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§1. Introduction.

In this paper we shall treat the optimal control problem in continuous time
Markov decision processes having a Borel state space and a compact action space
varying with both the time and the state. The cost functional we consider here
is the sum of the integral over the finite horizon of a return rate which depends
on both the controller and the corresponding response, and the expected return of
the system at the final fixed time. Our optimal control problem is to find a con-
troller which maximzie the cost functional over the given planning horizon.

Main results are a necessary and sufficient condition for an optimality, and an
algorithm for finding the optimal controller. B.L. Miller [1] treated the problem
similar to ours, but his paper was restricted to the case of the finite state space
and action space. Our situation is succeeded owing to the implicit function’s lemma
of K. Tsuji and N. Furukawa [3]. The method of construction of our algorithm is
often used in Dynamic Programming problem, for example in [4].

§2. Notations, definitions and problem formulations.

The state space S is an abstruct set. B(S) means a c-algebra of subsets of S.
In this paper we shall confine ourselves to the case when for each x& S, the single-
point set {x} €B(S). Hence the assumption that (S, B(S)) is a separable Borel space
is sufficient to the case. Let u denote a finite measure on B(S). Hereafter we
assume B(S) is completed with the measure p.

The action space A is a non-empty compact set in R*. Let 24 denote the familty
of all non-empty closed subsets contained in A. Hausdorff distance & between A,
and A, in 24 is a function

h(A;, Ay)y= max (d(a,, A,), d(a,, A)),

ay Ay, ap =4y

where d is the Euclidean distance of a point from a set. The function % is known
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to be a metric in 24 and the space (24, 1) is complete. Let J be a fixed finite closed
interval [f,, 7] in R!, 1 be a Lebesgue measure on J, and B(J) be a family of
Lebesgue measurable sets in J. A set-valued mapping A(:, :): JS—24 is AR p#-mea-
surable if there is a sequence {A4,(:, -)} of a AQ pu-simple set-valued mapping for
which A,(:, *) converges in A® p-measure to A(-, -), where A1 g-simple means that
it assumes only a finite number of values in 24 and each of them on a A® p-mea-
surable set.

A mapping =« from JS to A is called an admissible controller, if z is measurable
in the pair (¢, x), and if for each ¢, x, =(t, x) € A(¢, x).

In order to determine the transition probability of the system, we shall introduce
p and II defined on JSA and JSB(S)A respectively. Let p and II satisfy the fol-
lowing conditions:

(C1) p is measurable in the pair (¢, x) for each fixed £ € A.

(C2) p is continuous in & for each fixed (¢, x)  JS.

(C3) There exists po() such that 0<p(, x, &) < p(f) for all (x, &) =SA, and

J | po(D)|2dt < co for some a > 1.
7 (C4) II is measurable in the pair (f, x) for each fixed (4, & = B(S)A.
(C5) II is a completely additive set function on B(S) such that

0=t x 4,8 =1, I, x {x},8)=0
I xS 6H=1, for all (¢, x, 4, &) € JSB(S)A.

(C6) II is weakly continuous in £ in the sense that for every bounded mea-
surable function g on JS, Lg(t, 01, x, dz, £) is continuous in & for each fixed

t, x) = JS.
( The transition probability P of the system corresponding to every admissible
controller 7 is uniquely determined by the following proposition, the proof of which
is the same as the one in [2].

PROPOSITION 2.1. If = is an admissible controller, and if p and II satisfy the
assumptions (C1)~(C6), then there exists a unique solution P~ of the equation:

o P LA [ bt 3, 7 P, 3, 1, d)

+LP(1, y, m(t, W, v, A, =(t, Y)P(z, x, t, dy)  for almost all t

and
®) Pz, x, 7, A)=0d(x, A)
where
1 if x4
olx, A=
0 if xe 4,

satisfying that P™ is a probability measure on B(S), for each fixed ¢, x, A, absolutely
continuous in t, and measurable in the pair (z, x), that
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6 Pz, %, 1, {x)) = exp {— [ pls, x (s, Dds} >0 for all x, 7, 1,
and that
@ P T e, 5, 2z, D[P 5,8, )

——LP"‘(T, y, t, DIl (z, x, dy, =(z, (x)))} for almost all =,

and
P=(t, x, t, A)=06(x, A).

