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§1. Introduction

The notion of stable configuration in a 4 cell space which is invariant under
any application of local majority transformation (LMT) was introduced in Kitagawa
and Yamaguchi [1] and the notion of determinative subspace in a 4" cell space
which determines a structure of a stable configuration was introduced in our paper
[2]. Some structual properties of determinative subspace in 4™ cell space were
suggested throughout various examples of determinative subspace in Kitagawa and
Yamaguchi [3]. According to the definitions of generative and non-generative
determinative subspace in 4 cell space given by Kitagawa [4] in view of propaga-
tion of determined cells, these examples are mostly concerned with those of genera-
tive determinative subspace in 4™ cell space.

The purpose of this paper is to give a deeper investigation for the constructions
of determinative subspaces in 4 cell space.

In SECTION 2 we shall introduce several notions which are indispensable for a
construction procedure of generative determinative subspace in 4 cell space such
as a convex set, a spiny conveX set and a two-cell extension of a set and so on.

In SECTION 3 we shall give a certain type of construction procedure of any genera-
tive determinative subspace in 4 cell space. In APPENDIX we shall give an ex-
ample of our construction process of a generative determinative subspace obtained
by using this proceduce.

In SECTION 4 we shall introduce several notions of elementary subsets and super-
position of elementary subsets and decomposition of the whole cell space into a
family of superposed elementary subsets. These nations are fundamental tools for
proving THEOREM 3 and 4, which give us a construction procedure and hence a
structural characteristic feature of any non-generative determinative subspace in
4 cell space.

The last SECTION 5 is devoted to the another proof of THEOREM 2 in our pre-
viours paper [2] which appeals to LEMMA 4 in the present paper prepared for
giving our construction procedure of non-generative determinative determinative
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subspace in the 4 cell space.

§2. Preparatory consideration and definitions

The notion of determinative subspace in 4 cell space was introduced by Yama-
guchi [2]. For the sake of completeness, let us give here its definition.

DEFINITION 1. A subset D of cells in 4 cell space is said to be a determina-
tive (cell) subspace in 4 cell space if it satisfies the following two conditions:

(1) To any assigned configuration in the set D there corresponds one and only
one stable configuration in 4 cell space whose restriction in the set D is conincident
with the given configuration in the set D.

(2) Any stable configuration in the A cell space is uniquely determined by
its restriction in the set D.

The notions of generative and non-generative determinative subspace given by
Kitagawa [3] may be described by the following two definitions respectively.

DEFINITION 2. A determinative subspace D in 4 cell space is said to be a
generative determinative subspace, abbreviated by GDS, if a determination of a stable
configuration in 4 cell space is performed step by step in a sequential way by D.

Let us call a process of such a determination by a propagation and call a 4%
basic space determined by the first propagation by a source. Of cource, such a 4%
basic space has to contain three cells in GDS in order to be a source and for any GDS
in a 4”7 cell space may have more than one source. (see EXAMPLE in APPENDIX)

DEFINITION 3. A determinative subspace in 4 cell space is said to be a non-
generative determinative subspace, abbreciated by NGDS, if it is not a GDS.

Examples of GDS and NGDS are given in Figure 2.1, (a) and (b), resgectively.
In Figure 2.1, (a) the GDS consists of the following cells:

a @G,n G=1~19

.1
2 G,2) (=2~9).

The sole source of GDS is the 4 basic space consisting of the set cells {(1, 1),
1,2),1,3), 2, D}. In Figure 2.1, (b) consists of the following cells:

Q) 4n  G=1~8, 10~19)
2.2 @) G2 @GE=2~9
@) &7

The fact that the subspace (2.1) is a GDS is given by the proof of THEOREM 1 in
our previous paper [3]. The proof for the assertion that the subspace (2.2) is a
NGDS will be given by THEOREM 2 in SECTION 4 of this paper.

For the sake of convenience we shall adopt

DEFINITION 4. A subset T in a 4™ cell space is said to be determined by a
subset S of the space if a state of each cell in T is determined in a unique way
for any assignment of configurations in the set S.

