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   1. Introduction 

   The object of this paper is to introduce a certain type of cellular automata, 

which are subject to a sequence of applications of local mapping transformations 

satisfying the principle of local majority, with an aim to formulate a mathematical 

model which may be verified to be useful as a basis of biomathematics. This paper 

is prepared to give the first step consideration to our approach plan suggested in 

the previous paper by one of us, Kitagawa [5], 

   In Section 2 we shall give some basic definitions regarding a finite, rectangular 
two-dimensional array of finite state automata, which is called an m x n cell space. 

A state of each cell in an m x n cell space is either 1 or 0, and a configuration in 

an m x n cell space is an allocation of one of these two states 1 and 0 to each indi-

vidual cell belonging to the m x n cell space. We shall introduce the notion of local 
mapping transformation satisfying the principle of local majority defined over each 

2x 2 cell space, which is called a 2x 2 basic cell square. Such local mapping trans-

formation is connected with the notion of firing point to be located in the central 

point of the 2x 2 basic square. Each individual local mapping transformation will 
induce a transformation of configuration in the m x n cell space. In Section 3 we 

shall be concerned with the notion of firing points and with the process {X,} (t=- 0, 
1, 2, 3, where X, denotes the set of firing points at the time point t. For an 

initial state Co the process {X0} will induce a transformation of configurations giv-

ing a sequence of the set of configurations IQ (t=0, 1, 2, 3, •••). 

   In Section 4 we shall investigate the behaviours of configuration transitions 

under somewhat resticted probabilistic scheme for which we are able to apply the 

formula well known in the theory of Markovian chain. In view of the considera-
tions given in Section 4 it is remarkable that stable configurations under applications 

of local mapping transformation satisfying the principle of local majority have a 

certain simple pattern, as we show in Section 5. The results so far obtained up to 
Section 5 are not completely satisfactory for us, in view of our original purpose to 

aim at some biomathematical model. There are in fact urgent needs for introducing 
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a simple mathematical model in which some oscillatory phenomena can arise in its 
behaviours. In Section 6 we shall introduce an inhibition state 0 and we shall show 
that some oscillatory phenomena will take place in our m x n cell space by our intro-
duction of ci states. In view of some remarkable phenomena associated with intro-
duction of 0 states, we shall make further investigations on the roles and the func-
tions of 0 states in Section 7. 

   In summary of this introduction the authors should like to point out that the 

present paper is aimed to prepare the first step to information science approach to 
biomathematics and that more emphasises are placed upon an illustration of our 
fundamental ideas than upon formal theorem presentations . 

   It is also remarked that although we are appealing to some sort of cell space, 
our considerations to be developed in this paper are not concerned with any cellulars 
automaton theory hitherto developed by several authors such as Wang [10], Moore 

[7], von Neumann [9], Burks [1], Codd [2], and Minsky-Papert [6], but that we 
are here dealing with much simpler formulation upon which we want to build up 
some fundamental features of phenomena to be discussed in biomathematical ap-

proaches.

   2. Basic definitions regarding cell sapace 

   Let us consider a finite, rectangular, two-dimensional iterative array of finite 

state automata. Such an array is pictured in Figure 1 with the automata repre-

sented by squares. 

   The lines connecting the squares represent communication channels between

XII - X12 - X13 - X14 - X15 

  q IIqI2q13qI4 

X21 - X22 - X23 - X24 - X25 

  q21q22I C123Cl24  
          - X31 - X32 - X33X34X35 

_ c131q32I q33q34  
X41 - X42 - X43 - X44 - X45

                    Fig. 1. 4x5 cell space. 
xii--the state of the (i, j) cell. 

qii=the central point of the 2x2 basic cell space consisting of four 
   cells located in B44: (i. il. (i. +11. (i+1. fl and
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the automata. 

   The automata used in such a construction are called cells which are assumed 

to be isomorphic to each other. Each cell is assumed to be connected with its 

nearest neighbours whose number is four, three and two according to the situation 

that the cell is located in an interior, in a boundary and in a corner respectively. 

Let us call such a rectangular array of automata with in rows X n columns to be 

an mXn cell space. 

   Let us assume that there are two alternatives, which are denoted by 1 and 0 

respectively, regarding the possible states of each individual cell. A 2x 2 square 
array of cells shown in Figure 2 is called to be a 2x 2 basic cell square where 

xi; denotes the state of the (i, j) cell in the 2x 2 basic square. 

   Thus a configuration of states in a 2 x2 basic square can be denoted by a 

matrix 

(2.1)••i,j+1                           K:2:i2)(x) =XijX                                                    xi4-1,j x1+1,1+1 

                          Xi,i 

     qi,i  

                                         X itl,j+1 

             Fig. 2. Configuration A45.2)(x) in a 2x 2 basic cell square B11. 

