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§1. Introduction

In a previous paper [2], we have proposed to introduce a local mapping trans-
formation satisfying the principle of local majority, which is abbreviated by LMT
(local majority transformation), in an mXn cell space, and we have discussed the
limiting configurations and the stable configurations in the cell space.

Furthermore by introducting an inhibition state ¢ besides the two basic states
1 and 0, we have discussed some oscillatory phenomena to be obserbed in the con-
figuration in some subspace or in the whole cell space.

By a stable configuration is meant a configuration in our cell space which is
invariant under any application of LMT.

The purpose of this paper is to define a stability index of stable configurations
and to evaluate the value of stability index to any stable configuration in our mXxn
cell space.

In SECTION 2 we shall prepare ourselves with some basic definitions regarding
each cell such as stability index and recovery function and then in order to give a
sequence of firing points which are indispensable for our present formulation an
independent stochastic process is introduced to sequence of firing points. After
these preparations we define a stability index of a stable configuration in an mXn
cell space.

In SECTION 3 the main THEOREM 2 and 3 are given in reference to our THEOREM
1 which is given in our previous paper [2]. According to these two Theorem we
can evaluate the stability index of any stable configuration for the case of equal
probability for firing any central point. In view of the definition and the proof of
our THEOREM 2 it is evident that results can be generalized to the case where firing
probability are not equal.

In SECTION 4 several examples are given to illastrate our main results.

* Research Institute of the Fundamental Information Science, Faculty of Science, Kyushu
University, Fukuoka.
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§ 2. Definitions

Let us consider a finite, rectangular, two-dimentional iterative array of finite
state automata, which is discussed in our previous paper [2]. The basic definitions
and notations introduced there will be used here again. According to our formula-
tion, there are (m—1) (n—1) firing points {g} in the whole mxn cell space. In this
paper we consider an infinite sequence of firing points {¢;} (¢=1, 2, 3, ---) which is
a sample sequence for an independent stochastic process with an identical distri-
bution {X,}.

DEFINITION 1. A configuration C in an mXn cell space is said to be stable with
respect to any one LMT if and only if Pr.{q/q: C—C}=1.

Now let us introduce a notion of stability index of a stable configuration. For
this purpose we shall define a stability index of each cell in our mxn cell space
according to its location.

(i) For each cell (5, ;) in interior of our mxn cell space, there are four 2x2
basic sequares B(gs,) with their respective central points ¢, (h=i—1,1i: k=j—1, }).

We are now concerned with the 3% 3 cell subspace which is a restriction of our
stable configuration and given by

D CR Xio1; Xio1,j01
(3,3 oY -
2.1 CH®(x): Xiia Xi,j Xi,je1
Kit1,51 KXiv,s Kiv, 501

Now let us introduce a transformation T,;(X) in which X,, is transformed into
Xi;=1—X;;, where all the other X, , remain the same value.

Xi—l,j—1 Xiq,j Xi—l,j—:~1
2.2) CHT () | Xiyia 1-Xi;,  Xijm
Xi+1,j—1 Xi—H,j Xi—{—l,j+l

DEFINITION 2. A function R(qs,) ts called to be a recovery function when it is
equal to 1 or O according to the situation whether or not the configuration C(S’é’(Tij(x))
returns back to the original configuration C®®(x), after one application of LMT in
B(gn,1)-

After these preparations let us now introduce

DEFINITION 3. A stability index of an (i, ]) cell in the mxn cell space is defined
by the conditional mean value of the recovery function over the 3x3 subspace consist-
ing of four {B(gy)} (h=1—1,1; k=j—1,7) and will be denoted by 1I,;;.

i Fi
2 2 Pro(gnnR@ne
(23) Hij — h:zalj k=j—1 i

53 Pr{g

h=it—1 h=j—1

ExXAMPLE 1.
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0 0 0 0 0 O 0 0 L 0 1 0
24 0 0+ 0], 0 0+ 0}, 0 0 0], 1 0+ 1
0 0 O 1 1 1 1 1 0 0 1 0

The stability index of the (2,2) cell in each of the above 33 configurations is
given by equal to 1, 1/2, 1/4 and 0 respectively, under the assumption of equal
probability for 4 firing points.

(i) For each cell (;,7) which is located in the boundary of mXxn cell space, but
not in the corner, there are two 2X2 basic squares which contain the (i, 7) cell.
Here again consider the change of X,; into its conjugate X;;=1—X;;, and we shall
be concerned with recovery function confined over the joint set of two basic squares,
which is either 3x2 or 2x3 cell subspace. This leads us again to the definition of
stability index of this cell as the conditional probability of recovery function in
this subspace as it was in (i).