DEFINITION 5. Two cells (4, 7) and (¥, ;') in 4" cell space are said to belong to
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Fig. 2.1, (a). GDS in 499 cell space. Fig. 2.1, (b). NGDS in 499 cell space.

the same generation with reference to a subset S of a GDS if they satisfy the fol-
lowing two conditions:

(1) The set S+, J) or S+, /) is the subset of the GDS.

(2) The cell (¢/, ) is determined by the set S+(3,7) and the cell (i,j) is deter-
mined by the set S+, j*).
Each determination in (2) is unique according to the DEFINITION 4. For a subset S
of a GDS we shall denote by Gs(i, /) the set of all cells each of which belongs to
the same generation with a cell (4, j) with reference to S.

DEFINITION 6. Two cells ¢, and ¢, are said to be adjacent if they have one
common side.

DEFINITION 7. A set of cells in 4 cell space is said to be a path between c,

and ¢, when there exists a sequence of cells {ci].; 7=1,2,--, m} such that
(1) Ci1 = Cl
(2) Cim = 62
(3 ¢, and ¢;y,, are adjacent cells for j=1, 2, .-+, m—1 respectively.

The number m is called the length of the path. A set S of 4 is said to contain
the path if all the cells {ci;} belong to S.

DEFINITION 8. A set S in 4™ cell space is said to be convex if, for any assigned
two cells ¢; and ¢, belonging to S, the set S contain all the possible shortest paths
between ¢, and ¢, in 4™.

LEMMA 1. A convex set in a A cell space is one of the polygons of the follow-
ng five types:

(1) triangle; (2) parallel quadrangle

(3) trapezoed; 4 pentagon; (5) hexagon.

PROOF. Any side of set S is parallel to one of the three sides of 4 cell space.
Let us designate three directions of these sides by «, b and ¢. Consequently any
polygon in 4 cell space can be denoted by the ordered sequence of these three
directions such abc and abab and so on. Now in order that the set is convex,
there exist several restrictions on the sequences of these directions. By a direct
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enumeration proceduce it is easy to show that there are substantially five types of
sequences it is easy to show that there are substantially five types of sequences of
these directions

1) abe (2) abab 3) abac 4 abacb (5) acbcb,
which gives us the proof of our LEMMA.

ExXAMPLE. Five types of convex polygons are illustrated in the following Figure
22, DH~G.

Fig. 2.2, (1). Convex set Fig. 2.2, (2). Convex set of Fig. 2.2, (3). Convex set
of triangle type. parallel quadrangle type. of trapezoid type.

[ %/\/\/\/\/\/\/\Z/\\ VAVAVAVAVAVAN
INONINONINAN/ \VAVAVAVAVAV/
VAVAVAVAVAVAVS \VAVA

Fig. 2.2, (4). Convex set Fig. 2.2, (5). Convex set
of pentagon type. of hexagon type.

DEFINITION 9. A set S of cells in a 4™ cell space is said to be a spiny convex
set in 4 cell space if there exists a conveX set S such that the set S consists of
the set S and the set of all cells which belong to the space and are adjacent to
the cells in the boundary of the convex set S.

ExXAMPLE. Let S be a convex pentagon in a 4 cell space. Three examples
of S are given in Figure 2.3, in order to show the difference due to its location in
the 4 gpace.

DEFINITION 10. A set S* of cells in a 4™ cell space is said to be a two-cell
extension of a set S in a 4™ cell space if S* consists of all cells in the space each
of which there exists at least one a 4° basic space containing the cell and at least
two other cells belonging to the set S.

Example. Let S be a pentagon given in Figure 2.4. Then the two-cell exten-

sion S* of S is given by the sum of two sets S and the set of cells with hatches
in Figure 24.
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Fig. 2.3. Three examples of spiny convex set S with the convex pentagon.
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Fig. 2.4. Two-cell extension S* of convex pentagon S.
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EXAMPLE. Let S be a spiny trapezoid shown in Figure 2.5. Then the two-cell
extension S* of S is given by the sum of two sets S and the set of cells with
hatches in Figure 2.5.

JAVAVAVAVA
JAVAV.\VAVAVA
JAVAVAVAV\VAVA
AN \VAVAVAVAVAVA

JAV\VAVAVAVAV.VAVAY
JAVAVAVAVAVAVVAVAVA
\VAVAVAVAVAVAVAVAVAV

LN NN NNNNNNNNN

Fig. 2.5. Two-cell extension S* of spiny trapezoid S.