   An assignment of each state state xi to each (i, j) cell in an m x n cell space 
induces a configuration in this m x n cell space which can be denoted by a matrix 

                                    x11 x12 x13 • Xlj • • xln 

                                    x21 x22 x33 • ••X2j X2n 

(2.2)Mi7r)(x)-= 
                                          xil x12 xi3 • • X11 ••• Xin 

                                               xml Xm2 Xm3* • • .tm j• • • Ximn 

where each xi; is either one or zero. MI7,r)(x) will be sometimes abbreviated by 
m(m,n)(x). 
   Specially when all inn xij turn out to be 1, we shall denote M(771,n)(x) by IM'n). 

Similarly when all mn x11 turn out to be zero, we shall denote M(mo)(x) by 0(n"). 
   Particularly we have 

(2.3)1(2,2),(1                                     0(2,2,=(0 0                                                   0)• 

   A transformation T of a configuration Wfmo)(x) to another configuration IVI',1*(y) 
is called a mapping transformation in the m x n cell space: 

(2.4)T : Ilfmo)(x) --> M(mo)(y).
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   A mapping  transformation in a 2x 2 cell space is called a local mapping trans-
formation, which will be denoted by 

(2.5)LT : M","(x)---› Mc2,"(y) 

   In what follows we are particularly concerned with a certain type of local map-

ping transformation given by 
   DEFINITION 1. A local mapping transformation LT: M(2,2)(x)—,M(2,2)(y) is said to 

satisfy the principle of local majority, if it is defined by the relation: 

                           F2,2) if So(x)> 2 

(2.5) y) Mir) (x) if So (4= 2 

                              0(2,2) , if Sii(x)< 2 , 

where we have put 

                                   1 1 

(2.6) E E 
                                                        7)=0 

   In what follows we shall denote a local mapping transformation satisfying the 

principle of local majority by the abbreviated notation LMT (local majority trans-
formation). 

   3. Firing poins and applications of local mapping transformations 

   One of the characteristic features of cellular automata is the fact that they can 
admit the possibility of simultaneous applications of certain local mapping trans-

formation associated to each fundamental cell subspace, which may lead us to par-

allel computation procedures. This possibility may sometimes secure us parallel 

applications of all local mapping transformations associated with each 2x 2 basic 

square in our mx n cell space. 

   However at our first step approach we should rather be concerned with a pre-

paration of some more elementary notions in order to be able to discuss in the 
later stage some fundamental aspects of biological behaviours in large systems . In 
this sense we shall start with an introduction of the notion of firing points in this 

Section 3. 
   A firing of a 2x2 basic square means an application of LMT. Such a firing is 

assumed to be referred to the central point of each 2x2 basic square, which is 

henceforth called a firing point. Without any firing point, any 2x2 basic square 

remains unchanged, and with it in the central point the corresponding 2x2 basic 

square is subject to LMT. 
   Now it may be possible to define a parallel application of firing , as well as a 

sequential application of firing with reference to every 2x2 basic squares imbedded 

in an mxn cell space. However we shall begin with a survey of various procedures 

of firing instead of restricting our consideration within parallel computations .
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   4. Limiting behaviours of configuration transitions 

    In this Section we shall be concerned with a stochastic process IX11 which is 
an idependent stochastic process with identical probability distribution (ISPI). 

    For each assigned initial configuration Co, an application of firing sequence 
according to an ISPI {X0} will induce a Markovian stochastic process {C,} (t=- 0, 1, 
2, 3, •••) in such a way that 

(4.1)Tz : (CO3 X0-1-1)--->Ct+1• 

   Let us denote by Pi; the transition probability that the transition from one con-
figuration Ci to another configuration Ci. This transition from Ci to C; is equivalent 
to the occurrance of the firing(s) of central point(s) q for which the transition from 
a configuration Ci to another configuration C; will be realised through an applica-
tion of LMT to the 2x2 basic square having q as its central point. Let us denote 
by P m x n matrix of transition probabilities : 

(4.2)P (Pi,,) 

and the N-th iteration of P by 

(4.3)p(N) p(in 

   Since the number of all the possible configurations in an m x n cell space under 
our formulation amounts to be 2', the matrix of the transition probabilities among 
these 2' configurations becomes to be a rn x 2" matrix. 

   However it can be easily seen that for each assigned initial configuration Co 
the sequence of configurations {C0} (t-= 0, 1, 2, 3, ---) does not necessarily cover all 
the possible configurations but it is usually limited within some specific set of con-
figuration depending upon the initial configuration Co. This fact will make us possi-
ble to deal with a matrix P whose order is comparatively small, because it is con-
cerned with configurations belonging to J(Co) defined by : 

(4.4)J(C0) = V Ck 
                                                               k=0 

for all possible sequences { Ck } starting with the initial configuration Co. 

