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   1. Introduction and fundamental notions 

   The object of this paper is to give two kinds of classifications, called genera-

tive and genealogical respectively, of all the configurations in an m x n cell space 

with unit square cells, which are subject to all the possible applications of local 
majority transformation. This paper is a continuation of our previous papers [1], 

{3] and Yamaguchi [2] and several definitions regarding fundamental notions such 
as unit cells, 2x2 basic spaces, local majority transformations and applications of 

firing points introduced in these previous papers of ours will be also used in this 

paper without any further specification. 
   In particular a configuration C in an mxn cell space is said to be stable, if for 

any assigned configuration C', which is different from C, the probability of occurrance 

of the central firing points which induces a mapping transformation from the con-
figuration C to C' is equal to zero. In our previous paper [11, we show that in an 

mxn cell space the number of all the possible stable configurations is 2m÷71-1. (Theo-

rem in [1]). These stable configurations play the fundamental role in our 

classification of all the possible 21" configurations in an Tr/ X 72 cell space. The main 

result of this paper regarding a generative classification of all configurations is 

given by 
   THEOREM I. Let us denote by K(m, n) the set of all the possible configurations in 

an mxn cell space. Then we have 

                                                          (m,n) 
(1.01)K(m, ii) = K")(m, n) , 

                                                              i=1 

where each K(1)(m, n) (i = 1, 2, ••- , co(m, n) co„,,„ =- 2(71-1)(n-1') is a set of certain 2771+11-1 
configurations in an mxn cell space such that, for i # j, 
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(1.02) K<1  (m, n) • Ko)(m, n) = c . 

    Furthermore each 10)(m, n) is the i-th class, where the 1-st class is called an. 
Eden generation, while the cXm, n)-th class is equivalent to the set of all the stable 
configurations in the in x n cell space. 

   The meaning of an Eden generation comes from the well known definition of 
Eden garden currently used in automation theory. In fact we appeal to 

   DEFINITION 1.1. A configuration C in an mxn cell space is said to belong to an 
Eden generation, if satisfies the following two conditions: 

   (1°) There is no other configuration from which the configuration C can be ob-
tained by an application of LMT. 

   (2°) By any application of LMT, the configuration C changes to some other con-
figuration different from C. 

   Thus an Eden generation and the set of all the stable configurations are the 
two extreme types of configurations between which there exists a set of all other 
configurations belonging to the classes of the 2nd to the (2(771-1'(11-1'-1)-th. 

   The classification is due to a systematic scheme of applications of 4-operations, 
which will be defined in Section 2, to the set of all the stable configurations in an 
mxn cell space, that is, IC(77,,,„,(rn, n). In Section 3 we shall give the proof of THEO-
REM I on the basis of our three Theorems given in our previous paper [1] and by 
means of 4-operations. This proof itself gives us a systematic construction proce-
dure of all the possible configurations in an ni x n cell space, by which we can ob-
tain each individual configuration without detailed consideration on the situations 
from which it has come and to which it will go, by all the possible applications of 
local majority transformation (LMT), that is to say, without genealogical con-
siderations. 

   In this sense the classification of all configurations is called to be generative. 
   Section 4 gives two simplest examples of our THEOREM I by showing the results 

of the generative classification for 2x2 and 2x3 cell spaces respectively. 
   In order to discuss a genealogical classification, we introduce the following 

fundamental notions in genealogy of configurations in an mxn cell space under all 
the possible applications of LMT. 

   DEFINITION 1.2. A configuration B is called to be a direct descendant of a con-

figuration A if A and B are different configurations and there is at least one firing 
point in an mxn cell space such that the application of LMT at this firing point will 
transform the configuration A to the configuration B. 

   In this case a configuration A is called to be a direct ancestor. 
   For each assigned set n of configurations the set of all the direct descendants 

(ancestors) is denoted by d(U)(a(U)). Particularly when U= {A}, let us write simply 
d(A)(a(A)) instead of d({A})(a({A})). 

   We proceed to introduce 

   DEFINITION 1.3. A configuration An is called to be a descendant (or ancestor) of 
A1, if there is a finite sequence of configurations {Ai} (i=- 2, 3, , n-1) such that each 
Ai+, is a direct descendant (ancestor) of Ai, that is, Ai+, E d(Ai)(A,+,E a(Ai)) for i--,_-.
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 1,  2,  3. , n-1. 

   It is convinient to define a sequence of configurations {d(')(A)} and {d')(A)} 

such that 

               d"'(A) {A} 
(1.03) 

                    cic')(A).= d(P-1)(A)) (1) = 1, 2, 3, •••) 

and similarly 

                am(A)= {A} 
(1.04) 

                     a")(A)-= a(a('-"(A)) (1) 1, 2, 3, . 

   DEFINITION 1.4. The set of all the descendants (ancestors) of a configuration A 

is called to be the decendant (ancestor) tree of A and is denoted by 7)(A)(W(A)). 

   Due to this definition we have 

(1.05) E d(')(A) 
                                                           vac, 

(1.06)%(A) = E d')(A) . 
                                                     vo 

   For any assigned set of configurations 6, let us define 

(1.07)9t(6) MB); B E 0] 

(1.08)T(63) [Z(B); B E 

(1.09)N, Z1(6) 6±%(6)+Z(6)-= 6(1) 

(1.10)13' CW, Zi(n)(153) 

                             Z163(n-1)) (n 

(1.11) _ 

Then it follows that 

(1.12)05(0) C (55(1) C 65(2) < 

Because of the finiteness of the set of all the configurations in an m x n sell space, 

there is an no such that 

(1.13) (no-1) 0(7z0)___ 

    Here let us introduce 
    DEFINITION 1.5. For each assigned set CS of configurations, the set of all the con-

figurations defined by 

(1.14),2(0)6(n) = 65(no) 

is called to be the lineage tree of 0. 

    Specially when 65 consists of a single configuration A, then we shall write 2(A) 
instead of £({A}). 

    Now the problems regarding genealogy of configurations in an in X n cell space 

 are concerned with : 

    (1°) To find out Z(A) and Vi(A) with their respective connections under LMT
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for each assigned configuration A. 

 (2°) To find out 2(A) with its connection under LMT for each assigned con-
figuration A. 

   (3°) To decompose the set of all configurations in an m X n cell space into a 
set of mutually disjoint lineages. 

   In Section 5 we shall give a general procedure to solve these three cell spaces 

in a systematic way. It is observed that the decomposition of all the configurations 

in an m X n cell space into the set of mutually disjoint lineages corresponds to a 
component decomposition of a graph, and we may and we shall call our second 

main classification result enunciated in LEMMA 1 given in Section 5 a genealogical 

classification of all the conggurations in an m X n cell space under LMT. 

   An example is given with respect to a 3x 3 cell space. There are several con-

considerations including rotation groups of configurations which make our enumera-

tion work simpler than otherwise we would be involved as shown in these Examples. 
   Moreover it turns out that in an m X n cell space all the non-isolated stable 

configuration belong to the same one lineage, while each individual isolated stable 

configuration constitutes one lineage respectively, which is singular in the sense 

that it has no ancestor and no descendent different from itself. THEOREM II shows 
an existence of connection route of all the configurations in an m X n cell space 

except all isolated stable configurations. Because of THEOREM II our notion of line-

age may seem to be too broad to describe connection relations among the set of 

all the configurations in an m X n cell space. In fact, apart from isolated stable 

configurations, all the other configurations belong to the same one lineage, which 

makes LEMMA 1 to be non-substantial. Neverthless for some proper subsets of all 

the configurations the notion of lineage can be expected to have its existence value.