§3. Construction of generative determinative subspaces in 4™ cell space

Let us now introduce a certain type of sequential way of construction of a GDS
in a 4™ cell space starting with a single source of propagation, which is given by
the following.

DEFINITION 11. A procedure is said to be a successive cell adding procedure
using two-cell extension sequence, if it is defined successively by the following
steps:

STEP (1) Let us choose an arbitrary 4® basie space in the 4 cell space as
the source of propagation. Now let us choose three arbitrary cells contained in the
A® basic space as the cells belonging to the GDS so that the remaining one cell is
determined by these cells in order to be stable. Let us denote by D, the set of
these choosen three cells and by S, the subset whose configuration is uniquely
determined by D, (see Figure 3.1).

£ A

D S
Fig. 3.1.

STEP (2) At the second step the procedure deponds on the location of source
whether it is on the couner or not (that is, either in the interior or on the boundary)
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in the 4 cell space. The construction procedure for each of these two cases is
given in the following (1°) and (2°) respectively.

(1°) THE CASE OF SOURCE LOCATED EITHER IN THE INTERIOR OR ON THE BOUN-
DARY IN 4™ CELL SPACE

Let us denote by S¥ the two-cell extension S, (see Figure 3.2, (a) and (b)).

V///‘WV
/N

Fig. 3.2, (a). Sk for the case of Fig. 3.2, (b). S} for the case of
source located in the interion source located on the boundary
in 4% cell space. in 4 cell space.

In Figure 3.2, (a) and (b) each set of two cells with the same mark (¢, X and V)
belongs to the same generation with reference to D,. Let us choose one arbitrary
cell from Sf—S,. Then the remaining one cell of the same generation is determined
by the set consisting of D, and the choosen cell. Let us denote by D, the set add-
ing the choosen cell to D, and by S, the set of cells determined by D, respectively.

STEP (3) Let us denote by S¥ the two-cell extension of S, (see Figure 3.3, (a)
and (b)).

AV
(G N AA
NI, A7

\VAVA VN

Fig. 3.3, (a). S¥ for the case of Fig. 3.3, (b). Sy for the case of
source located in the interion source located on the boundary
in 4 cell space. in 4 cell space.

In Figure 3.3, (a) and (b) each pair of two cells with the same mark belongs to
the same generation with reference to D,. Let us choose one arbitrary cell from
Sf—S,. Then the romaining one cell with the same generation is determined by
the set consisting of the choosen cell and D,. Let us denote by D, the set adding

Ds
Fig. 3.4. D; and S; for the case of source located in
the interior in 4 cell space.
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the choosen cell to D, and by S, the set of cells determined by D, respectively (see
Figure 3.4, (2) and (b)).

STEP (i) Let us denote by S¥, the two-cell extension of S;,_,. Let us choose
one arbitrary cell from S¥,—S; |. Let us denote by D, the set adding the choosen
cell to D;_; and by S; the set of cells determined by D; (1=3, 4, ---).

(2°) THE CASE OF SOURCE LOCATED IN THE COMER IN 4™ CELL SPACE

In this case there does not exist any two-cell extension of S,. Therefore let us
consider two 4% basic spaces each of which contains one cell in D, (see Figure 3.5).

Fig. 3.5. The case of source
located in the corner in 4™
cell space.

Without loss of generality, let us consider the corner cell (1, 1). These are given by
0 43 1Ly 4,5 23
4 21 2,2 @23 G

respectively, where the cells (1,3) and (2, 1) belong to the source. Let us choose
arbitharily one of these two basic spaces 42 and 4®. From the choosen basic space,
let us choose two cells which does not belong to the source. Let us denote by D,
the set adding these two cells to D, and by S, the set of cells determined by D,.
Except this initial construction of D, and S,, our procedure in the case (2°) is quite
similar to that of the case (1°) for the third step onward.

In connection with this procedure let us prepare with two Lemmas.

LEMMA 2. Each set S; is a spiny convex set for i=1,2,3, -

PROOF. Let us prove by induction. For the case i=1 and 2, Figures 3.1 and
3.3, (a) or (b) give us a direct verification of the assertion of LEMMA 2. Now let
us assume that each S; is a spiny convex set for 1=j. We shall prove S;,, is a
spiny convex set.