   Now we are naturally interested with the transition behaviours among configura-

tions belonging to J(Co) when we start with an initial configuration Co and also 

with their behavious as the number N tends to infinity. 
   For this purpose there is a wellknown Theorem due to Romanosky [8] and 

Gantmacher [3] to the following effect. 
   THEOREM A (Romanonsky [8] and [3]). Let (P,;) (i,i= 1, 2, ••• , k) be an kxk 

matrix of transition probabilities in the sense of Markovian chain. 

   Let the different characteristic roots of 

                          —.P11 —P12 -P13 -P12k 

(4.5)A(2) —P21 -P22 -P23 • • • -P22k 0 

                            -Pkl -Pk 2 -Pk3•••
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be denoted by  {2i} (i= 1, 2, ••• , a) with their respective multiplicies mi (i=- 1, 2, 3, — , it) . 
   Then we have, for each N, we have 

(4.6)h(N) =E                 12 1AN A0(2)1                                  Dmi-i[                    k"a8 i=0(mi-1):A Oi(11) jA=Ai 

where Aag(A) is the cofactor of the element apa—pp, in the determinant of A(2) and 

Oi(2) is defined by 

(4.7)A(2)= (2-2,)m1ichi(2), (i= 1, 2, — , p) , 

while IYAni-' denotes the (mi-1) times differentiation with respect to A. 
   The extensive applications of this theorem are given in Kitagawa [4] in con-

nection with successive process of statistical controls. In our present formulation 
of cellular automata an application will be quite useful for investigation of the be-
haviours both at each assigned finite stage and in the limiting case when N becomes 
infinity. We shall now give two examples which will be sufficient enough how far 

and why such an application of THEOREM A is helpful for our purpose. 
   EXAMPLE 1. In a 3x3 cell space let us consider an initial configuration 

                0 1 1 (4.8)C0= (0 1 1 . 
                0 0 0 

   Then the other configurations belonging to the set J(Co) of all configurations 
induced by applications of LMT is given by 

          /0 1 1/0 1 1\ 

(4.9)C1= 0 0 1, C2= 0 0 0, 
          "0 0 0\O 0 01 

          /0 0 1\/0 0 1 

           C5= 0 0 1, C4= 0 0 0, 

          \O 0 0/\O 0 0' 

         (0 0 0\             C5=0 0 0 . 

           0 0 0 

   The transition matrix P has the form
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 CoC1C2C3C4 C5 

                 CO P11 p12 0 0 0 0 ' 

                    Cl p21 P22 p23 p24 0 0 

                C2 0 0 p33 0 p35 0 
(4.10)P = 

               C3 0 0 0 p44 b                                             44 145 0 

               C4 000 0 p55 p56 

              C5 ,0 0 0 0 0 1; 

   The connection routes among these six configurations are given by Figure 3.

O               tc-3
             Fig. 3. Connection routes among configurations in Example 1. 

   The characteristic equation becomes 

(4.11)A(2) = (2-1)(2 —P3,3)(2 —P4,4)(2 —P5,5) IQ 2(2) = 0 

where we have put 

(4.12)Q2(2) = 22-01,1+P2,02+PI,IP2,2 —P1,2 P2,1 

                       (2—a)(2—p), say. 

   For the sake of illustration, let us now consider the special case when 

                              1                               Pr. {Xt= qi,;} =-4- 

for i, j =1, 2, that is, the case of the equal probability of firing for each of the four 
central points. In this case the transition matrix P becomes 

                  /3 1                  0 0 0 0 
              4 4 

            1 1 1 1                         0 0 
            4 4 4 4 

             3 1  
(4.13)P= 0 0 0             44 0 

                          31  
                               4          0 0 040 

            0 0 0 03 1                          4 4 

             \0 0 0 0 0 1, 
and hence we have
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(4.14)A(2)=(A_1)(2- 4)3 2 +  81  ) 

                  = (2-1)(2— 34 )3(2 — a)(2— 43), say. 

