) (b) m>my=2 and ny=1
(c) me=1 and n>n,=2.

The sufficiency of (5.45) is immediate, while the necessity follows from the com-
bination of the following LEMMAS 3 and 4 which deal with all the other remaining
cases and which prove the non-isolation of those stable configurations.

LEMMA 3. Each stable configuration which satisfies the condition

(5.46) (d) m>my=2 and n,>n=2
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has an ancestor common with at least either of the two configurations C, and C,.

PROOF. Let us consider the case (d). Due to the condition (5.46), (d), a stable
configuration has at least one 3x3 cell space of the following types

0 11 100 0 01 1 10
(5.42) 1) (1 O*O) (ii) (1 O*O) (iii) (0 O*l) @iv) (O 0*1)

100 011 110 ‘0 0 1

100 011 110 00 1,
) ( 0 1*1 ) (vi) ( 0 1*1 ) (vii) ( 1 1*0 ) (viii) ( 1 10 )

011 1 00 00 1 110/

By changing 0* and 1* by 1 and 0 respectively we get a 2Xx2 basic cell space
which, in combination of the other unchanged configuration, becomes to be a direct
ancestor of the given configuration as well as to be an ancestor of C, and C, re-
spectively. This completes the proof of the first part of the assertion of LEMMA 3.
The second part is verified by the existence of stable configurations having both
replacements of 1 and 0 by 0* and 1* respectively.

LEMMA 4. Each stable configuration which satisfies either of the following two
conditions

(e) m=m, and n>n,=2
(5.48)
(f) m>my,=2 and n=mn,

has an ancestor common to the configuration C, and also that common to the configura-
tion C,.
The proof is given only for the case (e), because the case (f) can be treated

quite similarly. In order to simplify our descriptions, let us introduce several kinds
of m-dimensional vectors

1 0
1 0
(5.49) lo=|11, O0w=1_0
1 0
10 /1
0 1
—| 0 |1
(5.50) ]-a' - 1 ’ Oa - 0 ’
0 1
0! 1/

which means that 1,(0,) has the sole one (zero) at some (suitably chosen) component.
By means of the combination of these vectors we can denote a certain class of
configurations.

For instance we have
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1 11 1.0 00 0 00
11101000 0--0
(G.5D) CAZIROZY =1 . . . eeeveeeeeerens
00 1.1
1 11 0 0 +oeeee 0 0 oeeen 0
pl pg pS

Now a stable configuration satisfying the condition (e) is either one of the fol-
lowing four configurations

@) Cay op 1z 0 - 1y
@) cay oz 1 0y -0y
37 Cg 13 0 13- 1Y
(47 €Oy 1 03 150z,

(5.52)

for which n,=max (n;)=2.

Furthermore two configuration C*> and C® is denoted by C®—C® if there
exists a LMT which transforms C® to C®, For instance, we observe, in view of
(5.51)

(5.53) C(121122028) —> C(121172710ps+1)
(5.54) C(1z122078) —> C(121# 112-1()78)
and so on.

After these preparations, let us now turn to
PROOF OF LEMMA 4. There are n sequences of applications of LMT such that

(555) CL1E™) —> CULE) —> CIL15) —> - —> C(13)
(5.56) CUELE™) —> CUELE#0,) —> -+ —> C15059)

for k=1, 2, ---, n—1. The combinations of these n sequences shows that C(1,127?)
is a common ancestor to all the configurations in these n sequences. In particular
CAL0x™ (k=1, 2, ---, n) belong to the same lineage which is denoted by

(5.57) CL05™) ~ CAL05) ~ CAL0EH ~ -

~ CAL05 ) ~ - ~ C(1570,)~ C(13)
and more simply by

(5.58) 1) 107~ 0" 21 0P e 1E O E s e 17,
Similar argument gives us also
(i) 0" 1~O0™2 1P 0772 1P e 0P F TR e 1"
(5.58) (ii) 1" 0~ 1" 0P~ 170 0P e 1R O e e A 7
Gv) 0171~ 0% 1"~ 0® 17 3 e OF 1P F s e Q™

In combination for (i), (i), (iii), (iv) in (5.58) we have
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(559 0"~ 102 12 e ~ 0P 1720 1M 1P
0" ~1 0" 112 0" 2 oo ~ 172 (2177t O 17,

that is, the set of configurations {0 1%, 1¥ 0"%; for =0, 1, 2, ---, n} belongs to the
same lineage.

The result shown in (5.59) can be applied to each case (1°), (2°), (3°) and (4°) in
(5.52), since there exists at least one 7, such that n,=n,=2, and through all cases
we find that they belong to the same lineage with the configurations C, and C,, as
we were to prove.

It is noted that the non-isolated configurations C, and C, satisfy the condition

(548 (& m=my, n=n

which, in combination with (5.48) (a)~(f), exhausts all the possible cases for the set
of all the stable configurations in an mXn cell space. In the consequence we have

LEMMA 5. The set of all the non-isolated stable configurations constitutes one
lineage.

This is evident from the combination of LEMMA 4 and 5, in view of (5.48) (d),
(), (), and (g).

PrOOF OF THEOREM II. To any assigned configuration, which is not an isolated
stable configuration, in an mXn cell space, there exists a sequence of LMT whose
applications lead to a non-isolated stable configuration, that is to say, it is an ances-
tor of at least one non-isolated stable configuration, and hence belongs to the same
lineage with this non-isolated stable configuration. Since the set of all the non-
isolated stable configurations constitute one lineage, any assigned configuration
which is not an isolated stable configuration belongs to the same lineage, as we
were to prove.
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