According to our definition of spiny convex set, there does exist a convex paly-
gon T; for the set S;. Since T, is either of polygons of five types given in LEMMA
1, it is evident that spines are given in the periphy of the convex polygon T, A
cell chosen from the set S¥—S; induces a set of cells belonging to the same genera-
tion which is along the set of spines on the same side of the convex set T; as
shown in Figure 3.6, (a) and (b), where the spine cells are devoted by the hatches.

o/ NANANNNNANANN\es g

Fig. 3.6, (a). Fig. 3.6, (b).

It is to be noted that there does not happen any change along the other sides
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of the convex set T,. In view of this process of cell adding and induced additional
generation, it is easy to observe that the new convex set is now formed by the old
sides in the convex set T, plus the line segments P,Q,Q,P, and minus P,P, for the
case given in Figure 3.6, (a) and plus P,QP, and minus P,P, for the case given in
Figure 3.6, (b). In either and both of these cases it is evident that we have obtained
a convex set T;s, and S;,, is a spiny convex set, which completes the proof of our
LEMMA 2.

LEMMA 3. If S; is not coincident with the whole 4™ space, there exists a Sit1
which is obtained by our cell-adding procedures and which is properly larger than S,.

PROOF. In view of LEMMA 1 and the proof of LEMMA 2, it turns out that, if S,
is not coincident with the whole 4™ cell space, there exists at least one side or

one corner for which at least one new cell can be added by our cell-adding pro-
cedure.

After these preparations we shall obtain

THEOREM 1. Any generative determinative subspace (GDS) in a 4™ cell space can
be understood as being given by a successive adding procedure using two-cell extension
sequence given in DEFINITION 10.

PROOF. Let D be a GDS in a 4™ cell space. According to its definition, there
does exist a source which is a 4 basic space whose three cells belong to the set
D. The extension from the source to the whole space 4™ can be understood by
adding one cell in the set D, irrespective of the situation whether they are given
in the beginning or step by step as we have explained in our procedure given in
DEFINITION 11. This implies that any denerative determinative subspace can be
understood as being assigned according to the procedure given in DEFINITION 11.
Now our LEMMA 2 and 3 it is evident that, so far as the construction can be under-
stood as being given by our process, the extension from the source to the whole
completes the proof of our THEOREM 1.

Let us give an example of our construction process of GDS in APPENDIX.

§4. Construction of non-generative determinative subspace in 4™ cell space

(1] ELEMENTARY SUBSET Let us define the following notion which is indis-
pensable to our construction procedure of NGDS.

DEFINITION 12. For any assigned determinative subspace D and for any assigned
cell (&, I) in D, an (, I) elementary subset E(k, 1) of 4™ cell space with respect to
D is defined by the characteristic set function induced by the stable configuration
{Xi;} determined by the configuration D(X) in D such that D(X; (k, 1))=(0, 0, .. s
0,1,0,,0), that is,

@, NeEpk, 1) if x;=1
(Z,])GEED(I?, l) lf Xij—_—o.

A certain example of elementary subsets of 4™ cell space were given in our
paper Yamaguchi [2], where we used the notation {E§™(k, 1); (k, 1) € D{}, which is
a family of the (k, /) elementary subsets of 4 cell space with respect to the gen-
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erative determinative subspace D{® which is defined by the set of cells:
A, D A=1<2n-1), and (&, 2) (k=2,3, -, n—1). This family of elementary subsets
is particularly important for our consideration in what follows. For any assigned

. X X e, X - . . .
configuration D(‘)'”(X):( e L 1) in D§v, a stable configuration in the whole
Xogy X2y *** 5 Xn-1,2

4™ space is determined by D§{’(X) and will be denoted by C(X). For any assigned
cell (k, 1) in D{® and any assigned configuration D{»(X), the configuration DP(X ; Xk,
which is defined as being identical with the configuration D§¥(X) except for the cell
(k, ) where the state x;, is now changed into x, determines the stable configura-
tion, which will be denoted by Cg,,,(X).