   2. 4-operation in an m x n cell space 

    Let a = (a1, a„ ••• , an), b = (b2, b3, ••• , bn) be any assigned two sets of real num-

bers where each ai and each b are either of 1 and 0. 
   Let C(m —1, n-1) be any assigned configuration in an (m-1)x(n —1) cell space 

such that 
                                                      I X22 X23 ••• X2j ••• X22, 

                                                       X32 X33 ••• X3i ••• X31, 

(2.01)C(m —1, n-1) == X. 
                                                           xi2 xt3 ••• Xij ••• Xtn 

                                                           Xrn2Xm3 •• Xnij ••• Xinn, 

   Now let us introduce 
   DEFINITION 2.1. A 4-operation applied to a configuration X = C(m —1, n-1) with 

a boundary condition Bd (a, b) is defined as a transformation of the configuration 

C(m —1, n-1) into a configuration in an m X n cell space con, n) and is denoted by 

Ag X such that
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 (2.02)Ag x Ag c(m —1, n-1)= Cg m, n), 

where we put                                               
' a

, b2 .•.b; •-• b„, 

                                                       a2 Y22 • • • Y2j ••• Y2n 

                                                 a3 Y32 Y3j ••• Y3n 
(2.03)Cl(m, n)-= 

                                   ai Yi2 Yij Yin 

                                                1 a. .3),-.2 •••31m;•• Ymn1 
and 

                                               i <2.04) E E xp, (mod. 2) 
                                                             q=2 

for i= 2, ••• , j= 2, ••• , n. 
   For the sake of brevity, inview of (2.01), we shall write 

                        /a1 b2 b; b 

<2.05)CA m, n)= ••• 
                                                ai x22 •-• xi; ••• 

                                                  am xm,•-• xm; ••• xn,„ 

                            a, b, bn\ 

                                             , simply . 
                           X 

                          \am 
   Now it can be readily seen 

   COROLLARY 2.1. The set of all the stable configurations in an mxn cell space 

can be obtained as the set of all the configurations generated by ,Lg' X, when a and b 

in a boundary condition Bd (a, b) take all the possible combinations with the particular 

configuration X, which consists of all zero elements. 

   In fact we have 

(2.06)yij= ai+13; , (i= 2, 3, ••• , 7n; j = 2, ••• , 

which shows that Cg (m, n) is a stable configuration for each assigned set of two 

vectors a and b as a boundary condition. 

   This Corollary yields us another proof of the following two fundamental results 

given in THEOREMS 2 and 3 in our previous paper [1]. 
   THEOREM 2. A configuration which is complementary to a stable configuration is 

stable. 

   THEOREM 3. A stable configuration in an mxn cell space has the following pat-

tern:
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 (1°) There is a pair of partitions such that 

                       m=m1+m2+ +mk 
(2.07) 

                                   n = nl±n2+ ••• ni 

with positive integers mi and n;, 1 c i�k, 1 �j �1, where k and I are subject to 1� 

�m, 1<l< n. 

   (2°) In correspondence with the pair of partitions given in (1°), the whole m X 11 
cell space is divided into kl subspaces, each of which will be denotea by S(monj) (i= 
1, 2, ••• , k; = 1, 2, •-• , 1). 

   (3°) (a) The elements of each subspace S(mi,n j) are entirely either 1 or zero. 
   A subspace S(mi,nj) all of whose elements are equal to 1 is called to be of Type 

1, while a subspace all of whose elements are equal to zero to be of Type 0. 

   (b) Subspaces of these two types occur alternatively in an m x n cell space. 
   Furthermore we observe 

   COROLLARY 2.2. We have 

                            (Li b2 •.- bj •.- b„ 

                                     a2 a2-1-62 ••• a21-1); ••• act-bn 

(2.08)Cb (m, n)= 
                              ai ai+b2 •-• ai+bj ai+bn 

                                     am am+b,--- am+bj •-• am+bn 

                        0 0 0 --• 0 

                                             0 Z22 • • • Z2i • • • Z2n 

                                                0 Zy2 • • • Zo • • • Zin 

                                           0 Zin2 • zni; ••• znin 

where 

(2.09) E E x„ (mod. 2) 
                                              p=2 q=2 

   This COROLLARY 2.2 implies that Cg m, n) can be expressed as the sum of two, 

matrices one of which is the stable configuration which is uniquely determined by 

the boundary condition Bd (a, b), while the other one is A8X induced by X in (2.01) 

with the boundary condition B(0, 0). 

   It is to be noted that 

   COROLLARY 2.3. The correspondence between two matrices X=(xij) (i= 2, 3, ••• 
in; j = 2, 3, • • • , n) and Z=(zo) (i= 2, 3, • • • , m; j= 2, 3, • • , n) is one-to-one. 

   Because of COROLLARIES 2.2 and 2.3, all the possible configurations Cg m, n) can 

be obtained by running through all the possible boundary conditions Bd(a, b) and 

all the possible (m —1)x (n--1) matrices with elements 1 or 0.
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   3. Proof of the Theorem I 

   In view of COROLLARY 2.2, let us denote the first and the second matrices in the 

right-hand side in (2.08) by  Sg and P, respectively. We may and we shall some-

times write Pj: instead of P, because of the one-to-one correspondence between x 

and z as shown in COROLLARY 2.3. 

   Now (2.08) amounts to the equality 

(3.01)Cg(m,sg +Pz= Si; -FM, 

    Let us consider the set of all the possible sets of (a1, a2, ••• , am; b2, b3, ••• bn): 

(3.02)Bd(m, n —1) = [(a1, a2, --• , am; b2, b3, • , bn); 

                          a„ b.', 1, 0, (i= 1'm; j= . 

   Furthermore let us consider the set of all the possible configurations 

(3.03)1-(1(in n —1) = [(zi,); = 1, 0, (i= ; . 

   For the sake of systematic enumerations of all elements in Bd(m, n-1) and of 

those in K1(m-1, n-1), let us introduce 

(3.04)ui= a, (i= 1, 2, •••, in) 

                     = (i= m+1, m+2, •-• , in+ n —1) , 

and 

(3.05)?if= zp,q , for j _= (m-1)(p-2)-1- q —1 , 

where p= 

   Then we may and we shall write 

(3.06) Bd(m, n = [(u„ u2, , uni+n-i); ui =1, 0 (i= 1, 2, -- , in-Fn —1)] 

(3.07) K1(m--1, n-1) = V2, ••• , v(n-1)(n-1); vi =1, 0 

                                        (i 1, 2, •-• , (m —1)(n --1))] . 

   Now the lexicographical representations of all elements in (3.06) can be given 

as follows : 

           Bd(m, n-1) 

                   U1 U2743 • • • 11711+n-3 Unt+n-

      (1)000•• 000 

      (2) 0 0 0 ••• 0 0 1 

      (3) 0 0 0 -•- 0 1 0 

     (4) 0 0 0 0 1 1 

      (5) 0 0 0 -• 1 0 0 

     (6) 0 0 0 1 0 1 
      (7) 0 0 0 -•- 1 1 0 

     (8) 0 0 0 1 1 1 

      (27"') 0 1 1 ••• 1 1 1
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    Let us denote by  u(i)  =  (u  i', UP, ••• , 71(7n)+97-1) the element of Bd(m, n-1) whose 
number of listing is i in the above lexicographical listing. It is noted that Ft(i) 

    UT, ••• , rtg,„_1), that is the conjugate of di', is equal to ug(i) with g(i) = 2(71,÷n -2) 
—(i-1) for i= 1, 2, , M+71-2. 