Let : SA—R! be a given function such that for each fixed a= A, r(x, a) is
bounded measurable in x< S, and for each fixed x € S, 7(x, @) is continuous in a = A.
Let ¢: S—R' be a given function which is bounded measurable on S. And let a =0
be a given real number, we includ also the discounted case of finite horizon. Then
the reward function I™ corresponding to an admissible controller z is given by

® 17, %) = [ o2 § r(3, 75, P, 5, 5, )
+e- 0] ()P, %, T, dy).

Thus I7(t, x) means the total expected reward over the time interval [, T], starting
from x at the time ¢ and following the admissible controller z. A controller z* is
called optimal, if 7* is an admissible controller and if for every admissible controller
x, I7(@, x) = I7(¢, x) for all ({, x) in JS.

§3. Preliminary results.

DEFINITION. Let F, U and V be set functions, and let ¢, and ¢, be bounded
measurable functions. Then we write

Fdx)= (U +e(n)V(dx),
iff
F(A)y={ eUdxn)+ | e0V(dx)

for any measurable set A.
Following Lemma 3.1 is immediate from the above definition and Proposition 2.1.
LEMMA 3.1. (i) Suppose that

Fdx)= @ (x)U(dx)+¢,(x) V(dx).
Then for any bounded measurable function v it holds that
V() F(d2) = v(@e(DU(Ax) (@) V(d) .
(i) P satisfies that
oP~ _
® PP b ) o s, 5, 70t WP, x4, )

+§ pt, 2 7, DG, 2, dy, 7, DPE, 5,1, d2)  for almost all ¢,
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and

™ PP L D) ye, 5, 2, 2) [P, x, 1, d)

j Pz, z, t, dWIl(z, x, dz, ©)(z, x))} for almost all t.
S

LEMMA 3.2. Let (E;,B;), i=1, 2, be Borel spaces. Let F be a complete additive
set function on B, such that 0 F(UA) =1 for every A, €%B,. Let G defined on EB,,
be such that G is complete additive on B, for each fixed x,< E,, and integrable with
respect to F for each fixed A, &B,. Then, for any I'yeB, and any I',&B,, it kolds
that

® [ odF@x)| gG)Gr, dry={ gt)| fx)G(x, dx)F(dxy).
I I2 I2 I

This lemma is due to the results in Feller [2].

LEMMA 33. If f(t,y), te ], y= S is bounded measurale in ¥ for each fixed t, and
absolutely continuous in t for each fied y, if P(t, A) is a probability measure on B(S)
for each t, and absolutely continuous in t for each A, and if, for almost all t, its
derivative P, is completely additive on B(S), then it holds that

) §§ s OPGs, dpdst§ : § 765, )P, dpas

=[ 7t )P, d—[ fz, )P, dy)

where f; is a derivative of f.
PROOF. Since f is absolutely continuous,

§f A 9)Pis, s = asf{[ Fu, -+, )P, )

Changing the order of integration by Lemma 3.2 and also using the absolute con-
tinuity of P, this leads to

[ )P d)—[ [ 15, )P, dy)ds—[ fz, HPG, d.

Thus the lemma is proved.

DEFINITION. Let f(¢, y) be bounded measurable in v S for each fixed t<J, and
absolutely continuous in ¢ & J for each fixed y=S. Then the operator A* associated
with an admissible controller = is given by

Aﬂf(t: y) - ﬂg}"}i—{_p(t: Y, ﬂ(t, y)>JS {f(t: Z)_'f(t, )’)}H(ty Y, dZv z(t! y)) .

LEMMA 34. If f(#, ) is bounded measurable in y& S for each fixed t < J, and for
each fixed y € S, absolutely continuous in t < J, then it holds that for all =, x and t,

10) § 74P, 2t dyy=fe, 9= [ A7fs, DPGz, x, 5, dds.