Before we shall give a certain construction procedure to NGDS, let us prepare
ourselves with the following fundamental

LEMMA 4. For any cell (k, 1) in D@, we have

R Cat,ix(X) = C(X)+CEF (R, 1)) -

PRrROOF. Because a cell (&, I) belongs to D{®, it suffices to consider the following
two sets of cells (1, 1) (I=1,2,--,2n—1) and (4, 2) (k=2,3, -, n—=0.

Let us give the proof of (4.1) by a direct construction of stable configuration
Cu,i(X). Now let us denote the state of (z,j) cell in C(X) and Cu,(X) by x;; and
¥q; respectively. (4.1) is equivalent to the relation

x,; it GDEEPER, D

4.2 Vii= 1 —
xi,; it G, ) EEPE, D

for any (4, ) in 4™ cell space.

In the r-th row of 4 cell space the state of (r,j) cell is determined by the
basic space {(r—1,7), (r—1,7+0D, (r—1,j+2),(r,5)} for an odd integer j and by the
basic space {(r—1,7), (r,1—2), (r, j—=1), (r, N} for an even interg j, that is,

(43> Vri = 371—1,j+y7‘—1,j+1+y7— 1,j+2 (mOd 2) for J: l; 3: tty 2<nf7,)+1 3
(4.4) Vr,i Eyr-1,]‘%‘_y'r,j—z_}_yr,j—1 (mOd 2) for J: 2) 4’ Tty 2(”‘;7) .

In order to prove (4.2), let us appeal to mathematical induction. Let us first try

the proof for any odd integer L
(i) In the second row of A™ cell space the state of (2,7) for any odd interg j

is determined by (4.3) as the following relations
yz,j’_—:xl,j+x1,j+1+x1,j+z (mod 2) for jx1-2,1,
Vo,i-2 = X1,1,2+x,,l,1+x_u (mod 2,

Vot = Xp,0F X1 1 X 00 (mod 2),

which implies

Xe,; i j=1-2,1
4.5) Yo,i = )

Xg,j otherwise

for j=1,3,5,--,2n—3.
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Now the state of (2, /) cell for any even integer j is determined by (4.4) as the fol-
lowing relation

yz,j = xl,j+3'2,j—z+}'2,j—1 (mOd 2)
for j=2,4, -+, 2n—2, which implies in view of (4.5) and ¥,,=x,,,

Xy, if j=1
4.6) Vo, 5= )
Xg,; otherwise

for j=2,4, ---,2n—2.
But, from (4.5) and (4.6) we have

Xp,;  if j=1-1,1 141
Yo, = { .
Xs,; otherwise,

which amounts to say that the assertion of LEMMA 4 is valid for the second row
of 4™ cell space.

(ii) Assuming that the state of each cell (r—1, ) in the (r—1)-th row of 4™
cell space is given by (4.2), let us prove that (4.2) holds for the »th row (1=r
<(I-1)/2). The state of (r,j) cell for an odd integer j is determined by (4.3) as
the following relations

Ve, i = Xrog, i T X g, Xro g, e (mod 2) for j#1-2(r—1), -+, 12,1,

Vo i = Xpo1,;F Xpo1, 701+ X1, 42 (mod 2)
Vi = Xpo1,i T Xro g, i1t Xro1, 42 (mod 2)

Vioi = Xg 1,5 Xt a1 Xy, 42 (mMod 2)

for j=1[-2(r—2), -, -2,
for j=1-2(r—1),
for j=1,

which implies
Xr.; if j=1—2(r—1), -, 12,1

(47) Vr,i—

x,,;  otherwise.

The state of (, ) cell for any even integer jis given by (4.4), (4.7) and »,,=x,, as
the following relations

Yri = Xpoyj X joa Xy (mod 2) for j=4,6, -, [=2(r—1)—1, [+3, -+, 2(n—7),

Vi = Xpo1, 5+ %, -2+ %r,,-1 (mod 2) for j={-2(r—1)43, ---,[-3,1-1,
Vi = Xpoy,jt X st Xy 5oy (mod 3)  for j=[—-2(r—1)+1,
yr,jzxr—l,j+m+m (mOd 2) for ]:l+1;
which implies
Xy, if j=1-2r—1+1, -+, [—1
19 Vo= |
for j=2,4, ---, 2(n—7r).
By (4.7) and (4.8), we have

Xy i otherwise
»J

T if j=1-20—1), -, |

Vi = [ A
Xr,j otherwise,
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which shows that (4.2) is valid for the r-th row when it does hold for the (r—1)-th
row for 1=r=(—-1)/2.