   Similarly the inverse lexicographical representation of all elements in (3.07) can 
be given as follows : 

         K1(m-1, n-1) 

                                   V1 V2 7)3 • • e)(m-1)(n- 1)-2 1)(m-1)(n-1)-1 1)(7rt -1)(n-1) 

      (1)1 1 1 ••111 
     (2) 1 1 1 •-• 110 

     (3) 1 1 1 -- 101 

     (4) 1 1 1 ••• 100 

    (5) 1 1 1 011 

    (6) 1 1 1 010 

     (7) 1 1 1 ••• 001 

      (2(m-1)(71-1)-1) 1 0 0 • •• 000 

    (2(m-1)(n-1)+1) 0 1 1 111 

      (2(m-1)(n-1)) 0 0 0 ••• 000 

   By means of these lexicographical listings, let us denote 

(3.08)sg =Su) ci= 1, 2, • •• , 

for each element (a, b) in Bd(m, n-1) which corresponds to u(j), and 

(3.09)P,=P(i) (i= 1, 2, • , 219(m,n)) 

for each element z in K1(m-1, n-1) which corresponds to v(i). Now let us introduce 

(3.10)K(i)(m, n)-[S(j)+P(1); j= 1, 2, ••• , m+n—l] 

for i= 1, 2, • • , (m-1)(n —1). 

   After these preparations let us turn to the proof of our main THEOREM I enun-

ciated in Section 1. 

   Now it is evident that 
                                         q,(m,n) 

(3.11)E K(i)(m, n) = K(m, n) 
                                                 i=i 

and also that 

(3.12)K(i)(m, n)K(j)(m, n)= 

for i # j, because any element in K(m, n) must have one and only one combination 

of (ui, v;) and for each combination (i, j) there exists one and only one element in 

K(m, n), as was to prove. 

   Furthermore it is noted that K(4",n))(m, n) is the set of all the stable configura -
tion, because P(P(m0)) is the m x n configuration matrix whose elements are all zero . 
On the other hand K(1)(m, n) is the set of all the configurations in an m X n cell space
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which belong to the Eden generation defined in DEFINITION 1.1, because  P(1) has, for 
example, the form 

                        0 0 0 0 0 0 0 ••• 0 0' 

                        0 1 0 1 0 1 0 ••• 0 1 

                        0 0 0 0 0 0 0 ••• 0 0 
                       p(l)                         0 1 0 1 0 1 0 -- 0 1 

                         0 0 0 0 0 0 0 •-• 0 0 

                           0 1 0 1 0 1 0 ••• 0 1, 

which amounts to say that every (m —1)(n —1) possible firing point yields a change 

of each basic cell associated with it and that the two conditions given in DEFINITION 
1.1 are satisfied.

   4. Examples 

   EXAMPLE 4.1. 2 x 2 cell space. Since m = 2, n = 2, the fundamental numbers 

m-l-n —1 3 and (m-1)(n —1), 1 give that there are 23= 8 stable configurations and 

that the set of all the configurations K(2, 2) is the sum of the two subsets K")(2, 2) 

and K")(2, 2) where the former is the set of all 8 stable configurations and the latter 

the set of all 8 configuration belonging to the Eden generation. An application of 

of general considerations given in Sections 2 and 3 yield us the following details : 

   (1°) The lexicographical listing of u --= (ui, u2, u3, u4) 

        u1 U2U3U1U2U3 

     (1) 000(5) 1 0 0 

     (2) 0 0 1(6) 1 0 1 

     (3) 0 1 0(7) 1 1 0 

     (4) 0 1 1(8) 1 1 1 

   (2°) The set of all 8 stable configurations K(2, 2). In correspondence with (1°), 
we have 

       (1) ( 0 0 Cl(2)        0 0 )( 0 1                          0 1)=0                             =(3) ( 1 1 ) = 

         (01=(5) (10= C, (6)11r" (4.01) (4)                                     ( 0 0 ) =        10 )01) 

        (7) (10= C,(8)        1 0 )( 1 1                                1 1 ) — C8 

   (3°) The set of all 8 configurations belonging to the Eden generation K")(2, 2). 
The Boolean matrix addition of the matrix 

(4.02)                    Pi =(0 O) 1) 

to each of the matrix (4.01) gives us the set of all 8 configurations belonging to the 

Eden generation



94T. KITAGAWA

        (  0  0)  cin (2) 2 0 1)00                             0 0=c2)(3) ( 1 0 

(4.03)         (4) ()= C(4,) (5) ( 0100)Cow(6) (11                                     0 1) 6 

    (7) (1 01 1              1 1=(8) (1 0)= C8(4) 

   (4°) The transition aspects in K(2, 2) There are merely two subsets K(1)(2, 2) 

(Eden) and K(2)(2, 2) (stable). 

             Cl(1)          ISO 
              C2(1)                   eldik 

         (1)4111, 
                  C3                                          ( 

                                                                        5,6,7). 

                                        C4(1) 

  (a)(b)(c) 
           Fig. 4.1, (a), (b), (c). Genealogical lineages in the 2x2 cell space . 

   It is to be noted that the mutual conjugate relations hold true 

(4.04)Ci = C9_1 (i =1, 2, , 8) 

(4.05)Ci') = (i = 1, 2, •-• , 8). 

   Thus Figure 4.1, (b) is a conjugate picture of Figure 4.1, (a). Figure 4.1, (c) 
consists of two mutually conjugate pictures of isolated stable configurations . 

   EXAMPLE 4.2. 2x 3 cell space. This is the case when m = 2 and n =8 . The 

procedure similar to EXAMPLE 2.1 gives us 

   (1°) The lexicographical listing of u = (u1, u2, u3, u4). This consists the set of 
24 vectors which can be divided into two mutually conjugate subset each consisting 

of 22 vectors. 

   (2°) The set of all 16 stable configurations K(43(2, 3). This consists of two sub-
sets. The first subset consists of 

           (1) (0 0 0000)_ci4) (2)(0 0 100)r,2(4) 

                                                                         = 

       (3) (0 1 00 1 1                 0 1 0 = C4) (4) ( 0 1 1) = C(44) 
(4.06) 

          (5) (0 0 0)=c54)(6) (0 0 1)= C(64)       111110
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         (7)(01 01 0) 

                                       C 

                                                                       ")                                                                           8 
                °

1 01= C 4 )(8) 

while the second subset consists of the conjugates of the stable configurations be-
longing to the first subset, namely CT0 (1=1, 2, 3, 4, 5, 6, 7, 8). 

   (3°) The lexicographical listing of v = (vi, v2) gives us 

         vi V2VIV2 

        (1)11(3) 0 1 

         (2) 1 0(4) 0 0. 