EXAMPLE 2.
/0 0 1 1 0 1 1 0,
2.5) 0x 0f, 0x 0}, 0* 11, o 1
0 0 0 1 1 0

The stability index of the (2.1) cell in each of the above 3x2 configuraions is
given by equal to 1, 1/2, 0 and 0 respectively under the assumption of equal pro-
bability for 2 firing points.

(iii) For each cell (i, j), which is located in the corner in mXxn cell space, there
is one 2x2 basic square which contains the cell (7, j). Here we consider the change
of X,; into its conjugate Xijzl—X,-j, and we shall be concerned with the recovery
function confined over this basic square. This lead us to the definition of stability
index of the cell as the conditional probability of recovery function in this basic
square, which is now equal to the value of the recovery function in this basic
square.

EXAMPLE 3.

o C )

0 1 0% 1

<0 1>’ (1 0>'

The stability index of the (1, 1) cell in each of the above 2X 2 configurations is given
by equal to 1, 0 and 0 respectively.

Incidentally we have introduced the notion of a surrounding subspace to each
cell whose size is 9, 6 and 4 according to the situation where the cell is located in
the interior, the boundary and the corner respectively. This notion of surrounding
subspace will be used in the proof of our main result in the following SECTION 3.

After these preparations we introduce

DEFINITION 4. A stability index of a stable configuration C in an mXn cell space
is defined by

@7 n=-1 33

Znij'

mn =S

—
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ExAMPLE 4. Let us consider a configuration defined in a 3x4 cell space
2.8) 1 1 1 0

Let us assume the identical probability distribution defined over the 3x4 cell
space as the basic of the independent stochastic process is uniform, that is,

(2.9) Pr. {q,»,,-}:%, for i=1,2, j=1,23.

Let us consider two cells (2, 3) and (1, 1). Then we have

201

2 ETXR(Qij)
(2.10) 1,,= == 6
ax
& X R
M=
'3
(211) R(Ql,l) =1, R<ql,3): 0, R(Ql,z) =1,

R(Qz,z)zox R(g,,5)=0.

Consequently we have

1
2.12) 1I,,= e
2.13) ,=1.
The distribution of I1,; (i=1,2,3; j=1, 2,)3,4) is given by
[ 1
1 1 o 0
(2.14) 11 1 ol
2 4
0 0 0
which gives us
1 g 5
@19 M=y Z20u= 15

§3. Main results

The pattern of a stable configuration in an mxn cell space is given by Theorem
3 in our previous paper [2] which reads:
TrEOREM 1 (Kitagawa and Yamaguchi [2]): A stable configuration in an m X n
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cell space has the following pattern:
(1°) There is a pair of partition such that
m=m,+my+ -+ Fmy
n=mn+n+ - +n

with positive integers m; and n;, 1<i<k, 1 <7<, where k and [ are subject to

3.1

(3.2) 1<k=m, 1=<I<n.

(2°) In correspondence with the pair of partitions given in (1°) the whole mXxn
cell space is devided into kl subspaces each of which will be denoted by S(m;, n;) (i=1,
e by j=1, 0, D).

(3°) (@) The elements of each subspace S(m., n;) are entively either 1 or 0. A
subspace S(m;, n;) all of whose elements are equal to 1 is called to be type 1, while a
subspace all of whose elements are equal to Q to be type O.

(b) Subspace of these two types occur alternatively in an mXxn cell space. (See
Figure 1.)

ny Ny 1y ny N
my |1 0 1 0 o
my,| O 1 o 1 o
m, 1 . o 1 o 1 |
- . — |
m! o 1 | o 1 0
| T i

M I 0 I 0 I

Fig. 1. Pattern of stable configuration.

For the sake of convenience let us say that our stable configuration in the
assertion of THEOREM 1 has the pattern structure of the type (m,+m,+ - m;) X
(nyt+np+ o +ny).

In order to discuss the stability index of stable configuration with a partition
structure of such a type it is indispensable to define a pair of two non-negative
integers which have crucial importances to the following analysis. By k&, let us
denote the number of rows each of which is complement of row(s) adjacent to its
row. By [, let us denote the number of columns each of which is complement of
column(s) adjacent to its column.

The main result in this paper is given by the following

THEOREM 2. For the equal probability for firing each central point in an mXxn
cell space, a stability index of a stable configuration which has a partition structure
of the type (m,+m,+ - +my) X (n,+ny+ -+ +n;) is given by the following formula:
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{m—(k—lrzl}n{n—(l—l)} , if by<k—1 and [, <1—1
M_D}ii_o_%_)}, if hy<k—1 and L,=I—1
@i {m_(k_;jn}{n_(l—l)} . ifky=k—1and L,<I—1
{m_(k“%ﬁn{n_(l_%n . if ly=k—1 and ,=1—1

0 . ifk=mor L=n.