The similar method can be applied to prove that (4.2) is valid for » > (I—1)/2.
This gives the proof of the validity of the assertion of (4.2) for odd L

The construction of C,,(X) for even integer [ and that of Cg,.(X) for k=2, 3,
-+, n—1 can be similarly done. This completes the proof of LEMMA 4.

In our cell space approach, a state of each cell in 4V cell space can take either
1 or 0. Let us introduce a notion of state variable of a cell which represents a
state of the cell and hence can take either 1 or 0. Now our definition of deter-
minative subspace implies that this is a set of 3(n—1) cells each of which state can
be assigned mutually independently by which the state of all remaining cells are
uniquely determined. A determinative subspace implies and is implied by a set of
such 3(n—1) mutually independent state variable each of which represents a state
of each cell belonging respectively to its determinative subspace and hence can take
either 1 or 0.

COROLLARY 1. There exists one to one correspondence between a state of each cell
(i, /) in D and that of arbitrary one cell in E{(i, 7), if the state of all the remaining
cells in D{ are fixed. In the consequence any one cell in E{(, j) can take place of
the cell (1,7) in DV in order to be determinative subspace.

In view of LEMMA 4 and COROLLARY 1, we observe

THEOREM 2. Let (i,]) be any assigned cell in D{ and let us write Df*—(1, j)=S;;.
Then we have

(a) a set of cells consisting of S;; and one arbitrary cell in E{(1,j) is a deter-
minative subspace in the A cell space.

(b) a set of cells consisting of S;; and one arbitrary cell in E{’(, ))—Gs, (i, J) is
a non-generalive determinative subspace in the 4 cell space.

It will be sufficient to notice that the latter assertion (b) is due to the assertion
(a) and the notion of the same generation with the cell (7, j) with reference to S, ;.
By removing the set Gsi,j(i, 7) from E{(i, j), our determinative subspace given in (a)
become NGDS.

[2] SUPPERPOSITION OF ELEMENTARY SUBSETS AND DECOMPOSITION OF THE
WHOLE CELL SPACE INTO A FAMILY OF SUPERPOSED ELEMENTARY SUBSETS

For the sake of simplicity, let us denote for a moment

1=(1,1) for 1=1,2,3, .-+, 2n—1,

and ) ) )
1=(/,2) fori=2n+(—-2),7=2,3,--,n—1.
Let us consider a set of m different cells arbitrarily chosen from D{, which we
shall denote by {i,;a=1,2, -.-, m}. For the sake of simplicity, let us denote
Al =E™(1,)
(4.9) -

A} = Al (complement of A} in 4)

for a=1, 2, ---, m.
The 2™ sets of cells defined by
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(4.10) {Asit Aft2 - Afim}

where ¢;, =1 or 0 for a=1~m, give us a division of the whole A™ gpace into a
family of mutually disjoint sets. This decomposition is called to be a decomposition
of the whole 4 space into a family of superposed elementary subsets. An intro-
duction of the notation of superposition may be justified by the fact that the state
variable correspondending to any cell belonging to a set Afi Affa--- Ajim can be ex-
pressed by the Boolean sum of the form

(4.11) el et o +5im£im ,

where each {; (¢=1,2, -+, m) denotes the state variable corresponding to the cell .
Particularly when m is equal to the size 3(n—1) of determinative subspace, then

the expression (4.11) amounts to assert that for any assigned cell (b, [) in the 4™

cell space there corresponds one and only one set of {e¥? (a=1,2, -, 3n—1)}

where ¢¥?=1 or 0, such that the state variable 7,, corresponding to the cell (&, [)

is denote by

@12) Diy = 0L et e eV,
where u=3(n—1).
For any set S of m cells (k3 5 (8=1,2, -+, m) in 4 cell space there corre-

sponds a matrix

é;’”’m eékl»ll) E;kl»lﬂ

(k9:19) (k9,19 vee o(k2lD)

(413) MD(‘)”) (S): & 2 Eu

sikm.lm)sékm.lm) e Eﬂcm'lm),

DEFINITION 13. A set F of 3(n—1) cells in a 4 cell space is called to be an
m-replacement deformation set of D if F is obtained by the following two pro-
cedures:

(1) Addition of a set A of m cells which belong to the set 4™—D{®

(2) Removal of a set R of m cell belonging to D{.