Consequently we have 

         [ 

              Ko)(2, 3) =su(0001 (4.07)) ; u E Bd(2, 2)] 

(4.08)IC(2)(2, 3) = [Su -1-( °O °1 0) ; u E Bd(2, 2)] 

             K(3)(2, 3)=[su+(0000) (4.09)• u E Bd(2, 2)] 

(4.10)Kw(2, = [su+( 00 00 0)                                   • u Bd(2, 2)]. 
The systematic enumerations give us 

(4.11)K")(2, 3) = [c(!), 'CT; j= 1, 2, 3, ••• 8] , 

where 

(4.12) = Cid-P*0) 

with 
                          = (1, 1) v(2) = (1, 0) 

(4.13) 
                         v(3) = (0, 1) v") = (0, 0). 

   (4°) Each of the following sixteen stable configurations is an isolated stable 
configuration. 
                       CV), C54), CT, CV', CV' 
(4.14) 
                         C34), CT, CT, C74), C84) . 

   (5°) For each non-isolated stable configuration we show its genealogy until we 
find out all its ancestors. 

   (a) C=            (0000 00). This is has the following six direct ancestors, among which 
two have no ancestors, and are in fact belonging to the Eden generation, as shown 

by (E). 

           (1.1) ( 00 00 0)                          (1.2) ( 00 00 ) 

(4.15)(1.3) ( 00 01 00 )                       (E) (1.4) ( 01 0 0 ) 

           (1.5) ( 01 00 0)                               (1.6) °O 01 °O (E) .
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   We proceed to find out the set of all the direct ancestors for (1.1) in (4.15). 

          (1.1.1)  ( 0 1 1 0 0 0)01 

                                       0 

 (NA) (1.1.2) (01) (NA) 
(4.16) 

          (1.1.3) (001)                          (E) (1.1.4)101 

            

. 0 0(0 0 0) (E), 
where configurations having no direct ancestor are denoted by (NA). 

   There are simple transformations Si (i = 1, 2) such that

                             ( 0 1 0) 
                                     (NA)        •00 

                        (0 0 0                 1 0 0 )• 
                                  ( 0 0 0l                                       (NA) 
                                         1 1 0 

             ( 0 0 1 ) 
                1 0 0 ) 

             • 

       (E)( 0 0 11                                          (NA) 

 (E)• 0 1 0 

  (000100)(0000 01is(010001)                                               (E) 

                          ( 0 1 11 (NA) 
                                      0 0 0 ) 

(S) ( 0 0 0 ) 
     0 0 0 

                             ( 001001 )                                          (NA) 

  (0 0 0)(00I)                  •101                                      ( 0 0 0 ) (E) 
    0 1 0) 

  (E)•(0 1 0)(NA) 
                                      0 0 1) 

         (1 0 0l1111111 
          0 01) 
          (E)(1 1 0) (NA) 

                                      \ 0 0 0 

                       (1 0 0)               III                 0 0 0) 

                • 

             • (l 0 0)                                         (NA)                                          0 1 0 

            Fig. 4.2, (a). Genealogical lineage in the 2x3 cell space (1).
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                           00100 0 (4.17)          s1(0 00 ) (000 °I 'S2(0 0 0(1 0  0  ' 
which give us immediately direct ancestors for (1.2), and (1.5), in view of (5.16). 

  (b) CT =              0 0). This has the following four direct ancestors. 
                                   0 1           (2.1)(0111)0(E) (2.2) ( 001 1) (E) 

(4.18) 

          (2.3) ( 01 00 1) (NA) (2.4) ( 10 00 11) (NA) 

   Each of these four configurations has no direct ancestor. 

  (c)        ( 0011)        CP=. This has the following four direct ancestors. 

           (4.1) ( 00 1 0) (E) (4.2) (0 11 ) (NA) 
(4.19) 

           (4.3) ( 00 0 11) (E) (4.4) ( 1 0 ) (NA). 
   Again here each of these four configurations has no direct ancestor.

                      (E)  

                 (00 1) 
                  0 1 1) 

  O (NA) (0 0 1)(0i)                                                   (NA)   0 1):11 .0 

            (001       001)(0 1 1\                                     0 1 1) 

        1 0 1 (NA) 

    (0 0 1)   (00 01) • 

 •(NA) 
                      (0 1 1) 

                           0 0 1) 

                       (E) 
           Fig. 4.2, (b). Genealogical lineage in the 2x3 cell space (2).

   5. Genealogical classification of all the configurations in an m x n cell space 

   In an mxn cell space there exists a set of (m-1)(n-1) firing points {qi,;} (i= 1, 

2, , m-1; j =1, 2, , n-1). Let us denote the local majority transformation ap-

plied at the firing points qi,.; by T(i, j). To each pair of assigned configuration C
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and LMT T(i, j) in an m x  n cell space we are concerned with the result of applica-

tion of T(i, j) to the configuration C, that is, T(i, j)C and also with the solution of 

finding another configuration C' such that T(i, j)C' = C for the assigned configuration 

C. The location of each  qid can be illustrated in the following Figure 5.1. 

                                                         ci,i 

                                      qij                                               

1-10 

                     Fig. 5.1. The location of the firing point qi,j. 

   Now the following two observations are sufficient enough to obtain all the direct 
descendants and ancestors of any given configuration C. 

   OBSERVATION (a) : At each firing point qo for which 

(5.01) ±Yi 3.1,1 +Yid 1 (mod. , 

T(i, j)C gives a direct descendant of C which is different from the configuration C, 

but C has no direct ancestor for which T(i, j)C' = C. 

   OBSERVATION (b): At each firing point qi; for which 

(5.02) j+I+Yi+1,j+1 0 (mod. 2) , 

T(i, j)C is coincident with C. Regarding direct ancestors of C, there are two distinct 

cases (i) and (ii): 

   (i) When just two cells among the four cells have the value 1 and the other 
two cells have the value 0, then there is no direct ancestor C' such that T(i, j)C'=C. 

   (ii) When each of all the four cells has the same value, either of 1 and 0, then 
there are four direct ancestors C' such that T(i, j)C' = C. 

   We now introduce 

   DEFINITION 5.1. A stable configuration is said to be isolated under the LMT if it 
has no direct ancestor. 

   The set of all the isolated stable configurations in an m x n cell space is denoted 

by So(m, n), and hence the set of all the non-isolated stable configurations in an m x n 

cell space is lfort,„)(m, n)—So(m, n). 
   DEFINITION 5.2. The sequence {d")(A)} (i) = 1, 2, 3, •••) of configurations defined by 

(5.03)d"'(A) = d(d"-"(A)) , (1) = 2, 3, •••) 

with the relations 

(5.04)dw(A) = d(A) , d"'(A) = A . 

is called to be the sequence of descendants of a configuration A in an nix n cell 
space. 

   DEFINITION 5.3. The sequence {a")(A)} (v= 1, 2, 3, of configurations defined by
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(5.05) a(')(A)= a(a('-"(A)) (v = 2, 3, ••-) 

with the relations 

<5.06)am(A)= a(A) , a")(A)= A 

is called to be the sequence of ancestors of a configuration A in an mxn cell space. 

   In view of these Definitions we have 

   COROLLARY 5.1. For any configuration A there is a Pair of non-negative integers 

Ald(A) and Na(A) depending up the configuration A such that 

                                         Na(A) 

(5.07)T(A)= E d(')(A) 
                                                                         i)=0 

                                          Na(A) 

<5.08) E a(')(A) . 
                                                                              ,-0 

   Now a systematic procedure for determining a genealogical classification of all 

the configurations in an mx n cell space can be given in the following way. 