   Now the application of THEOREM A yields us 

 1 11111  
  a — —   4 416 16 32128  

    a—/ a —P (a— -1-) (a - p) (a—  34  )(a p) (a—  34  )(a—(3) (a —4)(a —43)(a —1 
(4.15) 131111    4  a— 444832  

P (N) a — p a-p a-pa — P                                 (a —-1)(a—p)(a —-20(a —(3)(a —1) 
= aN  0 00000 

 0 00000 

 0 00000 

 0 00000 

 01 11111   P 
4 41616   32  128  

                                                                                                                                                                                                                                              , 

    -a(3-a(P -P)(P34 ) (P a)(134) (P4 )(P—a) (P —4)(P—a)(0-1) 

4_ pAr13111 
  4  lj 44481  

    P — a p —ap —a                        P — a (13 34 )(P a) ((3-a)(P- 43 )(p-1) 
 0 00000 

 0 00000 

 0 00000 

 0 00000, 

 0 00001 

 0 00001 

+1N0 00001 

 0 00001 

 0 00001 

 0 00001
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    0 0 —1 —124N-4—N+12                   33 

  0 0 0 0 —2 2 
 -1-(34 )NN     0 0 10_a _t_N3 

                                           3 

                                      N    0001—3 —(1+ 3 
  0 0 0 0 1 —1 

  000000 

    In the consequence we have                  

' 0 0 0 0 0 1' 

              0 0 0 0 0 1 

              0 0 0 0 0 1 
(4.16)P-) = (A.)).=, 

              0 0 0 0 0 1 

              0 0 0 0 0 1                 

, 0 0 0 0 0 1 

which shows that the configuration C5 is the unique absorbing state in the theory 
of Markovian chain. 

   EXAMPLE 2. In a 3x3 cell space, let us consider an initial configuration 

                   /0 1 1 

(4.17)Co= 1 0 1 . 

                      \ ,1 0 0 

   Then j the other configurations belonging to the set of configuration 1(C0) are 

given bYrthe following eleven ones: 

      /0 0 1 /0 1 1 /0 1 1) 
(4.18) C1= 0 0 1, C2= 0 1 1, C3= 0 0 0 

     \1 0 0 '1 0 01 0 0 

      /0 1 1\ 0 0 1\ /0 0 1\ 
      C4= 0 0 1, C5= 0 0 0, C6= 0 0 1 

     \O 0 01 0 0' 0 0 0/ 

      0 1 1\ /0 1 1\ /0 0 0) 
      C7= 0 0 0, C8= 0 1 1, C9= 0 0 0 

 ( 

      0 0 0'0 0 0 \I. 0 0
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     /0 0 1\/0 0 0\ 

   C„= 0 0 0, C11= 0 0 0. 

     \o 0 0/\o 0 

The connection routes among these twelve configurations are given by Figure 4.

 t 

0 

       Fig. 4. Connection routes among configurations in Example 2.

   The transition matrix P can be obtained similarly as in Example 1. The charac-

teristic equation becomes 

(4.19)A(2) = 2(2-1)2(2—P3,3)(2—P5,5)(2—P6,6) 

                        X (2—P7,7)(2—P9,9)(2—P10,10)(2—P11,11) 

                    X Q2(2)= 0 , 

where we have put 
                               2 P4,4-p4,8 

(4.20)Q2(2)=                                       p
8,42—p8,8 

   For the special case of the equal probability of firing for each of the four 
central points lqiil (i, 1= 1, 2), that is, when (4.13) hold true, the transition matrix P 

has the specific values such as 

                           1                                  P
3,3 - p5,5 - p7,7=2 

                             1  (4
.21)P4,4 - P8,4 = P4,8-4 

                                    3                            P
6,6 = p8,8 = p9,9 = p10,10 = p11,11 =4 

and hence the characteristic equation becomes 

(4.22)A(2)—(2-1)22(2— 21 )3(2— 43)4Q2(2) = 0 
with Q2(2)= 22-2+(18). 

   In this specific EXAMPLE there are two specific configurations C1 and C11 each 

of which is an absorbing state in the theory of Markovian chain. 

   The application of THEOREM A is useful for dealing with this EXAMPLE. For
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instance, in order to calculate the asymptotic value of p;2'for large N by virtue of 

(4.23)P1'2=                     12N A1.12(2) ,                  ' i=i (m1-1)L0i(2) -12=4 

we can concentrate our attention to the root 21 = 1 with the multiplicity m1=2. 
The direct calculation gives us 

          d31v/ \3 (4.24)A1,2(2))2 =14/4)iL2)Q2(1) 
which gives 

(4.25)DpF 2NA1,12(2)=  3                        L 0 1(2)2=1 4 
and hence 

(4.26)lim piN)=                                          .124N—co 

   5. Stable configuration 

   This Section 5 is a continuation to the previous Section 4 in the sense that our 
discussions here will be entirely based upon and referred to the same mathematical 
formulation of independent stochastic process with the identical probability distri-
bution ISPI as they were in Section 4. Under the present circumstance some results 
can be obtained by appealing to the theory of Markovian chains, as we have shown 
in the applications of THEOREM A in the previous Section 4. In fact, theoretically 
speaking, there is no reason why we cannot generalise some specific results to a 

general mxn  cell space, except an unfavourable fact that the complexity of com-
putations will increase very fast as m and/or n increase. 