DEFINITION 13 implies that the necessary and sufficient condition that F is an
m-replacement deformation set of D{® if and only if there exists two set A and R
such that

(i) R={i,eD{, a=1,2, -, m}

) A={(ks lp) = 4”—D{, f=1,2, ---, m}

(iii) F=D{™+A—R.

Now let us enunciate the following

THEOREM 3. The necessary and sufficient condition that an m-replacement defor-
mation set F of the determinative subspace D{ is a determinative subspace is that the
rank of Mp,(n) (A) is equal to m.

PROOF. (a) The sufficiency Let the rank of Mp,(n) (A) be m. Then we can
find a set m positive integer {i,,a=1,2, -, m), 1=1,<,< - <1, =3(n—1) such
that the mXm determinant
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Geply  okuly .., aknlD
Eil 812 6117:.

Mg () =| 67 ™ e
5§’fm'lm)€§fm'lm)"‘ ELQI;,Lm.lm)
has the rank m.

In view of this fact there does exist one to one correspondence between a con-
figuration in A and that in R where R is defined as the set {i,} (@=1,2, -, m) in
D{. This implies that F is a determinative subspace.

(b) The necessary Let F be an m-replacement deformation set of D{” and let
it be a determinative subspace. Since both of the two subsets D{» = (D —R)+R
and F=(D®—R)+A are determinative with the common component (D{’ —R), there
exists one to one correspondence between a configuration in R and that in A for
any assigned configuration in D{® —R. If the rank of A would be less than m, then
it is impossible to have such a one to one correspondence. Since the rank A is not
greater than m, as we were to prove.

Now we shall give the following Theorem concerned with NGDS.

THEOREM 4. The necessary and sufficient condition that an m-replacement defor-
mation set F of the delerminalive subspace D’ is a non-generative determinative sub-
space (NGDS) is that there exists at least one (ks, lg) in A such that the cell (kg lg)
does not belong to the set {Gppm_; ;a=12, -, m} of generations of all cells in R
and the rank of MD(()m(A) 1s equal to m.

Proor. It will be sufficient to notice that the assertion of THEOREM 4 is due to
the assertion of THEOREM 3 and the notion of the generation with the cell i, with
reference to D{® —i1,. By removing the set of all generations {GDB’“-ia; a=1,2,--,m}
from A, our determinative subspace given in THEOREM 3 become NGDS.

Fig. 4.1. NGDS of 492 cellspece.
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By this THEOREM 4, we can construct any NGDS in 4 cell space. Let us show
an example of NGDS in 4“® cell space in Figure 4.1

§5. Structure of stable configuration in 4" cell space

The purpose of this SECTION is to give the other proof of THEOREM 2 in our
paper Yamaguchi [2] by using our fundamental LEMMA 4 in SECTION 4.

THEOREM 5. Any stable configuration C(X) in a cell space can be expressed as a
supperposition of the elementary stable configurations to the effect that

G.1) C(X) :Zglxi,jC(Eg"’(l, NS %, CEPG, 2),

where the additions in the vight hand side are given according to Boolean algebra.
Conversely, for each assigned configuration D@P(X) in D{®, the right hand side of (5.1}
gives us a stable configuration in A cell space.

Proor. We shall first show that any stable configuration C(X) in 4™ cell space
can be expressed as (5.1). Let us denote by {(1,7), (A, 7o), -, (1, 1), (s, 2), (s, 2), -+,
(e, 2} 0Z1<2n—1, 0<k=<n—1) the set of all cells in D{® each of whose state is
one in the stable configuration C(X). Then (5.1) is equivalent to the relation

5.2) COX) = 3 COEP(L i)+ 2 CEGir, 2)