PrROOF. By using Lemma 3.1 (ii) and Lemma 3.3 we obtain
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an jfﬂs 0P (z, r s, dy) ds

2
= [ S PG, 1, d) e, D[ [ Fils, P, x5, ddds.
On the other hand it holds that

12) — [ #5375, MG, Pz, 3,5, ddds
+[§ § #6527, D5 DI, 2, d, 7, P, x5, d2)ds
=J§ (= 3, s 0G5, )48, 3, 75, 9 S5, 2

X (s, 3, dz, 7(s, Y} Pz, x, 5, dy)ds.

Combining (11) and (12), we get (10).
LEMMA 3.5. The reward function I= is equal to the unique solution f of the fol-

lowing equation ;
% { ATf(t, 0)—aflt, x)= —r(x, n(t, x))
1

ST, x)=o(x) Sfor almost all t< J and for all x€ S.

PrROOF. Let
F, =17, x)—e’"(T"’f ()P, x, T, dz)
S

T
:j e ¢ Lr(z, #(t, 2)P~(z, x, t, d2)dt .

Since r is bounded, using Lemma 3.2 and the relation

Pz, x, t, dz) = 0(x, dz)—f L-@(S’ai’ t, dz). ds,

we get
T
F,= f e =2y (x, (t, X)di—F,

where
aP(qictd.g)ddt

F,= j ~at- '>j f r(z, 7(t, 2))-

By Lemma 3.1 and Lemma 3.2 we have

F2=F3_F4 ’
where

:fTe‘““‘T)j‘Sj‘tr(z, 7(t, 2)p(s, x, w(s, x)P=(s, x, t, dz)dsdt

:jTe""“‘”p(s, x, (s, X)) I, X)—e“a(T~s>fS@(J’)P:(S, x, T, dy)lds

and
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T t -
F, :Jre ¢ ")jlsr(z, =(t, ZDL (s, x, =(s, x))jsP (s, 1, t, d2)
x (s, x, dy, n(s, x))dsdt

= [ eme-p(s, x, 75, ) f 17, )=

x| (G@Ps, 3, T, d2)UI(s, x, dy, (s, x)ds.

Again Lemma 3.1 gives
[ eOPe, 5 T, dy)—e(x)
T
= — [ 05, % 7s, ) f_eOIPs, x, 1, dy)ds

(" P(s, 2 t, d)L (s, x, dz, (s, £)d
- ot wts )] ([ eIPs, 2t d)HIG, x, dz, 7(s, 2)ds
Hence, from these relations we have

I7(z, x)—e *T2p(x)

T
:j e~ (x, n(t, x))dt
T
— e seontt, x, wlt, DI, Dt

[ om0, x, (e, ) I DG, x, dz, 7l )t

Obviously
T T
Iz, x)—go(x):*aj‘ 17, dt+{ r(x, nt, 0)dt

— [ b, x, 7t, NI, Rt

+f "0t x, 7, D 17 DI, x, dz, 70, Dt
which follows that
A7I=(t, x)—al™(t, x)= —r(x, z(t, x))
I*(T, x)= ¢(x) for almost all ¢t and for all x.

To show the uniqueness of the solution of (13). Let f, and f, be two solutions

of (13). Then put f=f,—f,. Thus it follows that f satisfies the equation;
AT, )—aflt, ©)=0

(14)
AT, x)=0 for almost all ¢ and for all x.

We shall now show that f(t, x)=20 for all ¢, x. It follows directly from (10) that
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J AT P 5, T, dy) =1, 2)

= f LTf AT, 9P 5,5, dydds,

which together with (14) yields
T —
—ft, D=af | fs, NP, x, 5, d)ds.
t S

Let g(s, x)= j 1(s, Pt x, s, dv) with arbitrary fixed t. As P7(, x, t, dy)=0d(x, d¥),
S

T
g(t, ©)=f(, ¥). Hence g, x)=0 follows from g(t, x)-+a Lg(s, Odt=0.