   Indeed we can not deny that the complexity of computations being involved for 

persuiting our plan becomes more and more and even formidable to perform our plan 
as m and/or n increase indefinitely. It is therefore indispensable to introduce some 
crucial notions which are connected with asymptotic behaviour of the cell space. 
In fact, among 2" possible configurations in an mxn  cell space, there does exist a 
certain subset of configurations, that is, stable configurations, which will be defined 
as follows : 

   DEFINITION 2. A configuration C in an mxn  cell space, is said to be stable, if 

for any assigned configuration C' which is different from C, the probability of occurance 
of the central firing points which induces a mapping transformation from the con-

figuration C to C' is equal to zero, that is to say, 

(5.1)Pr. {q/q:C---C1} = 0 , 

which implies and is implied by 

(5.2)Pr. {q/q: C—*C} = 1 . 

   We have the following fundamental 
   THEOREM 1. In an mxn  cell space the number of all the possible stable configura-

tions is 27"-'1.
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   PROOF. Let us prove the assertion of THEOREM 1 by induction. For m=1, any 

configuration is stable, because no application of LMT is possible for a lxn cell 

space. 

   Hence the number of all stable configurations for a lxn cell space is equal to 

2n = 21+n-1. 

   Let us assume that the assertion is valid for m = r, and let us prove that it 

holds for m=r+1. 

   Let a stable configuration in the rx n cell space be given by 

                                 /ee12 e13 ••• e1,, 

(5.3)e21 e22 e23 ••• e2n 

                                     eri er2 ens ••• ern 

   For the set (en, ens) there are the four alternatives such as (0, 0), (0, 1), (1, 0) and 

(1, 1). To each individual alternative there are two alternatives each of which is 
stable under the application of LMT. For example for the case when (eni0e                                                             =r2=0), 

there are two alternatives (er+1,1=--- 0, er+1,2 = 0) and (er+1,1= er+1,2 = 1), which will 

be denoted by 

                 10 0\(0 0\ (5.4)                       0)\1 1) • 

   In this way all the possible configurations are given by the following eight 2x 2 

basic squares : 

        (0 0\/0 0\/0 1\/0 1\/1 0\ (5.5)       k
0 0)kl1)1)kl 0)) 

        1 0 (1 1\/1 1l 
     100)1) • 

   Now let us consider the 2x 2 basic squares defined by 

                         (er,2 e3 
                                                                           r, 

(5.6) 
                                 er+1,2 * 

where er,2, en, and er+1,2 have already been defined. 
   There is exactly one determination of the value er+1,3 by which the 2x2 square 

become stable. Continuing in this way we shall observe that -� 4 will be 

vniquely determined. Therefore there are exactly two possible sets of value fer+141 

(j =1, 2, , n). Consequently we obtain the result that the assertion holds true for 
m = r+1 in the sense that there are exactly 2x -= 2(r+1)+n-1 stable configurations. 

This completes the induction. 
   It is useful to introduce 

   DEFINITION 3. A configuration C in an m x n cell space is said to be complemen-

tary to another configuration C' when for every pair (i, j),1�i�m,l�j �n, the (i, j) 

elements xii(C) of C is conjugate to the corresponding element xii(e) of C' in the
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sense that  xii(0)=  1—xii(C)=2,;(C), say. 

   THEOREM 2. A configuration which is complementary to a stable configuration is 
stable. 

   The proof is trivial, because it does hold true for any LMT in the case of 2x 2 

square. 

   EXAMPLE 3. For a 3x 3 cell space, there are 23+3' = 25= 32 stable configurations, 

which are given by the following 16 configurations and their respective complemen-
tary configurations. 

        1 1 1\ /0 0 0\ /0 0 0\ 

(5.7)0 0 0 1 1 1 0 0 0 
       \O 0 0/ \O 0 0 1 1 1' 

        /1 0 0\ 0 1 0\ /0 0 1) 
      1 0 0 0 1 0 0 0 1 

        \I. 0 0/ 0 1 0' \O 0 1 

       /1 1 0\ /1 0 1 1 0 0\ 

      0 0 1 0 1 0 0 1 1 
       "0 0 1' \O 1 0 1 0 0' 

       /0 1 1 /0 1 0 /0 0 1\ 
      1 0 0 1 0 1 1 1 0 
      \1 0 0 0 1"0 0 1' 

       /0 0 1\ 0 1 0\ /1 0 0) 
      0 0 1 0 1 0 1 0 0 

       '1 1 0! 1 0 1/ 0 1 1 

         /0 0 O\ 

        0 0 0 

         \O 0 0 

   It is now easy to observe 

   THEOREM 3. A stable configuration in an m x n cell space has the following 

pattern: 
   (1°) There is a pair of partitions such that 

<5.8)m= m1+m2+ ••• +mk 

                                    n= ni+n21- --• 

with positive integers m1 and Ili, 1 � i�.k, 1 j 1 where k and I are subject to 

<5.9)1�k�m, 1�/�n.
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   (2°) In correspondence with the pair of partitions given in (1°), the whole m x n 
cell space is divided in kl subspaces, each of which will be denoted by S(mi,n;)(i= 1, 

2, ••• , k; j= 1, 2, ••• , l). 