   (1°) By means of THEOREM 3 in [1], the set of all the possible 21"' stable 
configurations If,(,,,,„)(m, n) in an m x n cell space can be given in a systematic way, 

by a lexicographical listing of all the possible combinations of {m,} (i= 1, 2, 3, ---) 
:and 127,1 (j= 1, 2, •••) given in (2.07). 

   (2°) In view of THEOREM 1 in [2], all the possible isolated stable configurations 
,can be enumerated systematically. In fact a stable configuration is isolated if and 

only if at least one of the following two conditions (i) and (ii) is satisfied for (2.07): 

                      (i) m1= m2= = mk= 1 
<5.09) 

                         (ii) n1= n2= • • • = ni = 1 . 

   (3°) In view of the observations given above, we can determine a(')(S) (v= 1, 
2, 3, •-• , Na(A)) and hence 

                                              Na (A) 

<5.10)%(S)= E a(')(S) 
                                                                                              ,---0 

to each assigned S belonging to I fcr,(m, n)— So(m, n). 

   (4°) In view of the observations given above, we can determine dm(B) (v =1, 
2, 3, -•- , Nd(B)) and hence 

                                         Nd(B) 

<5.11)Z(B)= E cl(')(B) 
                                                                         ,)=0 

to each assigned B belonging to %(S). 

   (5°) We construct 

(5.12)2(S) = [Z(B) ; B E W(S)1 • 

   (6°) Let us choose any S1 belonging to Ks(,„,„)(m, n)—So(m, n). 

(5.13)S(Si)=- n)n £(S1) 

<5.14)RIC(S)= IC(n,n)(m, n)-S0(m, n)—S(Si). 

Let us choose a configuration S2 belonging to RKC(S1).
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    (7°) Proceeding on S2 similarly, as we have done for S1 in (3°),--,(5°), we con-
struct 52(B), and hence we define 

(5.15)S(S2) = n) n 52(S2) 

(5.16) S2) = RK,(S1)—S(S2) • 

    Then let us choose a configuration S3 belonging to RK,(Si, S2). 

   (8°) The process indicated in (7°) will be repeated until a sequence of non-
isolated stable configurations {St; i= 1, 2, ••• , k} can be found which satisfies the 
following conditions. 

            ( i ) 2(S1) n 2(S = q5 (i j ; i, =1, 2, •-• , k) 

             (ii) 2(Si) n S 0(m , n) = (i =1, 2, ••• , 

               (iii) RK9on,n)(A1, A2, • • Av) #(1) = 1, 2, , k —1) (5
.17) 

              (iv) RKoc.,.)(Ai, A2, 

                                                       k 

             (v) Kpon,n)(7n, n)= So(m, n)± E S(Si) 
                                                                   i=1 

                                                k 

           (vi) K(m, n) So(m, n)+ E 2(S1). 
                                                            1=1 

   The construction procedure just given yields us the following result, which we. 

may and we shall call a genealogical classification Lemma regarding the set of all 

the possible configurations in an mxn cell space. 

   LEMMA 1. In the set of all the 2°° possible configurations in an mxn cell space. 
under LMT we can find a set of finite numbers of stable configurations {Si; i= 1, 2, 
••• , g} such that 

   (1°) 2(Si) n2(S;)=--- 0 (for i# j ; i, j =1, 2, , g) 
   (2°) For a certain positive integer h(< g), we have 

                    52(S1) = {Si} (i = 1, 2, 3, ••• , h) 

   (3°) K(m, n)= 2(S1) 
                            i=1 

   (4°),n)(m,n) = K(S1), 

where 

(5.18)K(S1) = 2(S1) n) (i = 1, 2, •-• , g). 

   In performing the procedure given above, there are several considerations which 
are required to overcome the complex multiplitude caused by the existence of tre-

mendous number of all the possible configurations in an mxn cell space amounting 

to be 2". At least two considerations are necessary for treating with even simple 

cases such as 3x 3 and 4X4 and so on. The first one is to take into our considera-

tion that rotation group inherited in the sets of configuration in an n X n cell space 

and induced by a rotation 8 such that
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 and an-, 1 ••• all 

                        a21 a22 a2n an, an-, 2 ••• 

(5.19)a31 a32 a,n = an, an_, a13 

        

. .. .                                                                                                                                                          

•         • •. . 

                          an, an2 ••• ann ann an_, n a1n r • 

    In factIthere are three groups induced by 0 : 

                              = {1, 0, 02, 03} 

<5.20) = {1, 02} 

                       V= Ill 

where 04 =1 (identitical transformation). 

    The rotation group considerations make our enumeration works and findings of 

transition relations among configurations simpler by making no distinction among 

the configurations belonging to the same 0-group such as 0 and O. 

    This implies that we are actually concerned with structural aspect of configura-

tions from the standpoint of category rather than with each individual configura-

tions. 

    The second one is to be pragmatic in choosing a set of {S1} in LEMMA 1 in 

the sense that 2(S,) (i= 1, 2, ••• , g) may have an order of somewhat increasing com-

plexity, that is, the simpler, the earlier. 
    EXAMPLE 5.1. A genealogical classification of the set K(3, 3) of all the configura-

tions in a 3x3 cell space under LMT. 

   (a) The set of all the stable configurations K"')(3, 3). The lexicographical listing 

procedure given in Section 2 yields us the 16 stable configurations 

         0 0 0 ) ( 0 0 1\ 0 1 0 0 1 1 
       0 0 0 0 0 1 0 1 0 0 1 1 

        0 0 0 0 0 1' 0 1 0/ 0 1 1 

        0 0 0 0 0 1\ 0 1 0\ 0 1 1 

       0 0 0 0 0 1 0 1 0 0 1 1 

          1 1 1' 1 1 0!1 0 1/ 1 0 0 

(5.21)         0 0 0\ 0 0 1 0 1 0 ) 0 1 1\ 
       1 1 11 1 0 1 0 11 0 0 

       0 0 0 0 0 1 0 1 0 0 1 1 

         0 0 0\ 0 0 1i 0 1 0\ ( 0 1 1\ 
       1 1 1 1 1 0 1 0 1 1 0 0 

        1 1 1 1 1 0/ 1 0 1! 1 0 0/ 

and the set of the remaining 16 stable configurations is a conjugate set of (5.21). 

In combination with rotation group consideration the whole set of 32 stable con-

figurations can be classified into the following :
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 0 0 0 / 1 1 1 

        (1°) 0 0 0(1°) ?I r 1 1 1 
       0 0 0 1 1 1 

       0 0 11 1 0         (2°) 0( 0 0 1(2°) 0( 1 1 0 
       0 0 11 1 0 

       0 1 01 0 1 

        (3°) 0 0 1 0(3°) 0 1 0 1 
         0 1 0''1 0 1 

(5.22)         0 1 1
1 0 0\ 

        (4°) 0 1 0 0(4°) 0 0 1 1 
       1 0 00 1 1 

        0 1 0\ 1 0 1 

        (5°) 0 0 1 0(5°) e 1 0 1 
       1 0 10 1 0 

        0 1 01 0 1\         (6°) gi" 1 0 1(6°) ( 0 1 0 
       0 1 01 0 1 

Each 0 group has 4 configurations, each 0 group 2 configurations, while each r 

group just one configuration. Consequently (5.22) represents the set of all the pos-
sible stable configurations in a 3x3 cell space, whose total number is 32. 