LEMMA 3.6. Let (X, B(X), 0) be a probability space, and let A be a compact sub-
set in R™. Suppose that f(x, a); XA—R' is measurable in x for each fixed a, and
continuous in a for each fixed x, and that A(x); X—24 is a o-measurable set-valued
mapping. Then f(x, A(x)={y:v=F(x, @), ac A®)} is a o-measurable set-valued map-
ping from S to 24, rgz;c)f(x, a) is measurable, and there exists a measurable Sfunction

u(x); X— R™ such that

Sx, u(x) = ne’lii(X)f(x, a) foral xeX.

PROOF. These results can be obtained by a slight modification of those in Tsuji-
Furukawa [3].

§4. A necessary and sufficient condition for the optimality.

With any admissible controller 7, we associate the operators L™ and L% given
by

L7f(t, ©y =r(x, =(t. x)—pt, x, (¢, )/, x)
+(t, %, 7, N G I x, dz, 70, D) —aft, D,
Lof(t, xy=r(x, a)—p(t, x, O)f(¢, %)

+2(t, %, O f_ft, D", dz, o)—af(t, 2,

respectively, provided that a € A(f, x) and f is bounded measurable.
COROLLARY 4.1. The reward function I~ is the unique solution of the equation:

_ _al_g_yo = LFI(t, x)

IYT, x)= ¢(x) for almost all t and for all x.

PrROOF. This is a re-statement of Lemma 3.5.
LEMMA 4.1. For any admissible controllers =, ©’ it holds that
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T
15) 17, 0)—I7 (¢, D+a j ' jslf(s, WP=(t, x, s, dy)ds
T
- (¢t dy)d
af [ I7(s, DP7(, 3,5, dy)ds

= ["[ LLAI7s, 9)— L7175, 91P7(t, %, 5, dy)ds -
tvs
PROOF. From Lemma 3.1 (ii), Lemma 3.3 and Lemma 3.5 we have

(16) § oOIP=, %, T, dy)—I7(t, x)

=5LTJS[—r(y, z(s, Y)+al(s, Y)IP (¢, x, s, dy)ds
and

an fs oNP™(t, x, T, dy)—I17(t, x)
_—_.I!Tj‘s[[,r']:(s, Y —L=I7(s, y)]P“’(t, x, s, dy)ds

+ [ LG 7, D +al s, 9)IP7C, 3,5, dy)ds
On the other hand it holds that
as) [ Pt % T, dy)
=17, 1) tTj [LrOn w(s, M)—al (s, IP™(t, x, 5, dy)ds .

Finally substituting (18) into (17), (16) and (17) yield the relation (15).
DEFINITION. We say that a bounded measurable function f(t, %), te], xS
satisfies the optimal equation, if it holds that
Qf,(afzil rx};?x)L“f(t, x)=0 for almost all ¢t and for all x
a=A(t,x
with
AT, x)=¢(x)  for all x.

THEOREM 4.1. An admissible controller z* is optimal if and only if its reward
Junction I™ satisfies the optimal equation.

PrOOF. The “if” part is an immediate consequence of Lemma 4.1 by virtue of
the equaties in Corollary 4.1.

We shall next prove the “only if” part. Suppose that the reward function I™
corresponding to the optimal controller z* fails to satisfy the optimal equation,
that is,

_ —a—l%)_ # max L™, x,)
asA(t,xq)

on a subset /*C J which measure is positive and on a point x,=S. Let m be an
adimissible controller satisfying
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L7I7(t, x) = max LI™({, x) for almost all ¢ and for all x& S.
a:A4(t,x)

The existence of such an admissible controller is guaranteed by Lemma 3.6. Clearly
we have

LRIt xo) > L™= (&, x,) for te J* and for a point x, & S.
Hence from (3) in Proposition 2.1 and Lemma 4.1, for t < J* and for a point x, & S,
I7(t, x0) < I7(2, x,)

which contradicts the optimality of =*.

§5. Iteration procedure for finding an optimal controller.