   (3°) (a) The elements of each subspace S(mi,n;) are entirely either 1 or zero. 
   A subspace S(mi,n,) all of whose elements are equal to 1 is called to be of type 

I, while a subspace all of whose elements are equal to zero to be of type 0. 

   (b) Subspaces of these two types occur alternatively in an m x n cell space (See 
Figure 5). 

         ni n2 723n4 n, n, 

    ml I 0I0I0 

  M2000 

    m3 I0I0I0 

   m40 0I0 

                        Fig. 5. Pattern of stable configuration. 

   6. Introduction of inhibition state g5 

   According to the results which we have obtained in the previous Sections 2-5 
there have been shown an existence of stable configurations to which the applica-
tions of LMT will converge. 

   Although the results may have some interests in themselves we can not be 
completely satisfory in view of our original purpose to aim at some biomathematical 
model. There are in fact urgent needs for introducing a simple mathematical medel 
in which some oscillatory phenomena can arise in its behaviours. The purpose of 
this Section is to introduce an inhibition state cb which secures a certain set of 
oscillatory phenomena by giving some restrictions to the free application of LMT. 

   DEFINITION 4. A state 95 to be attached to each cell is called to be an inhibitation 
state in the sense that 2x2 basic cell square having at least one cell whose state is O. 
is invariant under any any LMT. 

   An introduction of inhibitation states in an mxn space has the possibility of 
the following characteristic phenomena which have been not yet observed in the. 

preceeding Section of this paper. Let us begin with the following EXAMPLES. 
   EXAMPLE 4. Let us consider an initial configuration 

                  10 0 0 

(6.1)C= 1 1 0 . 

                    1 1 cb' 

   The possible positions of central points at which firing may take place are four
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as we have explained previous. 
   However the existence of two  0's gives us two 2x 2 basic squares each of which 

is invariant. 

   Consequently there is only one other possible configuration 

                       Iy5 0 0\ 

(6.2)C1= 1 0 0 . 
                        \I. 1 0/ 

   The connection route between these two confiuration is simply given by Figure 6. 

                         Fig. 6. Oscillation between Co and C1. 

   In fact there are two active central points q1,2 and q2,1 for firing. Under the 
assumption of equal probability for each of these two firing points, the characteristic 
equation of the transition matrix between two configurations Co and C1 is given by 

                   11 
                           2                     X—             2 

(6.3)A(2)= A(X =--: 0 .                             1
A—1                            2                       2 

   EXAMPLE 5. Let us consider a configuration Co in a 3x4 cell space given by 

                 10 0 0 0\ 
(6.4)Co= 1 0 0 0 . 

                   "I. 1 1 0/ 

   There are two other configurations C1 and C2 connected with1C, by the transi-
tion rule which is based upon the principle of local majority. 

            /0 0 0 0\ /0 0 0 0\ 

(6.5)CI= 1 1 0 0 C2 = 1 1 1 0 
             \1 1 1 CY \1 1 1 0' 

                       Fig. 7. Oscillations among Co, C1 and C2. 

   Now the matrix of transition probabilities among these three configurations are 

given by a 3x3 matrix (pi .,), where 

(6.6)pij=_-_ Pr. {gig: ,
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for i, j = 0, 1, 2. 

    There are four active central points q1,2,q1,3, 42,1 and q2,2. 

   The assumption of equal probability for each of these four active central points 

gives us the characteristic equation 

             31           2—40                               4 

                          12 — 
21__ 41 (6.7)A(2) =                          4 

                      —4-4                                        

                       0 

                                      = (2-1)(2 —34)(214= 0. 

   The matrix of transition probabilities at the N-th step is given by 

          1 1 1- 1 0 —11 (6.8)P(N)[1 1 1-1- 2 4                       (   )N    — 
30 0 

 — 

         1 1 1 _-1 0 1 

                [ 1 —2 1                 +-1-6(4)N—2 4 —2 
                     1 —2 1 

   EXAMPLE 6. An initial configuration Co is defined in a 5x4 cell space in the 
following form. 

                0 0 0 0 0' 

              1 0 0 0 0 
(6.9)Co =               1 0 0 0 0 

              1 1 1 1 0 

   There are now eight other configurations C, (i= 1, 2, 3, 4, 5, 6, 7, 8) connected 
with Co by the transition rule which is based upon the principle of local majority. 