   (b) The set of all the isolated stable configurations So(3, 3). The observations 

given in this Section shows that each of 14 stable configurations in (3°), (3°), (5°),. 

(5°), (6°) and (6°) is isolated, and that the other 32-14=18 18 stable configurations are 
non-isolated. 

   (c-1) Ancestor trees of (4°) and (4°) 

         0 1 1\ 0 1 1 0 1 1 0 1 1 (5.23) %(e ( 1 0 0 =1 1 0 +0 1 0 1 ±0 1 0 0, 0  
         1 0 0' 1 0 0 1 0 0/ 0 1 

where each of the right-hand side has no direct ancestor. Consequently we have 

        s?;.(0 1 1/0 1 1          0 ( 1 0 0Eam(e 1 0 0 
          1 0 0o1 0 0/ 

(5.24)                   0 1 10 1 1
\                = 0( 1 0 0 ) +a e ( 1 0 o , 

                  1 0 o 1 0 0/ 

as shown in Figure 5.2. 

   The ancestor tree of (4°) can be obtained as the conjugates of (5.23) and (5.24)._
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                                         / 0 1 1 \ 

 01 1 0 (E)  
\  1 0 0 

            (s) 

     0 1 1/011 
      0 1 0 0 0 1 0 1 (NA) 

      1 0 0\ 1 0 0 

                                        0 1 1 
                             0 1 0 0 (NA) 

                                       \ 1 0 1 

                      (0 1 1                      Fig. 5.2. Ancestor tree'TO1 0 0 

                                   1 0 0 

               (S) = stable configuration 
              (E) =a configuration belonging to the Eden generation 

             (NA) = a configuration without ancestor. 

   In what follows we shall make use of the abbreviated notation                 a31 a12 a13a23 a12 a13 )) 
(5.25)ae a21 a22 a23 = a 0 a21 a22 a23 

                 a32 a32 a33a32 a32 a33 

and similar ones de(•), we(•) and ZOO, for the sake of brevity. 

   (c-2) Ancestor trees of (2°) and (2°), 

     0 0 1 1 0 1 0 1 1 0 0 1 0 0 1 (5.26) ae( 0 0 1 =0 0 0 1 +0( 0 0 1 +4 1 0 1+ 4 ( 0 1 1 ) , 
     0 0 1 l 0 0 1 i 0 0 1 0 0 1 0 0 1 

where the third and the fourth summands in the right-hand side have no direct 

ancestor. Regarding the first and the second summands we have 

     1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 (5.27) a() 0 0 1 ) = 0 ( 1 0 1 ) + 0 ( 0 1 1 ) + 0 0 0 1 +0( 0 0 1 
      o o 1 o o 1 o o 1 ,1 o 1 i o 1 1 

      o 1 1 o 1 1\ o 1 1 vo 1 1 o 1 1 

(5.28) ae 0 0 1 =0 1 0 1 +0 0 1 1 +0 0 0 1 +0 0 0 1 
      o o 1 0 O 1 / v0 o 111 o 1 o 1 1 

   Now each of all the summands of the right-hand side in (5.27) and (5.28) has no 
direct ancestor : some of them belong to the Eden generation. In the consequence 
we have 

             0 0 1/ 0 0 1 

(5.29)we 0 0 1 =ia(')0 0 0 1                                                                           =0 

                       \0 0 1-° 0 0 1
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as shown in Figure 5.3. Similarly for (2°). 

                        (NA)                                      (NA)  

              Cl 0 10 0 1D                  0101 6(101   NA\/0 10      (NA)               0 01 

  0 01\ 
 0 1 0 11 0 1   0 0 1/0(0 0 1 ) (NA) 

                                               1 0 1 
                          ' 1 0 1 " 

                         0 0 0 1 
                            1 0 I        \O 0 1 /D                                      0(0 0 1(E)  0 0 1 )0 1 1  (s) 0 ( 0 0 1 

      0 0 1                              0 1 1D                /0 1 1)0 0101(E)        0 0 0 11 

                            \ 0 0 1 

0(001 )/ 0 1 1   011000001)(E) 
 0 0 1\1 

    (NA)l 0 1 1)/ 0 1 1                                         6 0 1 1 
        0 101 \001 ,                           0 0 

I 
                                (                (NA)(NA) 

                                      0 0 1 

                      Fig. 5.3. Ancestor tree we 0 0 1 

       ( 

                                 o o 1 

   (c-3) Ancestor trees of (1°) and (1°) 

         0 0 0\ / 0 0 0\ 0 0 1\0 0 0 
(5.30) a0 0 0 0 =0 0 0 1 +6 0 0 0 +T 0 1 0. 

        0 0 0' 0 0 0 0 0 01 0 0 0' 

   In the right-hand side of (5.30), the third term belongs to the Eden generation, 

while the applications of observations mentioned in this Section yield us 

        0 0 0\ 1 0 0' 0 1 0 0 0 0\       a0 0 0 1 =0 0 0 1 ) + 0 0 0 1 +() 1 0 1 
       o 0 0' o 0 0 o 0 0 o 0 0 

(5.31) 
                 0 0 0 v0 0 0 V 0 0 0 

                +6 o 1 1 + 6 0 0 1 + 6 0 0 1 . 
                   0 0 0/1 0 0'\ 0 1 0 

   In the right-hand side of (5.31), the third term belongs to the Eden generation 

and the fourth one has no ancestor, and we have also
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 0  0  1 1 1 0 1 0 1 1 \ 0 0 1 0 0 1 (5.32)  ae(o 0 1 =0 0 0 1 + 0 ( 0 0 1 +0 1 0 1 +0 0 1 1 , 
 1  0  0 \ 1 0 0 1 0 0 / 1 0 0 1 0 0 

          (NA)(E) (NA)(E) 

     0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 (5.33) ae( 0 0 1= 0 1 0 1 +0 0 1 1)+0 0 0 1+ 0 0 0 1 ) . 
     0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 

          (NA) (NA)(E)(NA) 

   It is now convenient to introduce a set of configurations defined by 

             an a12 a13 a1 a12 a13 a21 all a12 

(5.34) 03 a21 a22 a23 *-- 0 a21 a22 a23 + 0 a31 a22 a13 

             a31 a32 a33a33 a32 a33a32 a33 a23 

   Then the ancestor tree of the first term of the right-hand side of (5.30) can be 

shown as in Figure 5.4. 

   We summarize the result : 

      0 0 00 0 0\       I0 0 0 1)=3,1,am0 0 0 1 
                                            v=0 

      0 0 00 0 0 

                / 0 0 00 0 0\0 0 0\ 
                 =0 0 0 1 +01 0 1 +0 0 1 1 

                0 0 00 0 0! 0 0 0 

                  0 0 1 0 1 0\                  +01 0 0 1 ) +01 0 0 1 
                  1 0 o o 0 0/ 

(5.35) 
                1 0 1 0 1 1\ 0 0 1 

                 +01 0 0 1 +01 0 1 1 +01 1 0 1 

                 1 0 0 1 1 0 0 1 0 0 

               0 0 1 0 1 0 0 1 0                 +01 0 1 1 ) +01 1 0 1 +01 0 1 1 
                  1 0 0 0 0 0' 0 0 0 

                 0 1 0 0 1 0               +01 0 0 1 )+01( 0 0 1 . 
                 1 0 0 0 1 0
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 1  0 1 ) 
                                         / 0 1 1    (E)01 ( 0 0 1 

                    0 001 0 0 1           '----

01 0 0/     00-7---- 0 ( 1 0 1 1 
                                                0 0 1 ,..............000iY01 ( 1 0 1 

             / 0 0 1 \1 0 0 

                        01 0 0 1 

                          \ 1 0 0 /                                                      0 
0 1 .-----01 ( 0 1 1 

0 (0 0 0 \1 0 0 0 0 1 -- 

   0 0 0 / 
  .....