Let us denote by D§ (X; (1, uy), (1, uy), -+, (1, up), (vy, 2), -, (g, 2)) the configura-
tion in D{ such that ths state of each cell in set (1, u,), (1, up), -+, (1, up), (vy, 2),
(v, 2), -+, (g, 2)) is one and the state of each other cell in D{ is zero, and by C(X;
A, uy), A, uy), =+, (4, up), vy, 2), (s, 2), -+, (vy, 2)) the stable configuration determined
by D@P(X; (1, uy), (1, uy), -+, (4, up), (v, 2), (vy, 2), -+, (v, 2)). By LEMMA 4 we have

(5.3) CX; (4, ) = O™+ CEP, j) = CEM®A, 7))

(5.9 CX; A7), 7o), o, TN =CX; (L, 7o), o+, (4, J5s- )+ CEPL, 75D
for s=2,3, -, [,

<5'5) C(Xr (1! jl)’ Tty (1! jl)’ (ily 2)1 B (ir’ 2))

= C(Xr (1) jl): tty (1r ]): (ily 2)» Tt (ir-l! 2))+C(E6n)<lﬂ 2) ’

for r=2,3, -, k.
The repeated applications (5.3), (5.4) and (5.5) yields us

CX)=CX; A, 70, -, (L) (14 2, -, Gk, 2))

Il

D OEPA i)+ 3 CER (i, 2).

Therefore any stable configuration C(X) can be expressed as (5.1).

It is clear that the right hand side of (5.2) gives us a stable configuration in the
4™ cell space, because the sum of states of any basic cell space in the stable con-
figuration C(E”(, j)) (s=1, 2, ---, 1) and C(EP@,, 2)) (r=1,2, ---, k) is zero modulo 2.
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[Appendix] An example of our construction process of generative determinative
subspace given in Section 3

We shall give an example of our construction process of GDS in 4 cell space
in Figure 1. The determinative subspace D; (i=1, 2, -+, 13) is given by the set of
cell with hatches and the subset S; (i=1, 2, ---, 13) determined by D; is given by
the two sets of cells with hatches and spots in Figure 1.

AN
VAVAN

Ds and SG
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Figure 1. Construction process of GDS in 4® cell space.



124

[1]

£z

£33

—
e
|

Takeaki NaGal

Literature

Kitacawa, T. and YamacucHt, M.: Local Majority Transformation in Cell Space—
Information Science Approach to Biomathematics, 1I, Research Report of the Research
Institute of the Fundamental Information Science, Fac. Sci. Kyushu Univ., No. 10, 1970.
Bull. Math. Statist., Vol. 14, No. 3/4 (1971), 61-82.

YamacucHi, M.: Stable Configuration under Local Majority Transformations on Cell
Space—Information Science Approach to Biomathematics, V, Research Report of the Re-
search Institute of the Funnamental Information Science, Fac. Sci. Kyushu Univ., No.
13, 1970. Bull. Math. Statist., Vol. 14, No. 3/4 (1971), 93-106.

Kitacawa, T. and YaMAGUCHI, M.: Determinative Subspace for Stable Configuration
under Local Majority Transformations on Cell Space—Information Science Approach to
Biomathematics, VI, Research Report of the Research Institute of the Fundamental
Information Science, Fac. Sci. Kyushu Univ., No. 15, 1970.

Kiracawa, T.: The Second Prolegomena to Cell Space Approaches—Information Science
Approach to Biomathematics, VII, Research Report of the Research Institute of the
Fundamental Information Science, Fac. Sci. Kyushu Univ., No. 16, 1970.

ERRATA
of

“On a Statistical Analysis of Homogeneous Random Fields on a Metric
Space acted upon by a Compact Metric Group’’.

Bulletin of Mathematical Statistics, Vol. 13, No. 3-4 (1969) pp. 65-92.
By
Takeaki NAGAI

(Received December 14, 1970)

In Example 2.1, p. 69, of §2, the disk 4 and the set V should by replaced by a

subset A'=A—5.0) of A where S.0)= {(x, ¥)|x*+1*<¢e}, 0<e<7r, and by a V’
={(, Qle=x=r}.

However, this cause no essential damage in example 2.1, since ¢ >0 can be taken

an arbitrarily small and we can take the measure p(S.(0)) as small as possible.

Example 2.2, P. 69, of §2, should be removed, since the space L, and the group G

in the example 2.2 does not satisfy the conditions stated in earlier part of §2. The
removal of the example 2.2, however, does not affect theorem 2.1 and the ensuing
discussions.