           0 0 0 0 0\10 0 0 0 0' 

         1 0 0 0 01 1 0 0 0 
(6.10) C1=C2 -          1 1 0 0 01 1 0 0 0 

         ,1 1 1 1 01 1 1 1 0, 

          / 0 0 0 0 00 0 0 0 0' 

         1 0 0 0 01 1 0 0 0 
   C3-C4= 

         1 1 1 0 01 1 1 0 0 

          \1 1 1 1 0 /1 1 1 1 0/
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 0 0 0 0 0 0 0 0 0 0 

  1 1 1 0 01 1 0 0 0 
C-=C6= C-= 

 1 1 1 0 0 1 1 1 1 0 

  ,1 1 1 1 ch/ \1 1 1 1 v5 

  (0 0 0 0 0 ' 0 0 0 0 
  1 1 1 0 01 1 1 1 0 

C7-C8= 
  1 1 1 1 0 1 1 1 1 0 

  1 1 1 1 1 1 1 1 q5

The connection route among these nine configurations are given by Figure 8.

  cZ c6

          Fig. 8. Oscillations among nine configurations -(Ci). (i = 0, 1, 2, -•• , 8). 

   7. Roles and functions of 0-state 

   There are several important applications of the functions of 0 states. 

   (a) PARTITION OF CELL SPACE INTO A SET OF MUTUALLY INDEPENDENT CELL 
SUBSPACES 

   A certain configuration of 0 states in an mxn cell space with a certain set of 

peripherical segments can give us a partition of the M X it cell space into a set of 
cell subspaces which are mutually independent with other subspaces in the in the 
sense that each of these subspaces will show a pattern of oscillatory change of con-
figurations independently. 

   A contruction of such a partition of an mxn cell space is obtained by virtue 

of THEOREM 4 just mentioned. 
   The situation can be easily illustrated by the following. 

   EXAMPLE 7. Let us consider a 16x 15 cell square with a configuration given in 

Figure 9. 
   There are twelve cell subspaces A, B, C, D, E, F, G, H, I, J, K and L. Each of 

them shows its ergodic oscillatory changes among a certain set of configurations 
without any mutual interdependence with other subspaces. This is a picture of 
selfconservations of each subspace which are secured by the allocation pattern of 

0 states and the assignments of 1 and 0 as boundaries among these subspaces.
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51) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

                 1 r —I 11 II 
I101I1I;0 
1AIIB I1C 1 
I10 I1 i 1 I0 

  L__________J L______________I L ___ _ _1 

  

f I I 1 � ! I I I I 1 i I 93 

I-, r—--1 ,— I    0
11 10                                                               

1                                                                 
1 

   Dj 0 i E i 1 F 10 

     0 1I 110 
  L.  _.i L _ _ _ _ _ _ _ _ _ _ _ ._! 1_ _ _ _ _ _J 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
  r----------i 1--11.--------1

0       0I                                                                 I                                                      
I 

I G 0 H III10                                                          
1                                                          
i I0I

I10                                                 
I 

I10I10 
            ___L 1__________J 

1 1 1 I 1 0 I 1 I I 1 I 1 1 95 
r —t I0 iI j 10 

                                                     I 

 JKLI I ii 0 II10 
 I1 

L  

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
           Fig. 9. 0 configuration and allied subspaces.

   This example shows an essential feature of any partition of cell space by use 
of 0:states and peripherical allocations. Indeed the contents of each subspace are 
not uniquely determined. A characteristic feature of each partition can be shown 
by the following scheme of Figure 10 in which the mutual interrelations of connec-
tions among 0 states, independent cell subspaces 0, and peripherical values 1 and 0 
are shown irrespective of size considerations. 

   (b) ROAD CONSTRUCTION FOR INFORMATION TRANSMISSION 
   We shall explain our idea again here by an example in which a state at one 

end of a cell space which is essentially a cell road can be carried out to the other 
end of the cell road. In order to convey an information at one end to the other 
end there is a need for introducing a change of the end configurations. 

   EXAMPLE 8. Let us start with the following configuration of the cell space. 
   The thirty one O's may be 1 or 0, except that the ordinary states of 012 and 023 

are 1 while those of 0, and 018 are 0.
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    0 0 0 0 0 0 0 0 0 
    1 6 0 6 1 6 0 6 1 

    1 1 0 1 1 1 0 1 1 

    1 6 0 6 1 6 0 6 1 

    0 0 0 0 0 0 0 0 0 
    1 6 0 6 1 6 0 6 1 

    1 1 0 1 1 1 0 1 1 

    1 6 0 6 1 6 0 6 1 

    0 0 0 0 0 0 0 0 0 
Fig. 10. 0 configuration, boundary components and interior subspaces.

c el 02 03 04 05 06 07 I 

0 0 0 0 0 0 0e8 

              o 09 

              o 010 1 

               o 011 I I I I I 193 

                o 012 013 014 015 016 017 018I 

              93 0 0 0 0 0 0 019 

                               0 0201 

                                0 021 

                                0 022! 111111 95 

                                     0 023 024 e25 026 027 028 029 030 031 

                         0 0 0 0 0 0 0 0 0 0 

                   Fig. 11. Road construction by use of cb's.