....,                                                      0 1 0  101 ( 1 0 1 
          0 1 0 \0 0 0 

                       010 0 1                   0 0 0 /( ---  

                                                0 1 0 0 0 0)0 1(011 0(0,1 
                                              000    000

, ,.....,
_    (NA)---/- 0 1 (;)0 1 0\                   01 0 0 1)01 0 0 1 
                   \N,.......L.Ol. 01 0 0/ 

                                  0 0 0 

                    Fig. 5.4. Ancestor tree We 0 0 1 

       ( 

                                  0 0 0

We have 

        0 0 1 

(5.36) a0 0 0 0 
        0 0 0 

      1 0 10 1 1\ 0 0 1\ 0 0 1 
   =8 0 0 0 +e 0 0 0 +8 1 0 0 +0 0 1 0 

     0 0 00 0 00 0 00 0 0 

      0 0 1\ / 0 0 1 0 00 0 1\     +e 0 0 1 +e 0 0 0) +8( 0 0 0+0( 0 0 0 
     \ 0 0 0 \ 1 0 0 0 10 0 1 

      1 0 1 \ 1 0 10 0 10 0 1 \ / 0 0 1 
    =8 0 0 0 +0, 0 0 0 +8, 1 0 0 +e 0 0 0 +8 0 1 0, 

     \ 0 0 0 / \ 0 0 0 \ 0 0 01 0 0 \ 0 0 0

where the fifth term of the right hand side has no direct ancestor. We can proceed 

to find direct ancestors of the right-hand side quite similarly as before. Here we 

shall be content with giving the ancestor tree of the second summand
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/  0 0 1\ 1 0 1\ / 0 1 1\ 0 0 1 

       aO 0 0 1 =0, 0 0 1 +01 0 0 1 +01 1 0 1 

         0 0 0/ 0 0 0/ \ 0 0 0' 0 0 0 
(5.37) 

                       / 0 0 1\ / 0 0 1\ / 0 0 1\ 
                  +0, 0 1 1 +01 0 0 1 +01 0 0 1 
                       \ 0 0 0/ \ 1 0 0/ \ 0 1 0/ 

   In the right hand side of (5.37) we have a+c+e+f+b+d, say. 

      1 0 11 0 1 ) / 1 0 11 0 11 0 1 
(5.38) ae, 0 0 1= 0 1 0 1 +0, 0 1 1 +0, 0 0 1 ±01 0 0 1 

     0 0 00 0 0 \ 0 0 01 0 0 0 1 0 , 

                      =a,±a2+a,-Pa„, say 

      0 0 11 0 1 ) / 0 1 1 1 0 1 v 1 0 0 1 
(5.39) ae, 0 0 1= 0, 0 0 1 +0, 0 0 1 +0, 1 0 1 +0, 0 1 1 

      1 0 01 0 0 \ 1 0 0 \ 1 0 01 0 0 / 

                     =b,±b3+-b3H-b,, say 

     0 1 10 1 10 1 10 1 10 1 1 (5.40) a01 0 0 1 = 0, 1 0 1 +0, 0 1 1 +0, 0 0 1 ) +0, 0 0 1 
     0 0 00 0 00 0 01 0 0 0 1 0 

                     =c1+c2+c3+c4, say 

     / 0 1 1 ' 0 0 1 0 1 0 0 1 1 0 1 1 

(5.41) ae, 0 1 1= 01 0 1 1 +0, 0 1 1 +0, 0 0 1 +0, 0 1 0 
     0 0 00 0 00 0 00 0 0 , 0 0 0 

                         = c2,14-c2,2+c2,3±c2,4f say 

     0 0 1 , 1 0 10 1 10 0 10 0 1 \ (5.42) a01( 0 0 1= 0, 0 0 1 ±01 0 0 1 )+01 1 0 1 )+01( 0 1 1 
     0 1 0 \ 0 1 0 0 1 0 0 1 0 0 1 0 / 

                      =di+d,-Fd3H-c14, say.

   Here we notice that e, f, at, b,, c2,1, C2,3, C2,4, d1, d2, d3 and d4 has no ancestor, in 
fact some of them belong to Eden generation and that a3 = b1, b2=c1, c4 = d1, d1= a4. 

   The considerations given just now are sufficient to construct an ancestor tree 
for (5.37), as shown in Figure 5.5. 

  (d) The lineage 
   There are no novelities in finding out descendant trees. The completion of the 

whole ancestor and descendant relations among all the configurations would be 

laborous and tedious even in this simple Example. In order to observe the lineage 

relations among all the configurations in a 3x3 cell space, we have to be concerned 

with the problem how many components do there exist. So far as this problem is 

concerned, our answer is given by Figure 5.6 in which a route connecting all the
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                                           a        a
ia2 

 d1=  (14 a3== b1 

d,ab, ...' 
db V-.-----.. 

  ••  

 ir........71/ eI                          C=c2, ,I 

d3b 3   d1— c4Ab2=C3 
    .77,..ci            C2, /                  C2, 2C2, 4 

                  Fig. 5.5. The ancestor tree 
                   / 0 0 1 \ 

                 0 0 0 1 . 
                   \ 0 0 0 /

non-isolated stable configurations (1°), (1°), (2°), (2°), (4°) and (4°) in (5.22) are shown, 

where the notion of e rotations is not described for the same of brevity. This 

implies that all the non-isolated stable configurations constitute one lineage. It is 

evident that each isolated stable configuration has no ancestor and no descendant 

different from itself and hence constitute a (singular) lineage respectively. 

   Now we proceed to prove 
   THEOREM II. The set of all the configurations in an in X n cell space , for in, n 3, 

which are not isolated stable configurations constitutes one lineage. Each individual 

isolated stable configuration constitutes one lineage consisted of itself. 

   In order to prove this Theorem, we prapare a few Lemmas which have some 

interests in themselves. In a general pattern of all the stable configurations in an 
mxn cell space given in THEOREM 3 in Kitagawa-Yamaguchi [1] , let us define 

(5.43)mc, = Max {mi} . 

(5.44)no= Max {n;} . 

   In what follows we shall be concerned with the cases when m, n 3, because 
other cases have been either substantially discussed in our previous Examples or
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                          (E) 
 1 0 01 0 0               

( 4° ) 0 1 1 --.--- 0 0 1 
                0 1 10 1 1 1-------"\

\ 
          0 0 00 0 00 0 0              

( NA) 0 1 1 --...- 0 0 1 --a-- 0 0 0 ( r ) 
           1 0 11 0 10 0 0 / 

                           (E) 
           0 0 00 0 0 

               0 1 1 --- 0 1 0 

      Z 1 1 1\ 1 1 1 N  0 0 00 0 0 ( 2° ) 1 1 10 0 0 ) ( 2° ) 
 \ 1 1 1 "111.