THEOREM 5.1. If we define the sequence {R,} by the following iteration procedure
()-(iii), then {R,} is a monotone increasing and lim R, (t, x) exists for each (f, x) € JS.
(i) Let z™0(, x) be any admissible controller.
(iiy For each n=1 comdute R, x)=I1""(t, x), or R,(t, x) be the unique solution
of the equation:
__OR,s, %)
0s
RT, x)=¢(x), for almost all s and for all x.

= L7™R,(s, 7).
a9

(iii) For each n=1 find an admissible controller =™+ such that

(20) LR (s, x) = n}ie(lx)L“Rn(s, x)  for almost all s and for all x.
ac 8,

Start from (i), and then repeat (ii) and (iii) by turns.

NoTE. In step (ii), the existence of the unique solution of (19) is due to Corol-
lary 4.1. In the step (iii), the existence of an admissible controller satisfying (20)
is assured by Lemma 3.6.

PROOF. Because of the boundedness of the return rate r in the reward func-
tion, it is sufficient to verify the monotony of the sequence {R,}.

From the definition of z**" it follows that

— OR.(s, x) LE™OR (5 1) < — OR (s, x) + LR (s, x)=0
0s ot
for almost all s and for all x. Hence it holds that

21) aRn-thSv x) . jﬁ@na(::’ x) < —[F"OR (s, x)—f—L”mH)Rn(S, x).
Putting
¢(t’ x) = Rn H(tv x)_—Rn(ty .X) y

(21) is re-written in terms of the operator A~ as

AT (s, D)—ad(s, ) =0
@22 ¢ ¢
O(T, x)=0 for almost all s and for all x.
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Forthermore according to Lemma 3.4 and (22), we have
[ @, P~ x, T, di)—it, %)
S
T
< af j &(s, )P, x, s, dY)ds for each ¢, x.
tvs

A similar argument in the later part of the proof of Lemma 3.5 implies

o, x)=0 for each ¢, x.
This is nothing but to say
R,..(t, x) = R,(t, x) for each ¢, x.

COROLLARY 5.1. If, in the above iteration procedure, =™V (t, x)=n"(t, x) for
almost all t and for all x, hold for n, then =™ is an optimal controller.

PROOF. The corollary is straightforward from the fact that the assumption
implies the reward function I=™ corresponding to =™ satisfies the optimal equation.

COROLLARY 5.2. For any admissible controllers = and w’,

I, xY=I7(t,x)  for each t, x
according as

Eé%& +L™I%(s, ) =0 for almost all s and for all x.

PROOF. The corollary is obvious from the proof of the above theorem.
THEOREM 5.2. Let {R,} be as in Theorem 5.1. Then the limit function R*(t, x)
=lim R,(¢, x), t €], xS satisfies the optimal equation. Furthermore the optimal con-

troller n* exists and is characterized by
L™ R*(t, x)=ug}z(1t),cr)L“R*(t, x) for almost all t and for all x.
PROOF. We shall show R* satisfies the optimal equation. Firstly, putting
M=R¥t, )—R¥s, 0+ | :L”‘R*(u, X)du
we shall prove M<0. From the definition of =™*" it follows that
J 1R, ) < LR, w, D
Therefore we get, by the monotony of {R,},

M RXt, D—R(t, )-+af "(Rosr(tt, ©)— Rty 2))du

+{ P, 2, DY (Rraty 1)~ Rot, )du,

which yields by the monotone convergence

M<Z0 as n—oo.
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We shall next verify M=0. Clearly

M = R*(t, x)— R*(s, x)‘*‘_’.th(mR*(u, x)du

—Rolt, D Ro(s, )~ LR, (u, 2)du
= —(R*(s, x)— R.(s, x))

—af (R*(u, X)— R (u, 0)du

— [P, 2, DYR*ut, D)= Rolat, D)

Therefore we have

Thus we have proved that
23) R¥(t, )—R¥(s, )+ L= R¥u, du=0

for each ¢, s€ J and x S.
Put t=T in (23), by virture of the trivial equality

RY(T, 2)=1im R(T, )=o(x)  for each x< S,
then it follows that

o(x)— R*(s, x)+ LTL”’R*(u, xXdu=0 for each s and x.

This is what we wanted to verify.
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