   If a sequence of firing goes along the {0i} road in the increasing order of i 
with a start firing as a = 1, then a sequential application of LMT's yields us 031=1 
since 0i= 1 induces oi+, = 1 for i= 1, 2, 3, ••• , 30. 

   Note that there are two cells having the value 1 within the road at certain 
turing points. 

   Now let us start with another end point which corresponds to 031. In stead of 
031 let us put A, which is now the first firing cell, and let us put 00 instead of a at 
the other end. If a sequence of firing goes along the {6i} road in the decreasing 
order of i with a start firing as i3= 0, then a sequential application of LMT's yields 
us 00=0 since 0i = 0 induces 0i_1= 0 for i = 29, 28, 27, ••• , 1. 

   In order to convey any assigned sequence (a,a,a,a,a,••• an • •-) where each ai 
will take one of two values 1 and 0, there is a need for introducing a change of 
the end configuration in such a way that
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   (i) For  ai = 1, the end configuration of the road is 

                            /1\ 

(7.1) E1: ai 
                \ 

   (ii) For ai = 0, the end configuration of the road is 

                         / 

(7.2)Eo: ai . 
                 ̀0 

   (iii) After passing firing, the states of 0,, 012, 018 and 023 return to their:respec-
tive ordinary states. 

   Similar consideration can be applied to the other end of the road. 

   (c) INFLUENCE OF DEGENERATION OF INHIBITATION STATE 95

95 0 0 0 0 0 0 0 0 0 0 93 0 0 0 

  1--------1 1-----------1 F-----1 

11A0B11111 C                /;() 1II                                            ° 

I I I 1 I 0 I I I I I I I I 93 

1 1      -I 0 i 1 I I 1 I I 1 0 

I D 0 Ii I I I I I I 0 

I I10 I I I I I I I I 0 
L _J 

95 0 0 0 0 0 I I I I I i I I 0 

11----6-10I i I I I I I 0 

Ii 0 I I I I II I I 0 

Ii 0 I I I I I 1 1 I 0 

I L   0 I I I l 11 1 1 0 

I I I I I 0 I I I I II I I 95 

li 07-1                                                       11-----0 
III 
I J I K I I L 

II IO II I II 0 
                                                   ________ 

95 0 0 0 0 0 0 0 0 0 00 0 0 0 

          Fig. 12. Degeneration of one 0 into the state 1.
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   An inhibitation state  cb is in itself transcendental to any application of LMT. 

   However our observations given in (a) and (b) show that some configuration of 

inhibitation states may play an important role in defining a set of mutually inde-

pendent cell subspaces and in introducing a communication channel which conveyes 
a any assigned message from the input end to the output end. In fact the existence 

of inhibitation states may be indispensable from the standpoint of information 
science approach to biomathematical model. 

   Now it will be interesting to observe whether and how far a modification of 

inhibitation functions will introduce a drastic change of configuration in cell space. 

   EXAMPLE 9. Let us consider again the 16 x 15 cell square given in Example 7. 

Let us consider a change of the (8,12) element cb into the state 1. Then an appli-

tion of considerations given in Sections 2 and 3 yield us the consequence of violences 

of all individual subspaces E, F, H and I into a non-active configuration in the 8 x 8 
cell subspace in which all elements are equal to 1. 

   Now let us return back to the original 16x 15 cell square given in Example 7. 
Let us consider a change of the (8,12) element cb into the state 0. Then the result 
is given by the following configuration.

("160000000000000 0 
                                       -- - - -1 r  1

i- - - - - ------1 f- --1                                                          I  rA f 0 BliC 10 

 

I _t i_. I L _______J 

  

I I I I (A I I I I I I / I 0 

  r— — — — —10 000000000 

      D0000000000 

                 0000000000 

000000000000000    

1-------1000000000
0 

        G i 000000000C 

                 0000000000 

 L_ 0000000000                             _I   

I I I 1 0 I I 1 I 1 1 I l C6 

11 0
IIII10    I    J

1KIL
I1 1i0 II I 0 

             L _ ___   ___(I 1 

56 0 0 0 0 0 0 0 0 0 0 95 0 0 0 

           Fig. 13. Degeneration of one 0 into the state 0.
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