.1 1 1            1 1 11 1 1 \ V 
                  1 0 1 --0-- 1 0 0 

           0 0 00 0 0 

               (E) 

      I 

                1 1 1\/ 1 1 1\ 
                    1 1 0 --^--- 1 0 0 ( NA ) 

               0 1 0 /\ 0 1 0 

   1 1 10 1 1 

  (0 1 1 ( 1 ° )1 1 1 --•,---- 1 1 0--.-1 0 0 ( 4° ) 
    1 1 1 i 1 0 0 1 A 1 0 0 

                (E) 
       Fig. 5.6. A lineage route connecting all the non-isolated stable 

        configurations (1°), (1°), (2°), (2°), (4°) and (4°) in (5.22).

can be deduced from what we will discuss. 

   LEMMA 2. A stable configuration is isolated if and only if it satisfies either one 

of the following three conditions 

                  (a) mo=no= 1 

(5.45)(b) m> mo� 2 and no= 1 

                  (c) mo = 1 and n> no�_ 2 . 

   The sufficiency of (5.45) is immediate, while the necessity follows from the com-

bination of the following LEMMAS 3 and 4 which deal with all the other remaining 

cases and which prove the non-isolation of those stable configurations. 

   LEMMA 3. Each stable configuration which satisfies the condition 

(5.46)(d) m > mo� 2 and no > n 2
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has an ancestor common with at least either of the two configurations Co and C1-
   PROOF. Let us consider the case (d). Due to the condition (5.46), (d), a stable 

configuration has at least one 3x3 cell space of the following types 

      0 1 1\ 1 0 0\ / 0 0 11 1 0\ (5.42) (i) ( 1 0* 0 (ii) 1 0* 0 (iii) 0 0* 1 (iv) 0 0* 1 
     1 0 00 1 1 1 1 00 0 1 

      1 0 0\ 0 1 1\/ 1 1 0\0 0 1 

     (v) 0 1* 1 (vi) 0 1* 1 (vii) 1 1* 0 (viii) 1 1* 0 
      0 1 1! 1 0 0! \ 0 0 1!1 1 0 

   By changing 0* and 1* by 1 and 0 respectively we get a 2x2 basic cell space 

which, in combination of the other unchanged configuration , becomes to be a direct 
ancestor of the given configuration as well as to be an ancestor of Cl and Co re-

spectively. This completes the proof of the first part of the assertion of LEMMA 3. 

The second part is verified by the existence of stable configurations having both 

replacements of 1 and 0 by 0* and 1* respectively. 
   LEMMA 4. Each stable configuration which satisfies either of the following two 

conditions 

                  (e) m mo and n> no 2 (5
.98) 

                     (f) m > mo _� 2 and n= no 

has an ancestor common to the configuration Co and also that common to the configura-

tion C1. 

   The proof is given only for the case (e), because the case (f) can be treated 

quite similarly. In order to simplify our descriptions, let us introduce several kinds 
of m-dimensional vectors

       10 
       10 (5.49)la, = 1 ) , 0—                         0,0—1 ) 

       10 

                0
0 ,1 \                                       1' 

                                                                                                                                                                                       • (5.50)1, = 1 , 0a= 01 , 

      01 

            0!1J 

which means that 1,(0,) has the sole one (zero) at some (suitably chosen) component. 

By means of the combination of these vectors we can denote a certain class of 
configurations. 

   For instance we have
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,1 1•••1 1 0 0•0 0 0 --• 0 
                          1 1 ••• 1 0 1 00 0 0 ••• 0 

(5.51)C(1111,),201,!,3)= . . . 
                               0 0 1•1 

                    1 1 1 0 0   0 0   0 

           p1 p2P3 

   Now a stable configuration satisfying the condition (e) is either one of the fol-
lowing four configurations 

                      (1°) Carj 012 12 07,7,4 •-• 

                      (2°) Call 042 17,1,3 07,4 --(Vol) (5
.52) 

                        (3°) C(07,7,1 17,:,2 0,7103 1,7,4 

                      (4°) C(071 172 01,0'3 1,7,4 --ON, 

for which no max (n j) � 2. 

    Furthermore two configuration C1) and C(2) is denoted by C(1)---,C(2) if there 

exists a LMT which transforms C") to C(2). For instance, we observe, in view of 

(5.51) 

(5.53)C(1rz,111,3,20r) ---> C(11,'„41g2-101/0311) 

(5.54)C(1 ,11,20r03) ---> 

and so on. 

   After these preparations, let us now turn to 
   PROOF OF LEMMA 4. There are n sequences of applications of LMT such that 

(5.55)C(1,01r1)--> C(1117,-2) ----> C(18,017,-3) ---> ••• ---> CM)) 

(5.56)C(11,',11,7,-10 —> C(11,';,17,7,-k-10(,) ---> ••• ---> C(11:„OL7,-k) 

for k= 1, 2, ••• , n--1. The combinations of these n sequences shows that c(10,17,,,-1) 

is a common ancestor to all the configurations in these n sequences. In particular 

       (k = 1, 2, --• , n) belong to the same lineage which is denoted by 

(5.57)C(10,0;--1)--,C(120,0V)E,,C(1101-3)r•-, 

                                                                                                                                                    •-• 

and more simply by 

(5.58)(i) 1 04-1-d 12 On-2 13 On-3 lk On-k • P . 

Similar argument gives us also 

       (ii) 0' 1 12,-4' ••• 177 

(5.58) (iii) 1n-1O2in-k ok  on 

           (iV) 0 1n-1-02 1n-2-03 17" ••• On . 

In combination for (i), (ii), (iii), (iv) in (5.58) we have
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 (5.59)on rs., on-1 on-2 12 r.s." 02 1n-2 rs.„ 0 In-1 In 

                         On ̂ , 1 On-1 ̂ , 12 0n-2 rsa 1n - 2 0 2 1n-1 0 rs.., 1 n 

that is, the set of configurations 10n-k 1k ik on k ; for k= 0, 1, 2, • , n} belongs to the 

same lineage. 

   The result shown in (5.59) can be applied to each case (1°), (2°), (3°) and (4°) in 

(5.52), since there exists at least one n, such that nn= no >_ 2, and through all cases 
we find that they belong to the same lineage with the configurations Co and C1, as 
we were to prove. 

   It is noted that the non-isolated configurations Co and C1 satisfy the condition 

(5.48) m = mo n = no 

which, in combination with (5.48) (a)(f), exhausts all the possible cases for the set 

of all the stable configurations in an mxn cell space. In the consequence we have 

   LEMMA 5. The set of all the non-isolated stable configurations constitutes one 

lineage. 

   This is evident from the combination of LEMMA 4 and 5, in view of (5.48) (d), 

(e), (f), and (g). 
   PROOF OF THEOREM II. To any assigned configuration, which is not an isolated 

stable configuration, in an mxn cell space, there exists a sequence of LMT whose 

applications lead to a non-isolated stable configuration, that is to say, it is an ances-

tor of at least one non-isolated stable configuration, and hence belongs to the same 

lineage with this non-isolated stable configuration. Since the set of all the non-
isolated stable configurations constitute one lineage, any assigned configuration 

which is not an isolated stable configuration belongs to the same lineage, as we 

were to prove.
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