PrROOF: In order to find out the stability index of a stable configuration C in
an mXn cell space, let us begin with the stability index of each cell ¢. As we have
shown in SECTION 2 there corresponds to each cell ¢ a certain definite surrounding
subspace with respective to which our configuration C can be restricted. It is suf-
ficient to consider such a restriction because the restriction implies a uniquely
determined subconfiguration according to which the stability index of the cell ¢ can
be uniquely defined. Now let us consider the following three cases: (See EXAMPLE
1, 2 and 3 in SECTION 2).

(1*) Stability index of a cell ¢ is equal to 1, when there are no cells having
different state in the surrounding subspace.

(2°) Stability index of a cell ¢ is equal to 1/2, when the following two condi-
tion are satisfied.

(i) There is one and only one adjacent cell which has different state.

(i) The cell ¢ belongs to a »Xs subspace in which all the cells have the same
state, where (¢ —1)(s—1)>0.

(3°) Stability index of a cell ¢ is equal to 1/4, when the following two condi-
tion are satisfied.

(i) There are just two adjacent cells which have the state different for that
of the cell c.

(ii) The cell ¢ belongs to a rXs subspace in which all the cells have the same
state, where (r—1)(s—1) > 0.

(4°) Stability index of a cell ¢ is equal to 0, when it belongs to a 7Xs subspace
in which all the cell have the same state, where (»—1)(s—1)=0.

Let us denote by MN(z) the number of all cells in a stable configuration C each
of whose stability index is pg, where =0, 1/4, 1/2, 1.

In order to prove the assertion to THEOREM 2, let us calculate N(y), #=0, 1/4,
1/2, 1 for each individual case defined in the right hand side of (3, 3).

Case (1°) k,<k—1and [, <I-1.

By direct observation,
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NQ) = kn+1lm—Ekl,

N(5) = 4= =)k, —D)

N(5°) = 20m— k)~ LD+ 2n— )k, 1)
—8(—1l,—1)(k—Fk,—1)
NQ)=mn—2(m—k)(I—,—1)—2(n—1)(k—k,—1)
+4(— =) k—ky—1)—kn—Lm+kl, .
Consequently we have

Il = Tnln* {01\7(())_;_71f X N(%)—{—%— X N(»%—)-{—l X N(l)}

=L (=D} n—(—D}.

Case (2°) k,<k—1and l,=1-1.
By direct observation

NQO)=I,m

N( 3 )=2¢—D)

N( 5 )=m+ 2k~ 1)n—1,~2)
N =mn—-2(n—1,—1)(k—1)—(+1)m.
Consequently we have
1 1
= {m—(=DHn—(1—)} .

Case (3°) k,=Fk—1 and [, <I—1.
The similar computation of the case (2°) yield us

1
mn

Il =

{m—(k—%)} tn—(—1} .

Case (4°) ky=Fk—1 and [,=1[—-1.
By direct:observation we have

NO)=Fkn-+Im—k,l,
N(§)=1
N( 5 )=0n—k—D+-(—1,=D)

NQ)=(m—k,—1)(n—1,—1).
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Consequentry we have

— i b=l == 3)).

Case (5°) k,=k=mor [,=[=mn.
By direct observation we have

NOO)=mn
N(3)=N(3)=ND=0.

Consequentry we have I =0.

Summing up the results in these five eases, we reach the conclusion to be
proved. g.e.d.

In view of our proof to THEOREM 2, it is immediate to observe

THEOREM 3. The stability index of a stable configuration in an m X n cell space
1s equal to that of its complementary configuration which is stable.

In order to illustrate several basic notions and the result of THEOREM 2, let us
give the following.

ExAMPLE 5. Let us consider

0 0 0 111 0 0 0
(4.1) G=0 0 o] ¢C=[0 0 o cC=1 1 1
0 0 0 0 0 0 0 0 0
1 1 0 1 0 1
c=o o 1] c=l0 1 o
0 0 1 0 1

The application of THEOREM 2 gives us /1.
The partition structure and the value of /] for each ofthese five configuration
are given by Table 1.
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Table 1
c, Cy i Cy i Cs ; Cs
e 1 2 3 22
01 1| 1 2 3
|0 1~‘ W‘?krj T
L0 0 0 | 13
w031 1 11
7 my, | — 2\‘7* Iﬁ 2ﬂ 777777 72
P e _
a3 3 . 3 2 1
Ny . — i = 1 1
N N
i b4 { 1 g’~ 0 | {,1« | 0
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